Games on Graphs

Problem Set no. 1 — With solutions
Given: November 2, 2020

Exercise 1.1 Let 7 be an arbitrary randomized and history-dependent policy for a total reward
MDP I’ that satisfies the stopping condition. Argue directly, without relying on any of the re-
sults proved in class, that there is a deterministic, possibly history-dependent, policy 7’ such that
Val™ (T, i) < Val™(T, i), for every i € S.

Solution 1.1

We begin with a discussion of the nature of a general randomized strategies.

A randomized strategy is a probability distribution over deterministic, possibly history-dependent,
strategies. This definition is not as ‘innocent’ as it looks, as it involves a probability distribution
over the uncountable set of history-dependent deterministic strategies. (This is similar to the
definition continuous random variables.) A precise definition of this notion requires some knowledge
of measure theory that we do not want to assume in this course.

At a very high level, if 7 is a randomized strategy, then Val™ (I, i) = Epr[Val™ (T',4)]. (A rigorous
definition of this expectation again requires some care.) A basic property of expectations is that
there is always a specific, not random, choice that attains a value that is at most the expectation.
This says that there is always a deterministic strategy 7’ such that Val”/(f‘,z’) < Val™(T,1), as
required.

Below, we just use the intuitive fact that if 7 is a probability distribution over deterministic strate-
gies, then P . [7'(h) = a], the probability of choosing action a given a finite history h, when a
deterministic strategy 7’ is chosen according to the distribution given by 7, is well-defined for every
finite history h and every action a.

A behavior strategy is a (seemingly) more restricted version of a randomized strategy. For every
finite history h which ends in state 7, it assigns a probability distribution over the actions of 4;. Ac-
tually, for MDP strategies, there is essentially no difference between general randomized strategies
and behavior strategies. If 7 is a general strategy, we simply let T be the behavior strategy such
that for P[7(h) = a] = Ppr[n'(h) = a]. Then, the strategies m and 7’ are indistinguishable. The
only difference is that m makes all random choices in advance, which greatly complicates things,
while m makes the random choices only when needed.

This might also be an appropriate place to formally define histories. A history is a sequence

(s0,a0,81,a1,...,8—-1,a:—1,5). The interpretation is that in time i = 0,1,...,t — 1, the process
was in state s; and action a; € A; was taken. At time ¢ the process is in state s;. (As the sets A;,
for i € S are assumed to be disjoint, we can actually define the history to be (ag,...,a;—1, st).)

We now give a more detailed proof for behavior strategies. Let m be a behavior strategy. Then,

Val™(T,i,h) = Y Pr(x(i,h) =a)- | ca+ Y pay Val™(T,i, h(a,j)) |,
a€en(i,h) JES

for every ¢ € S and history h. We define a deterministic policy 7’ as follows. For every 7 € S and
history h, let 7'(i, h) = o’ where ' = argmingex(i,n)Ca + > jeg Paj Val™ (L', h.(a, j)). Let us define
the intermediate policies 7("), r = 0,1, ... as the behavioral policies that coincide with 7’ for the
first 7 steps and then coincide with 7. Clearly 79 = 7, lim, Valm"” (T,i) = Val™ (I',i). The
following claim ends the proof.



Claim. Val’r(rﬂ)(l“,i, h) < Var™" (T, i, h) for every i € S and history h.
Proof. By induction on r. Notice that if the history is of length > r then Val”(rﬂ)(F,i, h) =

Val™" (T',4,h). We continue by backward induction on |h| =r, ..., 0.
Base case. Assume |h| =7.

Val™" (L0, h) = co + Y pary Val™ (T, 4, hu(d, ) < Val™(T,i,h) = Val™" (T, , h).
jES

Inductive step. |h| < r and therefore

Val™ (i k) = cor + Y par Val™ (0,0 () < e + Y pary Val™ (T, hu(a, ) =
jeSs jES

Val™ " (T4, h).

Exercise 1.2 (a) Describe a simple linear time algorithm for finding all the states from which
a Markov chain stops with probability 1. (The running time should be linear in the number of
non-zero transition probabilities.) (Hint: Start by finding all the states from which the Markov
chain stops with a positive probability.)

(b) Extend the algorithm to find all states of a Markov Decision Process (MDP) from which the
process ends with probability 1, no matter what the controller does. The running time should still
be linear.

Solution 1.2 (a) Convert the Markov chain into a directed graph G = (V U {s}, E), where V is
the set of states of the Markov chain and s is a sink. For every i,j € V, (i,7) € E if and only if
pi; > 0. Similarly, (i,s) € E if and only if Zj pij < 1. Let S be the set of vertices from which
there is a directed path to s. The set S can be found by a BFS from s on the graph obtained by
reversing the direction of the edges of G. Let T'= V'\ S be the set of vertices from which there is no
directed path to s. Clearly from all states of T' the chain never stops, i.e., stops with probability 0.
Now, let Sg C S be the subset of vertices of S from which there is a directed path to a vertex in T
The set Sy can again be found in linear time. The set Sy contains all vertices from which the chain
stops with a probability larger than 0 but strictly smaller than 1. To see this note that if ¢ € Sp,
then there is a directed path from ¢ to a vertex in T" and also a directed path from i to s. The chain
moves along each one of these paths with positive probabilities. Finally, S; = S\ Sp is the set of
vertices from which the chain stops with probability 1. Note that S7 is a closed set, i.e., if ¢ € Sy
and (i,7) € Si, then j € S;. Thus, if the chain starts in a state from S it can never leave S;. For
each i € S; there is a path P; from i to s. The length of the path is at most |S1| < n, where n is
the number of states of the chain. Let «; be the product of the probabilities on P;. Thus, starting
from ¢ there is a probability of at least «; of reaching the sink, i.e., stopping, after at most n steps.
Let av = min;eg, o;. Then, from every vertex i € S; there is a probability of at least a of stopping
after at most n steps. Thus, the probability of not stopping after kn steps is at most (1 —a)*. As k
tends to infinity, this tends to 0, thus the probability of stopping, from every vertex of Sy, is indeed 1.

(b) The algorithm can be extended to work for MDPs as follows. We begin by finding the set of
states S from which there is a positive probability of stopping, no matter what the controller does.
The set S can be found by working backward from s. Initialize S < {s}. As long as there is a
state i ¢ S such that for every action a € A; there exists j € S with p,; > 0, add ¢ to S. It is
possible to implement this process in linear time. When the process ends, S is the required set.
Now T'= V \ S is the set of states from which the controller has a policy under which the MDP



never stops. Next, we find the subset Sy C S from which the controller has a policy of reaching a
state of T'. Then, S; = S\ Sy is the set of states from which the MDP stops with probability 1 no
matter what the controller does. The proof that this is indeed the case is given in the solution to
the next exercise.

Exercise 1.3 Show that if an MDP on n states is stopping, i.e., stops from each initial state with
probability 1, no matter what the controller does, then there exists € > 0 such that from each
state the probability that the process stops after at most n steps is at least . (Hint: rely on the
algorithm developed in the previous exercise.)

Solution 1.3 Let Sy, S1 and T be as in the solution of Exercise 1.1(b). (If the MDP is stopping,
then S; =V and Sp, T = (). We consider the more general situation.) Partition S into layers in
the following way. Let Lo = {s}. For every k > 0, i € Ly if and only if i € Sy, i ¢ ﬂf;éLr and for
every action a € A;, there exists j € ﬂf;éLr such that p, ; > 0. The set L, C S; is the set of states
from which the MDP stops with positive probability within k£ steps, no matter what the controller
does, and from which the process never leaves S1, no matter what the controller does. Let m be
the maximal k for which L # (. Then, m < n and S} = U]’ L. For i € Ly, and a € A;, let
g =min{p,; | j € Uf;%LT}. By the definition of Ly we have ¢, > 0. Let ¢; = min{q, | a € 4;},
and finally aj, = min{q; | ¢ € Lx}. Note that ay > 0. If i € Ly, then there is a probability of at
least Hfle a, that the MDP stops within the next & steps, no matter what the controller does. We
can thus take e = [[L, .

Exercise 1.4 Show that if P is the probability transition matrix of a stopping Markov chain, then
(I-P)"t =Y ,.,P". (Note that PY = I.) (Prove that the infinite sum exists and is equal to
the inverse.) In particular, (I — P)~! exists, all its entries are non-negative, and all entries on the
diagonal are at least 1. (Hint: rely on the previous exercise to show that the sum is bounded by a
geometric series.)

Solution 1.4 By Exercise 1.2, there exists € > 0 such that the from each starting state, the chain
has a probability of at least ¢ of stopping within n steps. Recall that Pi’:j is the probability of moving
from state ¢ to state j in r steps. Thus, for every k > 1, we have P’} < (1 —¢)*, and consequently
Pl < (1—e)l"/") for every r > 0. Thus, Zrzo Pl < nZkzo(l —¢)* < 0o. Hence, Erzo PT exists.
Now (ZM PT> (I—P)=Y ogP" =, o P" = P% = I hence S, P = (I — P)~", as claimed.
As all entries in P are non-negative, all entries in P" and hence in (I — P)~! are non-negative.
Finally P° = I and hence all the entries on the diagonal of (I — P)~! are at least 1.

Exercise 1.5 (a) Let T': R"™ — R" be the value iteration operator of a discounted MDP, i.e.,
T(y); = mingea, ¢q + )‘Ejespa,jij fory = (y;) € R", i € S, where 0 < A < 1 is the discount
factor. Prove that T is a contraction, i.e., that ||T(x) — T(y)||co < Al|Xx — ¥]||co for every x,y € R™.
(b) Let T': R™ — R™ be the value iteration operator of a stopping MDP on n states, i.e., T(y); =
mingeA; cq + Ejespa,jyb fory € R", i € S. Prove that T, ie., T iterated n times, is a
contraction, i.e., there exists 0 < A < 1 such that ||[T"(x) — T (y)||ee < A||X — ¥]|oo for every
x,y € R".

(c) In the previous item, prove that T is not necessarily a contraction.

Solution 1.5 (a) Let x,y € R™ and let 7 € [n]. Let a € A; be the action for which T(y); =
Ca + /\Zjespa,jyj' Then T'(x); < cq + /\Zjespa,jmj- Thus,

T(x)i —T(y)i < )\Zpa,j(ij_yj) < Ax = ylloo -
jes



Similarly, we can show that T(y); — T'(x); < A||x — ¥||eo. Hence |T'(x); — T'(y):| < A||x — ¥||oo and
I1T(x) = T(y)lloo < Allx = ¥lloo-

(b) As the MDP is stopping, there exists ¢ > 0 for which the probability that the process stops
within n steps is at least £, no matter what the controller does. As we saw, T (x); is the value
of an n-step game that starts at ¢ with x as a terminal cost vector. Let m be an optimal policy
for the controller in this finite game. (We know that 7 is deterministic and that it can be found
using backward induction.) Let p;; be the probability that the chain moves from ¢ to j in n steps
when the controller uses policy w. Then, ™) (x)i = er + ZjeS P %), where ¢, is a constant
that depends on 7 but not on x. (Can you write down an explicit expression for ¢,7) Now

T (y)i < x4+ Y ;e P7yj- Thus,

TO(y): =TM ()i < Y wlily =) < {205 | lly =Xl < A=) lly =X/l -
jes JjeS

Similarly we can show that 7" ( )i =T (y); < (1 —6) ||y — %||oo and hence [T (x); —T™ (y);| <
(1—¢)|ly — x||oo and thus || (x) — T (y)H < (1 —¢)|]y — X||oo. Thus T is a contraction
with A =1—e¢.

(c) Consider the following (deterministic) MDP, where the shaded circle represents the sink: Then,
T(x1,22) = (29,0) and this is not a contraction. On the other hand T (xy, ) = (0,0) which is
a contraction.

Exercise 1.6 (a) Write down the primal and dual LPs that correspond to an MDP with a
discount factor 0 < A < 1. (b) Show directly, without relying on fact that the optimality equations
for discounted MDPs have a solution, that the dual LP has at least one feasible solution. (c)
Show directly that the dual LP for discounted MDPs is bounded. (d) Show that the dual LP for
discounted MDPs has an optimal solution which is also a solution of the optimality equations for
discounted MDPs.

(Bonus: Solve Exercise 1.6 for non-discounting MDPs that satisfy the stopping condition. )

Solution 1.6 (a) Dual:

max Z Y

€S
Yi Sca+)\'zpa,j'ij GEAi
jeSs
Primal:
miana “ Tg
acA

Zxa—)\'ZPa,z"%:L 1€ S
acA; acA

Ty >0 ac A



(b) Let ¢in = mingea ca. If ¢pin > 0, then y = 0 is a feasible solution. Otherwise, let y =
x-(1,1,...,1), where x = ¢nin/(1 — A) . Thus

yi_)\'zpa,j'yj:x' 1_)\'Zpa,j SZL"(l_)\):CmingCaa
jeS jeS

for every i € S,a € A;.
(c) Let y be a feasible solution. Let ¢pa; = maxeea . WLOG y; = max;(y;), it is enough to
provide a bound on y;. Let a € Ay,

v < cat A Y Paj U < Cmaz A D Dag Y < Cmaz+ A1,
jes JjES

and therefore y1 < ¢pmaq/(1 — N).

(d) By (b)+(c) the dual LP has an optimal solution y. If y is not a solution to the optimality
equations then y; < mingea; cq + A - Ejesp(m- -y; = T. Notice that increasing y; to T' (without
changing any of the other y values) keeps the solution feasible, a contradiction to y being optimal
solution to the dual LP.



