Tel Aviv University
The Raymond and Beverly Sackler Faculty of Exact Sciences
The Blavatnik School of Computer Science

Resource Placement in Cloud
Computing and Network Applications

by
Yuval Rochman

A thesis submitted in partial fulfillment for the degree of
Doctor of Philosophy

This work was carried out under the supervision of
Prof. Hanoch Levy

Submitted to the Senate of Tel-Aviv University

October 2017

To my loving family and friends.

Abstract
In this thesis we address the problem of resource allocation in geographically distributed
systems, in particular cloud computing. We consider a large-scale system and regionally
distributed demands for various resources of multiple types. The system operator aims
at placing the resources across regions to maximize the profit, thus needing to address
the problem of how to place the resources in response to the demand. The system is
faced with an arbitrary, multi-dimensional, stochastic demand, thus the operator should
optimize the profit while taking into account the full demand distributions. Cloud
computing and online services, utilizing regional datacenters and facing the problem of
where to place various servers, fall under this paradigm.
Our problems are developed under a very wide cost model, thus allowing the accommodation of many systems. These problems have various formulations based on the
systems they represent. We provide efficient algorithms running in a fast polynomial
time1 .
Our algorithms and solutions can be used for:
1. Exact system optimization;
2. Deriving lower bounds for heuristic based analysis, and;
3. Sensitivity analysis.
Our solutions are based on analytic techniques utilizing stochastic analysis as well as
graph theory methodologies that can be applied to other optimization/combinatorial
problems.

1

Polynomial in the number of resources the operator places or reposition.
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Chapter 1

Introduction
The Internet has witnessed a surge in the usage of its services, featuring large volumes
of content and demands. In these services, the service provider replicates content and
places resources across multiple locations for better performance and availability. For example, popular cloud computing platforms like Amazon EC2 [2] and Microsoft Azure [3]
organize a shared pool of (virtual) servers1 in geographically distributed datacenters to
enable on-demand delivery of computer resources at scale. Differently from a centralized
design, the service provider can place server resources at geographical areas close to its
users to provide an adequate level of service quality, e.g., low response times and better
resilience.
In such systems, the service provider needs to balance two main factors: (a) the revenue
from serving a demand, where it is typically better to serve a demand by a resource
located in the same area rather than by one located remotely; (b) the costs of placing
and operating the resources. For example, Amazon EC2 bills server instance usage
according to a pay-per-use plan where the price varies depending on the instance type
and the datacenter location. Thus, the service provider deals with regionally distributed
demands for various resources by aiming to find a high profit placement of resources at
the regions (areas).
Another example of an application that falls under this paradigm is a peer-assisted
Video-on-Demand (VoD). A provider of such service aims to serve video content to
users who are located across various geographical regions and are each equipped with a
set-top box. Serving all requests from a central server can lead to bottlenecks, limiting
the system’s scalability. It can therefore make use of the users’ boxes to store video
content and serve it, using their upload channel, to other users. Serving videos within a
region is more profitable than across regions. The provider faces the problem of where
1

Virtual servers are also called instances or virtual machines in the cloud computing community.

1
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Data center 1
Resources

Demand

Data center 2
Resources

Demand

Figure 1.1: A basic example of a cloud system, where users are requesting servers
with different operating systems.

to place copies of the various movies to minimize the expected cost (or equivalently,
maximize the profit) of servicing video requests. A variety of other applications that fall
under this formulation is outlined in Section 3.3.
In this thesis, we address the general problem of how to place resources over geographically distributed regions in response to stochastic demands. To this end, we consider
a variety of formulations and models and propose solutions to these placement problems.

1.1

Model framework

This work includes a development of a variety of models that incorporate the major
cost parameters affecting the design of the resource placement systems. For the sake
of presentation, in Chapter 3 we present a generalized framework that can be used to
formulate all our placement problems.
The systems considered comprise multiple regions (areas) and multiple types of resources.

The total number of resources that can be placed in each region can be

restricted.
D =

{Dij },

The provider is given a probabilistic forecast of the stochastic demand
where Dij is a random variable that represents the demand for resources

of type i in region j. The demand D is given under general settings, i.e., the distribution of each random variable Dij is arbitrary, and these random variables are neither
necessarily identically distributed nor independent of each other. It should be noted that
a probabilistic demand prediction derives more accurate results than a deterministic one.
The prediction can be extracted using demand traces as done in the industry [4].
Based on the demand, the provider’s objective is to optimally place (under some constraints) the resources in the regions to maximize profit. The profit is equal to the
revenue of granting the demand requests minus the operational costs of operating the
system. The revenue accounts for geographical distances, so that granting a request
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from the same region where the request was made has a higher profit than granting
a request from a remote region; not granting a request incurs zero or negative profit.
The operational costs are arbitrary convex functions and can represent regional, energy,
cloud rental and other costs.
The generality of the demand and the operational costs described above allows us to
address a variety of scenarios:
1. The demand and operational costs vary across resource types and regions. For
example, in cloud providers such as Amazon EC2 and Microsoft Azure, the demand
and prices change across different platforms and regions [2, 3, 5]. In addition,
in VoD applications, the demand can change drastically across movies (and the
servers containing them); while some are very popular, the others may be quite
esoteric. In fact, studies show a large diversity of usage patterns exhibited by
existing VoD services such as NetFlix, IPTV, and YouTube [6, 7].
2. The demand has high variance and is unpredictable. High-variance demand may
be caused, for example, by flash crowds or by some network events (e.g., an unpredicted datacenter failure, leading to all requests being granted by a remote
region). It has been observed that the demand in these systems can exhibit large
variations and it can be unpredictable [8]. For settings with low-variance demand,
one may consider dynamic placement strategies with (nearly) deterministic inputs,
such as [9, 10]. These works are complementary to ours.
3. The stochastic demand varies over time, changing significantly (by an order of
magnitude) over the course of a day due to, for example, changes in the number of
available users [5]. To obtain a cost-effective operation of the system, the provider
needs to dynamically adapt to demand changes, and periodically reposition allocated resources.
Our placement model framework, which is based on the full demand distributions, may
deviate from prior approaches focused on the mean of the distribution. The use of a simple scheme like proportional mean placement may be quite inefficient2 as demonstrated
in the following simple example: Consider a single-region system that can store up to
n resources. Suppose there are two types of resource to be placed, and every resource
can grant one request. The first resource type has a deterministic demand of n requests
and the second one has a stochastic demand of nk 2 requests w.p
w.p 1 −

1
k.

1
k

and zero requests

The objective of efficient placement is to maximize the expected number of

requests granted (the system’s profit). The optimal algorithm will place n resources of
the first type, yielding a revenue of n granted requests. In contrast, a proportional mean
2

Proportional mean placement has been shown to be optimal under some conditions, see e.g., [11].
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strategy which tunes the number of replicas to the average number of requests, will
place

n
k+1

resources of the first type and

smaller revenue of

2n
k+1 .

nk
k+1

of the second type, yielding a drastically

As k approaches infinity, the number of requests granted by the

proportional mean placement approaches to zero, while the number of requests granted
by the optimal placement is equal to n. A further applicative example is discussed in
Chapter 6.4.
Remark 1.1. One might consider optimizing of proportional mean by truncating the
demand distributions, i.e., the demand cannot be larger than the system capacity. Even
under that version, proportional mean might provide an allocation which is away from
the optimal. Consider a single-region system that has

n
2

resource types, denoted by

t1 , t2 , .., t n2 , with deterministic demand of a single request. In addition, the system
contains

n
2

resource types (denoted by t n2 +1 , , .., tn ), in each of which the demand has

probability of

√1
n

to have n requests, and probability of 1 −

√1
n

to have zero requests.

Suppose the system contains n resources. The optimal placement allocates one resource
for resource types t1 , t2 , .., t n2 , and allocates
types. The optimal profit, equals to
allocates
√
2 √n
1+ n
√2n
n+1

1

√
n
+n
· n
2
2

·n =

2√
1+ n

n
2

+

n
resources
√2
n
2 = θ(n).

from one of the other resource
Proportional mean, however,
√

resources for resource types t1 , t2 , .., t n2 , and

n

√
n
+n· n
√2 2

·n =

2 √n
1+ n

for resource types t n2 +1 , , .., tn . Its profit is equal to 1+2√n · n2 +
· n2 · √1n =
√
√
= θ( n). Thus, proportional mean is far by a factor of θ( n) from the optimal

value.
Although we focus our presentation on a cloud environment, the generality of our model
allows it to serve as a building block in a variety of dynamic resource placement problems,
spanning geo-distributed inventory problems to personnel allocation in multi-contact
center settings.

1.2

Static Placement Problems

The first part of our work deals with several placement problems where the service
provider optimizes the profit at a specific time period. These problems are called Static
Placement Problems (SSPs) as opposed to dynamic placement problems where the
placement is changed over time. All these problems are formulated similarly: given a
demand D = D(t) at period t, the goal is to find a placement L that maximizes the
profit P (L, D), and place these resources. The formulation of every SPP problem is
shown below:
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A Static Placement Problem (SPP)
Input:

A probabilistic forecast of the demand D = D(t) at period t.

Problem:

Find the placement L that maximizes the profit P (L, D).

Our work solves a variety of static placement problems. These problems are appropriate for systems and applications with different properties, which are corresponding to
different time complexity. For example, we have solved static placement problems for
homogeneous systems, where the demand of requests is symmetric across the regions,
and we have solved static placement problems for heterogeneous systems. The optimal
solution for the homogeneous system is faster and simpler than that for the heterogeneous system, while most practical systems are heterogeneous and thus a solution for
heterogeneous systems is more applicative.
After deriving the optimal placement Lopt , the operator needs to place the resources in
the different regions. We present efficient algorithms to these problems that are polynomial in the number of resources the operator places (i.e., the number of resources in the
optimal placement), in the number of resource types and in the number of regions.
Remark 1.2. Note that since the operator must physically place the resources (not only
compute the quantities of the number of resources in every region), the time complexity
of every algorithm that solves a Static Placement Problem should be at least polynomial
in the number of resources the operator places. This is why our proposed solutions are
efficient. Further if one has to compute the demand distribution (or just read it) of an
arbitrary demand, one has to invest O(s) work on the demand input alone, where s is an
upper bound over the number of resources a placement can have (|L| =

P P
i

j

Lji ≤ s).

If we assume that the operator goal is only to compute the quantities of the number of
resources in every region and an oracle is given that can provide probability values of
the demand, then our proposed algorithms run in pseudo-polynomial3 in the size of the
thin input.
A summary of these problems is given next, and their mathematical formulation is
provided at the beginning of each chapter, based on the model given in Chapter 3.

1.2.1

Single-region system (SPP-1) and multi-region homogeneous system (SPP-2) [12]

In Chapters 4 and 5, we study the first static placement problems (published in [12]).
For these problems, we make two significant assumptions: 1) the system comprises
3

A pseudo-polynomial algorithm is one that its running time is polynomial in the numeric value
of the input, but is exponential in the length of the binary-encoded input.
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homogeneous regions, i.e., the demand is identically distributed across regions, each
region has the same capacity for resource placement, etc. 2) the profit function P is a
simplistic revenue-only function. A formal definition of the simplistic profit function can
be found in Section 3.4. In Chapter 4 we focus on solving the problem for a single-region
system; this is used to expose the reader to the problem formulation and principles
of the analysis. In Chapter 5 we solve the problem for a multi-region system with
homogeneous regions. Our main result is that the optimal placement in these systems
is of a max percentile nature; that is, it is based on the tail distributions of the demand.
This is in contrast to past results where various solutions were based on the proportional
mean (we discuss their performance in detail in Section 5.7). We show that the solution
possesses a balancing property which narrows the state space of the solution to that of
symmetrically-full balanced placements.
We derive combinatorial algorithms for these problems and demonstrate that they are
of a relatively low complexity and thus very practical. The optimality of the solution
and the algorithms can be used either to achieve optimal operation, as a benchmark, or
to provide operational guidelines for the design of these systems. We use a numerical
analysis and simulation to validate our results and study the system’s behavior. We
demonstrate how to evaluate the performance of alternative placement strategies relative
to that of the optimal one.
Most of the Chapter 5 proofs are presented in Appendix a.

1.2.2

Heterogeneous-region system (SPP-3) [13]

In Chapter 6 we extend the problems of Chapters 4 and 5 to include dealing with a
heterogeneous system. These results have also been published in [13]. The analysis
techniques presented for a single- and homogeneous-region system (SPP-2, SPP-1) are
not powerful enough to address a general asymmetric setting.
We demonstrate that one can optimize the problem by transforming the placement problem into min-cost flow problem over a large eight-layer graph. The min-cost problem is
traditionally solved by a min-cost flow algorithm, such as the SSP (Successive Shortest
Paths) algorithm. Owing to the fact that the eight-layer graph is large, the SSP algorithm runs in high time complexity. To solve this problem, we develop an optimized
version of the SSP algorithm tailored to our problem called Bipartite Graph (BG). It
provides a low-complexity optimal algorithm, and thus it is suitable for handling largescale systems. BG can serve to derive upper bounds for heuristic approaches, and can
be used for sensitivity analysis. We use a numerical analysis to validate our results and
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to demonstrate that alternative mean-based analysis may achieve, in certain cases, a
performance that is drastically worse than the optimal one.
The majority of the chapter’s proofs are presented in Appendix b.

1.2.3

The general Static Placement Problem: unconstrained-capacity
system with a generalized profit function (SPP-4)

In Chapter 7 we further extend the analysis provided in Chapter 6 (SPP-3) by enriching
the model and the profit function by adding a variety of parameters important for cloud
computing applications. These parameters include server rental costs, server capacity
and resource type dependency; the profit function presented in the previous problems
(SPP-1, SPP-2, and SPP-3) does not take these parameters into account. Thus, the
current problem (SPP-4) is harder than the previous problems. To solve the current
problem we propose new solution techniques, such as Successive-Shortest-Path-NegativeEdges combined with node-potentials. These results are to be reported in [14].
In addition, the algorithm presented for this problem addresses one more difficulty posed
by the algorithm of the previous problem (SPP-3): the time complexity of the algorithm
that solves SPP-3 depends on the maximum number of resources placed in a system.
In some cloud applications this number is large; for example, Microsoft’s data centers contain an order of ten thousands servers [15]. Thus, we introduce and solve the
unconstrained-capacity placement problem where there is no restriction on the number
resources allowed in an area, given that there exists an optimal solution. The time
complexity of the algorithm that solves this problem depends on the size of the placement and not on the maximal number of resources placed in a system. In addition,
the unconstrained-capacity problem is useful for capacity planning – it allows one to
determine the total quantity of resources (and their locations) that optimizes the profit,
i.e., when the marginal profit of placing a resource approaches zero.
To derive the solution, we prove a new theoretical result called the SSP convexity
theorem. The theorem can be applied in other optimization problems (e.g., [13, 16, 17])
where an algorithm called Successive Shortest Path (SSP) is used to solve a min-cost
flow problem.
By using these techniques, we yield a low-complexity algorithm that is significantly
faster than the one proposed in SPP-3.
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Sensitivity of Optimal Placements [1]

In Chapter 8 we start dealing with a dynamically changing (stochastic) demand. A naive
strategy to adapt in case of dynamically changing conditions (demand) is to allocate an
optimal placement in response to any change. However, this strategy might be expensive
in the number of repositions, and it might be infeasible to implement due to limitations
of operating new servers or turning them off. Moreover, in Chapter 8 (based on the
results published in [1]), we analyze the sensitivity of optimal placements to changes in
the (stochastic) demand. Our results reveal that when seeking an optimal placement,
even small demand fluctuations can pose a relatively large reposition of the resources.
On the contrary, these small demand deviations result in a minor effect on the profit
of the optimal placement. Therefore, a practical treatment of the placement problem
should account for reposition cost4 and should possibly limit the number of resources
that can be repositioned.
The analysis presented in Chapter 8 is based on mapping the problem to a min-cost
flow problem (in graph theory) we used when solving the unconstrained-capacity static
placement problem (SPP-4).

1.4

Constrained-Reposition Placement Problems

Addressing the difficulties introduced by large repositions, we define the ConstrainedReposition Placement Problems (ConRePPs). These problems are in response to changing demands as they found an optimal placement under a constraint of allowing up to
a fixed number of additions or removals of resources. The need for reposition rises due
to some system change, such as a change in the demand, in the cost structure (e.g.,
resource price fluctuations5 ), or in the network topology due to a site failure. These
problems are formulated as follows: given a placement L(t) at period t what is an optimal placement with respect to a new demand D(t + 1) that can be achieved under
a constraint of allowing up-to r unit operations6 ? The formulation of each problem is
presented as follows:
4
In a cloud environment, the reposition cost can capture the overhead of setting up new server
instances and tearing down old ones.
5
The price of spot instances in Amazon’s cloud is dynamically determined by the demand and supply
of instances [2].
6
A unit operation is either a single addition or a single subtraction of a resource.
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A Constrained-Reposition Placement Problem (ConRePP)
Input:

Demand D(t + 1) at period t + 1, placement L(t) at period t, reposition
bound r.

Problem:

Find a placement L(t + 1) that maximizes P (L(t + 1), D(t + 1)) under
the reposition constraint

j
j
j=1 |Li (t) − Li (t + 1)|

Pm Pk
i=1

≤ r, where Lji (t)

is the number of type i resources at region j in period t.
These problems are challenging; not only do they need to deal with arbitrary stochastic
demands that can vary over time, but we have also established theoretically evidence
that some of these problems are hard7 , as opposed to the static placement problems that
are solved in polynomial time.
After deriving the optimal placement Lopt , the operator needs to reposition the resources
in the different regions. We present efficient algorithms to these problems that are
polynomial in the number of resources the operator reposition, in the number of resource
types and in the number of regions.
Remark 1.3. Note that since the operator must physically reposition the resources, the
time complexity of every algorithm that solves a Constrained-Reposition Placement
Problem should be at least polynomial in the number of resources the operator place.
This is why our proposed solutions are efficient.

1.4.1

The single-type Constrained-Reposition Placement Problem (ConRePP1)

In Chapter 9 we solve the Constrained-Reposition Placement Problem given a singletype system, based on a submitted article [18]. We propose an effective greedy algorithm
for the repositioning problem, called the Unary and Move (U&Me) that gives an optimal
solution. The time complexity of the algorithm is almost linear by the reposition bound
r. The algorithm uses a special greedy approach whereby it starts by greedily applying
unary operations (i.e., one addition or one subtraction of a resource from any region)
and ends by greedily applying a move (binary) operation (i.e., move a resource from
one region to another). The U&Me algorithm defines a sequence of unary and move
operations, such that conducting the sequence operations leads the U&Me solution.
The sequence is called the U&Me sequence.
Despite the simplicity of the algorithm, we need a non-trivial multi-step analysis to
prove the optimality of the algorithm. The correctness of the algorithm is based on
7

In our work, a problem is called "hard" if a polynomial time solution for the problem implies the
correctness of a well-known open problem, such as the P versus NP problem.
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three major threads: 1) The U&Me sequence does not contain canceling operations (i.e.,
U&Me does not add and remove a resource from the same region). 2) For every valid
repositioning of the resources, there exists a sequence of operations corresponding to
the repositioning. The sequence possesses properties similar to a U&Me sequence and
thus it is called a U&Me-like sequence. 3) We prove that conducting the operations
of the U&Me sequence is more profitable than every other repositioning, based on the
properties of the U&Me-like sequences.
We conduct a numerical study to explore the applicability of the algorithm. We demonstrate that near optimal allocations can be obtained, even for systems with a rigid
constraint of the number of repositions they can carry; we show that by repositioning a
small portion of the maximum number of repositions (e.g., 60% of the reposition limit)
can yield a near-optimal placement (90% of the optimal profit). This allows operators
to reach a near-optimal placement without having to sustain a significant overhead due
to repositions.

1.4.2

The multi-type Constrained-Reposition Placement Problem (ConRePP2) [1]

In Chapter 10 we describe the multi-type Constrained-Reposition Placement Problem
(ConRePP-2), based on the results published in [1]. We prove that this problem is
hard. Specifically, we show that if there is an optimal polynomial algorithm for the
Constrained-Reposition Problem8 – then there is a polynomial algorithm to the Exact
Perfect Matching Problem9 . The question whether the Exact Perfect Matching problem
has a polynomial time solution has been considered to be an old open problem in graph
theory for almost 30 years ([19–21]). One may, therefore, conjecture that there is no
polynomial time solution for ConRePP-2.
We therefore develop three polynomial heuristic algorithms to solve the problem in
polynomial time: the first is called the Shortest Cycle-Canceling (SCC) algorithm,
which is based on the min-cost flow reduction presented for the unconstrained-capacity
static placement problem (SPP-4). SCC is a variant of the well-known Cycle-Canceling
methodology, which can be used to solve the min-cost flow problem. The second is called
the Hybrid algorithm that uses SCC. The algorithm performs small resource repositioning when the demand changes are small and conducts large resource repositioning when
the changes are large. Finally, we present an algorithm called SCO that guarantees
8

Polynomial in the reposition constant r, the number of resource types m and the number of regions

k.
9

Given a graph where edges are colored in red or blue and a parameter k, the Exact Perfect Matching
Problem asks for a perfect matching that has exactly k red edges; a perfect matching is a set of edges
covering all vertices such that no two edges share a vertex.
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to find the optimal solution in several important special cases. We show that one can
implement SCO in polynomial time, using techniques in graph theory and min-cost
flow.
We use a numerical analysis to evaluate our algorithms under practical workloads and
conditions, i.e., using Amazon’s EC2 on-demand image costs and realistic demand arrival
rates. Our results demonstrate that the proposed Hybrid algorithm can achieve a nearoptimal placement (its profit is at least 98.7% of the unconstrained optimal placement
profit), while maintaining a low reposition cost10 . In particular, the reposition cost of
the proposed Hybrid algorithm is significantly lower than that of the optimal placement
(more than 65%) as well as that of a proportional mean-based placement scheme [11]
(wherein the number of servers is proportional to the average demand).

1.5

Model Extensions [1]

In Chapter 11 we present further model extensions, such as placement problems where
the reposition cost is integrated into the profit function, the parameterized placement
problem and others. We show that these problems can be solved using the algorithms
proposed in this thesis. The results were published in [1].

1.6

List of Papers

In this work, we published two articles in peer-reviewed proceeding conferences [12, 13],
one article in a peer-reviewed journal [1], and one submitted article [18]. In addition,
this thesis contains unpublished results [14, 22, 23] that will be submitted to peer-review
journals.
For the sake of presentation, a list of model symbols can be found at page x, and a list
of problems can be found at page xii.

10

The reposition cost is defined as the number of repositions made.

Chapter 2

Related Work
The problem of resource placement in distributed systems depends highly on three settings: the application, the modeling and the objective function one considers optimizing.
Generalized problems that are suitable for modeling multiple mathematical applications
are not common. The generality of our formulation, in contrast, allows us to compare our
work to different dynamic resource placement problems spanning from virtual machine
to VoD P2P placement problems.
When comparing the time complexity of our work to other studies in the field, it is important to emphasize that while our proposed algorithms run in polynomial time by the
number of resources the operator places or reposition, it might be pseudo-polynomial1
in the size of the thin input. Resource placement problems that are stochastic, goedistributed, optimizing a general convex function are usually strongly NP-hard problems2 , and thus they are solved using heuristics or approximations, as opposed to our
optimal effective solutions. Note that in Remarks 1.2, 1.3 in the introduction chapter
(Chapter 1), we explain why our algorithms are considered to be efficient, although they
are pseudo-polynomial.

2.1

Cloud-related Problems- VM Placement

Early work on VM placement e.g., [24, 25], models the problem as a bin packing problem,
namely, for every service there is an estimate of a deterministic demand. The deterministic problem can be generalized into the Stochastic Bin-Packing (SBP) problem, where
1
A pseudo-polynomial algorithm is one that its running time is polynomial in the numeric value
of the input, but is exponential in the length of the binary-encoded input.
2
A problem is called strongly NP-hard if it is proven that it cannot be solved by a pseudopolynomial time algorithm unless P = N P .
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the problem is formulated in different ways. For example, [26, 27] formulated the problem as follows: given a set of random items, find the minimum number of bins such
that each bin overflow probability will not exceed a given value. In addition, Shabtai at
el. [28] suggested the Stochastic Packing with Minimum Expected Deviation (SP-MED)
and Stochastic Packing with Minimum Overflow Probability (SP-MOP), giving optimal
fractional solutions to these problems. As the deterministic bin packing problem is NPhard (and even strongly NP-hard [29]), so are stochastic studies on that matter [26–28].
For more information on VM placement we refer to Raz et al. [30], which studies the
placement of VM that implements services over the physical infrastructure, trying to
understand what makes a placement scheme better than others in the overall utilization
of the various resources. The solutions proposed in those works are heuristics or approximations that might be not be optimal in some scenarios, while our work suggests
optimal solutions3 .

2.2

Cloud-related Problems: Deterministic Geo-distributed
Problems

With the growth of cloud computing and large-scale dynamic services, the problem of
dynamic server placement in a geo-distributed environment (by service provides) has
received increasing attention. For example, [9] focused on dynamically optimizing service placement while ensuring performance requirements; and [10] studied algorithms
for dynamic scaling of social media applications. Other works looked at the problem
from a cloud provider’s viewpoint of how to assign a newly provisioned virtual machines
to distributed datacenters [31, 32]. These works typically assume that demands are approximately deterministic, and develop an optimization problem (based on deterministic
inputs), which is solved periodically. As the demand in geo-distributed settings can be
highly variable, the deterministic approach can lead to inaccuracies in the placement
and operating costs. In contrast, we provide algorithms that inherently account for the
full demand distributions and for repositioning costs, yielding a cost-effective solution
better geared for modern distributed settings.
Other deterministic geo-distributed studies have focused on minimizing the energy load
of virtual machines hosts by using live migration and detecting hosts with high and low
utilization [33–36]. Similar to VM placement problems, the solutions proposed in these
works are heuristics that might not be optimal [36], while our work suggests optimal
solutions.
3

Except for the heuristics provided in Chapter 10.
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Cloud-related problems: Stochastic Geo-distributed
Problems

There are several works in virtual network embedding, i.e., allocating network resources
to given stochastic virtual network requests in a geo-distributed network [37–41]. Similar
to our works, the goal is to grant as many requests as possible to maximize a complex
revenue-based function, and they are using flow algorithms in their solution. However,
these problems are strongly NP-hard problems by a reduction to the Unsplittable Flow
Problem [41, 42]. These problems are solved via heuristics, such as coveting a mixed
integer programming problem by a linear programming problem [40]. In addition, these
works ignore migration and reposition costs, as opposed to our works in Chapters 811.
Other policies for server allocation look at the long-term horizon given a predicted
stochastic demand [43, 44], and stochastic load balancing of VMs in datacenters [45].
They use heuristics to compute an efficient (in time) solution. Further, [43, 44] do not
capture the reposition cost overhead, and thus allow for a large number of repositions,
a costly task in practice. In addition, [45] did not capture different service revenues or
operational costs of placing these VMs, as we do.
Similar models to ours were used to optimize server and task scheduling in cloud settings [46–48]. In these works, every server (or task) execution has a start and finish
time. In [46, 48] the objective function is to ensure the stability of the system given
the stochastic load, while in our case our goal is to find a solution that maximizes the
excepted profit. While [47] considered finding a solution that minimizes the energy cost,
it proposed heuristics, and does not capture the reposition cost overhead.
Finally, Sherzer et al [49], instead of considering a deterministic supply, assumes that
not all placed supply can be assigned due to malicious attacks, or occasional failures. As
it turns out, although the supply is now stochastic, under some supply distributions4 ,
both the placement and the assignment problems can be solved similarly as in this
thesis. They provide a sufficient and necessary condition for these distributions. Yet, if
the condition is violated, then, it is possible to solve the placement problem via dynamic
programming in higher time (can be exponential in the number of resource types, while
ours is polynomial in the number of resource types).
4
By supply distribution we mean the number of resources that survived an attack or a failure, given
the number of placed resources.
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Peer-to-Peer (P2P) Works

Other works studied resource replication in P2P systems. For example, Tewari and
Kleinrock [11] suggested an exponentially expanding topology for file sharing systems.
It proved the optimality of proportional replication i.e., one based on the mean demand,
under the assumption of abundant storage and upload capacity where all possible requests are always served. In contrast, our model allows for restricting the number of
resources (files). Others, like Zhou et al. [50] proposed an optimal P2P VoD replication
algorithm across peers, called RLB. Most of these works have focused on static allocations that account mainly for service costs, while others did consider dynamic settings
(e.g., [51]), but paid little attention to resource placement and reconfiguration overhead.
In addition, [50] focused on small-scale networks, and do not consider geo-distributed
topologies as we do. In Section 5.7 we compare the performance of our optimal placement
to the performance of the policies of [11, 50].
Other relevant works such as [52] proposed placement framework for large-scale VoD service based on a mixed integer program. While their model accounts for arbitrary demand
pattern and network structure, it assumes deterministic demand, whereas we consider
stochastic one. Other works in this domain often focus on different goals. For example, [53] optimized file availability when peers are infrequently online, while [54] aimed to
minimize the number of access failures under random assignment policy. Consequently,
they establish different replication rules compare to ours, such as log proportional and
square root.

2.5

Other Resource Placement Problems

The problem of resource placement in distributed systems often falls under facility location theory [55, 56]. This area has received significant attention from the viewpoint
of both analysis and algorithmic solutions. While the many traditional facility location
problems are formulated given a deterministic demand (such as [57, 58]), others consider stochastic demands (see a survey of these problems at [59]). Most of the stochastic
facility location problems are (strongly) NP-hard since they often generalize classical facility location problems, which are NP-hard [59] themselves. In addition, in this domain
"very few exact algorithms are available for general problems on general networks; most
apply only to specially structured problems with limited potential for direct application" [59]. Our problem, on the other hand, solves a generalized and stochastic problem
in relevantly low polynomial time.
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Our problem is also applicable in a wider operation research studies. Herer et al [60]
presented the multi-location transshipment problem, which uses a modeling similar to
ours. They suggested a supply chain, which comprises several retailers and one supplier
was considered. They analyze the benefits of transshipment considering several retailers,
which can differ in their cost and demand parameters. Within successive time periods, it
is possible to move items from one retailer to another in order to answer the stochastic
demand. They proved that in order to minimize the expected long-run average cost
for this system, an optimal replenishment policy is for each retailer to follow an orderup-to S policy. However, finding a solution that accounts for all demand distributions
is a hard task, and thus they have used Monte Carlo-based heuristics; in our case, we
use optimal solution account for all demand distributions. Other works on the multilocation transshipment problem have used heuristics and not optimal solutions (such
as [61–63]).
The problems of product allocation are related to resource placement in cloud computing. For example, [64] considered the problem of which products are to be built at which
plants, given a stochastic future product demand. They proposed several principles on
how to use benefits of process flexibility; that means, what different types of products a
manufacturing plant should create. Their objective function differs from ours, and the
problem they present is hard to solve analytically in polynomial time. The problem of
static bicycle repositioning problem (SBRP), presented by Raviv et al. [65] considers
the problem of repositioning bicycles in bike-sharing systems. SBRP incorporated reposition costs into a convex penalty cost that incorporates the stochastic demand (thus,
it is similar to our problem solved in Section 11.1), under different constrains. They
suggested two different mixed integer linear program (MILP) formulations for the problem. Since the mixed integer linear problem is (strongly) NP-hard, they used heuristics
enhancements to solve the problem. In our case, we suggest optimal solutions.

2.6

Resource Placement Problems: Stochastic and Geodistributed Problems, a (Pseudo-)Polynomial Time Solution

To our knowledge, there are few resource placement works where (1) a convex cost
function (or concave profit function) incorporating stochastic demand is considered, and
(2) a (pseudo-)polynomial solution is given. A very recent work, Freund et al. [66], which
is independent of ours [18] (presented in Chapter 9), considers the problem of how to
allocate dock-capacity in bike-sharing systems, by minimizing the expected number of
out-of-stock events. The algorithm they proposed is similar to our work in Chapter 9.
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There three major differences between the works, as follows: (1) [66] have used a different
reposition constraint (which they have called operational constraints), which is measured
differently. (2) [66] have capacity bounds over the number of resources (in their case,
bikes and docks) in place in every region, bounds over the number of bikes and docks
totaled over all regions, and bounds over the number of bikes totaled over all regions. In
our work (in Chapter 9), we do not assume these assumptions, although we can capture
these capacity bounds in our modeling (See Example 3.3 in Chapter 3). Moreover, the
time complexity of the algorithm proposed in [66] depends on these capacity bounds,
and in particular, if the capacity bound approaches to infinity, our algorithm run faster.
(3) The algorithm they proposed have use only move operations, while in our case we
have used in addition unary operations. We think that in some particular cases, our
problem and solution can be used to solve the problem they have proposed.

Chapter 3

The Model Framework
In this chapter, we present the model framework used in our thesis. Although we focus
our examples on a SaaS provider that rents servers from a cloud provider, the generality
of our model allows solving a variety of resource placement problems spanning from
peer-to-peer based (P2P) VoD systems (as done in [12], whose results are published in
Chapters 4, 5) to personnel placement in call centers. A list of model symbols can be
found at page x, and a list of problems can be found at page xii.

3.1

The Model

We consider a provider that aims to maximize the profit from servicing requests by
placing resources in k regions (also called areas) indexed by 1, 2, . . . , k. The resources
have different types indexed by 1, 2, . . . , m, and a type i resource can only grant up to
Bi type i requests. Requests for these resources can be granted locally by a resource in
the same region or granted remotely from a different region.
The demand (number of requests) is stochastic and follows an arbitrary (non-negative
integer) random variable. The demand is denoted by a multi-dimensional random variable D = {Dij }, where Dij is a random variable that represents the number of requests
made at region j for type i resources for i = 1, 2, . . . , m and j = 1, 2, . . . , k. We do not
assume any correlation between the random variables Dji , neither make any assumptions
regarding their distributions. The provider’s resource placement is denoted by L = {Lji }
where Lji is the number of type i resources placed in region j for i = 1, 2, . . . , m and
j = 1, 2, . . . , k.
The profit is a function composed of the revenue of granting demand minus the cost associated with placing and operating the resources. The profit functions are determined by
18
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Figure 3.1: An example of the system. The placement quantities are L1Lin = L2W in =
2, L2Lin = 2, L2W in = 1 etc.

the given arbitrary demand D and the provider’s resource placement L for i = 1, 2, . . . m
and j = 1, 2, . . . k. An example of the system topology and placement (of Windows and
Linux resources) in response to user demand is depicted in Figure 3.1.
A major challenge of the profit function is to capture both the revenue differentiation
between serving local and serving remote requests, as well as the complex costs associated
with placing and operating the resources in these regions. Fortunately, as we will show
below, we can model the cost differential between servicing remote and local requests (as
well as optimizing this service); further, for any realization d of D, we can use a variable
transformation that makes the analysis feasible through a semi-separable function. The
function form is

P (L, d) =

k
m X
X
j

ζi (Lji , dji )

i=1 j=1

where di =

j
j=1 di ,

Pk

Li =

j
j=1 Li

Pk

+

m
X

ζi (Li , di ) +

k
X

ζ j (Lj ),

(3.1)

j=1

i=1

are respectively the number of type i requests and

type i resources from all regions. The notation Lj =
region j resources of all types. The functions ζi

, ζj

and

j
i=1 Li

Pn

ζij

denotes the number of

are called the marginal profit

functions, or, in short, the marginal functions.
The function ζi represents the basic profit composed of the revenue of serving type i
requests, regardless of serving them locally or by a remote resource (i.e., the requests
are served globally), minus the cost of operating or manufacturing type i-resources.
We assume that the profit gained by satisfying a type i request is a constant Ri ≥ 0,
called the global revenue constant. The number of satisfied type i requests is the
minimum between the demand di of type i requests and the supply, i.e., the total number
of requests that can be granted by type i resources, Li · Bi (Bi – the number of requests
a type i resource can serve concurrently). This follows a common structure of the profit
as the difference between the revenue and the non-negative operational cost function
Ci : N → R+ , as shown by the following equation:

The Model Framework

20

ζi (Li , di ) = Ri · min(Li · Bi , di ) − Ci (Li ).

(3.2)

The function ζij is the additional local profit derived from allocating resources in a specific region, representing the avoidance of extra bandwidth and latency costs of remote
service or any other region-specific benefits and expenses. It is composed of the additional revenue function of granting requests locally, and the (non-negative) additional
cost inflicted by placing a resource in a specific region. It follows a similar formula to
Eq. (3.2):

ζij (Lji , dji ) = Rij · min(Lji · Bi , dji ) − Cij (Lji ),

(3.3)

where Rij ≥ 0 is the profit of granting a type i request in region j, called the local
revenue constant.
Finally, the function ζ j represents only the (non-negative) regional costs C j associated
with the placement, such as physical limitations over the number of placed resources at
a region and regional taxes. The function form is expressed as follows:

ζ j (Lj ) = −C j (Lj ).

(3.4)

As stated above, the combination of Eqs. (3.1), (3.2), (3.3) and (3.4) allows for modeling
the cost differentiation between local and remote service of requests and capturing the
different costs. While the cost depends on the placement and is not affected by demand,
the revenues are affected. It leads us to the next challenge of defining a profit function
for this setting.
We must capture the fact that the profit from any allocated resource is stochastic, since
the demand is stochastic. For this purpose, we describe the profit as the expectation of
P (from Eq. (3.1)) where the expectation is over a demand distribution D. Substituting
this into in Eqs. (3.2), (3.3), (3.4) the profit function in Eq. (3.1) gets the following
form:
P (L, D) =

m X
k
X
j

m
X

i=1 j=1

i=1

ζi (Lji , Dij ) +

ζi (Li , Di ) +

k
X
j=1

ζ j (Lj ),

(3.5)
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where,
ζij (Lji , Dij ) = Rij · EDj [min(Lji · Bi , Dij )] − Cij (Lji ),

(3.6)

ζi (Li , Di ) = Ri · EDi [min(Li · Bi , Di )] − Ci (Li ),

(3.7)

i

ζ j (Lj ) = −C j (Lj ),

(3.8)

are the marginal profit functions.
Remark 3.1. Equations (3.1)-(3.4) correspond to the profit formulation with respect to
a realization (deterministic) demand, and (3.5)-(3.8) to any (stochastic) demand.

3.1.1

List of problems

As recalled from the introduction (Chapter 1), the Static Placement Problems and the
Constrained-Reposition Placement Problems are defined as follows:

A Static Placement Problem (SPP)
Input:

A probabilistic forecast of the demand D = D(t) at period t.

Problem:

Find the placement L that maximizes the profit P (L, D).

The static placement problems are discussed in Chapters 4–7.

A Constrained-Reposition Placement Problem (ConRePP)
Input:

Demand D(t + 1) of time t + 1, placement L(t) of time t, reposition
bound r.

Problem:

Find the placement L(t + 1) that maximizes P (L(t + 1), D(t + 1)) under
the reposition constraint

j
j=1 |Li (t)

Pm Pk
i=1

− Lji (t + 1)| ≤ r.

An example of resource reposition in response to the demand change is given in Figure 3.2. ConRePP is solved in Chapters 9, 10.

3.1.2

Model extensions and other problems

In Chapter 11, we extend our modeling and present two additional problems: 1) we
formulate the placement problem where reposition costs are part of the profit function. 2)
We present an extension where un-served demands incur a positive cost on the profit. For
the sake of presentation, these problems are formulated in the appropriate chapter.
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Resource Reposition (at period t+1)
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Figure 3.2: Reposition of resources in response to the demand change: Remove one
Windows resource from region 1 and add two Windows resources in region 2. The
initial placement L(t) is given in Figure 3.1.
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Figure 3.1: The initial placement L(t) (repeated from page 19).

3.2

Model Assumption – Convexity of Marginal Functions

Apart from the above general profit function structure, we assume that given a demand
D, the conditional-marginal functions gi (n) = ζi (n, Dij ), gij (n) = ζ j (n, Dij ) and
g j (n) = ζ j (n) are all concave functions in n. That means, the differential of these functions, ∆g(n) = g(n) − g(n − 1), which are called the marginal-differential functions,
are monotonically non-increasing for n ≥ 1.
This is a reasonable assumption as the profit may express diseconomy of scales; this
mainly results from the fact that communications and control may become more difficult
to handle as the number of resources grows. In addition, the revenue parts of the profit,
i.e., the expected value of the minimum multiplied by a positive constant (see left terms
in the right hand side of Eqs. (3.6), (3.7)) is concave, as we next show:
Theorem 3.1. Let n, b be non-negative integers, and let D be a non-negative integer
valued random variable. Then we have:
ED (min(D, n · b)) =

n·b
X

Pr(D ≥ i).

i=1

Therefore, the function f (n) = ED (min(D, n · b)) is concave.

(3.9)
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Proof. The cumulative distribution function of the minimum is presented below:

Pr[min(D, n · b) ≥ k] =



Pr(D ≥ k · b)

k·b≥n


0

n · b < k.

(3.10)

We know that the expected value of a non-negative integer valued random variable Y
is equal to E(Y ) =

P∞

i=1 Pr(Y

≥ i) (A proof can be found in [67]). Substituting Y by

min(D, n · b) in this equality and using Eq. (3.10) yields Eq. (3.9).
To show that f (n) is concave, we note that f (n) − f (n − 1) =

n·b
X

Pr(D ≥ i) is

i=(n−1)·b+1

a sum of b elements that are decreasing as n is increasing. Thus, f (n) − f (n − 1) is
monotonically decreasing, and f (n) is concave.

Thus, the assumption of convexity holds in cases where the operational costs C() are
convex, and in particular are linear (as we will see later in Example 3.2).

3.3

Applications of our Modeling

The generality of our modeling enables us to capture a variety of different system settings. Examples are given next:
Example 3.1 (Systems with generalized demand setting). Our model is given an arbitrary
demand distribution, and does not assume any correlation between the arrivals of the
requests. This allows us to express real-life systems where the demand distribution
is not necessarily taken from a family of well-known distributions (such as Poisson or
Binomial).
Example 3.2 (Systems with linear operational costs). Our model can capture a variety
of costs such as cloud rental plans. For example, suppose the on-demand server pricing
of cloud providers such as EC2 can be captured as pji ≥ 0, a fixed price for running
type i server in region j, yielding an operational cost function of Cij (Lji ) = Lji · pji . A
more complicated example can incorporate software licensing costs and region-specific
charges. Let ri ≥ 0 be the licensing cost associated with type i server and hj ≥ 0 be an
add-on provisioning cost for region j. Then, the operational cost functions are:
Cij (Lji ) = pji · Lji
Ci (Li ) = ri · Li ,
C j (Lj ) = hj · Lj .
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These operational cost functions are all linear functions. Since each marginal profit
function ζi , ζij , ζ j is equal to a concave function (the expected value of a minimum)
minus a linear function, then these functions are all concave, regardless of the demand
distribution D.
Example 3.3 (Capacity-constrained systems). Our model system allows us to capture
capacity-constrained systems where the number of resources placed in a region is
bonded, due to physical limitations. That means that there exists a well-known storage
value sj such that the operator can place up to Lj =

j
i=1 Li

Pm

≤ sj resources in region j.

To do this, we set the region j operational cost function to be C j (x) = ∞ for x ≥ sj + 1.

3.4

Simplistic Profit Function

The problems presented later at Chapters 4-6 consider a simplistic profit function P ()
that satisfies the following properties: 1) The type and area+type operational cost
functions Ci (), Cij () are set to zero. 2) The area operational cost function C j is set to
represent capacity-constrained systems (see Example 3.3). Formally, for every region j,
there is a storage value sj such that C j (x) = 0 for x ≤ sj and C j (x) = ∞ for x > sj .
3) The resource capacity for every resource type is set to one (i.e., Bi = 1 for every
resource type i). 4) All global and local revenue constants are equal to one another (i.e.,
there exist constants Rloc , Rglo such that Rij = Rloc and Ri = Rglo ).
We define a placement L to be a valid placement in a capacity-constrained system, if
for every region j, the number of resources that L contains in that region is less than
the corresponding storage value, i.e., Lj ≤ sj . For every demand D, the profit for every
valid placement L equals
P (L, D) =

m X
k
X
i=1 j=1

Rloc · EDj [min(Lji , Dij )] +
i

m
X

Rglo · EDi [min(Li , Di )],

i=1

and for every invalid placement the profit is −∞. For sake of simplicity, the problems
at Chapters 4-6 consider only valid placements.
Note that the profit function is composed of marginal convex functions, according to
Theorem 3.1.

Chapter 4

The Single-Region System Static
Placement Problem (SPP-1)
In this chapter, we solve the placement problem over a simplistic system; this is used to
expose the reader to the problem formulation and the principles of our analysis. That is,
solving the Static Placement Problem given a capacity-constrained single-region system,
optimizes the simple profit. The problem was published and solved in [12].

4.1

Problem Formulation

Let D = {Di } be the demand for type i resources in the region. Since we are interested in
the placement problem over capacity-constrained systems, we assume that the operator
can place up to s resources in the region. A placement L that contains up to s resources
is called a feasible placement. Formally, our goal is to find a placement L = {Li }m
i=1
under the constraint

Pm

i=1 Li

≤ s that maximizes the simple profit, which in a single-

region system is equal to

P (L, D) =

m
X
i=1

Rloc · ED1 [min(L1i , Di1 )] +
i

m
X

Rglo · EDi [min(Li , Di )]

i=1

= (Rloc + Rglo ) ·

m
X

EDi [min(Li , Di )], (4.1)

i=1

where Rloc , Rglo ≥ 0 are non-negative revenue constants, under the constraint
s. Formally, the problem is as follows:
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The Static Placement Problem for a Single-Region
System (SPP-1)
Assumptions:

Single-region, capacity-constrained system optimizing simple profit.

Input:

The demand D = {Di } for type i resources, the total storage value
s.

Problem:

Find

the

placement

Pm

i=1 EDi [min(Li , Di )]

4.2

Lopt

=

{Li }m
i=1

that

under the capacity constraint

maximizes

Pm

i=1 Li

≤ s.

Max Percentile Solution

Our key result is the observation that the expected value EDi min(Li , Di ) can be transformed into a simple sum of probabilities using Eq. (3.9):

E(min(Li , Di )) =

Li
X

Pr(Di ≥ j).

(4.2)

j=1

The objective of the placement problem is therefore to maximize the function
m
X

EDi [min(Li , Di )] =

i=1

Li
m X
X

Pr(Di ≥ j),

(4.3)

i=1 j=1

by selecting the set L = {Li |1 ≤ i ≤ m} under the constraint that

Pm

1
i=1 Li

≤ s, i.e., one

places up to s resources in the region.
The structure of this equation serves as a key for the analysis as well as to its interpretation. The key property of this equation is that adding a resource of type i to placement
L given in the above equation will increase the expected profit by Pr(Di ≥ Li + 1). We
thus may define a "delta" function δi () whose values are δi (l) = P r(Di ≥ l). As such,
the objective function is to select a placement L that maximizes
the constraint

Pm

1
i=1 Li

Pm PL1i
i=1

j=1 δi (j)

under

= s.

Having this view in mind, we can now turn to describe our Max Percentile algorithm,
whose description may be assisted by Figure 4.1, which depicts an example of three
resource types (and therefore three δ() vectors). The (Percentile) algorithm is carried out
by going over the δi () vectors and using a greedy approach to select their highest values.
This is easily done by observing that E(min(Li , Di )) is concave and each δi () vector is
monotonically non-increasing (as in Figure 4.1). Thus, the algorithm is carried out by
keeping three types of δi () variables: 1) already selected variables (dark background,
on the left hand side); 2) candidates for selection – one element for every resource type
i (light background); and 3) non-examined variables (white background, on the right
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Figure 4.1: The Max Percentile "delta" vectors

hand side). Using this classification the δi () selection algorithm progresses by selecting
the maximal value element from the set of candidates (4th element in first vector in the
example) and then adding the element appearing to the right of the selected candidate
(5th in the first vector) to the candidate set. The algorithm terminates when the number
of placed resources equals the total storage value, s.
Theorem 3.1 implies that δi () is a monotonically non-increasing vector, and thus one can
easily prove that the percentile algorithm indeed selects the s highest values of the δi ()
vectors. This completes the Max Percentile algorithm, which will return, as a solution to
the placement problem, the selected set L where L1i is equal to the number of elements
selected from the δi () vector.

4.2.1

Implementation and complexity

We discuss the implementation of the max-percentile in the next chapter. It can be
implemented using a maximum priority queue in O(s log m) time, where s is the total
storage and m is the number of resource types.

4.2.2

Performance Evaluation

We use numerical analysis and simulations to evaluate a single-region system later in
Section 5.7, Figures 5.1, 5.2.

Chapter 5

The Homogeneous-Region System
Static Placement Problem
(SPP-2)
In this chapter, we extend the analysis from a single-region system (Chapter 4) and solve
the problem given a capacity-constrained and homogeneous-region system, optimizing a
simple profit function. The solution in this chapter, called Multi-Region Max Percentile
(MuRMaP), was published in [12] and uses the max percentile principle described in the
single-region system solution.

5.1

Problem Formulation

Let D = {Dij } be the demand for type i resources in region j. In this chapter, we solve
the placement problem given a homogeneous-region capacity-constrained system. Thus,
the system is assumed to have the following properties: 1) The system can hold up to

s
k

resources in every region, where s is the total storage divisible by the number of regions
k. 2) The regional demands are statistically identical. That is, for every resource type i
the random variables Di1 , Di2 , . . . , Dik are identically distributed; let D̃i denote a generic
variable having the same distribution.
A placement L{Lji }m
i=1 is called a feasible placement if it represents a valid resource
placement of the system, i.e., Lj =

j
i=1 Li

Pm

≤

s
k

in every region j. To this end, we

define our placement problem as finding a feasible placement L that maximizes the

28

The Homogeneous-Region System Static Placement Problem (SPP-2)

29

simple profit P (L, D), which is equal to

P (L, D) =

m X
k
X

Rloc · EDj [min(Lji , Dij )] +
i

i=1 j=1

|

{z

Local

m
X

Rglo · EDi [min(Li , Di )],

(5.1)

i=1

}

|

{z

}

Global

where Rloc , Rglo ≥ 0 are non-negative revenue constants. The placement problem in this
chapter is formulated as follows:

Placement Problem for a Homogeneous-Region System (SPP-2)
Assumptions:

Homogeneous-region system, capacity-constrained system, optimizing simple profit.
A demand D = {Dij } where Di1 , Di2 , . . . , Dik are all identically dis-

Input:

tributed for every resource type i, the total storage value s (where
s is divisible by the number of regions k).
Problem:

Find an optimal placement Lopt = {Lji } that maximizes the profit
in Eq. (5.1) under the capacity constraint Lj =

5.1.1

j
i=1 Li

Pm

≤ ks .

The VoD P2P application

The original problem in [12] was formulated as a VoD P2P problem, where the resources
are peer-servers. The peer-servers store a single movie, and can upload this movie to
clients requesting it. For the sake of presentation, we use the terminology used in the
modeling chapter (Chapter 3); the terminology refers to the peer-servers as resources,
movies as resource types, and a peer containing movie i is equivalent to a type i resource.

5.2

Symmetrically-full Placements

The first key machinery we use in our analysis (of finding an optimal feasible placement)
is to narrow down the space of placements to the space to symmetrically-full placements,
as we defined next:
Definition 5.1. Let L = {Lji | 1 ≤ i ≤ m, 1 ≤ j ≤ k} be a placement. If the number of
resources in every region is equal to ks (i.e., for every region j the number of resources
m
X
s
is equal to Lj =
Lji = ) then L is called a symmetrically-full placement.
k
i=1
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To this end, we show that an optimal feasible solution must be a symmetrically-full
placement:
Claim 5.1. Let L be a feasible placement. Then there exists a symmetrically-full placement L0 whose profit is no smaller than that of L, P (L0 , D) ≥ P (L, D).
Proof of Claim 5.1. One can easily transform L into a symmetrically-full placement by
adding s/k −

j
i=1 Li

Pm

resources in each region j. It is easy to see that the profit cannot

decrease due to adding resources. Thus, the claim follows.
Thus, the optimal placement can be found within the class of symmetrically-full placements. On its face value, finding the optimal placement seems to be a difficult since the
number of symmetrically-full placements is exponential, which may lead to exponential
complexity. Fortunately, as derived in the next section, the optimal placement within
the set of symmetrically-full placements possesses an important balancing property that
we refer as the balance principle. This will allow us to drastically reduce the complexity of searching for an optimal policy from within a reduced set of placements, named
balanced placements.

5.3
5.3.1

Balanced Placements
Introduction

As stated above, balanced placements aimed to serve a key role in reducing the search
for the optimal placement. We define balanced placements as follows:
Definition 5.2. Let L be a placement. Then L is called a balanced placement if for
every resource type i and every two regions j1 and j2 we have |Lji 1 − Lji 2 | ≤ 1.
A striking result (proved in Theorem 5.2) is that for every arbitrary symmetrically-full
placement L there exists a symmetrically-full balanced placement LB , which is as good
as L. This will serve a key result since it allows us to conduct the whole optimization
over the (narrow) space of symmetrically-full balanced placements.
Theorem 5.2 (Optimality Theorem). Given the total storage value s and the number
of regions k, for every arbitrary symmetrically-full placement L there exists a balanced
and symmetrically-full placement LB with a higher or equal profit.
Note that the above theorem is true regardless of the probability distribution of the
demand, (Dij ).
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Before proving this theorem, we need to prove several properties of placements. The
proof of Theorem 5.2 will be completed at the end of Section 5.3.3.

5.3.2

Properties of balanced placements

To prove Theorem 5.2 and demonstrate fundamental properties regarding balanced
placements, we use the following definitions:
Definition 5.3. Let L = {Lji | 1 ≤ i ≤ m, 1 ≤ j ≤ k} be a placement. Let Li :=

j
j=1 Li

Pk

be the number of type i resources across all regions. The vector L̂ = (L1 , L2 , . . . Lm ) is
called the quantity vector. If the quantity vector satisfies

m
X

Li = s then L̂ is called a

i=1

full quantity vector and L is called a full placement.
The following two claims regarding balanced placements and their quantity vectors will
be useful in this section and in Section 5.4:
Claim 5.3. Let L be a balanced placement, whose quantity vector is L̂ = (L1 , L2 , . . . Lm ).
Then, the following properties hold:
1. In every region j either

j

Li
k

k

l

or

Li
k

m

resources of resource type i are allocated for

1 ≤ i ≤ m and 1 ≤ j ≤ k.
2. The number of regions with

j

Li
k

k

+ 1 resources is equal to Li mod k.

3. The profit P (L, D) is equal to:
m
X

ri
X

i=1

j=1

[Rglo E(min(Li , Di ))+Rloc



E(min(

k
X
Li
Li
E(min(
, Dij ))+Rloc
, Dij ))],
k
k
j=r +1







i

(5.2)
where ri = Li mod k.
Claim 5.4. Given a quantity vector L̂ = (L1 , L2 , . . . Lm ), the following properties hold:
1. There exists a balanced placement of quantity vector L̂.
2. Every two balanced placements with the same quantity vector L̂, have the same
profit.
The proofs of these claims are straightforward and presented in Appendix a. The next
two claims are also important. We will use them in Section 5.3.3 and in Section 5.4:
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Claim 5.5 (The tail-sum formula for expected minimum). Let C be an integer
constant, and let X be a non-negative integer valued random variable. Then we have:
E(min(X, C)) =

C
X

Pr(X ≥ i).

(5.3)

i=1

Proof of Claim 5.5. This claim follows immediately from Theorem 3.1 by setting b =
1.
Claim 5.6. Let L be a placement. Let j1 and j2 be regions such that Lji 1 ≥ Lji 2 + 2.
Let L0 be a placement produced from L by moving a resource of type i from region j1 to
region j2 (i.e., setting L0 ji 1 ← Lji 1 − 1 and L0 ji 2 ← Lji 2 + 1). Then the profit of L0 cannot
be smaller than the profit of L0 , i.e., P (L0 , D) ≥ P (L, D).
Remark 5.1. Note that this claim does not directly imply Theorem 5.2 since the theorem deals with symmetrically-full placements. Suppose we use Claim 5.6 over a
symmetrically-full unbalanced placement L. Then, after moving a resource of type i
from region j1 to region j2 , the resulting placement will be a placement that is not
symmetrically-full. This is because the number of resources in regions j1 and j2 are
s
s
− 1 and + 1, respectively.
k
k
Proof of Claim 5.6. Observe the profit function in Eq. (5.1). The operation (of moving
the resource) does not change the quantity vector L̂, as well as the global part of the
profit. The operation changes the local part of the profit at the elements corresponding
to resource type i in regions j1 , j2 (i.e., E(min(Lji 1 , Dij1 )) and E(min(Lji 2 , Dij2 ))). The
change in the profit is equal to:
P (L0 , D) − P (L, D)
=Rloc [E(min(Lji 1 − 1, Dij1 )) + E(min(Lji 2 + 1, Dij2 )) − E(min(Lji 1 , Dij1 )) − E(min(Lji 2 , Dij2 ))]
j

j

j

j

j

j

j

j

= Rloc [E(min(Li 1 − 1, Di 1 )) − E(min(Li 1 , Di 1 )) + E(min(Li 2 + 1, Di 2 )) − E(min(Li 2 , Di 2 ))]
|{z}
{z
} |
{z
}
|

Change order of summation

a

b

=Rloc (a + b).
(5.4)

Using the tail-sum formula for expected minimum, i.e., Eq. (5.3), we derive that
a = E(min(Lji 1 − 1, Dij1 )) − E(min(Lji 1 , Dij1 )) = − Pr(Dij1 ≥ Lji 1 ),

(5.5)

b = E(min(Lji 2 + 1, Dij2 )) − E(min(Lji 2 , Dij2 )) = Pr(Dij2 ≥ Lji 2 + 1).

(5.6)

and
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According to our problem formulation, the random variables Dij1 and Dij2 are both
identically distributed to a generic random variable D̃i . It is given that Lji 1 ≥ Lji 2 + 1,
and therefore
a + b |{z}
= Pr(Dij2 ≥ Lji 2 + 1) − Pr(Dij1 ≥ Lji 1 )
Eqs. (5.5), (5.6)

= Pr(D̃i ≥ Lji 2 + 1) − Pr(D̃i ≥ Lji 1 )
= Pr(Lji 1 > D̃i ≥ Lji 2 + 1) ≥ 0. (5.7)
Thus, from Eq. (5.4), P (L0 , D) − P (L, D) = Rloc (a + b) ≥ 0, i.e., P (L0 , D) ≥ P (L, D)
and the claim is follows.

5.3.3

Quantity-Equivalent placements

To prove Theorem 5.2 we will define and use a quantity-equivalence relation between
placements.
Definition 5.4. Let L and L0 be placements. We call them quantity-equivalent placements if they have the same quantity vector, i.e., if for every resource type i the placements L and L0 contain the same number of type i resources, namely Li = L0i .
It is easy to see that the relation defined is an equivalence relation. The following lemmas
will lead directly to the proof of Theorem 5.2:
Lemma 5.7. For every arbitrary full placement (not necessarily symmetrically-full) L,
there exists a balanced and symmetrically-full placement LB , which is quantity-equivalent
to L.
Proof of Lemma 5.7. We use a constructive approach and propose the Balanced Spread
algorithm that produces LB , as follows:
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Algorithm 1 Balanced Spread algorithm
Require: A full quantity vector, i.e., L̂ = (L1 , L2 , . . . Lm ), where

m
X

Li = s.

i=1

Ensure: A symmetrically-full balanced placement.
1:

for all resource type i do
j

Li
k

k

resources of type i in every region j

2:

Place

3:

Set ri ← Li −

j

Li
k

k

· k (Notice that ri = Li mod k).

4:

end for

5:

Place one additional resource of type 1 in each of regions 1, 2 . . . , r1 . Then, place
one additional resource of type 2 in each of the regions r1 + 1, r2 + 2 . . . , r1 + r2 and
so on. Note that all region index counting is done modulo k, guaranteeing circular
placement.

Denote LB as the placement returned from a run of the Balanced Spread algorithm
on the quantity vector of L. Below we present a proof that LB is a symmetrically-full
balanced placement, which is quantity-equivalent to L.
1. LB is symmetrically-full– Step 2 places the resources evenly among the regions.
As for Step 5, it spreads

Pm

i=1 ri =

Pm

i=1 Li −

Pm j Li k
i=1 k · k resources in a circu-

lar fashion among the regions. It starts allocating the first resource in region 1.
Further, since the number of resources is

Pm

i=1 Li

= s (L is a full placement), and

s is divided by k, then the last resource placed by Step 5 will be in the k th region. Thus, the Balanced Spread algorithm allocates the same number of resources
evenly among the regions, which equals ks .
2. LB is balanced – The Balanced Spread in Step 2 algorithm places the resources
evenly among the regions. In Step 5 an additional resource of type i is allocated
to ri = Li mod k < k regions. Therefore, for each resource type i, the number of
type i resources of two different regions is differ from one another by one resource
at most, i.e., LB is balanced.
3. LB is quantity-equivalent to L – The number of type i resources is equal to ri +
k·

j

Li
k

k

= Li , which is exactly as in L.

Remark 5.2. The construction of the symmetrically-full balanced placement depends
only on the quantity vector and not on how the original placement L places its resources
in any region. The only requirement of the input is that it represents a quantity vector
of a full placement, i.e.,

m
X
i=1

Li = s.
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Lemma 5.8. The profit of LB (as defined in Lemma 5.7), is not smaller than that of
L. That is P (LB , D) ≥ P (L, D).
A full-detailed proof can be and is in Appendix a. We use Claim 5.6 to show that
for every unbalanced placement L there exists a balanced placement L0 satisfying two
properties: 1) L and L0 are quantity-equivalent and 2) The profit of L0 is not smaller than
the profit of L, i.e., P (L0 , D) ≥ P (L, D). The placements L0 and LB , which are both
balanced and quantity-equivalent, and thus they have the same profit (P (LB , D) =
P (L0 , D)) according to Claim 5.4. This implies P (LB , D) = P (L0 , D) ≥ P (L, D) as
required.
We finally complete the proof of the key theorem of this chapter:
Proof of Theorem 5.2. Given a symmetrically-full placement L, its symmetrically-full
balanced placement, LB , has a higher (or equal) profit than L, as stated in Lemma 5.8.

5.4

The Multi-Region Max Percentile Algorithm

In this section, we describe the Multi-Region Max Percentile algorithm (in short, the
MuRMaP algorithm), and prove that the algorithm constructs the placement with the
maximum profit.
As shown in the previous section (Theorem 5.2), within the class of symmetrically-full
placements the balanced placements are better than the unbalanced ones. Therefore, the
search for an optimal placement is carried out in the (narrow) space of symmetricallyfull balanced placements. The MuRMaP algorithm will therefore operate by finding the
placements with the highest profit among these placements.
The next claim will calculate the increase of the profit when adding a new resource to
the placement:
Claim 5.9. Given placement L, inserting a resource of type i0 to region j0 , will increase
the profit by:
Rglo · Pr(Di0 ≥ Li0 + 1) + Rloc Pr(Dij00 ≥ Lji00 + 1).
The claim is straightforward and is in Appendix a.
According to Claim 5.4, we know that for every given quantity vector L̂ = (L1 , L2 , . . . Lm )
there exists a symmetrically-full balanced placement LB with a quantity vector L̂. The
profit of LB , which is unique to the quantity vector, will be called the balanced profit of
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the quantity vector L̂ and be denoted by PB (L̂). By adding a resource to the quantity
vector, we increase its balanced profit, as the next claim states:
Claim 5.10. Let L̂ = (L1 , L2 , . . . Lm ) be a quantity vector and let L̂0 be a quantity vector
such that L0i0 = Li0 + 1 and L0j = Lj for all j 6= i0 . Then the increase of the balanced
profit, i.e., PB (L̂0 ) − PB (L̂), is
Li0
Rglo · Pr(Di0 ≥ Li0 + 1) + Rloc Pr(D̃i0 ≥
+ 1).
k




(5.8)

A proof of Claim 5.10 is presented in Appendix a, based on Claim 5.3.
Remark 5.3. Eq. (5.8) can be viewed as the marginal increment in the balanced profit of
the quantity vector due to an increase in Li0 . Thus, it can be written as a function δi (Li )
which expresses the contribution of resource i to the balanced profit of Li . Eq. (5.8)
becomes
Li0 + 1
δi0 (Li0 + 1) = Rglo · Pr(Di0 ≥ Li0 + 1) + Rloc Pr(D̃i0 ≥
),
k


where we used

l

Li +1
k

m

=

j

Li
k

k



(5.9)

+ 1.

Corollary 5.11. The balanced profit of quantity vector L̂ = (L1 , L2 , . . . Lm ) is identical
to the integration of the marginal contribution δ. That is
PB (L̂) =

Li
m X
X

δi (j).

(5.10)

i=1 j=1

This can be proven by a simple induction on

m
X

Li .

i=1

According to the previous claim, we can construct a quantity vector to have the highest
balanced profit among all the full quantity vectors. The vector, which is called the
MuRMaP quantity vector, is constructed by the following greedy algorithm:
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Algorithm 2 Deriving the MuRMaP quantity vector
1: Initiate a new minimum priority queue Q.
2:

Initiate a quantity vector L̂ = (L1 , L2 , . . . Lm ) such that Li = 0 for every resource i.

3:

for all resource i do

4:

Insert to Q the value of δi (1).

5:

end for

6:

repeat

7:

Take resource i with the maximal value in Q.

8:

Li ← Li + 1.

9:

Insert to Q the value δi (Li + 1).

10:

until

m
X

Li = s

i=1

11:

return the quantity vector, L̂ = (L1 , L2 , . . . Lm )

In Lemma 5.7, we proved that given a full quantity vector, we can construct a symmetricallyfull balanced placement (See also Remark 5.2). Therefore, constructing a symmetricallyfull balanced placement from the MuRMaP quantity vector is presented in the following
algorithm:
Algorithm 3 The max percentile inter region (MuRMaP) algorithm
1:
2:

Run Algorithm 2 for finding the MuRMaP quantity vector L̂.
Run the balanced spread algorithm (Algorithm 1) on the quantity vector to yield
the MuRMaP placement.

We will prove that the placement constructed by the MuRMaP algorithm, which is called
the MuRMaP placement, is the solution for the placement problem (SPP-2):
Theorem 5.12. The MuRMaP placement obtains the highest expected profit among all
the symmetrically-full placements.
Proof of Theorem 5.12. By Theorem 5.2, it is sufficient to prove that the MuRMaP
placement has a profit at least as the profit of all symmetrically-full balanced placements.
By Corollary 5.11, the profit of every symmetrically-full balanced placement (which is
equal to the balanced profit of its quantity vector) is a sum of s marginal contributions
δi (j). Therefore, it is sufficient to prove that the profit of the MuRMaP placement is
the sum of the s largest elements in the collection of vectors δi (), i = 1, . . . , m.
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This result follows from the non-increasing monotonicity property of each of the δi ()
vectors. Based on this property, the queue in algorithm 2 contains the largest nonselected element of vector δi () for each resource type i = 1, . . . , m. Thus, in the j th
stage it selects the j th largest element in the vector collection, and Algorithm 2 selects
the s largest elements.

Corollary 5.13. Running the MuRMaP algorithm (algorithm 4) yields an optimal placement profit.

5.5

Efficient Implementation of Algorithms

The MuRMaP algorithm can be implemented efficiently as stated next:
Claim 5.14 (Efficient Implementation of MuRMaP). The MuRMaP algorithm (as
well as the max-percentile algorithm for the single-region system) can be implemented
efficiently and has time complexity of O((s + m) · log m).
Remark 5.4. We assume that computing the c.d.f values Pr(D ≤ x) for every random
variable D and integer x takes O(1) time. Otherwise, if it takes O(e) time to compute
the c.d.f values, then the complexity of the algorithm is O((s + m) · (e + log m)).
Proof of Claim 5.14. In the MuRMaP quantity vector algorithm (Algorithm 2) the implementation of the maximum priority queue is done by a heap. The loop at Step 3 and
the loop at Step 6 will each be carried out m and s times at most, respectively. The
heap size equals the number of resource types O(m) and inserting a value to the heap
will take O(log m) operations. Therefore, the overall time complexity of the MuRMaP
quantity vector algorithm is O((s + m) log m). In the case of a single-region system, the
MuRMaP quantity vector algorithm is the max-percentile algorithm, as described in the
previous chapter.
The MuRMaP algorithm (Algorithm 3) will calculate the MuRMaP quantity vector L̂ =
(L1 , L2 , . . . , Ls ) (Step 1 of Algorithm 3). Then it will transform the vector into a quantity
vector of resource types containing at least one resource (i.e., L̂ = (Li1 , Li2 , . . . , Lit )
where Lij ≥ 1). The transformation is done in O(s). Lastly, it will perform the Balanced
Spread Algorithm: Since in every step of that algorithm we spread at least one resource,
the algorithm takes O(s) time. Thus, in total, the time complexity of the MuRMaP
algorithm is O((s + m) log m).
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Resource Serves Multiple Request Types

The analysis given so far dealt with the case where a resource can serve only requests of
a single request type. That means, if a single resource can serve requests of type i, then
it cannot serve a type j request, for i 6= j. This is not the case in many applications,
such as P2P VoD system (See Section 5.1.1) where the peer-servers (i.e., the resources)
can store multiple movies, and thus can grant requests for the movies they contain (i.e.,
multiple request types).
This leads to examine systems where the resources can grant multiple request types.
Suppose that the operator can add resources that can serve c request types (i.e., in
the P2P VoD application it is equivalent to adding peer-servers containing c different
movies). We assume that each resource can serve only one of these c request types, and
the operator can choose which request types the resource can grant (i.e., in the P2P
VoD application it is equivalent to what movies each peer-server contains).
To this end, we propose to use a heuristic algorithm. For the sake of explanation, we use
the P2P VoD application to describe the algorithm. The algorithm operates as follows:
First, the number of movie replicas in a region is determined by the Max Percentile
algorithm operating on s · c peer-servers, where c is the number of copies a peer-server
can hold. Then, the s · c/k movie replicas destined for a region are listed by their
’marginal contribution’ to the profit, namely, in the order they were selected by the
MuRMaP algorithm. Placement of these s · c/k movie replicas in a region is roughly
done in an elevator type approach: Initially, it places the first s/k largest replicas in a
descending marginal contribution order, starting with peer-server 1 of the region and
ending with server s/k of the region. Then, it places the next largest s/k replicas,
starting with server s/k and ending at peer-server 1. Then, it continues placing from
peer-server 1 to peer-server s/k, and so on. This will lead to a relatively balanced spread
of marginal contributions over the s/k servers.

5.7

Performance Evaluation

We use numerical analysis and simulations to evaluate a P2P VoD system performance
(explained in Section 5.1.1) and compare it to other VoD works. We study the video
servicing profit (revenue) and the fraction of requests that are granted as a function of
the system parameters. The diversity of movies is a crucial parameter for the system
performance; the larger the number of movies and the larger the weight of esoteric movies
in this population, the harder it is on the system to satisfy the demand. Motivated
by previous analytical works [11, 68] and empirical studies on the usage patterns in
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Figure 5.1: Performance of a single-region system with n=4,000, s=5,000, m=60,000.

VoD [6, 69], we assume that the movie demand follows a Zipf distribution. Since it is
unclear how future demand will behave (the prior references mentioned above used a
Zipf parameter of values between 0.56 and 1.5, depending on the study), we consider a
wide range of Zipf distributions and vary the Zipf parameter from 0.5 to 1.5. We assume
that the aggregate demand comprises n requests, where each request picks a movie i
with probability pi ,

P

i pi

= 1, and pi follows a Zipf distribution.

Single-region. Figure 5.1 shows the number of requests granted by the P2P network
as a function of the Zipf parameter for a single-region P2P setting, given a catalog of
m = 60, 00 movies, s = 5000 servers, and aggregate demand of n = 4000 requests. The
number of granted requests is equal to

Pm

i=1 EDi [min(Li , Di )].

The figure demonstrates

that at low values of the Zipf parameter the system can grant about 50% of the requests;
this is due to the fact that there are many esoteric movies and the system simply cannot
hold all of them. In this case, the P2P system will require a significant support from
the central server. When the Zipf parameter is large, the system can handle almost
all the requests since there are not many esoteric movies. For the sake of comparison,
we also plot the performance of the proportional mean placement [11] and of the RLB
placement [50]. As shown, both are not as efficient as the Max Percentile placement.
We repeat the analysis for a larger catalog of m = 100, 000 movies and observe similar
results (not shown).
Figure 5.2 demonstrates the impact of the system load on performance (the number of
granted requests) for a large-scale single-region P2P setting consisting of a catalog of
m = 60, 000 movies and s = 50, 000 servers. The number of requests is 30, 000 and
40, 000, corresponding to loads of 0.6 and 0.8, respectively. As expected, we see that the
number of granted requests increases with the number of submitted ones. We also show
the performance of proportional and RLB placements for the load of 0.8 and observe
similar results in the smaller-scale network in Figure 5.1.
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Performance of a large-scale single-region network with s=50,000,
m=60,000, n=40,000 (load 0.8) and 30,000 (load 0.6).

Max percentile and proportional mean. As shown in Figure 5.1 and 5.2, the
performance gap between max percentile and proportional mean is largest when the Zipf
parameter is small. This happens because the settings include a large number of esoteric
movies for which the variability of the demand is high, resulting in large inaccuracies
of proportional mean (and RLB) placements. The gap will be large in other scenarios
as well. For example, consider a two-movie system with n peer-servers. The first movie
has a deterministic demand of n requests and the second one has a stochastic demand
of nk 2 requests w.p 1/k and 0 requests w.p 1 − 1/k 1 . Max percentile will place n
replicas for the first movie, yielding a maximum revenue (profit) of n (number of peers).
However, proportional mean will place

n
k+1

and

nk
k+1

replicas for the first and second

movies, respectively. Thus, the revenue of proportional mean is equal to

2n
k+1 .

Note that

as k approaches infinity, the performance ratio approaches zero.
Remark 5.5. One might consider optimizing of proportional mean by truncating the
demand distributions, i.e., the demand cannot be larger than the system capacity. Even
under that version, proportional mean might provide an allocation which is away from
the optimal. Consider a single-region system that has

n
2

movies, denoted by t1 , t2 , .., t n2 ,
n
2
√1
n

with deterministic demand of a single request. In addition, the system contains
movies (denoted by t n2 +1 , , .., tn ), in each of which the demand has probability of
to have n requests, and probability of 1 −

√1
n

to have zero requests. Suppose the

system contains n movies. The optimal placement allocates one peer-server for movies
t1 , t2 , .., t n2 , and allocates
equals to

n
2

√

+

n
2

n
2

replicas from one of the other movies. The optimal profit,

= θ(n). Proportional mean, however, allocates
√

peer-servers for movies t1 , t2 , .., t n2 , and
√
2 √n
1+ n

n

√
n
+n
· n
2
2

·n =

√
2 √n
1+ n

√

1

√
n
+n
· n
2
2

·n =

2√
1+ n

for movies t n2 +1 , , .., tn . Its

· n2 +
· n2 · √1n = √2n
= θ( n). Thus, proportional mean
n+1
√
is far by a factor of θ( n) from the optimal value.

profit is equal to

1

2√
1+ n

This can represent the case where the demand depends on the review a movie is about to receive.
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Figure 5.3: Performance of a 20-region network with n=40,000, s=50,000, m=60,000,
Rglo =1, Rloc =9.

Multi-region. Next, we study the performance of a multi-region system. We consider
a setting with k = 20 regions, local revenue of Rloc = 9, global revenue of Rglo = 1,
and remaining parameters as before, m = 60000, s = 50, 000 and n = 40000. Figure 5.3
shows the revenue computed using Eq. (5.1) as a function of the Zipf parameter. The
revenue of Max-Percentile is compared to that of proportional mean when it is applied
locally to each region. We observe similar behavior in the single-region case. In a multiregion setting, the number of locally served requests increases with the Zipf parameter.
For large parameter values, the majority of the requests are served locally, and the gap
between max-percentile and proportional is small. The gap is larger for small values of
the parameter since many requests are served from remote regions.
Resource serves multiple request types . Next, we examine systems where resources can serve multiple request types. To this end, we use the heuristic algorithm
in Section 5.6. That is, the number of replicas in a region is determined by the max
percentile algorithm, operating on a capacity of s · c resources, where c is the number
of request types a resource can serve; in our case c = 5. Then, replicas are sorted in
a descending order of popularity and placed on the individual peers (resources) of the
region, using an elevator-type placement. We use a simulation over the same setting as
used previously to evaluate the performance. After computing the heuristic placement
once, we generate the demand multiple times and using an optimal matching algorithm
we derive the expected profit (revenue). We compute the proportional mean placement
in a similar fashion, and show the performance of both in Figure 5.4. When the Zipf
parameter is large, the demand variability is low, and Proportional Mean becomes a
good predictor for the distribution’s tail. Hence, both algorithms produce similar results. The performance gap is larger when the Zipf parameter is around 1. When the
Zipf parameter is small, both algorithms face the same heuristic decision whether or not
to place a copy of an esoteric movie, resulting in similar performance.
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Figure 5.4: Performance of single-region setting where each resource can serve 5
request types and n=12,000, s=15,000, m=75,000.

5.8

Further improvement: An implementation which is
sublinear in the number of resources

Remark 5.6. I would like to thank an anonymous referee who proposed the basic ideas
for the algorithm described in this section.
The MurMap algorithm presented in this chapter runs at O((s+m)·log m) time, where s
is the total storage and m is the number of resource types. While it is assumed that the
operator must place the resources in the different regions (See Remark 1.2), thus leading
to an algorithm that must be linear in the number of resources (i.e., in the total storage
s), it is possible to implement the algorithm differently, if the assumptions change. That
means, if the operator does not place the resources, and the CDF values Pr(Di ≥ j) are
given as an oracle (do not need Ω(s) for pre-processing computation). In such a case, we
show that the MurMap algorithm can be implemented in sublinear time in the number
of resources, i.e., polynomial in the thin input.
First, we show how to solve the single region system (k = 1) problem: Let Li be the
number of resources for type i. Using the transformation done in Section 4.2, the optimal
placement L = {L1 , L2 , . . . , Lm } maximizes
Li
m X
X

Pr(Di ≥ j),

(5.11)

i=1 j=1

under the constraint L1 + L2 + . . . + Lm = s.
Consider the arrays ai = [Pr(Di ≥ 1), Pr(Di ≥ 2), . . . Pr(Di ≥ s)] for i = 1, 2, . . . , m.
The goal is to find an element ai [j] = Pr(Di ≥ j) (among the k · s elements) such that
the total number of elements in these arrays with value larger than or equal to ai [j] is
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exactly s, i.e., the sth largest element. Thus, the single region problem can be reduced
to the following problem:

The tth largest element in m sorted arrays
Input:

A vector (n1 , n2 , . . . , nm ) of positive integers. Monotonically decreasing
arrays ai = [ai [1], ai [2], . . . , ai [ni ]] for i = 1, 2, . . . , m (i.e., ai has ni
elements). The total number of elements N =

Pm

i=1 ni .

A positive

integer t.
Problem:

Find the tth largest element, i.e., an element ai [j] such that the total
number of elements in these arrays with value larger than or equal to
ai [j] is exactly t.

We will show a recursive algorithm that runs at logarithmic time in the number of the
array elements (i.e., log ni ). In every iteration, we compute the maximal and the minimal
medians of every array. Suppose aimin = arg mini ai [ n2i ] and aimax = arg maxi ai [ n2i ] are
the arrays with the maximal and the minimal medians, respectively. We observe that
the maximal and minimal medians are respectively greater than and smaller than

N
2

elements in these arrays.
Suppose that

N
2

≥ t. Then, the maximal median is greater than the tth largest element.

Thus, at least half of the elements in the maximal median array aimax are larger than the
tth largest element and can be "thrown away"; that means, the array aimax is cut to half,
and our recursive algorithm will continue to find the tth element among the remaining
elements.
Alternatively, and in a similar way, if

N
2

< t, then at least half of the elements in the

minimal median array aimin are smaller than the tth largest element and can be "thrown
away". Since the tth largest element is larger than
algorithm will continue to find the (t −

nimin th
2 )

nimin
2 )

elements in aimin , our recursive

largest element among the remaining

elements.
The algorithm runs for O(

Pm

i=1 log ni )

iterations. Finding the minimal and maximal

medians in every iteration takes O(log m) by using a min and a max heap, respectively.
Thus, the complexity of this algorithm over the single region problem, where t = ni = s,
is O(m log m log s).
By using such implementation, we can show that MurMap can be implemented in a
O(mk + m log m log s) time algorithm: The MuRMaP quantity vector algorithm (Algorithm 3) is implemented as done in this section at O(m log m log s). For every resource
type 1 ≤ i ≤ m, the Balanced Spread Algorithm will derive in O(k) time the number
of resources of resource type i for every region 1 ≤ j ≤ k. Thus, the Balanced Spread

The Homogeneous-Region System Static Placement Problem (SPP-2)

45

Algorithm takes O(km) time. The MurMap, which runs the MuRMaP quantity vector
algorithm and the Balanced Spread Algorithm, takes O(mk + m log m log s).
Remark 5.7 (applicability). In practice it is expected that in most cases the operator
places the resources and/or has to derive the full distribution data, in which case only
treating the data takes Ω(s) and thus a sub-linear algorithm is of little value. The value
of the sublinear algorithm is in cases where the demand distribution is either given by
a formula or by an Oracle, and the operator computes only the placement quantities.

Chapter 6

The Heterogeneous-Region
System Static Placement Problem
(SPP-3)
In this chapter, we extend the problem from homogeneous-region system (presented
in Chapter 5) to a heterogeneous-region system. The problem posed by this system
is that of optimizing the simple profit function under capacity constraints (and with
no symmetry between the regions). The solution, which is called the Bipartite Graph
(BG) algorithm, is using graph theory techniques, and it differs from the max-percentile
solutions presented in Chapters 4, 5. The work in this chapter is based on a published
article [13].

6.1

Problem Formulation

Let D = {Dij } be the demand for type i resources in region j. In this chapter, we solve
the placement problem over a capacity-constrained system. Thus, the system can hold
up to sj resource in region j. In addition, the system comprises heterogeneous regions,
meaning that neither the storage values {sj }kj=1 nor the regional demands {Dij }kj=1
are necessarily identical across regions or statistically identical (see Chapter 5), respectively.
A placement L{Lji }m
i=1 is called a feasible placement if it represents a valid resource
placement of the system, i.e., Lj =

j
i=1 Li

Pm

≤ sj in every region j. To this end, we

define our placement problem to find a feasible placement L that maximizes the simple
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profit P (L, D), which is equal to

P (L, D) =

m X
k
X

Rloc · EDj [min(Lji , Dij )] +
i

i=1 j=1

m
X

Rglo · EDi [min(Li , Di )],

(6.1)

i=1

where Rloc , Rglo ≥ 0 are non-negative revenue constants. The placement problem in this
chapter is formulated as follows:

The
Static
Placement
problem
Heterogeneous-Region System (SPP-3)

for

a

Assumptions:

Capacity-constrained system optimizing simple profit.

Input:

The demand D = {Dij }, the storage values {sj }.

Problem:

Find the placement Lopt = {Lji } that maximizes the simple profit
in Eq. (6.1) under the constraint Lj =

We denote by |L| =

6.2

Pk

j=1

j
i=1 Li

Pm

j
i=1 Li

Pm

≤ sj .

the number of resources in L.

A Solution for the Placement Problem (SPP-3)

The placement problem as defined above seems to be highly complex and therefore challenging. The reason is that one must deal with a very large input data (m distributions,
where each could be represented by O(s) data elements; in some applications, s and m
can reach values up to 104 ).
Fortunately, we are able to utilize the powerful properties of arbitrary distributions as
we derived earlier (e.g., Chapter 3, Eq. (3.9)), and thus transform the problem into
the one presented next in Theorem 6.1. Using this transformation will later be utilized
to devise a reduction to the well-known min-cost flow problem, and derive efficient
algorithms for the placement problem.

6.2.1

Transformation to a cost function

To solve the placement problem, we use Eq. (6.1) and convert a profit maximization
problem into a cost minimization problem. We define the cost function of placement L
in the following formula:
j

E(C L ) = Rloc

Li
k X
m X
X

(1 − Pr(Dij ≥ n)) + Rglo

(1 − Pr(Di ≥ n))

i=1 n=1

j=1 i=1 n=1

|

Li
m X
X

{z

Local

}

|

{z

Global

}

(6.2)
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We can use this cost function to solve the placement problem, as follows:
Theorem 6.1. Let L be a feasible placement that minimizes E(C L ) among feasible
placements with s resources (i.e., |L| = s). Then L is an optimal placement (i.e., solves
SPP-3).
We prove the theorem by the fact that every discrete non-negative random variable X
and every constant C satisfy E(min(X, C)) =

PC

k=1 Pr(X

≥ k) (i.e., Eq. (3.9)). A full

proof of the theorem can be found in Appendix 6.

6.2.2

Preliminaries: The min-cost flow problem

To find an optimal solution to the placement problem, we present the min-cost flow
problem, which is a generalization of the notable max flow problem. In the problem, one
considers a directed graph G = (V, E) where every edge e ∈ E has a non-negative integer
capacity c(e) and a real-value weight w(e) (also called cost). The graph must contain
two different nodes: a source node x and a sink node y. An x-y-flow f : E → R+
is defined on the graph edges (v, v 0 ) ∈ E in the same way as defined in the maxflow problem. That means, the flow must satisfy the following properties: 1) Capacity
constraint: for each edge e, we have 0 ≤ f (e) ≤ c(e). 2) Conservation of flows: for
every vertex v ∈ V \ {x, y} we have

P

(v 0 ,v)∈E

f (v 0 , v) =

P

(v,v 0 )∈E

f (v, v 0 ). In addition

to the standard definitions, we define the flow in node v 6= x, y as the income flow (and
by conservation of flows, the outcome flow) to (from) node v. We denote it by f in (v),
which equals f in (v) =

P

(v,v 0 )∈E

f (v, v 0 )(=

P

(v 0 ,v)∈E

of f , as defined in the max-flow problem, is |f | =
The weight (or cost) of flow f is w(f ) =

P

e∈E

f (v 0 , v) = f out (v)). The flow value

P

(x,v)∈E

f (x, v) =

P

(v,y)∈E

f (v, y).

f (e)w(e).

Given a parameter n, the classic minimum-cost flow problem is to find a flow fopt of
value n that has minimum weight among all flows of value n. This means that for
every flow f 0 where |f 0 | = |fopt | = n we have w(fopt ) ≤ w(f 0 ). It is well-known that if
the capacities c(e) of a min-cost flow network are integers, then there exists a min-cost
flow f where the flow in every edge is integer; a proof can be found in [70], Theorem
9.10.
In Section 6.3.2, we present the Successive Shortest Path algorithm for solving a min-cost
flow problem on a general graph G = (V, E) with non-negative weights. This algorithm
was studied in [71]. Its time complexity is O(|f ||E||V |) where |f | is the required flow
value.
In the next subsection, we will reduce the placement problem into a min-cost flow
problem. To this end, we define a directed graph G = (V1

S

V2

S

. . . Vk , E) to be a k-layer
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graph if the following holds: 1) The vertex sets V1 , V2 , . . . Vk are pairwise disjointed. 2)
The vertices in Vi , which are called layer-i vertices, can be connected only to vertices
in successive layers (i.e., if (u, v) ∈ E then there is 1 ≤ i ≤ k such that u ∈ Vi and
v ∈ Vi+1 ). Note that a two-layer graph definition is the equivalent definition of a
bipartite graph.

6.2.3

Transformation to a min-cost flow problem

We use Theorem 6.1 to reduce the placement problem into a min-cost flow problem in
a seven-layer graph G7 . That means, we show the following properties: 1) For every
placement L, there is a corresponding flow fL , where the cost function of L is equal
to the weight of fL , i.e, E(C L ) = w(fL ). 2) Finding the min-cost flow fopt in G7 derives
the optimal placement Lopt that solves the placement problem (SPP-3).
The reduced graph G7 = (V10

S

V20 . . .

S

V70 , E 0 ) (see Figure 6.1) contains the source node

x in the first layer (V1 = {x}) and contains the sink y in layer-7 (V7 = {y}). We set the
required flow value to be the total storage value over all regions (i.e., |f | = s =

Pk

k
i=1 s ,

where sj is the bound on the number of resources that can be placed in region j). Layer2 contains region nodes denoted as a1 , a2 , . . . , ak . The flow fL in node aj (i.e., fLin (aj ))
represents the total resources placed in region j (i.e., fLin (aj ) = Lj ). The edges between
the source x and region node aj have capacity sj , reflecting a bound on the number of
resources to be placed in region j. The cost of these edges is 0. Layer-3 contains pairs
of (region, type) nodes such that the flow in node (aj , ti ) represents the storage in region
j of resource type i (i.e., fLin (aj , ti ) = Lji ). We connect between layer-2 region nodes
(aj ) and layer-3 (region, type) nodes (aj , ti ) for all resource types 1 ≤ i ≤ m and all
regions 1 ≤ j ≤ 1. The capacity of these edges is infinity (the flow through the nodes is
unlimited), and the cost is 0.
To represent the local part of the cost function E(C L ), the layer-4 nodes are the triples
(aj , ti , r) called (region, type, # resources) nodes for regions 1 ≤ j ≤ k, resource types
1 ≤ i ≤ t and an integer 1 ≤ r ≤ s. Positive flow in node (aj , ti , r) means that the
number of type i resources from region j is larger than or equal to r (in other words, if
Lji ≥ r, then fLin (aj , ti , r) = 1, otherwise fLin (aj , ti , r) = 0). To allow the flow values of 0
or 1, the capacity of the edge connecting (aj , ti ) and (aj , ti , r) is equal to 1. Note that
Lji ≥ r iff the number Rloc (1−Pr(Dij ≥ r)) appears in the summation of Eq. (6.2). Thus,
we set the cost of the edge from (aj , ti ) to (aj , ti , r) to be Rloc (1 − Pr(Dij ≥ r)).
Layer-5 nodes are called resource type nodes or simply type nodes. The value fLin (ti )
represents the number of type i resources from all regions (i.e., fLin (i) = Li ). For all
1 ≤ j ≤ k, 1 ≤ r ≤ s, we connect layer-4 nodes (aj , ti , r) to resource type node ti .

The Heterogeneous-Region System Static Placement Problem (SPP-3)

50

Figure 6.1: The seven-layer graph

The capacity of these edges is infinity1 , and the cost of these edges is 0. Layer-6 nodes
represent pairs (ti , r) of (type, # resources) nodes. Positive flow in node (ti , r) indicates
whether the number of type i resources is larger than (or is equal to) r.
Similar to the edges between layer-3 and layer-4, the edges between ti and (ti , r) represent
the global part of the cost function E(C L ), and they have capacity 1 and cost Rglo (1 −
Pr(Di ≥ r)). Finally, we connect all (resource type, # resources) nodes to the sink node
y in layer-7. The cost of these edges is 0 and the capacity is infinity.
In the following lemma, we show how to transform a placement L into a corresponding
flow fL in the seven-layer graph G7 :
Lemma 6.2. Let L be a feasible placement with n resources. Then there exists an
integer flow fL (i.e., fL (e) is integer for all edges e ∈ E) called the corresponding
flow of L with flow value |fL | = n that obeys the following conditions: (1) fL in (aj , ti ) =
Lji , fL in (ti ) = Li for all area j and resource type i. (2) The flow fL sends 1 unit of flow on
the edges between layer-3 ((aj , ti )) and layer-4 ((aj , ti , r)) of costs Rloc (1 − Pr(Dij ≥ r))
for 1 ≤ r ≤ Lji . (3) The flow fL sends 1 unit of flow on the edges between layer-5 (ti )
and layer-6 ((ti , r)) of costs Rglo (1 − Pr(Di ≥ r)) for 1 ≤ r ≤ Li . Moreover, the cost of
fL is equal to the alternative cost of L, i.e., w(fL ) = E(C L ).
We provide a formal proof of Lemma 6.2 in Appendix 6. The technique used to create
the flow can be well understood from the following example.
Example 6.1. Consider a system with two regions denoted by a1 , a2 , and two resource
types denoted by t1 , t2 . Suppose that there are two resources in area a1 of different
resource types, i.e., L11 = L12 = 1. In area a2 there is a single resource of type t1 , i.e.,
L21 = 1, L22 = 0.
We depict in Figure 6.2 the flow fL , which is corresponding to the placement L. The
flow on solid-line blue edges, dotted-line red edges, and the black edge (x, a1 ) are 0, 1,
1

It can be equivalently set to one, as the flow in (aj , ti , r) is either 0 or 1.
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Figure 6.2: The flow fL corresponding to the placement of Example 6.1, i.e., L11 =
L12 = 1 and L21 = 0, L21 = 1. The flow on solid-line blue edges, dotted-line red edges,
and the black edge (x, a1 ) are 0, 1, and 2, respectively. The flow weight w(fL ), which
equals the cost function of the placement E(C L ), is the sum of red edge costs.

and 2, respectively. The flow in node values fLin (v) is shown above the vertices v of
layers 1, 2, 3, 5, 7. The cost of edges with non-zero cost is depicted above the edges. The
storage values of regions a, b are respectively sa = 2 and sb = 1.
The flow weight w(fL ), which equals the cost function of the placement E(C L ), is the
sum of red edge costs. The local part of the cost function E(C L ) is equal to the sum of
red edge costs between vertices of layer 3 and layer 4, i.e., is equal to 0.4 + 0.3 + 1 = 1.7.
Similarly, the global part of the cost is the sum of red edge costs between vertices of
layer 5 and layer 6, i.e., is equal to 0.8 + 1.2 + 1 = 2. The cost of the flow (and
the alternative cost function) is equal to the sum of the local and global parts, i.e.,
E(C L ) = 1.7 + 2 = 3.7.
Remark 6.1. Note that if G7 contains edges with identical weights, then there can be
multiple corresponding flows for a given placement. For example, consider a system with
one region (k = 1) and one resource type (m = 1). Figure 6.3 depicts two flows, denoted
by f and f 0 , corresponding to the placement that contains a single resource i.e., L11 = 1.
The edges incoming to vertices (a1 , t1 , 1) and (a1 , t1 , 2) have weights of Rloc (1 − Pr(D11 ≥
1)) = Rloc (1 − Pr(D11 ≥ 2)) = 0.5 (this can be possible if (Pr(D11 ≥ 1) = Pr(D11 ≥ 2)).
Both flows have cost of Rloc (1 − Pr(D11 ≥ 1)) + Rloc (1 − Pr(D1 ≥ 1)) = 0.5 + 0.6 = 1.1.
Note that the edge costs g(r) = R · (1 − Pr(D ≥ r)) increases as the number of resources
r increases. This leads to the correctness of the reduction, as stated next:
Lemma 6.3. Let f be an integer flow in G7 . Let L be a placement such that Lji =
f in (aj , ti ) = fij . Then the cost of f is not smaller than the cost of a corresponding flow
of L, i.e., w(f ) ≥ w(fL ). Moreover, w(f ) = w(fL ) iff f is a flow corresponding to L.

The Heterogeneous-Region System Static Placement Problem (SPP-3)

52

Figure 6.3: The flows f, f 0 corresponding to the placement L11 = 1.

Figure 6.4: A given flow f . The dotted-line red edges have 1 unit of flow, the solidline blue edges are with 0 units of flow, and solid-line black edges have 2 units of flow.

The important point of Lemma 6.3 is that the optimal flow passes through the first
fij = f in (aj , ti ) edges emanating (aj , ti ) node (that is the first fij edges with minimum
cost), thus reflecting a consistent cost of placing fij resources of type i in region j.
A rigorous proof of Lemma 6.3 is provided in Appendix 6. To demonstrate the correctness of the lemma, suppose the system contains two regions k = 2 and one resource type
m = 1. Let f be a flow presented in Figure 6.4. The unique flow fL corresponding to
Lji = fij , which passes through the upper fij edges, is depicted in Figure 6.5. One can
verify that the cost of fL is equal to E(C L ), and that the cost of fL is not larger than
the cost f , as the edge costs g(r) = R · (1 − Pr(D ≥ r)) are monotonically increasing.

Thus, by Theorem 6.1 and Lemmas 6.3, 6.2 we can draw the following conclusions:
Corollary 6.4. Let fopt be an integer min-cost flow of G7 . Let L be the placement
in (aj , ti ). Then the
created from the values of the flow in (region, type) nodes Lji = fopt

flow fopt is corresponding to L.
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Figure 6.5: The flow fL corresponding to Lji = fij .

Corollary 6.5. Let fopt be an integer min-cost flow of G7 with flow value |fopt | = s. Let
in (aj , ti ). Then L solves
L be the placement of the flow in (region, type) nodes Lji = fopt

the placement problem.
Note that the number of (region, type, # resources) nodes is O(smk). Thus, the number
of vertices and the number of edges in G7 is O(smk). Since G7 contains edges with nonnegative weight, we can use the well-known Successive Shortest Path (SSP) algorithm.
Running SSP on G7 = (V 0 , E 0 ) takes O(|f ||V 0 ||E 0 |), where |f | = O(s) is the required
flow value. Expressing the time complexity of SSP in terms of total storage, resource
types and regions (denoted as s, k, m) is O(s3 m2 k 2 ). This time complexity is quite high,
and therefore in the next section we will further optimize this algorithm to yield a more
efficient one, the Bipartite Graph (BG) algorithm.

6.3

Bipartite Graph (BG) Algorithm

To develop an efficient algorithm, we propose the Bipartite Graph (in short BG) algorithm, which reduces the time complexity of SSP over the seven-layer graph G7 . To do
so – we first have to present the technicalities of SSP. In Section 6.3.1, we describe the
residual graph that SSP uses. In Section 6.3.2, we use the well-known Successive Shortest
Path (SSP) algorithm. In Section 6.3.3, we describe the bipartite-like graph GB
f , which
shrinks the seven-layer graph G7 graph and removes unnecessary paths, so that running
7
the BG algorithm over GB
f is equivalent to running SSP on G . Finally, we present the

implementation of the Bipartite Graph (BG) algorithm in Section 6.3.4.
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Figure 6.6: The flow fL corresponding to the placement of L11 = L12 = 1.

6.3.1

Preliminaries: The residual graph

The SSP algorithm is a well-known algorithm that solves the min-cost flow problem for
graphs where all edges have a non-negative cost. Running examples, as well as a full
description of the algorithm, can be found in [70].
Given a flow f on a graph G = (V, E), the Successive Shortest Path (SSP) uses the
well-known residual graph Gf = (V, Ef ). Every edge in the residual graph edges
is associated with weight wf and capacity cf (also called the residual capacity). The
residual graph Gf is constructed from G and f by the following steps: 1) Add to Gf
edges from G, such that every edge (v, v 0 ) ∈ E will have a weight of wf (v, v 0 ) = w(v, v 0 )
and a capacity of cf (v, v 0 ) = c(v, v 0 ) − f (v, v 0 ). 2) Add the reverse edges of G. That
means, if (v, v 0 ) ∈ E, then add edge (v 0 , v) to Gf with a weight of wf (v 0 , v) = −w(v, v 0 )
and a capacity of cf (v 0 , v) = f (v, v 0 ). Note that for every edge e in Gf we have c(e) ≥ 0.
3) Set the weight of every edge e ∈ Ef with zero residual capacity (cf (e) = 0) to
wf (e) = ∞.
Example 6.2. Suppose the system contains two regions (k = 2) and one resource type
(m = 1). Let L be a placement that contains one resource in every region (L11 = L12 = 1).
Suppose that the storage values of regions 1 and 2 are respectively s1 = 2 and s2 = 1.
We denote by fL the flow corresponding to L, which is depicted in Figure 6.6. The
dotted-line red edges have 1 unit of flow, the solid-line blue edges are with 0 units of
flow. We depict above every edge its capacity and weight.
The residual graph of fL , denoted by G7fL , is depicted in Figure 6.7. We indicate above
every edge its weight. Dotted-line edges have zero residual capacity, and thus they have
infinite weight.
It is vital to be familiar with shortest path algorithms, since they are used by the SSP
algorithm. One notable algorithm to calculate the shortest paths from one source v to
all other vertices, is the Bellman-Ford algorithm. The running time of Bellman-Ford
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Figure 6.7: The residual graph of fL . Dotted-line edges have zero residual capacity,
and thus they have an infinite weight. The red edges are the shortest path between x
and y, and thus SSP augments 1 unit of flow along the path.

on graph G = (V, E) is O(|E| · |V |). More information on Bellman-Ford can be found
in [72].

6.3.2

Preliminaries:The Successive Shortest Path (SSP) algorithm (without node potentials)

Finally, we present a description of the well-known SSP algorithm on a general graph G
with required flow n. In the initial step, the algorithm assigns the zero flow f := 0 (i.e.,
f (e) = 0 for all e ∈ E) with flow value |f | = 0 and constructs the residual graph Gf .
The algorithm works iteratively, and in the ith iteration it calculates a minimum-cost
flow of flow value larger than or equal to i. The algorithm runs the following steps in
each iteration: 1) Check if the flow value |f | is equal to the required flow n. If so, then
f is the optimal flow and the algorithm terminates. 2) Calculate the shortest paths
from source x on Gf with respect to the weight function wf . SSP retrieves the shortest
path p between x and y, which is called the augmenting path. If the shortest path’s
weight is equal to infinity (i.e., wf (p) = ∞) – then the maximum flow value of the
graph G is strictly less than n, and the algorithm returns an error. 3) SSP augments
δ = min(n − |f |, min{c(e)|e ∈ p}) > 0 units of flow through p. This means that if
(v, v 0 ) = e ∈ p is in the original graph (i.e., e ∈ E), then SPP updates f (e) ← f (e) + δ,
and if the reverse edge in G (i.e., (v 0 , v) ∈ E), then SSP updates f (v 0 , v) ← f (v 0 , v) − δ.
4) SSP creates a new residual graph Gf , according to the updated flow f .
In [71, 73] the correctness of SSP is proven as follows:
Theorem 6.6. Suppose that f is a min-cost flow in a graph G. Then, after augmenting
δ = min(k − |f |, min{c(e)|e ∈ p}) > 0 units of flow through a shortest path p in the
residual graph Gf , the new returned flow f 0 is a min-cost flow. Moreover, SSP computes
a min-cost flow in each iteration, and it returns a min-cost flow with flow value |f | = n.
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Figure 6.8: The flow fL0 , after augmenting 1 unit of flow along the shortest path
depicted by red edges in Figure 6.7. The flow is corresponding to a placement L0 with
1
2
two resources in region 1 and a single resource in region 2, i.e., L0 1 = 2, L0 1 = 1.

Remark 6.2. An alternative algorithm for finding the shortest path is the Dijkstra’s
algorithm. Although Dijkstra’s algorithm is faster than the Bellman-Ford algorithm, it
requires the edge weights to be non-negative. Since the residual graph might contain
negative edges, we must use the Bellman-Ford algorithm. However, if one uses the node
potentials technique to optimize the SSP algorithm, then the edge weights will be nonnegative. Thus, by using node potentials, one can use Dijkstra’s algorithm and reduce
the time complexity. This method is described later in Section 7.5.3, where we solved
the general Static Placement Problem (SPP-4).
Running the SSP algorithm over the seven-layer graph G7 will find a shortest path
between source node x and sink y in each iteration. As all edges between (region, type)
nodes (aj , ti ) and (region,type, # resource) nodes have unit capacities (c(e) = 1), their
residual capacity is 1 at most (i.e., cf (e) ≤ c(e) = 1) and thus SSP augments 1 unit of
flow along the shortest path in every iteration.
Example 6.3. Suppose we run a single iteration of SSP over the residual graph depicted
in Figure 6.7. SSP augments the flow by sending 1 unit of flow along the shortest path,
which is depicted by the red edges. As a result, the flow fL is changed to the one
depicted in Figure 6.8, which is corresponding to a placement L0 with two resources in
region 1 and a single resource in region 2, i.e., L0 11 = 2, L0 21 = 1.

6.3.2.1

SSP in the context of the resource placement problem

Corollary 6.4 and Theorem 6.6 imply that in each iteration SSP computes a flow corresponding to some placement, as stated next:
Corollary 6.7. Let f be a flow SSP computes in some iteration. Then f is a min-cost
flow corresponding to a placement L, where Lji = fij .
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Region to type path

Type to region path

y

Type to sink path

Source to region path

x

Figure 6.9: Definitions of monotone paths in G7f .

We will see later (formally in Lemma 6.10) that the augmentation of the flow fL by
the shortest path found by SSP is equivalent to finding the best possibility for adding a
resource to a region in L, and then moving resources between different regions.

6.3.2.2

Complexity of SSP

The SSP algorithm on the seven-layer graph G7 (presented in Section 6.2.3) changes
the flow f in each iteration until f is a min-cost in G7 . Therefore, by Corollary 6.4 the
in (aj , t ) is an optimal soplacement representing the flow in region+type nodes Lji = fopt
i

lution for the placement problem. As presented in Subsection 6.2.3, the time complexity
of SSP on G7 is O(s3 m2 k 2 ). The Bipartite Graph algorithm presented next relies on
SSP, and runs faster (O(s2 mk(m + k))).

6.3.3

The Bipartite-like Graph

To present the Bipartite Graph algorithm, we study the structure of the shortest paths
between two nodes in the 7-level residual graph G7f .
Let f be a flow that the SSP algorithm calculates in some iteration. Let vi represent a
node in layer-i in G7f , for 1 ≤ i ≤ 7. The directed path (v2 , v3 , v4 , v5 ) in G7f is called a
region-to-type path since it is between a region node and a resource type node. Similarly,
(v1 , v2 ), (v5 , v4 , v3 , v2 ), (v5 , v6 , v7 ) are called a source-to-region path, a type-to-region path,
and a type-to-sink path, respectively. Those paths, called monotone paths, are presented
in Figure 6.9. Note that there are type-to-region paths in the residual graph G7f which
are composed of reverse edges of G7 .
The number of region-to-type paths in G7f between a region node a and a resource
type node t is O(s). As we will see in the following analysis, G7f possesses a special
property. The structure of G7 implies that on any iteration of SSP, only of these O(s)
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paths needs to be considered. Focusing on this path will allow us to shrink the residual
graph considerably to yield the much smaller bipartite graph. To do so, we say that a
region-to-type path p between region node a and resource type node t is a minimal path
if it is a path with the minimum weight among all the region-to-type paths between a
min

min

and t. We denote the path by a → t and its weight by wf (a → t). We denote similar
definitions for a minimal path between resource type node t and region node a, between
min

a resource type t and the sink y, and between the source s and a region node a by t → a,
min

min

t → y and x → a, respectively. For the analysis conducted in this section, we may
min

min

concatenate between two minimal paths; for example paths a → t → y represent the
min

min

concatenation of paths a → t and t → y.
Example 6.4. In the residual graph depicted in Figure 6.7, the weights of the sourcemin

min

to-region minimal paths are w(x → a1 ) = 0, w(x → a2 ) = ∞, the weights of the
min

min

region-to-type minimal paths are w(a1 → t1 ) = 0.8, w(a2 → t1 ) = ∞, the weights of
min

min

the region-to-type minimal paths are w(t1 → a1 ) = −0.7, w(a2 → t1 ) = −0.6, and the
min

weights of the single type-to-sink minimal path is w(t1 → y) = 0.3.
Remark 6.3. If there is more than one minimal path between two nodes v1 , v2 , then
min

v1 → v2 is selected to be one of them.
In the next lemma, we see the importance of minimal paths to characterize the shortest
path in G7f , allowing us to eliminate non-minimal paths when computing a shortest
path:
Lemma 6.8. Let f be a flow that the SSP algorithm calculates in some iteration over
the residual graph G7f . Then, there is a shortest path between x and y, denoted by popt ,
which has a decomposition formula as follows:

min

min

min

min

min

min

popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y,

(6.3)

where x, y are respectively the sink and source of G7f , and ajl , til are, respectively, area
and resource type nodes, for all 1 ≤ l ≤ e.
min

min

min

For example, the shortest path in Figure 6.7 is x → a1 → t1 → y.
The reader may verify the correctness of the lemma resulting from the structure of G7
and G7f . The proof is in Appendix 6.
The lemma helps understanding the bipartite-like graph, denoted as GB
f . The bipartitelike graph is a four-layer graph that represents the minimal paths in G7f . The graph is
composed of the following layers: the first layer includes the source node x, the second
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Figure 6.10: The bipartite-like graph GB
f . For the sake of presentation, we omit the
edges between region node a2 and type node t1 .

layer comprises region nodes aj , the third layer comprises resource type nodes ti , and
the last layer comprises the sink node y. The edge weights are determine by the minimal
paths weight in G7f . The graph, depicted in Figure 6.10, resembles a bipartite graph,
excluding the source and sink nodes.
To this end, using Lemma 6.8, we conclude that finding the shortest path in the bipartite7
like graph GB
f is equivalent to finding a shortest path in Gf , as stated in the next

corollary:
Corollary 6.9. Let f be a flow that SSP calculates in some iteration over the residual
min

min

min

min

min

min

graph G7f . Then popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y is a shortest path
in G7f iff p̂opt = (x, aj1 , ti1 , aj2 . . . , tie , y) is a shortest path in GB
f . Moreover, popt and
p̂opt have the same weight.
In the next subsection, we will see how to calculate the bipartite-like graph edges GB
f
(i.e., the minimal path weight wf (v1 , v2 )) in constant time (O(1)).

6.3.3.1

Efficiently calculating the bipartite-like graph edges

In addition for shrinking the residual seven-layer graph G7f to a bipartite-like graph GB
f ,
we will need to reduce the time complexity for constructing GB
f . In the SSP algorithm
we construct the residual graph G7f in O(smk) time. We will show how to construct the
bipartite-like graph GB
f only in O(mk) time. The proofs of the corresponding Lemmas
appear in Appendix 6.
Let f = fL be a flow that SSP calculates in some iteration. By Corollary 6.7, f is a
flow corresponding to a placement L. We will prove that the weights of the minimal
paths in G7f (and therefore, the edge weights in GB
fL ) depend only on the placement
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Figure 6.11: A subgraph of the flow of fL where L11 = 2.

Figure 6.12: The corresponding residual graph of Figure 6.11.

quantities, i.e., the number of type i resources in region j (Lji ). Moreover, the weight of
min

every minimal path wf (v1 → v2 ) is computed in O(1), as stated next:
Lemma 6.10. Let f be a flow in G7 corresponding to a placement L. The minimal path
weights in G7f are computed as follows:
min

(a) wf (x → aj ) = 0 if Lj < sj and otherwise ∞.
min

(b) wf (aj → ti ) = Rloc (1 − Pr(Dij ≥ Lji + 1)) if Lji < s and otherwise ∞.
min

(c) wf (tj → ai ) = −Rloc (1 − Pr(Dij ≥ Lji )) if Lji > 0 and otherwise ∞.
min

(d) wf (ti → y) = Rloc (1 − Pr(Di ≥ Li + 1)) if Li < s and otherwise ∞.
Example 6.5. To see the correctness of the lemma, in Figure 6.11 we depict a subgraph of
a flow f = fL corresponding to a placement L, where two resources of type 1 are placed
in region 1 (i.e., L11 = 2). We depict its corresponding residual graph in Figure 6.12.
For the sake of presentation, edges with zero residual capacity (which have infinite
weight) are omitted from the residual graph. There are two region-to-type paths from
a1 to t1 with respective weights of Rloc (1 − Pr(D11 ≥ 3)) and Rloc (1 − Pr(D11 ≥ 4)).
Of course, Rloc (1 − Pr(D11 ≥ 3)) ≥ Rloc (1 − Pr(D11 ≥ 4)) and the minimal path is
Rloc (1−Pr(D11 ≥ 3)) = Rloc (1−Pr(D11 ≥ L11 +1)). Similarly, we have −Rloc (1−Pr(D11 ≥
2)) ≥ −Rloc (1 − Pr(D11 ≥ 1)), and thus the minimal type-to-region path between t1 and
a1 is −Rloc (1 − Pr(D11 ≥ 2)) = −Rloc (1 − Pr(D11 ≥ L11 )).
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SSP update of the placement quantities

In every iteration of SSP, the flow fL corresponding to one placement L is updated to
another flow fL0 , which is corresponding to a different placement L0 (See Corollary 6.7).
We can characterize the modification that SSP does to the placement quantities Lji , as
follows:
Lemma 6.11. Let f be a flow corresponding to L that SSP computes in some iteration.
Suppose that SSP augments the flow by the shortest path (found in Step 2 of SSP)
min

min

min

min

min

min

popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y. Then, SSP updates the flow f to
another flow f 0 that is corresponding to a placement L0 , where L0 is set as follows: 1)
j

j

L0 jill ← Ljill + 1 for 1 ≤ l ≤ e. 2) L0 ill+1 ← Lill+1 − 1 for 1 ≤ l ≤ e − 1. 3) L0 ji ← Lji for
(i, j) 6= (il , jl ), (il , jl+1 ).
Remark 6.4. From Lemma 6.11, we derive that SPP changes the placement L corresponding to the flow f (i.e., Lji = fij ) as follows: 1) SSP adds a resource of type je to
region te , and 2) SSP moves a resource of type il from regions jl+1 to region jl for every
1 ≤ e ≤ l − 1.
From Lemmas 6.10, 6.11 and Corollary 6.9, we can construct the BG algorithm described
in the next subsection.

6.3.4

The Bipartite Graph algorithm

We first initiate the zero placement Lji = 0 for all regions 1 ≤ j ≤ k and resource types
1 ≤ i ≤ m. In each iteration, the algorithm performs the following steps: 1) Calculate
the weight of the graph edges of GB
fL , as described in Lemma 6.10. 2) Find a shortest x−y
j
path popt in GB
f using Bellman-Ford. 3) Update the placement quantities Li as described

in Lemma 6.11. Since GB
f satisfies the equivalent path property (see Corollary 6.9), the
7
weight of an edge in GB
f is calculated as the weight of the shortest path in Gf (see

Lemma 6.10). The algorithm stops after s iterations (s is the total storage value). The
resulting placement, Lji , by Corollary 6.4 solves the placement problem.
The number of iterations the BG algorithm performs is O(s). Steps 1) and 3) takes linear
B
B
time (at most O(|V B | + |E B |), where GB
f = (V , E ) is the seven-layer graph), while
B
Step 2) takes O(|V B ||E B |). Since the bipartite-like graph GB
f contains |V | = O(m + k)

vertices (k is the number of regions, m number of resource types) and |E B | = O(mk)
edges, then the complexity of BG is O(smk(m + k)), which is faster than applying SSP
to G7 , whose complexity is O(s3 m2 k 2 ).
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The Expected Revenue as a function of the zipf shape parameter
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Figure 6.13: The optimal performance under deficit, balanced and surplus modes.

Remark 6.5. We assume that computing the c.d.f values Pr(D ≤ x) for every random
variable D and integer x takes O(1) time. Otherwise, if it takes O(e) time to compute
the c.d.f values – then the complexity of the algorithm is O(smk(m + k + e)).

6.4

Numerical Examples

In this section, we evaluate the Bipartite Graph algorithm performance in order to
study the following subjects: 1) The performance of the optimal placement under various
scenarios. 2) A comparison of the optimal placement performance to that of a commonly
used placement – the Proportional Mean placement.
We consider a demand that follows a Zipf distribution (which is consistent with prior
analytical works [11, 68] and VoD empirical results [6, 69]). This means that there exists
a real number e > 0 such that the probability for a single request to demand a type i
resource is pi =

1
ie ·H

for all resource types 1 ≤ i ≤ m, where H =

Pm

1
j=1 j e .

We assume

that the demand in region j is proportional to the region’s storage, i.e., the probability
for a request to originate from region j is q j =
Dij

sj
s.

To this end, we choose the demand

for type i resources originating from region j to be a Poisson distribution with a

rate of pi · q j · λ, where λ is a constant number representing the expected number of
requests.
In Figure 6.13, we choose the number of resource types to be m = 100, with revenue
parameters of Rglo = Rloc = 1. Since it is unclear how future demands will behave
(prior references mentioned above used a Zipf parameter of values between 0.56 and 1.5,
depending on the study), we consider a wide range of Zipf distributions and vary the
Zipf parameter from 0.6 to 1.4. The number of regions is k = 3, containing storage
of s1 = 500, s2 = 300 and s3 = 200, and thus the storage of the system is s = 1000.
We plot the expected revenue (profit) of the optimal placement under surplus scenario
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The Expected Revenue as a function of the zipf shape parameter
m = 100 m = 1, 000 m = 10, 000
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Figure 6.14: A performance comparison between optimal placement revenues (profits)
when the number of resource types are set to m = 100, m = 1, 000 and m = 10, 000,
respectively.

(λ = 500), under balanced scenario (λ = 1000), and deficit scenario (λ = 2000). We
compute the expected revenue (profit) using Eq. (6.1). We also plot the performance of
Proportional Mean placement in the balanced scenario.
An important result from Figure 6.13 is the optimal placement in the different configurations. Its revenue in surplus mode is close to 1000, since almost every request is granted
locally, contributing Rloc + Rglo = 2. In the deficit scenario, the revenue is almost 2000,
since about 1000 requests are granted, and all locally. In the balanced scenario, some of
the requests are granted locally, and others are granted remotely.
In Figure 6.14, we use the balanced settings, but increase the variety of resource types
to m = 1, 000 and m = 10, 000. We can see three major results: 1) As the number
of resource types increases, the optimal placement revenue decreases. This is implied
from the increasing number of esoteric resources (resources with rank larger than the
total storage value, which we denoted by s), which cannot be satisfied. 2) As the Zipf
parameter increases, the optimal placement’s revenue increases. This can be explained
by the fact that the number of esoteric resources decreases as the Zipf parameter increases.
The Proportional Mean placement, used in several articles ([11, 68, 74]), places its
replicas {Lji } proportionally to the mean value of the demand distribution Dij . We
compare the expected profit of the Proportional Mean placement with the profit of the
optimal placement.
In Figure 6.13, we see that in the balanced mode, the Proportional Mean placement
performance is close to the optimal placement. In contrast, in the scenario depicted in
Figure 6.15, we see that the Proportional Mean performance degrades when the number
of resource types approaches to infinity, while the optimal placement revenue stabilizes.
In that scenario we assume a single-region system (k = 1) and the storage of region 1
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The Expected Revenue as a function of the Number of Resource Types
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Figure 6.15: Performance comparison of the proportional mean placement and the
optimal placement in back-up services applications.

is s1 = 500. The revenue constants are Rglo = 0 and Rloc = 1. Therefore, the expected
revenue represents the number of requests granted in region 1. The demand for type i
resource is 0 with probability of 1 − 1/i (Pr(Di1 = 0) = 1 − 1/i) and i with probability
1/i (Pr(Di1 = i) = 1/i).
The demand distributions (D11 , D21 , . . . , Dn1 ) reflect a scenario of an application that
provides back-up services to m companies. If a failure occurs in one of the companies,
the application will provide back up to the users in the company. We can assume that as
the company becomes larger, it is better maintained and invulnerable to failures, which
is reflected in its failure probability proportional to its size, namely 1/i.
The figure (Figure 6.15) demonstrates that when the variance of some of the demands
is high, the Proportional Mean placement does not perform well.

Chapter 7

The General Static Placement
Problem:
Unconstrained-Capacity System
Optimizing the General Profit
Function (SPP-4)
In this chapter, we present an algorithm for the placement problem, given a system that
is not necessarily capacity-constrained; that means, the system can place an unbounded
amount of resources in a region. In addition, the operator optimizes the general profit
function, as opposed to the simple profit function, as done in the previous chapters. To
this end, we present the Generalized-Bipartite Graph (G-BG) algorithm, which solves
the problem. This work is presented in a yet-to-be-published article [14].
The need to deal with infinite capacities requires us to (somewhat) modify the analysis methodology used in Chapter 6.

The differences are to be described in Sec-

tions 7.3.1, 7.4.

7.1

Problem Formulation

Let D = {Dij } be the demand for type i resources in region j. In this chapter, we solve
the placement problem where systems may have unconstrained storage, and the number
of resources in every region is not restricted. Our placement problem is to find a finite
resource placement L that maximizes the generalized profit P (L, D) (as explained in
65
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Section 3.1), which equals

P (L, D) =

m X
k
X
j

m
X

i=1 j=1

i=1

ζi (Lji , Dij ) +

ζi (Li , Di ) +

k
X

ζ j (Lj ),

(7.1)

j=1

where,
ζij (Lji , Dij ) = Rij · EDj [min(Lji · Bi , Dij )] − Cij (Lji ),

(7.2)

ζi (Li , Di ) = Ri · EDi [min(Li · Bi , Di )] − Ci (Li ),

(7.3)

i

ζ j (Lj ) = −C j (Lj ),

(7.4)

are the marginal functions.
The placement problem in this chapter is formulated as follows:

The General Static Placement Problem (SPP-4)
Assumptions:

None.

Input:

A demand D = {Dij }.

Problem:

Find the placement Lopt that maximizes the general profit in
Eq. (6.1).

We assume that there is at least one finite solution for the problem. Note that there
is no constraint over the number of resources a placement has. This makes the task of
finding an optimal solution a hard one; the set of solutions contains an infinite number
of placements. This leads to difficulties when using a reduction of this to a min-cost
flow problem (which we present later in Section 7.3). We will explain these difficulties
in Section 7.4.

7.2

Expressing the Profit by its Marginal-Differential Functions

As we recall from Section 3.2, given a demand D, we denote the conditional-marginal
functions by gi (n) = ζi (n, Dij ), gij (n) = ζ j (n, Dij ) and g j (n) = ζ j (n). By Eq. (7.1) the
profit equals the sum of the conditional-marginal functions, i.e.,

P (L, D) =

k
X
j=1

g j (Lj ) +

m
X
i=1

gi (Li ) +

k X
m
X
j

gi (Lji ).

j=1 i=1

(7.5)
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Given a function f , we denote its differential by ∆f (n) = f (n) − f (n − 1). The differential of the conditional-marginal functions ∆g are called the marginal-differential
functions. For every function f , the sum of its differentials
series that equals

Pk

n=1 ∆f (n)

Pk

n=1 ∆f (n)

is a telescopic

= f (k)−f (0). Thus, we can express the profit in Eq. (7.5)

using the marginal-differential functions ∆g as follows:
j

j

P (L, D) = c +

k X
L
X

j

∆g (n) +

j=1 n=1

where c =

Pk

j=1 g

Li
k X
m X
X
j=1 i=1 n=1

Pm j
Pm
j (0) + Pk
j=1
i=1 gi (0) + i=1 gi (0)

∆gij (n) +

Li
m X
X

∆gi (n).

(7.6)

i=1 n=1

is a constant that does not depend

on the placement L. According to the concavity assumption (Section 3.2), the marginaldifferential functions ∆gij are all monotonically non-increasing functions.
Remark 7.1. According to Eqs. (7.2)-(7.4), and Theorem 3.1, we can compute the
marginal-differential functions directly using the model parameters, which are equal
to

∆gij (n) = Rij ·

n·B
Xi

Pr(Dij ≥ k) − Cij (n) + Cij (n − 1),

(7.7)

Pr(Di ≥ k) − Ci (n) + Ci (n − 1),

(7.8)

k=(n−1)·Bi +1

∆gi (n) = Ri ·

n·B
Xi
k=(n−1)·Bi +1

∆g j (n) = −C j (n) + C j (n − 1).

(7.9)

In the next sections, we will show how to find a placement Lopt that maximizes the profit
in Eq. (7.6).

7.3

A Reduction to a Flow Problem over an Infinite Graph

In this section, we show how to reduce the placement problem of this chapter (SPP-4),
into a min-cost flow problem over a graph that contains an infinite number of nodes
and edges and an unknown required value. The reduction is similar to the one done
in the previous chapter (SPP-3), i.e., the reduction of capacity-constrained placement
problem optimizing the simple profit function (SPP-3) to the seven-layer graph G7 . In
Section 7.3.1 describe next the differences between these reductions, and why the solution
of the previous chapter SPP-3 do not apply to the problem (SPP-4). In Section 7.3.2,
we recall the min-cost flow problem, and in Section 7.3.3 we describe the formal.
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Figure 7.1: The eight-layer G8 graph.

Figure 6.1: The seven-layer graph G7 of SPP-3 (repeated from page 50).

7.3.1

The differences between the reduction of SPP-3 (Figure 6.1) and
the reduction of SPP-4 (Figure 7.1)

We reduce the unconstrained-capacity placement problem optimizing the general profit
function (SPP-4) to a min-cost problem using an eight-layer graph G8 as given in Figure 7.1. The reduction is similar to the one presented in Section 6.2, where the capacityconstrained placement problem optimizing the simple profit function (SPP-3) is reduced
to a min-cost flow problem. The difference between both reductions are described as
followed:
1. The eight-layer graph G8 contains an additional layer, which represents the areal
costs (expressed by the marginal-differential function ∆g j () for every region j)
associated with the general profit function. The seven-layer graph G7 , in contrast,
does not contain that layer. This is needed since in SPP-4, the goal is to optimize
a general profit function, which incorporates areal costs, while in SPP-3 the goal
is to optimize a simple profit function (as described in Chapter 3), which does not
incorporate areal costs.
2. As the capacity of each region in SPP-4 is unconstrained, the eight-layer graph
G8 contains infinite number of edges and nodes. The capacity in every region in
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SPP-3 is limited, and thus it is reduced to a finite graph G7 .
3. In SPP-4, the goal is to optimize a general profit function, while in SPP-3 the
goal is to optimize a simple profit function (as described in Chapter 3). Thus, the
eight-layer graph G8 (corresponding to SPP-4) might have edges with a negative
weight, while the weights of the edges in the seven-layer graph G7 (corresponding
to SPP-3) are all non-negative1 .
4. In addition, as the capacity in each region in SPP-4 is unconstrained, the problem
is reduced to a min-cost flow problem with an unknown flow value. This is as
opposed to the reduction presented in the previous chapter, where the required
flow is equal to the to the total capacity of the system.
These differences make the current placement problem (SPP-4) more difficult than the
one presented in the previous chapter (SPP-3). Thus, the same solutions we used in
SPP-3 cannot apply directly to SPP-4. Moreover, we show later in Section 7.4 that
standard min-cost flow algorithms cannot be used to solve the min-cost flow problem
corresponding to SPP-4, and we need to use new theoretical techniques to solve the
problem.

7.3.2

Preliminaries – the min-cost flow problem

Below we re-describe the min-cost flow problem [71], which is identical to the description given in Section 6.2.2. In this problem, one considers a directed graph G = (V, E)
where every edge e ∈ E has a non-negative integer capacity c(e) and a real-value
weight w(e) (also called cost). The graph must contain two different nodes: a source
node x and a sink node y. An x-y-flow f : E → R+ is defined on the graph edges
(v, v 0 ) ∈ E in the same way as defined in the max-flow problem. That means, the
flow must satisfy the following properties: 1) Capacity constraint: for each edge e,
we have 0 ≤ f (e) ≤ c(e). 2) Conservation of flows: for every vertex v ∈ V \ {x, y}
we have

P

(v 0 ,v)∈E

f (v 0 , v) =

P

(v,v 0 )∈E

f (v, v 0 ).

In addition to the standard defini-

tions, we define the flow in node v 6= x, y as the income flow (and by conservation
of flows, the outcome flow) to (from) node v. We denote it by f in (v), which equals
f in (v) =

P

(v,v 0 )∈E

f (v, v 0 )(=

P

(v 0 ,v)∈E

fined in the max-flow problem, is |f | =
(or cost) of flow f is w(f ) =
1

P

e∈E

f (v 0 , v) = f out (v)). The flow value of f , as deP

(x,v)∈E

f (x, v) =

P

(v,y)∈E

f (v, y). The weight

f (e)w(e).

In a finite graph, one can use the network transformations done in [70] to transformed the edge
weights to be non-negative. However, these network transformations are not suitable for the infinite
graph G8 .
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Given a parameter n, the classic minimum-cost flow problem is to find a flow fopt of
value n that has minimum weight among all flows of value n. This means that for every
flow f 0 where |f 0 | = |fopt | = n we have w(fopt ) ≤ w(f 0 ). It is well-known that if the
capacities c(e) of a min-cost flow network are integers, then there is a min-cost flow f
where the flow in every edge is integer; a proof can be found in [70], Theorem 9.10.

7.3.3

The reduction to the eight-layer graph

This part is similar to Section 6.2.3.
We reduce the placement problem to a min-cost problem using the eight-layer graph
given in Figure 7.1. On every we edge we depict a pair c(e), w(e) so that c(e) is the
capacity function (presented in an olive green color) and w(e) is the weight function. The
graph is composed of the following eight layers: the source x, the (area, #resources)
layer, the area layer, the (area, type) layer, the (area, type, #resources) layer, the
type layer, the (type, #resources) layer, and finally the sink y.
In the graph, we denote area j by aj , type i by ti , and #resources by a number. The
(area, #resources), (area, type, #resources) and (type, #resources) layers, for example,
are respectively composed of an infinite number of nodes (aj , n) (where 1 ≤ j ≤ k and
n ∈ N), (aj , ti , n) (where 1 ≤ j ≤ k, 1 ≤ i ≤ m,n ∈ N) and (ti , n) (where 1 ≤ i ≤ m
and n ∈ N). The weight of the entering edges to nodes (aj , n), (aj , ti , n) and (ti , n) are
respectively equal to the marginal-differential function multiplied by −1 i.e., −∆g j (n),
−∆gij (n) and −∆gi (n). The weight of these edges can be negative, and have a capacity
of 1. All other edges have zero weight and infinite capacity.
In Appendix d, we show that for every placement L there is a flow fL , called the
corresponding flow of L such that the profit of L is equal to a constant c (defined in
Eq. (7.6)) minus the weight of fL in G8 , i.e., P (L, D) = c − w(fL ). In addition, given
an arbitrary flow f in G8 , there is a placement L such that the corresponding flow of
L has a cost lower than f , i.e., w(f ) ≥ w(fL ). This is similar to Lemmas 6.2, 6.3 in
Section 6.2.3. To show this – we use the fact that the marginal-differential weights −∆g
are monotonically increasing. These lemmas lead to the following corollaries:
Corollary 7.1. Let fopt be an integer min-cost flow of G8 . Let L be the placement
in (aj , ti ). Then f
created from the values of the flow in (region, type) nodes Lji = fopt
opt is

corresponding to L.
Corollary 7.2. Suppose that nopt is the minimum number of resources an optimal solution can contain. Let fopt be the min-cost flow in G8 with a required flow of |f | = nopt .
Let L be a placement whose quantities are equal to the flow in nodes (aj , ti ), i.e.,
in (ai , tj ). Then L solves the placement problem (SPP-4).
Lji = fopt
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The correctness of these corollaries is also presented in Appendix d.

7.4

Difficulties in Solving the Flow problem and the RoadMap of the Solution

We cannot directly use standard min-cost flow algorithms (such as SSP) over G8 to find
the optimal placement, and need to develop new techniques. This stems from three
major reasons:
1. Graph G8 might have edges with negative weight, while min-cost flow algorithms
work only over graphs with non-negative weights2 .
2. The required flow nopt is not a given parameter, while many min-cost flow algorithms rely on the required flow whenever they need to stop.
3. Graph G8 contain infinite number of edges and nodes, where the min-cost flow
algorithms work over a finite graph.
We are not aware of prior works that dealt with these aspects of min cost flow.
The solutions for these issues, are respectively presented as follows:
1. To solve the negative edge problem, we present a modified variation of Successive
Shortest Path (SSP) over a general acyclic graph G that does not require the edges
to have non-negative weight. We call this algorithm Successive Shortest Path
with Negative Edges (SSP-NE). SSP-NE uses the well-know node potentials
technique in order to work over non-negative weight edges.
2. To avoid relying on the required flow nopt , we modify SSP-NE and present a nonnegative weight criterion that provides an alternative stopping rule for the
algorithm.
3. To reduce the size of the infinite graph G8 , we transform G8 to a finite graph,
forming a finite bipartite-like graph GB
f . The transformation is similar to that in
Section 6.3.
To this end, we describe the Generalized-Bipartite Graph (G-BG) algorithm that
imitates SSP-NE with the non-negative weight criterion; this means that each iteration
in G-BG over bipartite-like graph GB
f corresponds to the equivalent iteration in SSP-NE
over the eight-layer graph G8 , and G-BG stops when the non-negative weight criterion
is violated.
2
8

G .

Unless one uses network transformations as done in [70], which are not suitable for the infinite graph
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In the next section we describe the min-cost flow preliminaries needed to present the
Generalized-Bipartite Graph (G-BG), i.e., the classic SSP algorithm and node potentials.
Then, in Section 7.6, we describe SSP-NE, and Section 7.7 describes the non-negative
weight criterion. In Section 7.8, we show how to shrink the graph of G8 to the finite
bipartite-like graph GB
f , and finally Section 7.9 presents G-BG.

7.5

Preliminaries – The Classic SSP Algorithm and Node
Potentials

To present the well-known classic SSP, in Section 7.5.1 we describe the well-known
residual graph that the classic SSP uses (which is similar to one defined in Section 6.3.1).
In Section 7.5.2, we describe the node potentials technique and shortest path algorithms.
In Section 7.5.3, we describe the classic SSP algorithm, using node potentials.

7.5.1

The residual graph

This part is similar to Section 6.3.1. Given a flow f on a graph G = (V, E), the
Successive Shortest Path (SSP) uses the residual graph Gf = (V, Ef ). Every edge in
the residual graph edges is associated with weight wf and capacity cf (also called the
residual capacity). The residual graph Gf is constructed from G and f by the following
steps: 1) Add to Gf edges from G, such that every edge (v, v 0 ) ∈ E will have weight
wf (v, v 0 ) = w(v, v 0 ) and capacity cf (v, v 0 ) = c(v, v 0 ) − f (v, v 0 ). 2) Add the reverse edges
of G. That means, if (v, v 0 ) ∈ E, then add the reverse edge (v 0 , v) to Gf with weight
wf (v 0 , v) = −w(v, v 0 ) and capacity cf (v 0 , v) = f (v, v 0 ). Note that for every edge e in Gf
we have c(e) ≥ 0. 3) Set the weight of every edge e ∈ Ef with zero residual capacity
(cf (e) = 0) to wf (e) = ∞.
An example of a residual graph can be seen in Figure 6.6.

7.5.2

The shortest path algorithm building block and the node potentials

Shortest path algorithms are key building blocks for SSP. Two notable algorithms to
calculate the shortest paths from one source v to all other vertices, are the BellmanFord and Dijkstra’s algorithms. Dijkstra can only run on graphs with non-negative
edges. Bellman-Ford can also run on graphs with negative edges (assuming it does not
contain a negative cycle), but has a higher complexity than Dijkstra. The running time
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of Bellman-Ford on graph G = (V, E) is O(|E| · |V |) compared to O(|E| + |V | · log |V |)
for Dijkstra. More information on these two algorithms can be found in [72].
In addition, if G is a directed acyclic graph i.e., G does not contain cycles, then one can
compute shortest paths in linear time (O(|V | + |E|)) using topological ordering.
Next, we describe the node potentials, which serves two major goals:
• We use node potentials to prove the correctness of our algorithm, i.e., it ensures
that SSP-NE will work on acyclic graphs with non-negative edges.
• Reducing the time complexity of well-known min-cost flow algorithms, such as the
classic SSP.
We associate with every vertex (node) v ∈ V in the residual graph Gf = (V, Ef ) a
potential π(v). Given the potential function π : V → R the reduced weight (cost) of
an edge (v1 , v2 ) = e ∈ Ef is defined as wfπ (v1 , v2 ) = wf (v1 , v2 ) − π(v1 ) + π(v2 ). A node
potential function π satisfies the Reduced Weight (Cost) Optimality Conditions
if the reduced weight of every edge e ∈ Ef is non-negative (i.e., wfπ (e) ≥ 0).
The reduced weight optimality conditions are presented in the following theorem. We
will use it for proving the correctness of SSP-NE.
Theorem 7.3 (Reduced Weight Optimality Conditions). Let f be a flow. Then
f is a min-cost flow iff there is a node potential function π : V → R that satisfies the
reduced weight optimality conditions.
A proof can be found at [70].

7.5.3

A description of SSP, with node potentials

It is well-known that the node potentials can be incorporated with the classic SSP algorithm in order to reduce time complexity [70]. Bellow we present an implementation
of the classic SSP algorithm (which was described in Section 6.3.2) with node potentials.
Given a graph G with non-negative edge weights, SSP works as follows: In the initial
step, SSP assigns the zero flow f := 0 (i.e., f (e) = 0 for all e ∈ E) with flow value
|f | = 0 and constructs the residual graph Gf . The algorithm sets the node potentials π
to zero, i.e., π(v) = 0 for every vertex v in the residual graph Gf .
SSP works iteratively, and in the ith iteration it calculates a min-cost flow, where the
flow value is larger than or equal to i (in the G8 graph, it equals i). SSP executes the
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following steps in each iteration: 1) Check if the flow value |f | is equal to the required
flow n. If so, then f is the optimal flow and SSP terminates. 2) Use Dijkstra’s algorithm
to obtain the shortest path distances from the source x on Gf with respect to the nonnegative reduced weights wπ . We retrieve the shortest path p between x and y, which is
called the augmenting path. If the shortest path’s weight is infinity (i.e., wfπ (p) = ∞)
then the maximum flow value of the graph G is strictly less than the required flow n,
and SSP returns an error. 3) We augment δ = min(n − |f |, min{c(e)|e ∈ E}) > 0 units
of flow through p. That means that if (v, v 0 ) = e ∈ p is in the original graph (i.e., e ∈ E)
then we update f (e) ← f (e) + δ, and if the reverse edge in G (i.e., (v 0 , v) ∈ E) then we
update f (v 0 , v) ← f (v 0 , v) − δ. 4) The node potentials π are updated to the previous
.
node potentials minus the shortest path distance vector, i.e., π = π − d, where d(v) is
the shortest path between x and v. 5) A new residual graph Gf is created according to
the updated flow f .
Remark 7.2. The SSP version presented in Section 6.3.2 does not include the node potentials, as we discovered this technique later in our research. Using node potentials reduces
the time complexity of SSP, as it uses Dijkstra’s algorithm instead of the Bellman-Ford
algorithm. Given a graph G = (V, E) and a required flow n, the complexity of SSP with
the node potentials is O(n · (|E| + |V | · log |V |)), while the complexity of SSP without
the node potentials is O(n · |E| · |V |).

7.6

Successive Shortest Path with Negative Edges (SSPNE)

The classic SSP cannot be used on weighted graph G with negative edges, and particularity cannot be used on the eight-layer graph G8 . Thus, we introduce the SSP-NE
algorithm for solving the problem over acyclic graph instances, which include the eightlayer graph G8 . Node potentials, which are used in SSP-NE, are critical to prove the
correctness of the algorithm.
As opposed to the classic SSP, in our version, the node potentials of the vertices are
not automatically set to zero in the initial step. Rather, we use topological ordering
on G8f to calculate the shortest paths from source x with respect to the original weight
function wf . If d(v) is the shortest path weight between x and a node v, then we set
the initial node potential π to be π(v) = −d(v). By using this setting, π satisfies the
reduced weight optimality conditions, as shown in the following theorem (proved in the
appendix).
Theorem 7.4. Let G be an acyclic graph with arbitrary edge weights w. In the ith
iteration of SSP-NE, the flow fi obtained at the end of the ith iteration satisfies the
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reduced weight optimality conditions with respect to node potential πi . Thus, fi is a
min-cost flow.
Also, as opposed to the classic SSP algorithm, SSP-NE does not stop given that the flow
value |f | is equal to some required flow k. In our version, SSP-NE will continue to run
until the non-negative weight criterion is violated.
To compute the node potentials in the initial step, we can remove the reverse edges,
which all have zero residual capacity (cf (e) = 0) and infinite weight (wf (e) = ∞), from
the residual graph Gf . Doing so does not affect the shortest distance vector d(). The
residual graph Gf becomes an acyclic graph, and thus we can use topological ordering
to compute d() and node potentials π = −d in linear time O(|V | + |E|).
The time complexity of SSP-NE is similar to that of SSP with node potentials. Suppose
that SSP-NE runs for n iterations over an acyclic graph G = (V, E). Then the overall
time complexity is O(n · (|E| + |V | · log |V |)) (note that O(|E| + |V | · log |V |) is the time
complexity of using Dijkstra’s algorithm).
Remark 7.3. In a similar way, we can use Bellman-Ford algorithm instead of topological
ordering to compute the shortest path in the initial step. However, in such case SSP-NE
might run slower and its time complexity will be O(|V | · |E| + n · (|E| + |V | · log |V |))

7.7

The Non-Negative Weight Stopping Rule and the SSPNE Convexity Theorem

Next, we introduce the non-negative weight criterion, a stopping rule that must be
used to restrict the number of iterations of SSP-NE. The non-negative weight criterion checks in each iteration of SSP-NE if the shortest path weight is positive (that
means, wfπ (popt ) > 0). If it is non-positive then SSP-NE terminates, and the placement
associated with the flow, i.e., Lji = fij , solves the placement problem.
This is a non-obvious stopping rule: One must show that when SSP-NE stops when
reaching an optimal solution. That is, when the shortest path weight is wπ (popt ) ≥ 0
then the placement Lji = fij is an optimal placement among all placements.
To prove the optimality of the non-negative rule, we prove the SSP-NE convexity theorem. That means that the weights of the shortest paths, which are the marginal costs
of the min-cost flow weight w(f ), are monotonically non-decreasing.
Theorem 7.5 (The SSP-NE Convexity theorem). Let G be an acyclic graph with
respect to a weight function w. Suppose fi is the flow SSP-NE computes at the beginning of the ith iteration. Let pi be the shortest path in the ith iteration of SSP-NE.
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Then, the weights of the shortest paths are monotonically non-decreasing i.e., wfi (pi ) ≤
wfi+1 (pi+1 ).
Remark 7.4. We can similarly show convexity of the classic SSP.
Theorem 7.5 holds even with regard to the eight-layer graph G8 , which has infinitely
many nodes. The theorem follows from proving that the shortest path weight between
the source x and a vertex v is monotonically increasing.
Proof of Theorem 7.5. Let df (u, v) denote the distance of the shortest path between
u and v in the residual graph Gf with respect to the weight wf . Similarly, dπf (u, v)
denotes the distance with respect to reduced weights wfπ . By the definition of the weight
function, we have dfi (x, y) = wfi (pi ) in every iteration i of the SSP-NE algorithm. Also,
by Theorem 6.6, there is a node potentials function πi+1 such that wπi+1 (e) ≥ 0 for
every edge e in Gfi+1 .
Suppose by way of contradiction that in the i-iteration (of SSP-NE) the weights of the
shortest paths are decreasing, i.e., dfi (x, y) = wfi (pi ) > wfi+1 (pi+1 ) = dfi+1 (x, y). We
denote by A = {v ∈ V |dfi (x, v) > dfi+1 (x, v)} the non-empty set of vertices where the
distance decreases among iterations (note that y ∈ A). We will choose a vertex vmin ∈ A
p

i+1
(x, v) is minimal among all vertices in A. That means
such that the distance dfi+1

p

vmin = arg minv∈A dfi+1 (x, v). The vertex vmin cannot be the source x, as dfii+1 (x, x) =
p

i+1
(x, x) = 0 and thus x 6∈ A. Thus, there is a vertex u such that the shortest path
dfi+1

between x and vmin in Gfi+1 ends with (u, vmin ).
For every path p between a and b, the weight of p with respect to the reduced weights
wπi+1 is wπ (p) = w(p) − πi+1 (a) + πi+1 (b) (a proof can be seen in [70]). Thus, working
with reduced weights does not affect whether a path p between two nodes is the shortest
path or not. In particular, the shortest path between x and vmin with respect to the
π

i+1
weight function wfi+1 is the shortest path with respect to the node potentials wfi+1
.

By the reduced weight optimality conditions, the reduced weight of (u, v) at the end of
π

i+1
the i + 1 iteration is non-negative, i.e., wfi+1
(u, vmin ) ≥ 0. Therefore, the distance of x

π

i+1
to u is shorter than the distance of x to vmin with respect the reduced weights wfi+1
.

By the minimality of vmin we derive that u 6∈ A, and,

dfi (x, u) ≤ dfi+1 (x, u),

(7.10)

i.e., the distance cannot decrease over iterations.
The weight of (u, vmin ) in iteration i + 1 (wfi+1 (u, vmin )) should be finite. Otherwise,
the weight of the shortest path between x and vmin , which ends with the edge (u, vmin ),
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is equal to infinity, i.e., dfi+1 (x, vmin ) = ∞. Thus, by the definition of A we derive that
vmin 6∈ A. The weight of (u, vmin ) in the ith iteration (wfi (u, vmin )) can be equal to either
∞ (if the residual capacity is cfi (u, vmin ) = 0) or it is equal to weight in the previous
iteration, i.e., wfi+1 (u, vmin ) = wfi (u, vmin )). Either way, the weight of (u, vmin ) cannot
decrease among iterations, i.e.,

wfi (u, vmin ) ≤ wfi+1 (u, vmin ),

(7.11)

Now suppose p is a path between x and vmin that uses a shortest path between x and
u in Gfi and then passes through the edge (u, vmin ). Then,

≤

dfi (x, vmin )

wfi (p)

|{z}

Definition of shortest path in Gfi

=
|{z}

dfi (x, u) + wfi (u, vmin )

Definition of p

= dfi+1 (x, vmin ).
≤ d
(x, u) + wfi+1 (u, vmin ) |{z}
|{z} fi+1

Eqs. (7.11), (7.10)

Definition of u

Therefore, distance cannot decrease among iterations and vmin 6∈ A. This contradicts
that vmin ∈ A.

Theorem 7.5 leads to the optimality of the stopping rule:
Corollary 7.6. Let fi be the flow that SSP-NE finds at the end of the lth iteration.
Let pl be the shortest path in the lth iteration of SSP-NE. Suppose that the shortest
path pl0 is the first non-negative path found by SSP-NE, i.e., wfl0 −1 (pl0 −1 ) < 0 ≤
wfl0 (pl0 ). Then, fl0 has minimum weight over all possible min-cost flows (i.e., fl0 =
arg minf is min-cost flow w(f )). Moreover, among min-cost flows with minimum weight,
the flow value of fi0 is minimal. Thus, the placement L associated with the flow fl0
(i.e., Lji = flin
(aj , ti )) solves the placement problem.
0
The correctness of the corollary is based on the fact that the cost of fl is equal to
w(fl ) = w(fl−1 ) + wfl−1 (pl−1 ) and by the optimality of SSP-NE (Theorem 7.4). A
formal proof can be seen in the appendix.

7.7.1

SSP-NE in the context of the resource placement problem

Changing the potentials of SSP does not affect the shortest path the algorithm selects (a
proof can be found at [70] Property 2.4). Thus, SSP-NE affects the resource placement
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L similarly to the way SSP affects it. In Section 6.3.2.1, we show that the shortest
path found by SSP (and SSP-NE) over the residual graph G8fL is equivalent to the
best possibility of adding a resource to L and then moving resources among different
regions. If the best possibility is not profitable (i.e., it does not improve the profit of
the placement L) then by the stopping rule SSP-NE stops.

7.8

The Bipartite-like Graph

This section generalizes the bipartite-like graph transformation of Section 6.3.3, Figure 6.10. Owing to the similarity to those transformations, we present the full details of
this chapter in Appendix e. In addition, we present next the differences between those
transformations.
The main purpose of the bipartite graph is to "get rid" of the infinite number of edges.
To do this, one should recognize that for the sake of finding an augmenting flow at
iteration i, between every pair of nodes at most one edge/path is a candidate for an
augmenting path (the edge with the best weight). The reduction to the bipartite graphs
uses that edge/path.

8
Figure 7.3: The bipartite-like graph GB
f corresponding to the eight-layer graph Gf of
SPP-4 (solved in this chapter). For the sake of presentation, we omit the edges between
region node a2 and type node t1 . The node potentials π are marked over the nodes.

The bipartite-like graph, denoted as GB
f , is a directed graph, constructed from the
eight-layer residual graph G8f . The graph is composed of the following four layers: the
first layer includes the source node x, the second layer comprises area nodes aj , the
third layer comprises resource type nodes ti , and the last layer comprises the sink node
y. These are layers 1, 3, 6, 8 in G8f . The graph, depicted in Figure 7.3, resembles a
bipartite graph, excluding the source and sink nodes.
Between every two nodes of successive layers, we connect two edges of opposite direction.
The edges, similar to Figure 6.10, represent the minimal paths in the residual graph G8f .
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7
Figure 6.10: The bipartite-like graph GB
f corresponding to the seven-layer graph Gf
of SPP-3 (solved in Section 6.3.3). Note that the node potentials are not defined over
the nodes. (repeated from page 59).

The edge weight between u and v in the bipartite-like graph is equal to the weight of
min

the minimal path between u and v in residual graph G8f , i.e., wf (u → v). For example,
if we denote p(n) as the forward path composed of nodes aj , (aj , ti ), (aj , ti , n) and ti in
the eight-layer residual graph G8f , then the edge weight between aj and ti in GB
f is equal
to the weight of the minimal path, i.e., minn wf (p(n)).

7.8.1

The differences between Figure 6.10 and Figure 7.3

As opposed to Figure 6.10, in Figure 7.3 we set node potentials over the bipartitemin

min

like graph vertices, and define the reduced weight of an edge u → v as wfπ (u → v) =
min

wf (u → v) − π(u) + π(v). The node potentials over the bipartite-like graph are identical
to those we computed in SSP-NE. That means that if one denotes, respectively, πiG−BG
and πiSSP −N E as the node potentials in the i-iteration of SSP-NE and G-BG (which we
will define later), then πiG−BG (v) = πiSSP −N E (v) for all v ∈ V B . Doing so enables us to
use potentials over the nodes (vertices) of G-BG.
In addition, we connect in Figure 7.3 the reverse edges between the region nodes aj
and the source node x, and between the sink node y and the type nodes ti . Those
edges are needed to compute the shortest path distance vector d()3 , which SSP-NE (and
G-BG) uses for the computation of the node potentials. Those edges are omitted from
Figure 6.10, as the classic SSP algorithm (and BG, the solution presented in the last
chapter) uses only the edges of the shortest path between the sink x and the source y,
which do not include those reverse edges (according to Lemma 6.8).
We can show that removing the reverse edges between the region nodes aj and the source node x
does not affect the shortest path distance vector d(). However, removing the reverse edges between the
sink node y and the type nodes ti do affect the shortest path distance vector d().
3
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7.8.2

Correctness of the transformation, and efficient implementation

In Appendix e, we show the following properties: 1) The correctness of the transformation to the bipartite-like graph GB
f . Formally, for every vertex v in the bipartite-like
8
graph GB
f , the weight of the shortest path between x and v in the residual graph Gf is

equal to the one in the bipartite-like graph GB
f . 2) How to compute the edge weights
j
of the bipartite-like graph GB
fL , given the placement quantities Li . The weight of every

edge can be computed in O(1). 3) We show how augmenting the flow by the shortest
path popt changes the flow fL to another flow fL0 corresponding to a new placement
L0 . The quantities of the new placement L0 can be computed in linear time (by the
size of the bipartite-like graph GB
f ). All these properties are similar to the one proven
in previous chapter (Section 6.3.3), which are corresponding to bipartite-like graph of
Figure 6.10.

7.9

The Generalized-Bipartite Graph (G-BG) Algorithm

G-BG imitates the behavior of SSP-NE, where every iteration in G-BG is corresponding
to an equivalent iteration in SSP-NE. This is similar to BG (in Section 6.3.4) that
imitates the classic SSP algorithm (without the node potentials). As opposed to BG, the
improved solution (G-BG) uses the non-negative weight criterion and the node potentials
(which are also used by SSP-NE). In addition, we will show that G-BG runs faster than
BG.

7.9.1

The Generalized-Bipartite Graph (G-BG) description

We now present a sketch of G-BG: G-BG first initiates the zero placement Lji = 0 with
its corresponding flow fL = 0. Next, it constructs the initial bipartite-like graph GB
fL
(whose edge weights depend only the placement quantities). Similar to SSP-NE, to
compute the initial node the algorithm removes all backward edges in the bipartite-like
graph GB
fL (those edges have infinite weight). The graph is now acyclic (as depicted in the
Figure 7.5), and we can compute the shortest path distance vector d() using topological
ordering (See Section 7.5.2). We set the initial node potential to be π = −d.
In each iteration, G-BG will preform the following steps: (1) Find the shortest x−y path
pi
4
in GB
fL using Dijkstra’s algorithm , with respect to the reduced weights wf . (2) Use the

non-negative weight stopping rule, i.e., if the weight of the shortest path is non-negative
then return the placement quantities Lji . Otherwise, the algorithm continues to the
4

We cannot use topological ordering, as the bipartite-like graph might contain cycles.
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Figure 7.5: The bipartite-like graph GB
fL corresponding to the zero placement L := 0,
before computing the initial node potentials. We omit all backward edges, which have
an infinite weight.

next step. (3) Update the placement quantities Lji (similar to the way BG updates the
placement quantities; the exact details appear in Appendix e). (4) Update the weight
j
of every edge in the bipartite-like graph GB
f according to the new placement values Li

(similar to BG). (5) For every node v, update its potential to be π(v) = π(v) − d(v),
where d(v) is the weight of the shortest path between x and v in GB
fL .
The optimality of G-BG is shown in the following corollary:
Corollary 7.7. G-BG returns the optimal solution L that solves the placement problem
(SPP-4).

7.9.2

Complexity of G-BG

The bipartite-like graph contains |V B | = θ(m + k) nodes and |E B | = θ(m · k) edges,
where m is the number of resource types and k is the number of regions. The initial
step of G-BG takes linear time; setting the zero flow values, as well as finding the initial
node potentials (using topological ordering), takes O(|V B | + |E B |) = O(mk). In each
iteration of G-BG, we use Dijkstra’s algorithm, which takes O(|E B | + |V B | · log |V B |) =
O(mk + (m + k) log(m + k)). The time complexity of Steps (2)-(5) is linear by the size
of the bipartite-like graph (O(|V B | + |E B |) = O(mk)), and thus each iteration of G-BG
takes O(mk + (m + k) log(m + k))
Suppose that the optimal solution with a minimum number of resources contains |Lopt |
resources. G-BG stops after |Lopt | iterations. Thus, the time complexity of G-BG is
O(|Lopt |(mk + (m + k) log(m + k))).
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7.9.3

G-BG is faster than BG

The placement problem presented in this chapter is a generalization of the placement
problem SPP-3, which was presented earlier in Chapter 6. Thus, G-BG can be used
to solve SPP-3. Our generalized solution (G-BG) is faster than the one presented in
Chapter 6, the Bipartite Graph (BG) algorithm, as shown by the following claim:
Claim 7.8. The Generalized-Bipartite Graph (G-BG) algorithm solves SPP-3 faster
than the Bipartite Graph (BG) algorithm.
For example, suppose that the number of resource types is equal to the number of
regions, i.e., m = k. Also, suppose that the optimal placement Lopt uses exactly s
resource, where s is the capacity bound (i.e., |Lopt | = s). Then the time complexity of
G-BG is O(s · m2 ), while the time complexity of BG is O(s · m3 ). This means that G-BG
runs faster than BG by a factor of O(m).
Proof of Claim 7.8. The correctness of the claim is based on the following facts: 1) The
optimal solution for SPP-3 contains s resources at most, where s is the total storage
value, i.e., s ≥ |Lopt |. 2) We use the node potentials, which allows G-BG to compute
the shortest paths, using Dijkstra’s algorithm (which takes O(|E| + |V | · log |V |) =
O(mk + (m + k) log(m + k)) over a graph G = (V, E)) as opposed to the slower BellmanFord algorithm (which takes O(|E| · |V |) = O(mk(m + k))).
Remark 7.5. We assume that computing the marginal-differential functions values ∆gi (n)
for every integer n takes O(1) time. Otherwise, if it takes O(e) time to compute these
values, then the complexity of the algorithm is O(|Lopt |(mke + (m + k)(log(m + k)))).

7.10

Generalizing the Placement Problem (SPP-4) and
Other Applications of G-BG

We can generalize our placement problem (SPP-4), and show that it is a special case
of a mathematical problem called the Discrete Semi-separable Concave (DiSCo)
problem, as presented below:

The General Static Placement Problem: Unconstrained-Capacity System Optimizing
the General Profit Function (SPP-4)
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The Discrete Semi-separable Convex (DiSCo) problem
Discrete and concave functions hi (x), hji (x), hj (x) for 1 ≤ j ≤ k, 1 ≤ i ≤

Input:

m.
Problem:

Find the placement Lopt that maximizes the semi-separable profit
function that is defined as follows:
P (L) =

k X
m
X
j

k
X

j=1 i=1

j=1

hi (n) +

j

h (n) +

m
X

hi (n).

(7.12)

i=1

The G-BG algorithm, which its correctness relies only on the monotonicity of the
marginal-differential functions ∆g, can be used to solve the DiSCo problem. That means
that the correctness of G-BG algorithm holds if we replace the marginal-differential functions ∆g by the differential of the corresponding concave functions ∆h. Thus, we can
run the G-BG algorithm over the bipartite-like graph (corresponding to the differential
function ∆h), and it will solve the DiSCo problem.
Remark 7.6. The DiSCo problem is related to the problem of finding a discrete vector
L = (L1 , L2 , . . . , Ln ) that maximizes the separable profit P (L) =

Pm

i=1 gi (Li ),

where

gi are convex functions. A solution for this simple problem is to find the local maximum
values of every gi function, using Lopt
= arg maxn∈N gi (n). While there are many works
i
on minimizing separable functions in the literature [75, 76], we have not yet found works
on minimizing a semi-separable convex function.

7.11

Sublinear algorithms- Future work

The complexity of the G-BG shown in this chapter is linear by the number of resources
|Lopt | of the optimal placement. In most practical applications the operator must place
the resources in the different regions (See Remark 1.2), as well as reading (and/or producing) the demand distribution thus leading to an algorithm that must be at least linear
by the number of resources (i.e., Ω(|Lopt |)). Nonetheless, we conjecture that one can
implement an algorithm which is sublinear in the number of resources, i.e., polynomial
in the thin input.
One possible way to implement a faster algorithm is by using the Capacity-Scaling [70]
algorithm, which solves the min-cost flow problem in logarithmic time by the flow value,
i.e., log |f |. Using such an algorithm for solving our min-cost flow might yield a better
algorithm with logarithmic run time in the number of resources, i.e., log |Lopt |.

Chapter 8

Fundamental Sensitivity
Properties of Resource
Reposition
In this chapter, we start dealing with a dynamically changing (stochastic) demands.
A naive strategy to adopt in case of dynamically changing conditions (demand) is to
allocate an optimal placement in response to any change. However, this strategy might
be expensive in the number of repositions, and it might be infeasible to implement due
to limitations of operating new servers or turning them off. To this end, in this chapter,
we analyze the sensitivity of optimal placements to changes in the (stochastic) demand.
We establish two properties that are fundamental to the problem of resource placements
and reposition. Our first theorem proves that optimal placements are quite sensitive,
and even a small fluctuation in the demand can lead to a large change in the placement
and therefore to a large reposition cost. The second theorem states that despite the
fact that the placement is radically changed, the profit of optimal placements is not
sensitive. The results reported in Sections 8.1-8.4 are published in [1], and the results
present in Section 8.5 have not has not yet been published.

8.1

Preliminaries

We denote by D = {Dij } a demand and by L = {Lji } a placement, where Dij and Lji are,
respectively, the demand and the placement of type i resources in region j. The profit
of a placement L with respect to demand D in a multi-type system is equal to:
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P (L, D) =

m X
k
X
j

m
X

i=1 j=1

i=1

ζi (Lji , Dij ) +

ζi (Li , Di ) +
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k
X

ζ j (Lj ),

(8.1)

j=1

where,
ζij (Lji , Dij ) = Rij · EDj [min(Lji · Bi , Dij )] − Cij (Lji ),

(8.2)

ζi (Li , Di ) = Ri · EDi [min(Li · Bi , Di )] − Ci (Li ),

(8.3)

i

ζ j (Lj ) = −C j (Lj ),

(8.4)

are the marginal functions.
We define the reposition cost between L and L0 as the number of resources that have
to be shifted from placement L to placement L0 , namely the number of repositions used
between the placements, i.e.,

Pk

j=1

j
i=1 |Li

Pm

− L0 ji |.

In this chapter, we assume that the demand changes over time, and we denote by D(t)
and L(t) the demand and the placement at period t, respectively.
To simplify the technicalities of the analysis specifically in this chapter, we do not allow
placements to contain infinite number of resources, and bound the size of a placement
L by a large enough total storage value (abbreviated as storage constant) s. That
means, every placement should include up to

8.2

Pk

j
j=0 L

≤ s resources.

L1 -c.d.f Distance

To establish the properties of sensitivity, we use the following definitions:
Definition 8.1.

1. Let N1 , N2 be two discrete non-negative distributions that are

defined over the same support set {0, 1, 2 . . .}.
(a) The L1 -c.d.f distance is defined as the L1 -distance between the c.d.f vectors
of N1 and N2 i.e.,
d(N1 , N2 ) =

∞
X

| Pr(N1 ≤ n) − Pr(N2 ≤ n)|.

(8.5)

n=0

(b) The distributions N1 , N2 are said to be -near to each other if the L1 -c.d.f
distance between N1 and N2 is less than , i.e., d(N1 , N2 ) < .
2. The multi-dimensional demands D = {Dij }, D0 = {D0 ji } are called strongly near if the following conditions hold: 1) There is a region j0 and a resource type
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i0 such that the demand distributions Dij00 and D0 ji00 are -near to each other, i.e.,
d(Dij00 , D0 ji00 ) < . 2) For all (i, j) 6= (i0 , j0 ) the demand distributions for type i
resources in region j in both demand matrices are identical, i.e., Pr(Dij = n) =
Pr(D0 ji = n) for every n.
3. The revenue of the system (as opposed to profit), is defined according to Eqs. (8.1)(8.4) from Section 8.1 as R(L, D) =

P

j
j
j
i Ri EDj [min(Di , Li )].

P P

i Ri EDi [min(Di , Li )]+

j

i

Given a demand D, an optimal unconstrained revenue placement L is defined as the placement that maximizes R(L, D). Note that the optimal revenue
placement differs by definition from the optimal unconstrained placement (defined
earlier), which maximizes the profit i.e., the revenue R(L, D) minus the cost. The
omission of the cost function is for simplicity of presentation and is done only in
this section.

8.2.1

Properties of L1 -c.d.f distance

First we compare the -near distance to the well-known Klomogorov-Smirnov (KS)
test [77]. We show that strongly- near is tighter than the KS test, in the sense that if
two distributions are strongly -near then they also obey the KS test.
Claim 8.1. Let N1 and N2 be two discrete distributions. If they are strongly- near then
they obey the KS test.
Proof of Claim 8.1. The KS test for distributions N1 and N2 is defined as KS = supn | Pr(N1 ≤
n) − Pr(N2 ≤ n)|. Thus, by definition if N1 and N2 are –near than KS < .
Below we establish an interesting property of the L1 -c.d.f distance that relates the c.d.fdistance to the difference of expected values in some particular cases.
Claim 8.2. Let N1 and N2 be two discrete non-negative distributions. If N1 dominates
N2 then d(N1 , N2 ) = E(N1 ) − E(N2 ).
Remark 8.1. Formally, distribution N1 dominates N2 if Pr(N1 ≥ n) ≥ Pr(N2 ≥ n) for
every value n ≥ 1.
Proof of Claim 8.2. In our proof, we use the fact that the expectation of a non-negative
positive distribution is equal to:

E(X) =

∞
X
k=1

Pr(X ≥ k)

(8.6)
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If N1 dominates N2 then
d(N1 , N2 ) =

∞
X

| Pr(N1 ≤ n) − Pr(N2 ≤ n)|

n=0
∞
X

=
|{z}

1−Pr(Di ≤n)=Pr(Di ≥n+1) n=1
∞
X

=
|{z}

Definition of dominance

| Pr(N1 ≥ n) − Pr(N2 ≥ n)| =

Pr(N1 ≥ n) −

n=1

∞
X

Pr(N2 ≥ n)

n=1

= E(N1 ) − E(N2 ). (8.7)
|{z}

Eq. (8.6)

The following claim states some particular cases where Claim 8.2 holds:
Claim 8.3. The following holds: 1) If N1 ∼ P oiss(λ1 ), N2 ∼ P oiss(λ2 ), where λ1 > λ2
then N1 dominates N2 . 2) If N1 ∼ Bin(n, p1 ), N2 ∼ Bin(n, p2 ), where p1 > p2 then N1
dominates N2 .
These results were proven in [78].

8.3

Sensitivity of Repositions to Demand Fluctuations

The first property, stated in Theorem 8.4, establishes that optimal unconstrained revenue placements can be quite sensitive (in fact, infinitely sensitive) to changes in the
demand. Thus, an algorithmic framework that insists on finding optimal placement in
response to any demand change may result in infinitely many resource repositionings
and efforts.
Theorem 8.4 (Sensitivity in placement repositions). For every system with revenue constants Ri , Rij optimal unconstrained revenue placements are sensitive to the
demand D. This means that for every  > 0 there exists two multi-dimensional demands
D, D0 with optimal unconstrained revenue placements L = {Lji }, L0 = {L0 ji } such that:
1) D0 , D are strongly -near. 2) The number of repositions used between L and L0 is
equal to the storage constant s, which can be infinitely large.
Proof of Theorem 8.4. We set demand D to the instance where no request is made, i.e.,
Pr(Dij = 0) = 1 for every resource type i and region j. An optimal revenue placement
for D is the zero placement Lji = 0 for every resource type i and region j.
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The demand D0 is defined as follows: 1) The probability that the demand of type 1
in region 1 is more than n is


2n+2

(i.e., Pr(D0 11 ≥ n) =


).
2n+2

Therefore, the L1 -c.d.f

distance between D11 and D0 11 is
1
d(D0 1 , D11 )

=
|{z}

∞
X

1
| Pr(D0 1

Eq. (8.5) n=0

≥ n) −

Pr(D11

≥ n)| =

∞
X


n+2
2
n=0

=
|{z}

1
1
1
+ 16
+ 32
+...= 12
4


< .
2

2) The number of requests for type i resources in region j, where (i, j) 6= (1, 1), is 0 (i.e.,
Pr(D0 ji = 0) = 1). The L1 -c.d.f distance between Dij and D0 ji is zero. Thus, the first
part of the theorem holds, i.e., the demands D and D0 are strongly -near.
To prove the second part of the theorem, we observe that an optimal revenue placement
L0 for D0 should contain as many as possible type 1 resources in region 1. Since the
size of each placement is bounded by the storage constant s, then L0 should contain
s resources of type 1 in region 1. Thus, the number of repositions used between the
optimal revenue placement L and L0 is equal to the storage constant s.
The theorem implies that optimal unconstrained profit placements (solving SPP-4)
are sensitive to the demand distribution if the cost function C is small enough and in
particular if it equals zero:
Corollary 8.5. For every system with revenue constants Ri , Rij there exists a cost function C() where the optimal unconstrained profit placements (which maximize the profit)
are sensitive to the demand D. This means that for every  > 0 there exists two multidimensional demands D, D0 with optimal unconstrained placements L = {Lji }, L0 =
{L0 ji } such that: 1) D0 , D are strongly -near. 2) The number of repositions used between L and L0 is equal to the storage constant s, which can be infinitely large.

8.4

Sensitivity of Profit to Demand Distribution Fluctuations

The second result establishes that the profit of the optimal unconstrained placement is
not sensitive to changes in the demand. So, while the placement can change radically
(in response to small demand changes), its profit will not. The change depends only on
the linear combination between the change of the demand and the revenue constants in
Eqs. (8.2) and (8.3), regardless of the cost. We use the following definitions to formulate
the theorem:
Definition 8.2. Let D = {Dij }, D0 = (D0 ji ) be two multi-dimensional demands.
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1. The demand-distance between D and D0 , denoted as d(D, D0 ) is
d(D, D0 ) =

m X
k
X

j

d(Dij , D0 i )Rij +

i=1 j=1

m
X

d(Di , D0 i )Ri ,

(8.8)

i=1

where Rij and Ri are the revenue constants in Eqs. (8.2) and (8.3).
2. Demands sets D and D0 are called weakly -near if the distance between them
is less than , i.e., if d(D, D0 ) < .
3. Placement L is called an -optimal placement with respect to demand D if the
profit of L is not less than the profit of an unconstrained (profit) optimal placement
(the solution for SPP-4) of D minus . That is, if P (L, D) ≥ maxL0 P (L0 , D) − .
The second sensitivity theorem is presented next:
Theorem 8.6 (Sensitivity in placement profit). Let  be the threshold parameter,
and let D(t) and D(t + 1) be two multi-dimensional demands of periods t, t + 1. Suppose
L(t) is an unconstrained optimal placement of D(t) (L(t) = arg maxL P (L, D(t))). If
D(t) and D(t + 1) are weakly -near, then L(t) is an -optimal placement with respect
to demand D(t + 1).
Remark 8.2. Using simple inequalities on the profits of the optimal placements on D(t)
and on D(t+1) it is possible to provide a short proof that L(t) is a 3-optimal placement
with respect to demand D(t+1). Below we provide a proof of the theorem (for -optimal)
that is based on a reduction to a graph flow problem. The reduction and the results
derived below will be needed later.
Proof of Theorem 8.6. The proof uses a mapping of the unconstrained reposition problem (SPP-4) to the min-cost flow problem similar to the one presented in Chapter 7.
To clarify our examples and presentation, instead of considering the eight-layer graph
G8 , we use a four-layer multigraph (a graph with parallel edges between vertices) G4 .
The four-layer graph G4 represents the problem equivalently (but more compactly) to
the eight-layer graph G8 . The multigraph G4 is composed of a source x, region nodes
j1 , j2 , . . . jk , resource type nodes i1 , i2 . . . im and a sink y. Between every two nodes of
successive layers in G4 are s edges, where s is the storage constant, which is an as large
as needed constant (see Section 8.1). In addition, the graph contains s edges from x to
y. In every edge we can transfer 1 unit of flow or not transfer flow at all, namely, the
edge capacity is 1. The flow value |f | is equal to s.
We construct the mapping by defining the weights w(e), such that, roughly speaking,
the weight of the nth edge connecting a region node (say a) to a type node (say β)
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represents the effect of adding the nth resource of type β in region a to the corresponding marginal profit function ζβa . This is equal to the marginal-differential functions
−∆gβa (n) = −(1) · (ζβa (n, D) − ζβa (n − 1, D)). The marginal-differential functions can
be expressed by the model parameters as seen in Eqs. (7.7)-(7.9) in Chapter 7. The
edge weights are multiplied by minus one as we convert a maximum profit placement
problem into a minimum cost flow problem. Similarly, edges from the source node x to
a region node a are assigned weights corresponding to adding a resource in region a, and
edges from a resource type node β to the sink node y are assigned weights corresponding
to adding a resource of type β. Edges between the source x and the sink y have zero
weight. They serve to preserve the flow value constant without providing any benefit to
pass flow in them. Note that the graph edge weights depend on the demand D.
In this multigraph, every placement L is represented by a certain flow fL , so that the
quantities of a placement (L = {Lji }) are the flow values between region nodes j and
resource type nodes i, i.e., the number of edges with 1 unit of flow from j to i. Similarly,
the flow between x and a region node j represents the number of resources allocated in
region j, and the flow between resource type node i and sink y represents the number
of resources allocated of resource type i. The flow on edges between x and y represents
resources (out of s) that are not utilized.
A formal representation of the min-cost flow reduction can be found at Appendix f.
Example 8.1. Consider a system with two regions denoted by a, b and two resource types
denoted by α, β. Suppose that the number of resources in a of respective resource types
α, β are Laα = Laβ = 1, while the number of resources in b are Lbα = 0, Lbβ = 1. The flow
of the associated placement fL is presented in Figure 8.1, where the red edges are edges
with 1 unit of flow, and the blue edges are with 0 units of flow. If there are n red edges
between every two nodes, then there are s − n blue edges. In the diagram, the total flow
is s = 3 (for example, there are three blue edges between x and y).
Note that Figure 8.1 presents the flow fL in the G4 multigraph. Alternatively, we can
depict the flow over the eight-layer graph G8 , as we present in Figure 8.2. However, we
think that depicting the flow over G4 is clearer.
By the following claims we establish how the profit of a placement relates to the cost of
its corresponding flow:
Claim 8.7. Let L be a placement. Then its profit is equal to a constant c minus the
weight of its corresponding flow fL , i.e.,
P (L, D) = c − W (fL , w(D)),

(8.9)
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Type nodes

Area nodes
-0.5
-0.3
-0.2

-0.5
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x

-0.1
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-0.1

-0.2
-0.1

-0.35

y

-0.1

0
0
0

Figure 8.1: The flow fL in the multigraph G4 where Laα = Laβ = 1 and Lbα = 0, Lbβ = 1
(Example 8.1). Red edges are edges with 1 unit of flow, and blue edges with 0 units of
flow. Between every two nodes there are a total of s(= 3) edges. We omit some blue
edges from the graph for the sake of presentation.

Figure 8.2: The flow fL in the graph G8 . Depicting the flow in eight-layer graphs are
more complex than depicting the flow in four-layer graphs (see Figure 8.1).

where c depends neither on the placement L nor the demand D, and W (f, w(D)) is the
flow weight of the flow f using the edge weights w resulting from the demand D.
This means, for example, that the profit of placement L of Figure 8.1 is c + 3.15.
Thus, the solution for the unconstrained optimal placement Lopt corresponds to a mincost flow fmin . This result is formulated in the following claim:
Claim 8.8. There exists a placement L whose corresponding flow fL is the min-cost
flow of G4 with edge weights w(D) corresponding to demand D and with required flow
|f | = s. Moreover, L is the optimal placement (i.e., solves SPP-4) for demand D.
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The correctness of Claims 8.7, 8.8 are proven in Appendix f. We will use these claims
later in Chapters 10.4, and 10.3.
Now we can start to prove Theorem 8.6. We next observe the min-cost flows fopt (t) and
fopt (t+1), which respectively are corresponding to the unconstrained optimal placements
in periods t, t + 1 i.e., L(t) and L(t + 1). Let w(t) and w(t + 1) denote, respectively, the
graph weights of demands D(t), D(t + 1) in G4 (and G8 ). According to Eq. (8.9), the
change in the flow weight between fopt (t) and fopt (t + 1) with respect to weight w(t + 1)
is equal to the profit deviation between placements L(t + 1) and L(t) with respect to
demand D(t + 1), i.e.,

P (L(t + 1), D(t + 1)) − P (L(t), D(t + 1)) = W (fopt (t), w(t + 1)) − W (fopt (t + 1), w(t + 1)).

Thus, if we prove that the flow weight difference W (fopt (t), w(t+1))−W (fopt (t+1), w(t+
1)) is smaller than the demand distance d(D(t), D(t+1)), which is assumed to be smaller
than , then we can conclude that P (L(t), D(t + 1)) > P (L(t + 1), D(t + 1)) − , i.e.,
L(t) is an -optimal placement with respect to demand D(t + 1), as required. Therefore,
to prove Theorem 8.6 we only need to show the following equation:

W (fopt (t), w(t + 1)) − W (fopt (t + 1), w(t + 1)) ≤ d(D(t), D(t + 1)).

(8.10)

To restrict the difference W (fopt (t), w(t + 1)) − W (fopt (t + 1), w(t + 1)) we present
and prove a new graph-theoretic result called the Flow Sensitivity Theorem. The
theorem, which we proved in [22], is as follows:
Theorem 8.9 (Flow Sensitivity Theorem). Let G = (V, E) be a multigraph with
unit capacities defined over G edges (c(e) = 1). Let w and w0 be the sets of edge weights
0
defined over G, and let fmin and fmin
denote, respectively, their integer min-cost flows
0
of the same flow value (|fmin | = |fmin
|)1 . Then the flow weight of fmin with respect to
0
the new weight w0 is bounded by the flow weight of fmin
with respect to w0 , plus the sum

over all edges in G of the edge-weight deviations |w0 (e) − w(e)|. That means
0
W (fmin , w0 ) − W (fmin
, w0 ) ≤

X

|w0 (e) − w(e)|.

(8.11)

e∈E

For the sake of clarity, we will postpone presenting the correctness of the theorem to
Section 10.3.8.
1

As stated above, the flow values of the min-cost flows fopt (t) and fopt (t + 1) are equal to s, i.e.,
0
|fmin | = |fmin
| = s. The flow value s is the storage constant, which is an as large as needed constant.
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Now, given that w = w(t) and w0 = w(t + 1) are, respectively, the edge weights of G4
corresponding to demands D(t), D(t + 1), we can bound the distance |w0 (e) − w(e)| for
every edge e.
Claim 8.10. Let w = w(t) and w0 = w(t + 1) be the edge weights of G4 with respect to
demands D(t) and D(t + 1) respectively. Then the difference of weights |w(e) − w0 (e)|
is bounded by the demand distance d(D(t), D(t + 1)), i.e.,
X

|w0 (e) − w0 (e)| ≤ d(D(t), D(t + 1)).

(8.12)

e∈E

Proof of Claim 8.10. Below we provide the main arguments of the proof. The full detailed proof is given in Appendix f.
We first express the edge weights w(e) by the model parameters, using the expressions
as seen in Eqs. (7.7)-(7.9) in Chapter 7.
Second, given a region node (say a) and a type node (say β), we show that we can bound
the sum of weight differences over all edges by
X

|w(e) − w0 (e)| ≤ d(Dβa (t), Dβa (t + 1))Rβa ,

(8.13)

|w(e) − w0 (e)| ≤ d(Dβ (t), Dβ (t + 1))Rβ ,

(8.14)

e connects a to β

X
e connects β to y

|w(e) − w0 (e)| =

X
e connects x to a

|w(e) − w0 (e)| = 0.

X

(8.15)

e connects x to y

The first two inequalities hold as the L1 -c.d.f distance between two distributions d(N1 , N2 )
is, by definition, the sum of the absolute value differences between N1 and N2 c.d.f values. Note that the weights between the sink x and region nodes a are not affected by
the demand and therefore w(e) = w0 (e) for every edge connecting x to a.
Therefore we conclude that

X

|w(e)−w0 (e)| =≤

e∈E

m X
k
X

d(Dij (t), Dij (t + 1))Rij +

d(Di (t), Di (t + 1))Ri = d(D(t), D(t+1)).

i=1

i=1 j=1

|

m
X

{z

Eq. (8.13)

}

|

{z

Eq. (8.14)

}

(8.16)
as required.
Finally, from Claim 8.10 and Theorem 8.9 we derive Eq. (8.10) and consequently Theorem 8.6 is proven.
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From Theorem 8.6 the following is implied:
Corollary 8.11. For any parameter setting, for any  > 0 and for every demand distribution D with an optimal placement L there exists demand distribution D0 6= D such
that L is an -optimal placement with respect to demand D0 .
Proof of Corollary 8.11. One can create D0 from D by adding an /2 mass at some
position k to the p.d.f of D and subtracting it at position k + 1. Following Theorem 8.6
the corollary holds.

8.5

Proof of the Flow Sensitivity Theorem (Theorem 8.9)

Theorem 8.9. Let G = (V, E) be a multigraph with unit capacities defined over G edges
0
(c(e) = 1). Let w and w0 be the sets of edge weights defined over G, and let fmin and fmin
0
denote, respectively, their integer min-cost flows of the same flow value (|fmin | = |fmin
|).

Then the flow weight of fmin with respect to the new weight w0 is bounded by the flow
0
weight of fmin
with respect to w0 , plus the sum over all edges in G of the edge-weight

deviations |w0 (e) − w(e)|. That means
0
W (fmin , w0 ) − W (fmin
, w0 ) ≤

X

|w0 (e) − w(e)|.

(8.17)

e∈E

Proof of Theorem 8.9. Below we generalize Theorem 8.9 to any bounded minimization
problem. Formally, we use the following settings: Given two vectors x = (x1 , x2 . . . , xn ) ∈
Rn , y = (y1 , y2 , . . . , yn ) ∈ Rn , we denote x ≥ y iff xi ≥ yi for every coordinate i. Given
a set X ⊂ Rn of vectors, an upper bound u ∈ Rn is a vector such that for every
x ∈ X we have x ≤ u. Similarly, a lower bound l ∈ Rn is a vector such that for every
x ∈ X we have x ≥ l. The goal of the bounded minimization problem is to find
the optimal solution in the set x ∈ X that minimizes the dot product x · w =
where w ∈

Rn

P

i x i wi ,

is a given vector called the weight (cost) vector.

The min-cost flow problem is, in particular, a bounded minimization problem. We can
represent every flow by a vector x ∈ R|E| such that xi is the flow in edge i. The set X
represents the set of all feasible min-cost flows. A lower bound for X is the zero vector
(0, 0, . . . , 0) and an upper bound is the capacity function c (in case of unit capacities,
it is equal to (1, 1, . . . , 1)). The weight of a flow f with respect to a weight function w,
i.e., W (f, w), is equal to the dot production w · f .
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Thus, the following lemma generalizes Theorem 8.9 and it is sufficient to show its correctness to prove Theorem 8.9.
Lemma 8.12. Let X be a set of feasible solutions with an upper bound u = u(X) and a
lower bound l = l(X). Let x and x0 be the optimal solutions of the bounded minimization
problem with respect to weight vectors w, w0 . Then the following equation holds:
x · w0 − x0 · w0 ≤ (u − l) · |w − w0 |.

(8.18)

Proof. First, we show that (x − x0 ) · w0 ≤ (x − x0 ) · (w − w0 ). By definition of x we derive
that
x · w ≤ x0 · w,
and therefore,
(x − x0 ) · w ≤ 0.
Thus,

(x − x0 ) · w0 ≤ (x − x0 ) · w0 − (x − x0 ) · w = (x − x0 ) · (w − w0 ).
Taking the absolute value in both sides implies
|(x − x0 ) · w0 | ≤ |(x − x0 ) · (w − w0 )|.
The left side is equal to x · w0 − x0 · w0 (x0 is the optimal solution with respect to w0 ). The
right side is bounded by |x−x0 |·|w−w0 |, according to the triangle inequality (i.e., for every
two vectors a, b ∈ Rn we have |a · b| = |

Pn

i=1 ai · bi |

≤

Pn

i=1 |ai · bi |

= |a| · |b|).

|{z}

Triangle inequality

This implies that
x · w0 − x0 · w0 ≤ |x − x0 | · |w − w0 |.
The vector |x − x0 | is bounded by (u − l). Thus, |x − x0 | · |w − w0 | ≤ (u − l) · |w − w0 |,
and the theorem follows.

Chapter 9

The Constrained-Reposition
Placement Problem – Single-Type
(ConRePP-1)
In this chapter, we solve the Constrained-Reposition Placement Problem (ConRePP-1)
for a single-type system (m = 1). We provide a greedy optimal solution for the problem,
called the Unary and Move (U&Me) algorithm that solves the problem. The work
is based on a submitted paper [18] (with variation on the analysis approach).

9.1

Problem Formulation

Remark 9.1. For the sake of presentation, the notations used in this chapter are slightly
different from the notations used in the rest of the thesis. For example, Li represents
the number of resources in region i (not of resource type i).
We denote by D = (D1 , D2 , . . . , Dk ) a demand and by L = (L1 , L2 , . . . , Lk ) a placement,
where Dj and Lj denote the local demand and locally allocated resources in region j,
respectively. We denote the total number of resources in L and the number of requests
in D by respectively |L| =

Pk

i=1 Li

and |D| =

Pk

i=1 Di .

The profit of a placement L

with respect to demand D in a single-type system is equal to:
P (L, D) =

m
X

ζilocal (Li , Di ) + ζ global (|L|, |D|),

i=1
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where,
ζilocal (Li , Di ) = Rilocal · EDi [min(Li · B, Di )] − Cilocal (Li ),
ζ global (|L|, |D|) = Rglobal · E|D| [min(|L| · B, |D|)] − C global (|L|),

(9.2)
(9.3)

are the marginal profit functions.
The problem addressed in this chapter poses the repositioning challenge, where the demand is a random variable that changes over time. A natural motivating example for
this challenge is the familiar difference between stochastic demands during day or night.
A naive approach for optimal response to the dynamic demand is to achieve an optimal
placement in response to any change.However, this strategy might be expensive in the
number of repositions, and it might be infeasible to implement due to limitations of operating new servers or turning them off. Thus, the optimal placement problem becomes
a Repositioning Problem: given initial placement L(t) at period t what is the optimal
placement that can be achieved under a constraint of allowing up-to r operations (each
operation is a single addition or subtraction of a resource). The problem is formulated
as follows:

Constrained-Reposition Placement
Single-Type (ConRePP-1)

Problem

–

Assumptions:

Single-type system.

Input:

A demand D(t + 1) = {Dj (t + 1)|j = 1, 2, . . . , k} of period t + 1,
placement L(t) of period t, a reposition bound r.

Problem:

Find the optimal placement of period t + 1, L(t + 1) = {Li (t + 1)},
that maximizes the profit P (L(t + 1), D(t + 1)) in Eq. (9.1), under
the reposition constraint:

9.2

Pk

j=1 |Lj (t

+ 1) − Lj (t)| ≤ r.

Expressing the Profit Function by its Marginal-Differential
Functions

Using a similar transformation done in Section 7.2 we can show that the profit can
be expressed by the monotonically non-increasing marginal-differential ∆g functions as
follows:

P (L, D) = P (L) = c +

Li
k X
X
i=1 n=1

∆gilocal (n) +

|L|
X
n=1

∆g global (n).

(9.4)
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local (0) + g global (0)
i=1 gi
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is a constant that does not depend on the placement

L.
Remark 9.2. According to Eqs. (9.2)-(9.3), and Theorem 3.1 we can compute the marginaldifferential functions by the model parameters, which are equal to

∆gilocal (n)

=

Rilocal

n·B
X

·

Pr(Di (t + 1) ≥ k) − Ciglobal (n) + Ciglobal (n − 1),

k=(n−1)·B+1

∆g global (n) = Rglobal ·

n·B
X

Pr(|D(t + 1)| ≥ k) − C global (n) + C global (n − 1).

k=(n−1)·B+1

9.3

Single Repositioning Approach May Mislead

One may be tempted to consider a simplistic approach for trying to solve the repositioning problem – that of iteratively trying to add or remove single resources (single
repositions). As we demonstrate next, this approach may not work. We demonstrate
this by illustrating a non-intuitive situation where no single addition or subtraction is
attractive in any region, yet a combination of such operations is attractive.
Figure 9.1 depicts a two-region example of the model setting. Specifically, the example
illustrates a placement L(t) where every bucket represents a region. There are two
resources at the first region L1 = 2, and a single resource at the second region L2 = 1.
The white blocks at each upper bucket represent the resources of L in that region. The 3
white blocks at the bottom bucket represent the total number |L| of included resources,
which is 1 + 2 = 3. Black blocks represent the fact that resources may be added.
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(𝟐, 𝟏)
𝑹𝒆𝒈𝒊𝒐𝒏 𝟏 𝑹𝒆𝒈𝒊𝒐𝒏 𝟐
𝑔𝑙𝑜𝑐𝑎𝑙

𝑔 𝑔𝑙𝑜𝑏𝑎𝑙
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5$
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-5 $
10 $
20 $
30 $
𝑡𝑜𝑡𝑎𝑙 = 3

Figure 9.1: Resource Repositioning.

Each block at the upper buckets in the diagram is marked by local marginal-differential
function ∆gilocal (n), attributed to the corresponding resource. In Figure 9.1, for example, the local marginal-differential of Region 1 are ∆g1local (1) = 10$, ∆g1local (2) =
5$, ∆g1local (3) = −1$ and the local marginal-differential of Region 2 are ∆g2local (1) =
−2$, ∆g2local (2) = −5$, ∆g2local (3) = −8$.

The value of each block at the bottom

bucket corresponds to the global marginal-differential function, which are equal to
∆g global (1) = 30$, ∆g global (2) = 20$, ∆g global (3) = 10$, ∆g global (4) = −5$. The marginal
profits are decreasing in all the buckets, as the marginal-differential functions are concave.
The profit of every placement is computed as the sum of the values on the white boxes
with the constant c. In particular, the profit of L equals P (L) = 73 + c$. Suppose one
adds a single resource to Region 1. The local bucket of the Region 1 will contain three
resources, i.e., the local marginal function is increased by the value of the third white
box in the bucket, i.e., ∆g1local (3) = −1$. The global bucket will contain four resources,
i.e., the system contains number four resources from all regions, and the global marginal
function is increased by g global (4) = −5$. In total, this action increases the profit by
∆g1local (3) + ∆g global (4) = −6$, and this addition will not increase the profit.
In a similar way, we can see that adding a resource in Region 2 decreases the profit by
−5 − 5 = −10$. Subtracting a resource from Region 2 removes the first white block from
Region 2 bucket, and the third white block from the global bucket. Thus, this action
increases the profit by −∆g2local (1) − ∆g global (3) = 2 − 10 = −8$ and it is not profitable.
Subtracting a resource from Region 1, increases the profit by 5 − 10 = −15$.
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Thus, we have shown that there is neither a profitable addition nor a profitable subtraction operation. However, the combination of addition to Region 1 and subtraction from
Region 2 is profitable: the local profit in Region 1 is −1 (adding the first black block
from the bottom in the upper left bucket), the local profit in Region 2 is 2 (subtracting
the upper white block in the upper right bucket), and the global profit does not change
(no change in the bucket at the bottom). In total, these operations increase the profit
function by −1 + 2 = 1. Note that this is the optimal placement.

9.4

The Algorithm

A solution for the placement problem (ConRePP-1) as described in Section 9.1 is a set
of up to r operations (each is a single addition or subtraction of a resource), leading
to the most attractive placement that can be achieved. It is challenging, since the
number of sets to consider is exponential in r. It is further challenging since the global
value, which depends on the number of resources, changes as a function of the resources
added/removed to and from the placement. As illustrated in the previous section, an
algorithm which is greedy over the next operation is not appropriate as it may lead to
non-optimal solutions.
Fortunately, the problem lends itself to an effective algorithm. The algorithm uses a
special greedy approach whereby it starts by greedily applying an unary operation (i.e.,
one addition or one subtraction of a resource from any region) and ends by greedily
applying a move (binary) operation (i.e., move a resource from one region to another).
To express the essentiality of this feature, we call the algorithm Unary and Move, or
U&Me in short.
To present the algorithm, we use the following formal definitions:
Definition 9.1. An operation o is a function that applies repositioning of resources.
Given a placement L, applying the operation o over L returns a placement denoted by
o(L). The profitability of operation o over placement L is ∆(o, L) = P (o(L)) − P (L).
The most profitable unary operation, denoted by U opt (L), is the unary operation with
the highest profitability among all unary operations. Similarly, we denote by M opt (L),
the move operation with the highest profitability among all move operations. Operation
o is called profitable if ∆(o, L) > 0.
Remark 9.3. The notation U opt (L) denotes a unary operation with the highest profitability. This notation has different meaning than u(L), which applies an unary operation u
on L and returns a placement.
A pseudo-code of the algorithm is presented by Algorithm 4.
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Algorithm 4 Unary and Move (U&Me)
Input: An initial placement L, and a constraint r on the number of repositioning
operations.
1. i ← 0.
2. u ← U opt (L).
3. (Begin unary phase) while i < r and u is profitable:
(a) L ← u(L), i ← i + 1.
(b) u ← U opt (L)
4. m ← M opt (L).
5. (Begin move phase) while i < r − 1 and m is profitable:
(a) L ← m(L), i ← i + 2.
(b) m ← M opt (L)
6. return L.
Remark 9.4. If there are two or more unary/move operation with highest profitability –
we can choose any of them using some tie-breaking rule.

9.4.1

Efficient implementation of U&Me

To present an efficient implementation of the U&Me algorithm, we use the following
definition:
Definition 9.2 (Addition, subtraction and move operations). We denote by aj
the operation of adding a single resource to region j. Similarly, sj denotes the operation
of subtracting a resource from region j. The operation bj1 →j2 = aj2 ◦ sj1 denotes the
move (binary) operation of moving a single resource from region j1 to region j2 .
We can compute the profitability of every unary or move operation using the following
observation:
Observation 9.1. Given a placement L, the profitability of every unary or move operation can be computed as follows:

∆(aj , L) = ∆gjlocal (Lj + 1) + ∆g global (|L| + 1)

(9.5)

∆(sj , L) = −∆gjlocal (Lj ) − ∆g global (|L|)

(9.6)

∆(bj1 →j2 , L) = −∆gjlocal
(Lj1 ) + ∆gjlocal
(Lj2 + 1),
1
2

for

j1 6= j2

(9.7)

In particular, the move operation with the highest profitability is composed of the highest
profitability addition and the highest profitability subtraction.
The observation follows from the definition of profitability and Eq. (9.4). A formal proof
can be seen in Appendix g.
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Observation 9.1 leads to an efficient implementation of our algorithm:
Claim 9.2 (Efficient Implementation of U&Me). U&Me can be implemented efficiently and have time complexity of O((r + k) · log k), where r is the reposition bound
and k is the number of regions.
Remark 9.5. We assume that calculating the marginal-differential values ∆g(n) for every
integer n takes O(1). Otherwise, if it takes O(e) time to compute these values, then the
complexity of the algorithm is O((r + k) · (e + log k)).
Proof. To implement U&Me, we hold the total number of resources |L| and in addition
we hold two maximum priority queues using binary heaps. One heap contains the
local marginal-differential values for addition, ∆gjlocal (Lj + 1), and the other contains
the local marginal-differential values for subtraction, −∆gjlocal (Lj ). Both heaps contain
k elements, where k is the number of regions. Initially, the values of these heaps are
corresponding to the initial placement L = Linit . To construct both heaps, the algorithm
inserts k marginal-differential values to each heap, and each insertion takes O(log k) time.
Thus, the time complexity of inserting these marginal-differential values takes O(k log k)
time.
Using these binary heaps, we can find in each iteration the operation with the highest
profitability U opt (L) or M opt (L) in O(1) time. After applying a unary operation in region
j0 , only two corresponding values in both heaps ∆gjlocal
(Lj0 + 1) and −∆gjlocal
(Lj0 ) need
0
0
to be updated. This can be done in O(log k) time using a maximum priority queue
heap. Other variables of the algorithm, such as the total number of resources |L| and
the number of j0 resources Lj0 are updated in O(1). Similarly, after a move operation,
we update the binary heaps and set the other variables of the algorithm in O(log k) time.
Thus, every iteration in the unary phase takes O(log k) time.
The number of iterations is bounded by the reposition bound r, and thus the time
complexity of U&Me is O((r + k) log k).

9.4.2

Algorithm Optimality

We observe that a valid repositioning of resources can be represented by a multiset1 of
r unary operations at most, where r is the reposition bound. For example, the multiset
1
A multiset is a generalization of the concept of a set that, unlike a set, allows for multiple instances
of the multiset’s elements and the order of the elements does not matter. For example, {a, a, b} and
{a, b} are different multisets, while {a, b, b} and {b, a, b} represent the same multiset. We can define
naturally set operations such as union, intersection, set difference and others. For a formal definition on
multiset operations, we refer to [79].
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G = {a1 , a1 , s2 } represents the repositioning of adding two resources to region 1 and
subtracting a single resource from region 2.
The optimality of the U&Me algorithm is presented in the following theorem:
Theorem 9.3 (Optimality theorem). Let G be a multiset of r unary operations
at most. Let LG be the placement derived by conducting G operations over the initial
placement Linit . Then the profit of the U&Me placement is higher than or equal to the
placement of LG , i.e., P (LU &M e ) ≥ P (LG ).
The proof of the optimality theorem is complex and involved. It requires three different
threads, where the first and second threads are used to prove the third thread. These
threads are based on the U&Me sequence CU &M e = (o1 , o2 , . . . , on ), where oi is the
operation used in the ith iteration of U&Me2 . At first we establish in Appendix h that
the U&Me sequence CU &M e satisfies the non-canceling property. That means, if the
U&Me algorithm adds a resource to region j1 , then it will not subtract from that region.
Formally, this lemma is as follows:
Lemma 9.4. Let Linit be the initial placement, and let CU &M e be the U&Me sequence
over Linit . Then CU &M e is non-canceling.
The formal proof of Lemma 9.4 is in Appendix h. Roughly speaking, it is proven by way
of contradiction. Assume the contrary, i.e., that the U&Me algorithm adds a resource to
region jorg and afterwards subtracts from that region. We show that there must exists
another region jalt such that the profitability of adding a resource to jalt is strictly greater
than the profitability of adding a resource to jorg . This contradicts the mechanism of
the U&Me algorithm, where in each iteration it adds to the region with the highest
addition profitability; in particular, the profitability of adding a resource to jalt cannot
be strictly greater than the profitability of adding a resource to jorg .
Let GU &M e be the multiset of unary operations that the U&Me algorithm uses. By
Lemma 9.4 we conclude that GU &M e contains non-canceling operations, i.e., GU &M e is
non-canceling. This is a useful property for the second and the third threads, as we will
explain later.
The second thread, presented in Section 9.6, is regrading non-canceling multisets, and
in particular GU &M e . We present an algorithm called the Generalized U&Me algorithm that runs as follows: Given a repositioning multiset G of non-canceling operations, it returns a sequence CG that satisfies the following properties: 1) The sequence
CG repositions the resources exactly as G does. 2) The sequence CG resembles the
2

Every move operation bj1 →j2 = sj1 ◦ aj2 in the U&Me sequence is represented by a single operation
in the sequence, and not by their corresponding addition and subtraction operations.
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properties of the U&Me sequence, and thus it is called a U&Me-like sequence. The
properties of a U&Me-like sequence are presented in Section 9.6.3, and are based on
Lemma 9.4.
In the third thread, we define a potential function that for each repositioning multiset
G it associates a triple π(G) = (π1 (G), π2 (G), π3 (G)) of non-negative integers. The
lower the potential, with respect to the lexicography order, then the more G "resembles"
the U&Me multiset GU &M e . We show that the potential of a multiset G is zero, i.e.,
π(G) = (0, 0, 0), if and only if G is the U&Me multiset, i.e., G = GU &M e .
Our major lemma shows that for every multiset G there exists another multiset G0 that
has better performance and smaller potential, as formulated next:
Theorem 9.5. Let G be a multiset of r unary operations at most with non-zero potential
(i.e., π(G) 6= (0, 0, 0)). There exists another multiset G0 of r unary operations at most
that satisfies the following properties: 1) The profit of the placement corresponding to G0
0

is not smaller than the profit of placement corresponding to G, i.e., P (LG ) ≤ P (LG ).
2) The potential of G0 is strictly smaller than the potential of G, i.e., π(G) >L π(G0 ),
with respect to the lexicography order >L .
The proof of Theorem 9.5 is divided into two stages: First, we take care of several
special cases where it is easy to construct a multiset G0 that satisfies conditions 1)
and 2). For example, one special case is where G is a multiset that contains canceling
operations. Let G0 be the multiset G where canceling operations are removed. The
placement corresponding to G0 is the placement corresponding to G; thus, the profits of
0

these placements are equal to each other, i.e., P (LG ) = P (LG ) and the first condition
is satisfied. In addition, to derive that the potential of G0 is strictly smaller than the
potential of G, we use Lemma 9.4; Lemma 9.4 implies that the U&Me multiset GU &M e
is non-canceling, and thus it "resembles" more the non-canceling multiset G0 than the
canceling multiset G.
After presenting the special cases, we continue to our major case, where G is noncanceling, and thus we can derive its U&Me-like sequence CG . We show that in this
case we can replace one unary operation in G by another unary U&Me operation in
GU &M e . Doing so will increase of the profit of the corresponding placement and decrease
the potential. To define these operations, we compare the U&Me-like sequence of G,
i.e., CG , with the U&Me sequence CU &M e . Based on the properties of the U&Melike sequences (Section 9.6.3), we show which operation in G to replace by and which
operation in GU &M e to keep.
From Theorem 9.5, we can conclude that for every multiset G, there is a finite chain
of multisets G = G0 , G1 , G2 . . . , Gn that satisfies the following properties: 1) The profit
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of the placement corresponding to Gi is not larger than the profit of the placement
corresponding to Gi+1 , i.e., P (LGi ) ≥ P (LGi+1 ). 2) The potential of Gi is strictly larger
than the potential of Gi+1 , i.e., π(Gi ) >L π(Gi+1 ). 3) The last multiset in the chain Gn
has zero potential, and thus it is the U&Me multiset, i.e., Gn = GU &M e . This shows
that the profit of the placement corresponding to G is, at most, the profit of the U&Me
placement, i.e., P (LU &M e ) = P (LGn ) ≥ P (LG0 ) = P (LG ).
Thus, the optimality of the U&Me algorithm (Theorem 9.3) follows.

9.5

Preliminaries

To prove the optimality of the U&Me algorithm, we use the definitions and properties
of repositioned placement, relative profitability, and the composite operation.

9.5.1

Definitions

Definition 9.3 (Composite operation). Let o1 , o2 be two operations. Then, the
composite operation of o1 , o2 , denoted by o1 ◦ o2 , is a an operation such that for every
placement L we have (o1 ◦ o2 )(L) = o1 (o2 (L)).
For example, suppose L = (1, 2, 3) contains i resources in region i. Then the operation
a1 ◦ a2 adds a resource to regions 1 and 2, and therefore (a1 ◦ a2 )(L) = (2, 3, 3). Note
that the operation composition is similar to function composition.
Definition 9.4 (Repositioned placement and relative profitability). Given a
sequence C, the repositioned placement, denoted by R(k, C), is the placement derived
from conducting the first k operations of C = (o1 , o2 , . . .) on the initial placement Linit ,
i.e., R(k, C) = (o1 ◦ o2 ◦ . . . ok )(Linit ). The relative profitability of operation ok is
the profitability of ok over the repositioned placement R(k − 1, C), and is denoted by
Rel(k, C) = ∆(ok , R(k − 1, C)). Finally, for the sake of presentation we respectively
denote the repositioned placement and the relative profitability corresponding to the
U&Me sequence CU &M e by R(k) = R(k, CU &M e ) and Rel(k) = Rel(k, CU &M e ).
For example, suppose Linit = (1, 2, 3) contains i resources in region i. Let CU &M e =
(a1 , s2 , b3→1 ) be the U&Me sequence. Applying the first operation of CU &M e (adding a
single resource in region 1) on Linit results in a placement R(1) = (2, 2, 3). Conducting
the first two operations of CU &M e on Linit is equal to R(2) = (2, 1, 3). Finally, conducting
all operations of CU &M e on Linit is R(3) = (3, 1, 2), which is the U&Me placement (i.e.,
R(3) = LU &M e = (3, 1, 2)).
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Properties of repositioned placements, relative placements and
composite operations

We next establish simple properties of repositioned placements, relative placements, and
composite operations.
Observation 9.6. Suppose ok is the k th operation that the U&Me algorithm selects.
Then ok is profitable over the repositioned placement R(k − 1), i.e., ok has positive
relative profitability (Rel(k) > 0).
This observation follows immediately since the U&Me algorithm selects a profitable
operation in each iteration.
Observation 9.7. Let L be a placement, o1 , o2 two operations. Then the profitability
of composite operation o1 ◦ o2 over L is equal to:
∆(o1 ◦ o2 , L) = ∆(o2 , L) + ∆(o1 , o2 (L)).

(9.8)

In particular, we derive that if o1 is profitable over L and o2 is profitable over o1 (L),
then o1 ◦ o2 is profitable over L.
This observation follows immediately from the definition of profitability, i.e., ∆(o, L) =
P (o(L)) − P (L).
Observation 9.8. Let C = (o1 , o2 , . . . , on ) be a sequence. Then the profit of the repositioned placement R(k, C) is equal to

P (R(k, C)) = P (C) +

k
X

Rel(i).

(9.9)

i=1

Moreover, if LC is the placement corresponding to C (i.e., derived from conducting all
operations of C on L), then
P (LC ) = P (L) +

n
X

Rel(i).

(9.10)

i=1

This observation follows immediately from the definition of the relative profitability and
Observation 9.7.
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The Generalized U&Me Algorithm and U&Me-like Sequences

In this section, we present the Generalized U&Me algorithm, devised solely for the
sake of the optimality proof. Given a multiset G of non-canceling operations the Generalized U&Me algorithm returns a U&Me-like sequence of G, denoted by CG . We
show that the U&Me-like sequence satisfies properties which are vital to the optimality
of the U&Me algorithm.

9.6.1

Definitions and preliminaries

To show the properties of the Generalized U&Me algorithm, we use the following definitions:
Definition 9.5 (The corresponding unary multiset). Given a sequence C = (o1 , o2 , . . . , on )
its corresponding unary multiset mult(C) is the multiset of unary operations in C.
For example, if C = (a1 , s2 , b2→3 ) then its corresponding unary multiset is mult(C) =
{a1 , s2 , s2 , a3 }. By definition, the U&Me multiset GU &M e is the corresponding unary
multiset of the U&Me sequence CU &M e . Note that there can be multiple sequences with
the same corresponding unary multiset. For example, the corresponding unary multiset
of C = (a1 , s2 ) and C 0 = (s2 , a1 ) are equal to each other, i.e., mult(C) = mult(C 0 ) =
{a1 , s2 }.
Definition 9.6 (The most profitable unary and move operations in a multiset). Given a placement L and a multiset G of unary operations, we define the most
profitable unary operation in G U (L, G) as the unary operation with the highest
profitability in G, i.e., U (L, G) = arg maxu∈G ∆(u, L). In a similar way, the most
profitable move operation in G M (L, G) is the move operation with the highest
profitability composed of a subtraction and an addition operation in G. We define
U (L, G) = ∅ if G = ∅ and M opt (L, G) = ∅ if G = ∅ or G contains either only subtraction
operations or only addition operations (i.e., we cannot compose a move operation from
G).
This definition is an extension of the most profitable unary and move operations (Definition 9.1). Suppose we denote Gall to be the set of all available unary operations, i.e.,
for every region j the operations aj and sj appears infinitely in Gall . Then, the most
profitable unary and move operations, as defined in Definition 9.1, are corresponding to
Gall , i.e., U (L) = U (L, Gall ), M (L) = M (L, Gall ).
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Using Observation 9.1, we can derive that the most profitable move operation in G is
composed of the highest profitability addition and the highest profitability subtraction
in G:
Observation 9.9. Let aj1 and sj2 respectively denote the most profitable subtraction
and addition operation in G. Then the most profitable move operation in G is bj2 →j1 =
aj1 ◦ sj2 .
Definition 9.7. Given two multisets G1 , G2 of unary operations, the set difference
or the difference of the multisets, denoted by G1 \ G2 , is the multiset G1 where the
elements of G2 are removed.
For example, if G1 = {a3 , a1 , a1 , s3 } G2 = {a1 , a1 , s2 , s3 } then difference of G and GU &M e
is G \ GU &M e = {a3 }.

9.6.2

The Generalized U&Me algorithm

Given a multiset G of non-canceling unary operations, the Generalized U&Me algorithm
finds a sequence CG that satisfies the following properties: 1) The corresponding multiset
of CG is G. 2) CG shares similar properties with the U&Me sequence CU &M e , and
thus it is called a U&Me-like sequence. The Generalized U&Me-like (Algorithm 5)
resembles the U&Me algorithm, by selecting the highest profitability operation in G in
each iteration. The algorithm, as opposed to U&Me, comprises three phases: In the first
phase, similarly to the U&Me algorithm, the Generalized U&Me algorithm selects the
highest profitability unary operations in G, one by one, and removes them from G. The
first phase ends when there remains no profitable unary operation. In the second phase,
the Generalized U&Me algorithm greedily selects the most profitable move operations
from G (by constructing each move from one addition and one subtraction). As opposed
to the U&Me algorithm, the Generalized U&Me algorithm continues selecting move
operations even if they are not profitable. The second phase ends in the case where G
contains either only subtraction operation or only addition operations (i.e., the algorithm
cannot compose a move operation from G). Finally, in the third phase, the algorithm
greedily selects unary operations from G.
Example 9.1. We present a running example of the Generalized U&Me algorithm over
the multiset G = {a1 , s2 , s2 , a3 , a3 , a3 , a3 }, i.e., the repositioning that adds one resource
to Region 1, subtracts two resources from Region 2 and adds four resources to Region
4. That means, after conducting the operations of G over the initial placement Linit ,
the derived placement will be LG = (3, 0, 4). The marginal-differential functions ∆g is
depicted in Figure 9.2.
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Algorithm 5 The Generalized Unary and Move (Generalized U&Me) algorithm
Input: The initial placement Linit , a multiset of non-canceling operations G.
Output: A U&Me-like sequence CG = (o1G , o2G , . . . , okG ) corresponding to G.
1. L ← Linit , i = 1.
2. u ← U (L, G).
3. (Begin unary phase) while u 6= ∅ and u is profitable:
(a) oiG ← u.
(b) L ← u(L).
(c) G ← G \ {u}.
(d) u ← U (L, G).
(e) i ← i + 1.
4. m ← M (L, G)
5. (Begin move phase) while m 6= ∅:
(a) oiG ← m.
(b) L ← m(L).
(c) G ← G \ {sj1 , aj2 }, given that m = bj1 →j2 .
(d) m ← M (L, G).
(e) i ← i + 1.
6. u ← U (L, G)
7. (Begin unary phase) while u 6= ∅:
(a) oiG ← u.
(b) L ← u(L).
(c) G ← G \ {u}.
(d) u ← U (L, G).
(e) i ← i + 1
8. return CG .
Let Gi and Li respectively denote the multiset G and the placement L in the ith iteration,
and let CG = (o1G , o2G , . . .) be the U&Me-like sequence corresponding to G. In the first
iteration, the profitability of the unary operations of G0 = G are ∆(a1 , L0 ) = 8 − 1 =
7, ∆(s2 , L0 ) = −2 − 6 = −8 and ∆(a3 , L0 ) = −1 − 1 = −2. Thus, the unary operation
with the highest profitability, i.e., the first operation in CG is o1G = a1 , and thus we
continue with the algorithm.
In the second iteration, the multiset and the placement are G1 = {s2 , s2 , a3 , a3 , a3 , a3 }
and L1 = (3, 2, 0). There is no profitable unary operation in G1 over L1 (∆(s2 , L1 ) =
−2 + 1 = −1 and ∆(a3 , L1 ) = −1 − 20 = −21). Thus, the Generalized U&Me algorithm
terminates the first phase, and it runs the second phase, i.e., the move phase. The move
operation b2→3 = s2 ◦a3 is the single move operation that can be conducted by G1 . Thus,
the algorithm selects the second operation to be o2G = b2→3 . The operations {s2 , a3 } are
removed from the unary multiset G, and therefore G2 = G1 \{s2 , a3 } = {s2 , a3 , a3 , a3 }. In
a similar way, the third operation in the sequence should be o3G = b2→3 , and the unary
multiset includes only addition operations, i.e., G3 = {a3 , a3 }. Thus, the algorithm
terminates the second phase, and it runs the third phase, i.e., the unary phase. The
algorithm sets the forth and fifth operations to o4G = o5G = a3 .
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We show that the U&Me-like sequence of G is CG = (a1 , b2→3 , b2→3 , a3 , a3 ). Note that
the last operations in the U&Me-like sequence, i.e., o3G = b2→3 , o4G = a3 and o5G = a3
have non-positive relative profitability, i.e., are not profitable. This property, i.e., the
last operations in the sequence are not profitable, is shown next.

𝑳𝒊𝒏𝒊𝒕 = (𝟐, 𝟐, 𝟎)
𝑹𝒆𝒈𝒊𝒐𝒏 𝟏 𝑹𝒆𝒈𝒊𝒐𝒏 𝟐 𝑹𝒆𝒈𝒊𝒐𝒏 𝟑
𝑔𝑙𝑜𝑐𝑎𝑙

𝑔 𝑔𝑙𝑜𝑏𝑎𝑙

0$
8$
10 $
15 $

-20 $
-8 $
2$
4$

-16 $
-8 $
-5 $
-1 $

-20 $
-1 $
6$
10 $
20 $
30 $
𝑡𝑜𝑡𝑎𝑙 = 4

𝑮 = {𝒂𝟏 , 𝒔𝟐 , 𝒔𝟐 , 𝒂𝟑 , 𝒂𝟑 , 𝒂𝟑 , 𝒂𝟑 }
Figure 9.2: A running example of the Generalized U&Me algorithm over the unary
multiset G = {a1 , s2 , s2 , a3 , a3 , a3 , a3 } and the initial placement Linit = (2, 2, 0). The
white blocks in the bottom bucket represent the resource the initial placement contains.
Black blocks represent the fact that resources may be added.

9.6.3

Properties of the U&Me-like sequence

The U&Me-like sequence is a useful mechanism by which we prove Theorem 9.5. The
first observation, which follows immediately from the definition of the Generalized U&Me
algorithm, shows that the every U&Me-like sequences is a greedily ordered sequence
presented as followed:
Observation 9.10. [U&Me-like sequences are greedily ordered sequence] Let CG =
(o1G , o2G , . . . , onG ) be a U&Me-like sequence of multiset G. Then CG is a greedily ordered sequence, i.e., every operation is either the most profitable unary or the most
profitable move in the sequence. Formally that means that either ok = U (Lk−1 , Gk−1 )
or ok = M (Lk−1 , Gk−1 ), where Lk−1 = R(k − 1, C) is the repositioned placement
of conducting the first k − 1 operations of C over the initial placement Linit , and
k k+1 , . . . , on ) are a unary operation mulGk−1 = G \ mult(o1G , o2G , . . . , ok−1
G ) = mult(o , o

tiset that was not used in the first k − 1 operations.
Next, we present two vital properties to derive which operations in the U&Me-like
sequences are profitable and have positive relative profitability.
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In the first claim, we show that the relative profitability in a U&Me-like sequence is
decreasing, given that it contains operations that are all either addition, subtraction or
move operations. This is formulated as follows (proven in in Appendix g):
Claim 9.11 (Monotonicity Property). Suppose CG = (o1 , . . . , on ) is a U&Me-like
sequence. Suppose that both operations oi and oi+1 are either addition, subtraction or
move operations. Then the ith relative profitability is not smaller than that of i + 1th ,
i.e., Rel(i, C) ≥ Rel(i + 1, C).
In the second claim, we show that if a multiset of non-canceling unary operations G
has no profitable unary operation over a placement L, then G does not contain any
profitable unary operations after conducting a move operation over L. This is formulated
as follows:
Claim 9.12. Let L be a placement, and G a multiset of non-canceling unary operations.
Suppose that G does not contain any profitable unary operations on L. Let m be a move
operation, composed of a subtraction and an addition operation contained in G. Let
m(L) be the placement derived by conducting m over L. Then G does not contain any
profitable unary operations on m(L).
The proofs of both claims are presented in Appendix g, and are straightforward and
technical (similar to the claims of Section 9.5.2).
Based on these claims, we can easily show which operations in the U&Me-like sequences
are profitable, as follows:
Claim 9.13 (Last operations in U&Me-like sequences are not profitable).
Suppose CG = (o1 , o2 , . . . , on ) is a sequence returned from the Generalized Unary and
Move (U&Me) algorithm over a multiset G. Then, there exist indices 1 ≥ i1 ≥ i2 ≥ i3 ≥
n such that the following holds:
1. o1 , o2 , . . . , oi1 are all profitable (with positive relative profitability) unary operations, selected in the first (unary) phase.
2. oi1 +1 , oi1 +2 , . . . , oi2 are all profitable move operations, selected in the second (move)
phase.
3. oi2 +1 , oi2 +2 , . . . , oi3 are all non-profitable (with non-positive relative profitability)
move operations, selected in the second (move) phase.
4. oi3 +1 , oi3 +2 , . . . , on are all non-profitable unary operations, selected in the third
(unary) phase.
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Moreover, during the second (move) and third (unary) phases, there is no profitable
unary in G over the repositioned placement L.
Proof. We set the indices i1 , i2 , i3 as follows: 1) The operations o1 , o2 , . . . , oi1 are the
unary operations selected in the first phase. 2) The operation oi2 +1 is the first move
operation (selected in the second phase) that is non-profitable.

3) The operations

oi3 +1 , oi3 +2 , . . . , on are the unary operations selected in the third phase. Of course, the
operations o1 , o2 , . . . , oi1 are profitable unary operations, and the operations oi1 +1 , oi1 +2 , . . . , oi2
are profitable move operations. Since oi2 +1 is non-profitable, then according to Claim 9.11,
the move operations oi2 +1 , oi2 +2 , . . . , oi3 are non-profitable. According to the Generalized U&Me algorithm, after selecting the ith
1 operation, there is no profitable unary
operation in G. Since oi1 +1 , oi1 +2 , . . . , oi3 are all move operations, then by Claim 9.12,
the unary operation oi3 is not profitable. Thus, according to Claim 9.11, the unary
operations oi3 +1 , oi2 +2 , . . . , on are non-profitable.
Note that using Claims, 9.11, 9.13 over the U&Me multiset GU &M e , which is noncanceling according to Lemma 9.4, implies the following corollary:
Corollary 9.14 (Properties of the U&Me algorithm). The following results regarding the U&Me algorithm hold:
1. The U&Me sequence CU &M e satisfies the monotonicity property (Claim 9.11).
2. During the move phase of the U&Me algorithm, there is no profitable unary operation over the repositioned placement.
3. Suppose that the U&Me algorithm finds that there is no profitable move operation
in its move phase, and it terminates. Then, the U&Me placement, LU &M e , solves
the Static Placement Problem (namely, without reposition constraint), i.e., for
every other placement L0 , the profit of LU &M e is larger than the profit of L0 , i.e.,
P (L0 ) ≤ P (LU &M e ).
Proof. The first and the second parts follow from Claims, 9.11, 9.13. The third, can be
proven as follows: Let placement L0 6= LU &M e be a placement. There exists a multiset G
of non-canceling unary operations such that conducting all operations of G over LU &M e
yields L0 . By Claim 9.13, we derive that there is no profitable unary or move operation
over LU &M e , and therefore all operations in the U&Me-like sequence, CG = (o1G , o2G , . . .),
are not profitable and have non-positive relative profitability (Rel(i, CG ) ≤ 0). Since the
profit of L0 is equal to the profit of LU &M e plus the sum of negative relative profitabilities,
P (L0 ) =

P

i Rel(i, CG ) + P (LU &M e )

we derive the desired result.

(Observation 9.8) where Rel(i, CG ) ≤ 0 for every i,
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The Potential Function and the Proof of Theorem 9.5

As we presented in Section 9.4.2, if we show a potential function π that satisfies the
following conditions: 1) A multiset G has zero potential if and only if G = GU &M e . 2)
Theorem 9.5, which is presented below, then the optimality of the U&Me algorithm is
proven.
Theorem 9.5. Let G be a multiset of at most r unary operations with non-zero potential
(i.e., π(G) 6= (0, 0, 0)). There exists another multiset G0 of r unary operations at most
that satisfies the following properties: 1) The profit of the placement corresponding to G0
0

is not smaller than the profit of placement corresponding to G, i.e., P (LG ) ≤ P (LG ).
2) The potential of G0 is strictly smaller than the potential of G, i.e., π(G) >L π(G0 ),
with respect to the lexicography order >L .

9.7.1

The potential function

For the sake of our discussion, we define a valid multiset G as a multiset of r unary
operations at most. We denote Ĝ to be the set of all valid multisets, and Z+ the set
3

of all non-negative integers. The potential function π : Ĝ → Z+ , is composed of three
potentials functions, i.e., π(G) = (π1 (G), π2 (G), π3 (G)).
We define the first potential function π1 (G) as follows:
Definition 9.8 (First potential function π1 (G)). The U&Me multiset, denoted by
GU &M e , is the multiset of unary operations the U&Me algorithm uses to reposition its
resources (i.e., GU &M e = mult(CU &M e )). For every valid multiset G, the first potential
function is defined as the size of the difference between G and GU &M e , i.e., π1 (G) =
|G \ GU &M e |.
For example, suppose that the U&Me algorithm adds to region 1 in the first iteration,
subtracts from region 2 in the second iteration, and moves a resource from region 3 to
region 1 in the third iteration. Then, the U&Me multiset is GU &M e = {a1 , s2 , s3 , a1 }. If
G = {a1 , a3 , s3 , a1 } then the difference of G and GU &M e is G \ GU &M e = {a3 }, and thus
the potential is π1 (G) = 1. Note that the U&Me multiset contains r operations at most,
since the U&Me sequence (and thus its multiset) does not contain canceling operations.
This means, the U&Me multiset is also a valid multiset.
While the first potential function π1 is defined of the multisets G and GU &M e , and how
these multisets differ from each other, the second potential function π2 is defined over
the U&Me-like sequence CG and the U&Me sequence.
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Definition 9.9 (Second potential function π2 (G)). Let C = (o1C , o2C , . . . , okCC ) and
k0

C 0 = (o1C 0 , o2C 0 , . . . , oCC0 ) be two sequences. We say that C is a prefix of C 0 if oiC = oiC 0
for every 1 ≤ i ≤ kC . For example C1 = (a1 ), C2 = (a1 , s2 ) are prefixes of C3 =
(a1 , s2 , b3→1 ).

Let CG = (o1G , o2G , . . .) and CU &M e = (o1U &M e , o2U &M e , . . .) respectively denote the U&Melike sequence corresponding to G and the U&Me sequence. The common prefix sequence, denoted by Ccom , is the longest common prefix sequence of CG and CU &M e . Formally, this means that if we denote the length of Ccom by n, then Ccom = (o1G , o2G , . . . , onG ) =
n+1
(o1U &M e , o2U &M e , . . . , onU &M e ) and on+1
U &M e 6= oU &M e . An operation is called a common

operation if it is in Ccom . The multiset of uncommon operations of G, denote
by uncommon(G) is the unary multiset of CG operations that are uncommon with the
U&Me sequence CU &M e . Finally, the second potential function is the number of uncommon operations in G, i.e., π2 (G) = |uncommon(G)|.
For example, suppose that the sequences of G = {a1 , s3 , a1 , a1 } and GU &M e = {a1 , s4 , a3 }
are CG = (a1 , b3→1 , a1 ) and CU &M e = (a1 , b4→3 ). The common prefix sequence is
Ccom = (a1 ), and thus o1U &M e = o1G = a1 is a single common operation. The operations
o2G = b3→1 = a1 ◦ s3 and o3G = a1 of the sequence of G are not common operations.
Thus, the multiset of uncommon operations in G is uncommon(G) = {s3 , a1 , a1 }, and
the second potential function of G is equal to π2 (G) = |uncommon(G)| = 3.
Remark 9.1. There is a special case where we remove a single unary from the multiset
uncommon(G), which, for the sake of presentation, we discuss later in Remark 9.2.
The third potential function is an indicator whether G = GU &M e , as follows:
Definition 9.10 (Third potential function π3 (G)). The third potential function,
i.e., π3 (G), is equal to one if G 6= GU &M e and otherwise is equal to 0.
Of course, by the definition of the third potential function, we derive that G has zero
potential if and only if π(G) = (0, 0, 0). Thus, it is left to prove the correctness of
Theorem 9.5, in order to establish the optimality of the U&Me algorithm. In the rest of
this section, we will prove Theorem 9.5.

9.7.2

Proof of Theorem 9.5 – the special cases

We say that a multiset G0 is said to be better than a multiset G if it satisfies
the following conditions: 1) The profit of its corresponding placement increases, i.e.,
0

P (LG ) ≤ P (LG ). 2) The potential strictly decreases π(G) >L π(G0 ).
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We first considered several special cases, using the properties of the U&Me-like sequences. In these cases, it is easy to show the correctness of Theorem 9.5, i.e., show a
multiset G0 that is better than G. These special cases are presented by the following
claim:
Claim 9.15. Let G be a valid multiset with a U&Me-like sequence CG . In the following
cases, we show a multiset G0 that is better than G:
(A) If CG is a prefix of the U&Me sequence CU &M e , then GU &M e is better than G.
(B) If the U&Me sequence CU &M e is a prefix of CG , then GU &M e is better than G.
(C) Suppose that CG contains non-profitable operations, and let G0 be G where these
non-profitable operations are removed. Then G0 is better than G.
(D) Suppose G contains canceling operations, and let G0 be the valid multiset G where
canceling operations are removed. Then G0 is better than G.
To illustrate the special cases, we present an example for each respective one, as follows:
(A) If CG = (a1 ) and CU &M e = (a1 , s2 ), i.e., CG is a prefix of CU &M e , then GU &M e is
better than G. (B) If CG = (a1 , s2 , a1 ) and CU &M e = (a1 , s2 ) then GU &M e is better
than G. (C) If the multiset G = {a1 , a2 , s3 , s4 } and its U&Me-like sequence is CG =
(a1 , b3→2 , s4 ) where b3→2 , s4 are both non-profitable, then G0 = {a1 } is better than G.
(D) Suppose that CG = (a1 , s1 , s2 ). Then a1 , s1 cancel each other out and G0 = {s2 } is
better than G.
The correctness of the first part (A) is based on the fact that the U&Me algorithm
selects only profitable operations, and thus conducting further U&Me operations can
only reduce the profit. The second and third parts are based on the fact that the
last operations in CG are not profitable (i.e., Claim 9.13). The forth part follows as the
0

placements corresponding to G and G0 are identical (LG = LG ), and the U&Me multiset
GU &M e is non-canceling (Lemma 9.4). Thus, for every pair of canceling operations
{aj , sj } in G, one of these operations is not in GU &M e , and thus the first potential
function π1 (G) = |G \ GU &M e | strictly decreases.

9.7.3

Proof of Theorem 9.5 – the major cases

Suppose now that G in not one of the special cases presented in Claim 9.15. This means
that the U&Me-like sequence CG is not a prefix of the U&Me sequence CU &M e , or vice
versa, and CG contains only non-canceling and profitable operations.
In the major cases, we select one uncommon unary operation uG ∈ uncommon(G), and
one unary operation in the U&Me multiset uU &M e ∈ GU &M e . We define G0 to be G
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where uG is replaced by uU &M e , i.e., G0 = (G \ {ajrep }) ] {ajU &M e }3 . To identify uG and
uU &M e , we use the following definition of the first uncommon operation:
Definition 9.11 (First uncommon operation). Let CG = (o1G , o2G , . . .) and CU &M e =
(o1U &M e , o2U &M e , . . .) respectively denote the U&Me-like sequence corresponding to G and
to the U&Me sequence. Suppose that the length of the common prefix sequence Ccom
n+1
is n, i.e., Ccom = (o1G , o2G , . . . , onG ) = (o1U &M e , o2U &M e , . . . , onU &M e ) and on+1
U &M e 6= oU &M e .

The first uncommon operation of CU &M e is on+1
U &M e , i.e., the operation with the
minimal index in the U&Me sequence that is not in the common prefix sequence. The
first uncommon operation of CG is on+1
G , i.e., the operation with the minimal index
in the sequence of G that is not in the common prefix sequence.
For example, suppose that the sequences of G = {a1 , s3 , a1 , a1 } and GU &M e = {a1 , s4 , a3 }
are CG = (a1 , b3→1 , a1 ) and CU &M e = (a1 , b4→3 ). The common prefix sequence is
Ccom = (a1 ), and thus the length of common sequence is n = 1. The move operation
o2G = b3→1 is the first uncommon operation of CG , and o2U &M e = b4→3 is the first uncommon operation of CU &M e . Note that the first uncommon operation in both CG and
CU &M e exists since CG is not a prefix of CU &M e , and vice versa.
Remark 9.2. As mentioned in Remark 9.1, there is one special case where we remove
a single unary operation from the multiset of uncommon operations, uncommon(G),
before identifying the first uncommon operation. If the first uncommon operation of
CU &M e and CG is either an addition or a move operation, which both add to the same
region j, then a single addition to region j is removed from uncommon(G). For example,
suppose that CG = (s1 , b2→3 ) and CU &M e = (s1 , a3 ). The first uncommon operation of
CU &M e and CG is respectively b2→3 = s2 ◦ a3 and a3 . These operations are both adding
to region 3. Thus, an addition operation to region 3 is removed, and the multiset of
unary common operations in G is equal to uncommon(G) = {s2 }. In a similar way,
if the first uncommon operation of CU &M e and CG is either a subtraction or a move
operation, which both remove from the same region j, then a single subtraction from
region j is removed from uncommon(G).
Based on the characteristics of on+1
and on+1
G
U &M e we next define the first uncommon unary
operation uU &M e according to the following cases:
(A) The first uncommon operation in CU &M e adds to region jU &M e , and the first uncommon operation in CG does not add to that region. For example, if CG =
(a1 , b3→1 , a1 ) and CU &M e = (a1 , b4→3 ) the first uncommon operation in CU &M e ,
3

The multiset sum ] of two multisets A and B is a multiset C = A ] B such that every element
that appears xA and xB times in, respectively, A and B will appear xC = xA + xB in C. For example,
if A = {1, 1, 2} and B = {3, 4, 1} then C = {1, 1, 2, 3, 4, 1}.
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o2U &M e = b4→3 , is a move operation that adds to region jU &M e = 3 while the first
uncommon operation of CG does not add to that region. In this case, we define
uU &M e = ajU &M e , the addition operation to jU &M e .
(B) Suppose that case (A) does not hold. If the first uncommon operation in CU &M e
subtracts from region jU &M e and the first uncommon operation in CG does not
subtract from that region, we define uU &M e = sjU &M e .
In both cases, the unary U&Me operation uU &M e is replacing an uncommon operation
in G. Note that either case (A) or case (B) holds, according to the following observation:
Observation 9.16. Either one of the following conditions holds: 1) The first uncommon
operation in CU &M e adds to region jU &M e , and the first uncommon operation in CG does
not add to that region. 2) The first uncommon operation in CU &M e subtracts from region
jU &M e and the first uncommon operation in CG does not subtract from that region.
This follows as the first uncommon operation in CU &M e , on+1
U &M e , differs than the first
n+1
uncommon operation in CG , i.e., on+1
U &M e 6= oG . A formal proof can be seen in Ap-

pendix g.
For the sake of presentation, we will assume without loss of generality that case (A)
holds, i.e., the unary U&Me operation is an addition operation to region jU &M e , i.e.,
uU &M e = ajU &M e . The proof for case (B) is symmetric to case (A).
We show in Appendix g that the multiset of uncommon operations of G does not contain
an addition to region jU &M e .
Claim 9.17. Suppose that ujU &M e = ajU &M e . Then, there is no uncommon operation in
CG that adds to region jU &M e , i.e., ajU &M e 6∈ uncommon(G).
For example, if CG = (a1 , b3→1 , a1 ) and CU &M e = (a1 , b4→3 ) then the first uncommon
operation in CU &M e , o2U &M e = b4→3 , is a move operation that adds to region jU &M e = 3,
while the unary multiset of uncommon operation G is {a1 , s3 , a1 }, which does not contain
ajU &M e = a3 .
The correctness of Claim 9.17 is shown by way of contradiction. If the claim does not
hold, then based on the greediness of the U&Me sequence, the first uncommon operation
in CG would add to region jU &M e , which contradicts case (A).
Based on the structure of the multiset of uncommon operations uncommon(G), the
following claims show how to select operation uG , the uncommon operation for which
uG is replaced by uU &M e = ajU &M e to construct the better multiset G0 :
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Claim 9.18. Suppose that uncommon(G) contains an addition operation that adds a
resource to region jrep . Suppose that the first uncommon operation in the U&Me sequence
adds to region jU &M e , while the first uncommon operation in G sequence does not. Let
G0 be the unary multiset G, where the addition to region jrep is replaced by an addition
to region jU &M e , i.e., G0 = (G \ {ajrep = uG }) ] {ajU &M e }. Then, G0 is a valid multiset
0

that satisfies P (LG ) ≤ P (LG ).
Claim 9.19. Suppose that uncommon(G) contains only subtraction operations. Suppose
that the first uncommon operation in the U&Me sequence adds to region jU &M e . Suppose
that the first uncommon operation in CG subtracts from region jrep . Let G0 be the
unary multiset G, where the subtraction of jrep is replaced by an addition of jU &M e ,
i.e., G0 = (G \ {sjrep = uG }) ] {ajU &M e }. Then, G0 is a valid multiset that satisfies
0

P (LG ) ≤ P (LG ).
Since G is a valid multiset (i.e., a multiset that contains up to r unary operations) then
G0 must be also a valid multiset. We can use Claim 9.18 if the uncommon multiset,
uncommon(G), contains at least one addition operation, while Claim 9.19 is used if
uncommon(G) contains only subtraction operations.
Below we present in examples for the use of Claim 9.18,9.18 in, respectively, Examples 9.2, 9.3, as presented below:
Example 9.2. Suppose that the sequences of multisets G = {a1 , s2 , a3 } and GU &M e =
{a1 , a3 , a4 } are CG = (a1 , s2 , a3 ) and CU &M e = (a1 , a4 , a3 ). The first uncommon operation in the U&Me sequence is o2U &M e = a4 , i.e., adds to region jU &M e = 4 (i.e.,
ujU &M e = ajU &M e = a4 ). The uncommon operations in G are o2G = s2 and o2G = a3 and
therefore uncommon(G) = {s2 , a3 }. Since uncommon(G) contains an addition operation uG = a3 , we use Claim 9.18, where the replaced addition operation is ajrep = a3 .
Claim 9.18 implies that the multiset

G0 = (G \ {ajrep }) ] {ajU &M e } = ({a1 , s2 , a3 } \ {a3 }) ] {a4 } = {a1 , s2 , a4 }

(9.11)

0

satisfies P (LG ) ≤ P (LG ).
Example 9.3. Suppose that the sequence of G = {a1 , s2 , s3 } is CG = (a1 , s2 , s3 ) and the
U&Me sequence is CU &M e = (a1 , a2 ). The multiset of uncommon unary operations in G
i.e., uncommon(G) = {s2 , s3 }, contains only subtraction operations. The first U&Meuncommon operation adds to region jU &M e = 2 (uU &M e = a2 ) and the first uncommon
operation in CG subtracts from region jrep = 2 (ug = s2 ). Thus, according to Claim 9.19
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the multiset
G0 = (G \ {ajrep }) ] {ajU &M e } = {a1 , a2 , s3 },

(9.12)

0

satisfies P (LG ) ≤ P (LG ).
The proof of Claim 9.18 is done by showing that the profitability of moving a resource
from region jrep to region jU &M e is profitable over the placement LG corresponding to
G. The proof of Claim 9.19 uses a different technique: we show that replacing sjrep by
ajU &M e in the U&Me-like sequence CG can only increase the relative profitability of all
operations in the sequence. The proof of both claims is technical.
Next, we establish that in both cases, the potential of G is lexicographically greater than
that of G0 :
Claim 9.20. Suppose that uncommon(G) contains a unary operation uG . Let G0 be
the unary multiset G where u is replaced by an addition of jU &M e , i.e., G0 = (G \
{uG }) ] {ajU &M e = uU &M e }. Then, the potential of G is lexicographically greater than
the potential of G0 . More formally, we show that:
(1) The number of operations not in the U&Me multiset cannot increase, i.e., π1 (G) =
|G \ GU &M e | ≤ |G0 \ GU &M e | = π1 (G0 ).
(2) The number of uncommon operation is strictly reduced, i.e., π2 (G) = |uncommon(G)| >
|uncommon(G0 )| = π2 (G0 ).
The correctness of the first part follows, as operation ajU &M e is a U&Me operation, and
thus the replacement, G0 = (G \ {uG }) ] {ajU &M e }, cannot decease the first potential.
Note that equality happens in case the replaced operation uG is also a U&Me operation
in GU &M e . The second part follows, as uG is an uncommon operation of G, and we
show that according to the U&Me greediness, ajU &M e must be a common operation of
G0 .
Finally, the combination of Claims 9.20, 9.18, and 9.19 constructs the proof of Theorem 9.5.
Example 9.4. Let us take the setting in Example 9.2, i.e., the sequences of multisets G =
{a1 , s2 , a3 } and GU &M e = {a1 , a3 , a4 } are CG = (a1 , s2 , a3 ) and CU &M e = (a1 , a4 , a3 ).
We replace the operation uG = a3 in the uncommon set, uncommon(G) = {s2 , a3 },
by the first uncommon operation in CU &M e , i.e., operation ajU &M e = a4 , and derive
that G0 = {a1 , s2 , a4 } (according to Eq. (9.11)). The first potential function of these
multisets is equal both to 1 (i.e., π1 (G) = π1 (G0 ) = |{s2 }| = 1). However, we will
show in the next paragraph that the second potential function of G is decreasing, i.e.,
π2 (G) = |uncommon(G)| = 2 > |uncommon(G0 )| = π2 (G0 ) = 1.
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The multiset G contains one common operation (a1 ), and two uncommon operations
(s2 , a3 ). Replacing a uncommon operation uG = a3 by another operation can only
reduce the multiset of uncommon operations (i.e.,|uncommon(G)| ≥ |uncommon(G0 )|).
We claim that the new operation, i.e., ajU &M e = a4 , must be a common operation
with the U&Me sequence CU &M e = (a1 , a4 , a3 ) in G0 , i.e., ajU &M e ∈
/ uncommon(G0 ).
This follows from the greediness of the U&Me algorithm: the operations a1 and a4
are respectively the most profitable unary operations over Linit and a1 (Linit ). Thus,
the sequence of the multiset G0 = {a1 , a4 , s2 } should be CG0 = (a1 , a4 , s2 ), a4 is a
common operation of both CG0 and CU &M e , and |uncommon(G)| is reduced by one, i.e.,
|uncommon(G0 )| = π2 (G0 ) = 1.

9.8

Performance Evaluation

We use synthetic simulations along with real demand traffic, taken from [5], to numerically evaluate the algorithm and the solution. We are interested in examining how the
reposition parameter r affects system performance and its efficiency, in cases of demand
changes and disaster recovery.

9.8.1

Demand shift & disaster recovery

We start by evaluating the efficiency of resource reposition in response to a demand
change under synthetic demand. We consider a system with k = 2 regions of opposite
time zones (e.g., Chicago and Beijing), so while one region is subject to day-time demand
D1 ∼ N (400, 1002 ) (i.e., Normal demand with (mean, stdvar)= (400,100)), and the other
is subject to night-time demand D2 ∼ N (25, 52 ).
We assume a profit function as in Eq (9.1) where the cost and revenue functions are
linear and the revenue from serving a local request is 1.5 larger than that of a remote
request.
We assume that an initial placement L(0) has been optimized to meet the demand at
time 0. Now, when time changes (12 hour shift) and the demands flip (D1 ⇔ D2 )
between the regions, the operator is interested in repositioning the resources, while it is
constrained by the number of resources (r) it can reposition.
In Figure 9.3, we depict the relative profit of U&Me as a function of the allowed
repositions (as a fraction of the number of repositions that achieve optimal placement). The profit is normalized compared to the optimal unconstrained placement.
Also depicted is the plot for a three-region system, with an additional region of demand
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Figure 9.3: Effect of repositioning on profit - response to a demand shift.
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Figure 9.4: Effect of repositioning on profit - response to disaster.

D3 ∼ N (100, 202 ). The demand in this case shifts cyclically across regions every 8
hours.
The figure demonstrates that resource repositions can increase revenue by a factor of
about

1
0.7

≈ 1.43 (70% to 100%). Further, it is demonstrated that repositioning under

constraints can be quite effective, whereby more than 90% of the profit can be achieved
by repositioning only 40% of the resources.
Next (Fig 9.4) we demonstrate how repositions behave in response to a failure. We
consider the previous synthetic three-region example, and assume that the resource
placement was optimized for that settings. Now, the region with a data center located
at the high demand region experiences a failure such that no resource in the region can
be used. This causes the profit to instantly drop by almost (80000−20000)/80000 = 75%
(!), and forces the optimal (reposition-unconstrained) placement not to use resources in
that region. U&Me increases the profit significantly using a small number of repositions;
e.g., 60% of the repositions yield 90% of the after-disaster optimal profit, increasing its
initial profit (50000/20000) = 2.5 times.
In Figure 9.5, we examine the sensitivity of performance to the ratio between satisfying
a request remotely and locally. The figure demonstrates, as one could expect, that the
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Figure 9.6: Follow the sun ("real" data).

profit resulting from repositions decreases with this ratio (a ratio of 1 should entail no
benefit from repositioning).

9.8.2

"Follow the sun" on "real" demand

We next evaluate how U&Me operates when demand "follows the sun" and the algorithm
is used over successive time periods. In every 8-hour period the demands shift cyclically
across the regions and the operator repositions up to r resources between periods.
With the lack of real demand data, we use data from [5] that reflects the total demand
in a whole data center; we expect that this data significantly underestimates the effect
of the algorithm since its over-time variation should be significantly smoother than that
of a real application (smoothing due to merging demands of many sources). Using that
data, we consider k = 3 regions where in every 8 hours the demands shift cyclically over
D1 ∼ N (334, 1152 ), D2 ∼ N (504, 1002 ), D3 ∼ N (186, 552 ).
In Figure 9.6, we depict the profit as a function of the reposition parameter r for four
successive time periods (spreading over one day where period 0 is the initial one and
the demand at period 3 is cyclically identical to it). The figure demonstrates that using
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Figure 9.7: Sequential operation of repositions under periodic demand.

a small number of repositions yields poor performance at the first and second periods
(since resource placement is not optimized); increasing r to the value of 200 drastically
improves the performance at these periods, while slightly degrading that of period 3
– and thus the overall benefit is very significant. Further, increasing r to 800 yields
optimal performance in all periods.

9.8.3

Sequential operation of repositions

An important question is how one should reposition resources in environments where the
demand distribution continuously changes; for example, consider the case of Figure 9.6,
where changes continue to occur for many periods. A very simplistic approach is to
optimize the resources once, and then at every eight-hour period to conduct a reposition
in response to the new demand. Figure 9.7 demonstrates the performance of such an
approach on a setting that is similar to that used in Figure 9.6. The figure depicts the
performance as a function of the period index (where periods 0, 1, and 2 represent the
first day. Periods 3, 4, and 5 represent the second day, and so on) and as a function of
the constraint on the number of repositions allowed per period. The reader may observe
that when the number of repositions allowed is very small (0-100), periods 0, 3, 6, 9
benefit from optimal performance, leading periods 1, 4, 7 to suffer from sub-optimal
performance (as expected). When the constraint increases, all periods converge to close
to optimal performance.
The approach described above (optimize at period 0 and reposition using U&Me at all
other periods) is very logical and quite effective/efficient when the future demands are
not known to the operator in advance.
An interesting open question is how to position and reposition the resources in the event
that all future demands (possibly periodic) are known to the operator. This is the
subject of an ongoing research. The low complexity of U&Me allows us to utilize it as
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an efficient building block in a wider framework algorithm that seeks optimality over a
collection of periods.

Chapter 10

The Constrained-Reposition
Placement Problem – Multi-Type
(ConRePP-2)
In this chapter, we solve the general Constrained-Reposition Placement Problem (ConRePP2) in a multi-type system that is capacity-constrained, i.e., there is a bound over the
global number of resources a placement can contain. We show in this chapter that the
problem is hard, and cannot be solved unless there is a solution for an old open problem
in graph theory, called the Exact Perfect Matching Problem. Then, we provide a
polynomial greedy heuristic solution called The Shortest Cycle Operation (SCO)
algorithm, which is a generalization of the optimal solution the problem for the singletype environment(U&Me algorithm). In addition, we present another heuristic algorithm
called The Shortest Cycle Canceling (SCC) algorithm in Section 10.3. Finally,
based on fundamental sensitivity properties of resource repositioning (Chapter 8), we
create the Hybrid algorithm. We provide simulations and analysis of these heuristic
algorithms. The work in this chapter was published in [1], except the SCC algorithm
(Section 10.4), which has not yet been published.

10.1

Problem formulation

We denote by D = {Dij } a demand and by L = {Lji } a placement, where Dij and Lji are,
respectively, the demand and the placement of type i resources in region j. The profit
of a placement L with respect to demand D in a single-type system is equal to:
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P (L, D) =

m X
k
X
j

m
X

i=1 j=1

i=1

ζi (Lji , Dij ) +

ζi (Li , Di ) +

k
X

ζ j (Lj ),
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(10.1)

j=1

where,
ζij (Lji , Dij ) = Rij · EDj [min(Lji · Bi , Dij )] − Cij (Lji ),

(10.2)

ζi (Li , Di ) = Ri · EDi [min(Li · Bi , Di )] − Ci (Li ),

(10.3)

i

ζ j (Lj ) = −C j (Lj ),

(10.4)

are the marginal profit functions (the formulation is similar to Chapter 3 ).
The problem addressed in this chapter poses the repositioning challenge, where the
demand is a random variable that changes over time. A natural motivating example for
this challenge is the familiar difference between stochastic demands during day or night.
A naive approach for optimal response to dynamic demand is to achieve an optimal
placement in response to any change. However, this strategy might be expensive in
the number of repositions, and it might be infeasible to implement due to limitations
of operating new servers or turning them off. Thus, the optimal placement problem
becomes a Repositioning Problem: given initial placement L(t) at period t what is the
optimal placement that can be achieved under a constraint of allowing up-to r operations
(each operation is a single addition or subtraction of a resource)? The problem is
formulated as follows:

Constrained-Reposition Placement Problem MultiType (ConRePP-2)
Assumptions:

None.

Input:

A demand D(t + 1) = {Dij (t + 1)} of period t + 1, placement L(t) =
{Lji (t)} of period t, a reposition bound r.

Problem:

Find the optimal placement of period t + 1, L(t + 1) = {Lji (t + 1)}
that maximizes the profit P (L(t + 1), D(t + 1)) in Eq. (10.1), under
the reposition constrain:

Pk

j=1

j
i=1 |Li (t)

Pm

− Lji (t + 1)| ≤ r.

Note that if r = ∞, then the problem is to find an optimal placement with respect to
a demand D(t + 1) (and regardless of repositions)1 . This is, eventually, the placement
problem presented in Chapter 7 (SPP-4). For this chapter, we call that problem the
Unconstrained-Reposition Placement Problem.
Remark 10.1. To simplify the technicalities of the analysis specifically in this section –
we do not allow placements to contain an infinite number of resources, and bound the
1

There might be multiple optimal placements.
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size of a placement L by a large enough total storage value (abbreviated as storage
constant) s. This means that every placement should include up to

Pk

j=0 L

j

≤ s

resources. This is as opposed to the analysis presented in Chapter 7, where we assume
that there is no such storage constant. Our provided algorithms do not depend on the
storage constant s.
The focus of this chapter is on the Constrained-Reposition Placement Problem (ConRePP2), which we show to be hard to solve, and for which we provide an heuristic solution.
The Unconstrained-Reposition Placement Problem (SPP-4) is solved as seen in Chapter 7.

10.2

Hardness of the Constrained-Reposition Problem

In this section, we prove the hardness of the Constrained-Reposition Placement Problem
(ConRePP-2); specifically, we show that if there is an optimal polynomial2 solution for
the Constrained-Reposition Problem – then there is a polynomial solution to the Exact
Perfect Matching Problem3 . The question whether the Exact Perfect Matching problem
has a polynomial time solution has been considered to be a well-known open problem
in graph theory for almost 30 years ([19–21]). One may, therefore, conjecture that
ConRePP-2 cannot be solved in polynomial time. We show that the hardness of the
ConRePP-2 remains true even if the marginal profit functions ζij (defined in Eqs. (3.6)(3.8)) are linear functions with limitations (See Remark 10.2 in the sequel).
For the sake of proving the hardness we define the Fair Christmas Game Problem, and
show a polynomial reduction from the Fair Christmas Game Problem to ConRePP-2.
Then, in Appendix i we show that there is a polynomial reduction from the Exact Cycle
Sum Problem to the Fair Christmas Game Problem. The Exact Cycle Sum Problem
was proven to be polynomially equivalent to the Exact Perfect Matching Problem (i.e.,
there is a polynomial solution to one problem iff there is a polynomial solution to the
other problem).
2

Polynomial in the reposition constant r, the number of regions k, and the number resource types
m. See Remark 1.3 in Chapter 1.
3
Given a graph where edges are colored in red or blue and a parameter k, the Exact Perfect Matching
Problem asks for a perfect matching that has exactly k red edges; a perfect matching is a set of edges
covering all vertices such that no two edges share a vertex.
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The Fair Christmas Game Problem and its reduction to the
Constrained-Reposition Placement Problem(ConRePP-2)

The Fair Christmas Game Problem is formulated for the sake of proving that the
ConRePP-2 is hard. In a Christmas Game, there are n players where each of them
has n Christmas gifts which they can send to their friends. In a fair game every player
that receives x gifts must send x gifts. We assume a player can give only a single gift
to a friend, and she can give gifts only to players that she defines as her friends. We
denote Si to be the set of player-i’s friends, and define Ŝ = {S1 , S2 , . . . , Sn } to be the
friend list of all players.
The Fair Christmas Game Problem is formulated as follows:

Fair Christmas Game Problem
Input:

A parameter k, the number of players n, the friend list Ŝ =
{S1 , S2 , . . . , Sn } of the players.

Problem:

Is there a fair game in which a total number of k gifts are delivered
between players?

We first show that the Fair Christmas Game Problem can be reduced to ConRePP-2
by showing that every instance of the former can be formulated as an instance of the
latter, and thus conclude that ConRePP-2 is hard, at least as the Fair Christmas Game
Problem:
Theorem 10.1. There is a polynomial reduction from the Fair Christmas Game Problem to ConRePP-2.
Proof of Theorem 10.1. We construct the reduction by creating an instance of ConRePP2 consisting of n regions (region j represents player j), and n resource types (resource
type i represents the gifts originated by player i, called type i gifts). Under this construction, a placement L = {Lji } represents the number of type i gifts possessed by
player j. We consider the placement of period t, L(t) = {Lji (t)}, to represent the state
of the gifts prior to giving them; that is Lii (t) = n (player i possesses n copies of gift
i) and Lji (t) = 0 for i 6= j (no one has yet been given a gift). The placement L(t + 1),
resulting from the reposition, corresponds to the states of the gifts after they are given.
This means that if Lji (t + 1) = 1 for i 6= j then player i sends to player j a gift.
Given the friend-list Ŝ = {S1 , S2 , . . . , Sn } of a Fair Christmas Game instance, a placement of gifts L is called Ŝ-valid if for every i 6= j, the number of type i gifts player j
possesses is either zero or one (i.e., Lji ∈ {0, 1}) and in case player j possesses a single
gift from player i, then j is a friend of i according to Ŝ (i.e., if Lji = 1 then j ∈ S(i)). We
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say that a placement is balanced if every player possesses exactly n gifts (Lj = n for
every player j) and if every gift type appears exactly n times in the placement (Li = n
for every gift type i). It is obvious that the initial placement L(t) is balanced and Ŝ-valid
for every Ŝ. If a placement is not Ŝ-valid or it is not balanced, it is called, respectively,
an Ŝ-invalid placement or an imbalanced placement.
We construct the marginal profit functions ζi , ζ j and ζij such that balanced and Ŝ-valid
placements will be more profitable than imbalanced placements and Ŝ-invalid placements; such a construction will force the solution for ConRePP-2 to be balanced and
Ŝ-valid. The functions are selected as follows:

ζi (x, Di ) = ζ j (x) =

ζij (Lji , Dij ) =


x · (n2 + 1)

if x ≤ n.

−∞

otherwise.




0




if i = j or Lji = 0.





−∞

otherwise.

1

if i 6= j, j ∈ S(i) and Lji = 1.

(10.5)

(10.6)

It is easy to see that under these functions the following holds:
1. The functions are concave and are legitimate for using in ConRePP-2 (where we
set the revenue constants in Eqs. (3.6), (3.7) to be zero, i.e., Ri = Rij = 0).
2. The profit of L(t) according to Eq. (3.5) is P (L, D) = 2n2 (n2 + 1).
3. For every i, j we have ζij (Lji , Dij ) ≤ 1. Thus, the sum of ζij is bounded from above
by n2 .
4. The profit of an Ŝ-invalid placement is −∞ according to Eq. (10.6).
5. The profit of an imbalanced placement must be < 2n2 (n2 + 1) since the sum of ζi
and ζ j is ≤ 2n2 (n2 + 1) − (n2 + 1) and the sum of ζij is ≤ n2 .
6. The profit of any placement which is Ŝ-valid and balanced is ≥ 2n2 (n2 + 1) (the
term 2n2 (n2 +1) results from Eq. (10.5), and Eq. (10.6) cannot decrease the profit).
7. Thus, placements which are Ŝ-valid and balanced are more profitable than imbalanced placements or Ŝ-invalid placements. This implies that the optimal solution
must be balanced and Ŝ-valid.
The structure of L(t) and the fact that the optimal constrained placement for period
t + 1 (L(t + 1)) must be balanced and Ŝ-valid implies that L(t + 1) must obey:

The Constrained-Reposition Placement Problem – Multi-Type (ConRePP-2)

130

1. In the transformation from L(t) to L(t + 1), no gifts are created or lost (thus they
are only moved between players).
2. The total number of gifts possessed by each player is kept constant (is equal to
n). So the number of gifts player i gives is identical to the number of gifts player
i received.
3. For i 6= j, the number of type i gifts player j possesses is either 0 or 1. In case
this number is equal to 1, then j ∈ S(i) i.e., player i can send a gift to player j
in a Fair Christmas Game with the friend-list Ŝ. Thus,

j
j
j
j ζi (L(t + 1)i , Di )

P P
i

is

equal to the number of gifts delivered between players in a Fair Christmas Game
with friend-list Ŝ.
4. The profit of a balanced and Ŝ-valid placement is 2n2 (n2 + 1) +

j
j ζi (L(t

P P
i

+

1)ji , Dij ).
These properties derive the following claims:
Claim 10.2. If L(t+1) is the optimal placement of period t+1 – then the transformation
from L(t) to L(t + 1) must represent a Fair Christmas game. Moreover, if the profit of
L(t + 1) is 2n2 (n2 + 1) + k – then the number of gifts delivered between players in the
corresponding Fair Christmas game is k.
Claim 10.3. Given a friend list Ŝ, any fair game corresponding to Ŝ where k gifts
are delivered between players can be modeled by a placement L(t + 1) with profit of
2n2 (n2 + 1) + k.
These claims show that the solution to the Fair Christmas Game can be found by finding
the optimal reposition, as required.
Remark 10.2. The marginal profit functions ζi , ζ j , ζij (Eqs. 10.5, 10.6) are all linear
functions with limitations over the number of type i resources, the number of region j
resources, and type i region j resources.

10.2.2

Hardness of the ConRePP-2

The following theorem, proved in Appendix i, establishes the hardness of the Fair Christmas Problem. This is done by first showing that the Fair Christmas Game Problem is
as hard as the Exact Cycle Sum problem, a problem that was introduced in [19].
Theorem 10.4. There is a polynomial reduction from the Cycle Sum Problem to the
Fair Christmas Game Problem.
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Then we quote a result of Papadimitriou et al. [19] showed that the Exact Cycle Sum
Problem is at least as hard as the Exact Matching Problem:
Theorem 10.5 ([19]). There is a polynomial reduction from the Exact Matching Problem to the Cycle Sum Problem.
Theorems 10.4, 10.5 derive that a polynomial solution for the Fair Christmas Game
Problem implies a polynomial solution for the Exact Matching Problem4 . Combining it
with Theorem 10.1 implies the hardness of Constrained-Reposition Placement Problem
(ConRePP-2) as follows:
Corollary 10.6. The Constrained-Reposition Placement Problem (ConRePP-2) is hard
as the Exact Matching Problem. I.e., if there is a polynomial solution to the ConRePP-2
– then there is a polynomial solution to the Exact Matching Problem.
Finally, to imply the hardness of the Constrained-Reposition Placement Problem we
observe that polynomially solving the Exact Matching Problem is a studied and wellknown problem which has been open for almost 30 years ([19–21]), and graph theory
experts have not yet solved it. Providing a polynomial solution to the ConstrainedReposition Problem might be infeasible, and would imply a polynomial algorithm to
solve the Exact Matching Problem.

10.3

The Shortest Cycle Operation (SCO) Algorithm

As there is no polynomial time solution for the Constrained-Reposition Placement Problem (as shown in Section 10.2) we present a pseudo-polynomial heuristic algorithm called
SCO that solves the problem. We prove that SCO finds an optimal solution in the following cases: 1) If the reposition bound r is very large; in particular, SCO can find the
unconstrained optimal placement (r = ∞). 2) If the reposition bound r is very small.
3) In a single-region system, or a single-type system.
The SCO algorithm was published in [1].

10.3.1

Description of SCO

To describe SCO we use the following definitions:
4
It can be shown that the problems are equivalent; however, for the sake of this work, this is not
required.
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Definition 10.1. An operation o is a composition of unary operations (i.e., addition
or subtraction operations). The length l of an operation o is the number of repositions
the operation does.
For example, suppose o is the operation that adds two resources of type 1 to region 1,
and substrates one resource of type 2 in region 1. If L is a placement such that L11 = 2
and L12 = 2 then the placement L0 = o(L) has four resources of type 1 in region 1, and
one resource of type 2 in region 1 (L0 11 = 4 and L0 11 = 1). The operation o repositions
three resources and thus its length is l = 3. It can be seen that an operation that is
a composition of l unary operations can be of length smaller than l, if the operations
cancel each other out.
Definition 10.2. Given the demand D, the profitability of an operation o over placement L, denoted by ∆(o, L), is the marginal profit of using o over L, i.e., ∆(o, L) =
P (o(L), D) − P (L, D). The operation o is called profitable over L if ∆(o, L) > 0.
For example, suppose the demand D11 is deterministic, is equal to 5, and the profit
function is P (L, D) = 5 · min(L11 , 5) − 4 · L11 . Then, the profitability of removing a single
resource of type 1 from region 1 is ∆(o, L) = [5 · min(L11 − 1, 5) − 4 · (L11 − 1)] − 5 ·
min(L11 , 5) + 4 · L11 which equals 4 if L11 ≥ 6 and −1 if 1 ≤ L11 ≤ 6. Of course, the
operation is profitable if L11 ≥ 6.
Definition 10.3. Given a placement L a shortest profitable operation of L is a
profitable operation o of length l such that: 1) The length of every profitable operation
o0 is not less than l. 2) If o0 is an operation of length l, then o is more profitable than
o0 , i.e., ∆(o, L) ≥ ∆(o0 , L).
It should be noted that every two shortest profitable operations of the same placement
L have the same profitability and the same length. Also, unless L is an optimal unconstrained solution, there exists at least one profitable operation, and thus a shortest
profitable operation exists.
To this end the SCO algorithm finds, given an initial placement L(t) at period t, the
optimal placement with respect to a new demand D(t + 1) that can be achieved under
a reposition constraint, as described as follows:
SCO algorithm: We set initially A(0) ← L(t). In each iteration i, we find the shortest
profitable operation oi for placement A(i) and set A(i + 1) ← oi (A(i)). SCO terminates
in one of the following conditions: 1) The placement A(i) is the optimal unconstrained
solution for D(t + 1). 2) The reposition constraint will be violated. 3) The algorithm
runs for r iterations at most. We next present an implementation of the SCO algorithm
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in a polynomial time. Below, we describe a running example of SCO regardless of its
implementation.
Consider a system with two regions and a single resource type. The demand distributions
D11 and D12 are deterministic, and are equal to 5 and 3, respectively. The profit function
is P (L, D) = min(L11 , 5) + min(L21 , 3) + p1 · min(L1 , 8) − p2 · L11 , where p1 >> p2 >> 1
are constants. The initial placement is set to A(0) = L(t), where L11 (t) = 6, L21 (t) = 1
and the reposition bound is r = ∞, i.e., the reposition constraint cannot be violated.
One can check that the optimal unconstrained placement is (L11 = 5, L21 = 3). The
profitability of adding a single resource to A(0) in regions 1 and 2 is equal to p1 − p2 > 0
and 1+p1 −p2 > 0, respectively. The profitability of removing a single resource from A(0)
in regions 1 and 2, is respectively, p2 − p1 < 0 and p2 − p1 − 1 < 0. Thus, the shortest
profitable operation adds a single resource to region 2, and SCO sets A(1) = (6, 2).
SCO will continue to the next iteration as the reposition constraint is not violated and
A(1) = (6, 2) is is not the optimal unconstrained solution and the algorithm cannot run
for infinite iterations.
An addition or a subtraction operation over A(1) is not profitable: adding a resource
has a profitability c − p2 < 0 where c is a constant, while removing a resource has a
profitability of p2 − p1 + c < 0. Thus, there is no profitable unary operation (i.e., a
profitable operation of length 1).
The SCO thus finds a shortest profitable operation of length l ≥ 2. One might check
that SCO in the second iteration adds to region 2 and subtracts (removes) from region
1. SCO will terminate after two iterations, as A(2) = (5, 3) is the optimal unconstrained
solution.
Remark 10.3. If the reposition bound in the above running example was r = 1 or r = 2,
then SCO terminates after the first iteration due to the reposition constraint violation
and returns the placement A(1) = (6, 2). For a reposition bound larger than 3, SCO
returns A(2) = (5, 3).

10.3.2

Key properties of the SCO algorithm

Next, we establish the key properties of SCO presented in the following theorems:
Theorem 10.7 (Optimality of SCO in a single-region system or a single-type
system). In systems with a single region or with a single resource type, SCO will return
an optimal solution for the Constrained-Reposition Placement Problem (ConRePP-2).
Proof. For a single-type system, we show that the U&Me algorithm in Chapter 9 solves
the problem. The U&Me algorithm first conducts a sequence of unary operations of
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length l = 1 (as long as they are profitable), followed by a sequence of operations of
move operations of length l = 2 (as long as they are profitable). This yields the optimal
solution for the Constrained-Reposition Placement Problem. It is easy to see that SCO
follows that algorithm and therefore yields the optimal result. The proof holds similarly
for a single-region system.
Theorem 10.8 (Optimality of SCO for small reposition bounds). For every system there is a constant r1 such that running SCO over a reposition bound r ≤ r1 returns
an optimal solution for the Constrained-Reposition Placement Problem. In particular,
it can find the optimal unconstrained solution for a large enough r.
Proof. Suppose the shortest profitable operation of L(t) is of length l. Then, for every
r ≤ l − 1 there is no profitable operation of length r that can improve the profit of L(t).
To this end, we set r1 = l − 1, and for every r < r1 SCO finds an optimal solution for
the Constrained-Reposition Placement Problem5 .
Theorem 10.9 (Optimality of SCO for large reposition bounds). For every
system there is a constant r2 such that running SCO over a reposition bound r ≥ r2
SCO returns an optimal unconstrained solution. In particular, for r ≥ r2 , SCO solves
the Constrained-Reposition Placement Problem.
Remark 10.4. Theorem 10.9 holds due to the fact that every placement should contain
up to s resources, where s is the total storage value. If there is no bound over the number
of possible placements – then the theorem, theoretically, might not hold.
Proof. Let D = D(t + 1) be the new demand in period t + 1 and L(t) the placement
in period t. To prove that there is such r2 we use the fact that every placement should
contain up to s resources, and thus there exists a finite number of placements. We
order all possible placements by their profit (according to the demand D). That means,
P (L1 , D) ≥ P (L2 , D) ≥ P (L3 , D) . . . P (Ln , D) where L1 is the optimal unconstrained
solution, and Ln is the placement with the lowest profitability. For every placement L
we define its rank rank(L) as the index of L in the order (if rank(L) = 1 then L is the
optimal unconstrained placement).
We observed that the following properties hold:
• Placements with higher profits have smaller ranks. That means, given two placements L and L0 such that L0 has a higher profit than L (i.e., P (L0 , D) > P (L, D))
then the rank of L0 is smaller than that of L0 (i.e., rank(L0 ) ≤ rank(L) − 1).
5
It can be shown that for r1 = l SCO finds an optimal solution for the Constrained-Reposition
Placement Problem.
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• SCO improves the profit of the previous placement i.e., the profit of the placement
computed in the ith iteration is larger than the profit of the placement computed
in the i − 1th iteration. That means, P (A(i − 1), D) < P (A(i), D).
We derive from both properties that the rank of the placement A(i) is rank(A(i)) ≤
rank(A(i − 1)) − 1 ≤ . . . ≤ rank(A(0)) − i = rank(L(t)) − i. Thus, regardless of
the reposition bound r, SCO must terminate after, at most, q = rank(L(t)) iterations.
Otherwise 1 ≤ rank(A(q)) ≤ rank(L(t)) − q = 0 – a contradiction.
Suppose we run SCO over r = ∞, and after qmin < q iterations SCO finds the optimal
unconstrained solution and terminates. We define r2 to be a big enough reposition bound
that enables SCO to run qmin iterations without violating the reposition constraint. We
set
r2 =

max

1≤i≤qmin

m X
k
X

|Aji (i) − Lji (t)| + 1.

i=1 j=1

Then, the placement SCO finds that in the ith iteration Aji (i) cannot violate the reposition constraint for every 1 ≤ i ≤ qmin . Thus, SCO will not terminate until it finds the
optimal unconstrained solution after qmin iterations.

10.3.3

Implementation of the SCO algorithm – outline

Finding the shortest profitable operation is not trivial. The number of available operations is equal to the number of placements that are bounded by a large storage number
s, and therefore the number of possibilities that must be examined can be very large
(exponential by s); checking if there is a profitable operation may not be simple to implement, let alone in polynomial time. We next propose a polynomial time algorithm
that addresses this problem, namely that given a placement L over demand D it finds
its shortest profitable operation.
Our strategy is as follows: First (Section 10.3.4), we narrow down the space of shortest
profitable operations to operations of very specific characteristics, called extended chains
that, roughly speaking, can be described as a sequence of move operations between
regions (rather than an arbitrary sequence of add and subtract operations). We show
that only these operations are candidates to be the shortest profitable operation and
this is the key for our algorithm. Second (Section 10.3.5), we analyze the profitability
of these extended chains; roughly speaking, we show that the profitability is equal to
the sum of the profitability of each of the move operations. Lastly (Section 10.3.6) we
use this information to construct a graph (see Figure 10.1), whose nodes represent the
regions and an edge connecting i to j represents the move operation from region i to
j where the edge cost is the profit of the corresponding move. This implies that an
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extended chain is a path on this graph and the profit of this extended chain is the length
of the corresponding path. This allows us to find the shortest profitable operations by
finding shortest paths in a graph; this approach allows us to capitalize on the knowledge
in the graph theory field and the efficient algorithms designed in that domain.

10.3.4

Shortest profitable operation is an extended chain operation

We characterize that every shortest profitable operation must be an extended chain
operation. We then show that a profitable shortest cyclic operation can be found in
polynomial time.
Definition 10.4 (Extended chain operation). A move operation of format O(j1 →
j2 ) is an operation that moves a resource from region j1 to j2 6 . A chain operation
of format O(j1 → j2 → . . . → jn ) is a concatenation of zero or more move operations, i.e., it moves a resource from jk to jk+1 (k = 1, 2 . . . n − 1). A chain operation
O(j1 → j2 → . . . → jn ) where resource of type ik is moved between jk and jk+1 is
called simple if jk1 6= jk2 and ik1 6= ik2 for every k1 6= k2 . An extended chain
E(j1 → j2 → . . . → jn ) is a simple chain operation O(j1 → j2 → . . . → jn ) that in
addition, can possibly conduct either (non exclusive) one of the following two unary
operations: 1) add a resource to region j1 , or 2) remove a resource from region jn .
For example, suppose there are two resource types 1, 2 and two region a, b. Let L =
{La1 = 1, La2 = 2, Lb1 = 3, Lb2 = 4}. A move operation O(a → b) can either move a
resource of type 1 or a resource of type 2. Applying the former move operation over
L will result in placement L = (0, 2, 4, 4) and the later move operation will result in
placement L = (1, 1, 3, 5). An extended chain operation E(a → b) can, in addition, add
a resource to region a (of types 1, 2), remove a resource from region b, do both of these,
or neither of them. Applying an extended chain operation over L can yield results such
as L = (0, 2, 4, 4), (1, 2, 4, 4), (0, 3, 4, 4) and others.
Remark 10.5. 1) In the particular case where the chain length is zero, the extended
chain operation E(j1 ) is simply a subset of the operation set consisting of a resource
subtract at j1 and resource add at j1 . That means, a resource of type i1 is replaced by
a resource of type i2 at j1 . 2) The number of repositions an extended chain operation
E(j1 → j2 → . . . → jn ) can do is either 2(n−1) (if the operation does not add a resource
to j1 nor removes one from jn ), 2(n − 1) + 1 (the operation adds a resource to j1 or
removes a resource from jn , but not both), or 2(n − 1) + 2 (the operation adds a resource
to j1 and removes a resource from jn ).
6
This move is identical to an addition of some type i resource in region j2 and a subtraction of a type
i resource from region j1 .
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Our fundamental theorem shows that the search for a shortest profitable operation can
be narrow only in extended chains operations.
Theorem 10.10 (Shortest profitable operation are extended chain operations). For every placement L its shortest profitable operation must be an extended
chain.
Note that the optimal unconstrained placement Luncon is trivially excluded from Theorem 10.10, as there is no profitable operation for Luncon .
The proof of this theorem (based on mapping to a flow graph problem as in Figure 8.1)
is postponed to Section 10.3.8, and we now focus on the algorithmic side of SCO. The
proof is involved and detailed, and uses a transformation to a flow problem explained in
the end of Chapter 8, based on the concavity assumption of the marginal profit functions
(Section 3.2). The proof is a long theoretical result heavily based on min-cost arguments
in graph theory. As many of our readers are interested more on the algorithmic side
of SCO and less in graph theory results, we will present the correctness of the theorem
later in Section 10.3.8.
Based on Theorem 10.10, we devise an algorithm that, given a placement L, it finds a
shortest profitable operation in O(k 2 (k 2 +m)) steps (k is the number of regions, m is the
number of resource types) by exploring the set of extended chains. The algorithm uses
the structure of extended chains, which allows the computation of the shortest profitable
operation to be equivalent to finding the shortest path in the graph. To compute the edge
weights in the graph, in the next subsection we study the structure of the profitability
of the extended chain operations as computed using the algorithm.

10.3.5

Profitability structure of an extended chains

To express the profitability structure we recall that the profit function P (L, D) is composed of the sum of marginal profit functions ζi (Di , Li ), ζij (Dij , Lji ), ζ j (Lj ) (Eq. (3.5)).
We denote the conditional-marginal functions by gi (n) = ζi (n, Dij ), g j (n) = ζ j (n, Dij )
and g j (n) = ζ j (n), so that

P (L, D) =

m X
k
X
j

gi (Lji ) +

{z

region & type

gi (Li ) +

i=1

i=1 j=1

|

m
X

}

|

k
X

g j (Lj ) .

(10.7)

j=1

{z

type

}

|

{z

region

}

By the concavity assumption (see Section 3.2), the differential of these functions, ∆g(n) =
g(n)−g(n−1), which are called the marginal-differential functions, are monotonically
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non-increasing for n ≥ 1. In the next lemma, we will use the region & type marginaldifferential functions ∆gij and the region marginal-differential functions ∆g j .
The set of extended chains can be partitioned into five classes such that the profitability
structure of each class is expressed slightly differently. One such class is the set of
operations O(j1 → j2 . . . → jn ) (that neither adds a resource to j1 nor removes one
from jn ). For the sake of presentation brevity, we next show the profitability structure
for this class of operations. In the Appendix (Appendix k.1), we show the profitability
structure for all five classes.
Lemma 10.11. Let o be an extended chain operation O(j1 → j2 → . . . → jn ) that
neither adds a resource to j1 nor removes one from jn . Suppose that between jk to jk+1
it moves a resource of type ik (k = 1, 2 . . . n − 1). Then the profitability of o over L is
∆(o, L) = ∆+ (j1 ) +

n−1
X

∆ik (jk → jk+1 ) + ∆− (jn ).

(10.8)

k=1

where,

∆i (j1 → j2 ) = ∆gij2 (Lji 2 + 1) − ∆gij1 (Lji 1 )

(10.9)

∆+ (j) = −∆g j (Lj )

(10.10)

∆− (j) = ∆g j (Lj + 1).

(10.11)

Intuitively, ∆i (j1 → j2 ) represents the change in the region & type part of Eq. (10.7)
affected by the moving of type i resource from j1 to j2 . The terms ∆+ (j), ∆− (j) represent
the change in the region part of Eq. (10.7) affected by respectively removing and adding
a resource to region j.
Proof. By the definition of profitability and Eq. (10.7), the profitability of o over L
(denoted by o(L)) is equal to the sum of three terms: 1) the sum of region & type
marginal differentials gij (o(L)ji ) − gij (Lji ) (where o(L)ji denotes the number of resources
o(L) contains of type i in region j) over all regions j and resource types i; 2) the sum
of type marginal differentials gi (o(L)i ) − gi (Li ) for all resource types i; and 3) the sum
of region marginal differentials g j (o(L)j ) − g j (Lj ) over all regions j.
First, we consider the effect of a move operation over the region & type function term
(sum of gij (o(L)ji ) − gij (Lji )): Suppose that o moves a resource of type i from region j1
to region j2 . Then o adds a resource of type i to region j2 , and removes a resource of
type i from region j1 . Therefore, o(L)ji 2 = Lji 2 + 1 and o(L)ji 1 = Lji 1 − 1. For j = j2 , the
term gij (o(L)ji ) − gij (Lji ) equals gij (Lji + 1) − gij (Lji ) = ∆gij (Lji + 1). For j = j1 , the term
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gij (o(L)ji ) − gij (Lji ) equals gij (Lji − 1) − gij (Lji ) = −∆gij (Lji ). Thus, the move operation
contributes to the region & type terms ∆gij2 (Lji 2 + 1) − ∆gij1 (Lji 1 ) = ∆i (j1 → j2 ). Since
for every k = 1, 2 . . . , n − 1 the operation o moves a resource of type ik from jk to
region jk+1 , then o contributes to the region & type terms

Pn

k=1 ∆ik (jk

→ jk+1 ). For

(i, j) 6= (ik , jk ) and (i, j) 6= (ik , jk+1 ) the number of type i resources in region j does not
change, and gij (o(L)ji ) − gij (Lji ) = 0.
Next, consider the region function term (sum of g j (o(L)j ) − g j (Lj )): For every region
j 6= j1 , jn the number of resources in region j does not change, and g j (o(L)j )−g j (Lj ) = 0.
The operation o subtracts a resource in region j1 and it adds a resource in region jn .
Thus, the sum over regions g j (o(L)j ) − g j (Lj ) over all regions j is ∆g jn (Ljn + 1) −
∆g j1 (Lj1 ) = ∆+ (j) + ∆− (j), as required.
Lastly, consider the type function term (sum of g j (o(L)j ) − g j (Lj )). For these we
observed that the total number of resources from each type does not change. Thus, it
is equal to 0.

Remark 10.6. Lemma 10.11 assumes that the operation o is an extended chain operation,
and by definition this means that it is a simple operation. The lemma does not hold if
o is an O(j1 → j2 → . . . → jn ) operation that is not simple. For example, suppose that
o is an O(j1 → j2 → j1 ) operation that moves a resource of type i from region j1 to j2 ,
and the same resource from j2 to j1 . Then, according to Lemma 10.11, its profitability
depends on the marginal-differential functions ∆g, which are not necessarily equal to
zero7 . However operation o is the identical operation (o(L) = L for every placement L),
and thus its profitability is equal to zero.

10.3.6

The algorithm for finding a shortest profitable operation

As the profitability structure of an extended chain operation differs across operations of
the five classes, the algorithm finds the shortest profitable operation for every particular
class. Then, the algorithm will compare the different shortest profitable operations and
will choose the best operation among them. Except for the fifth class, the implementation of the algorithm in each class is similar, with slight differences. The implementation
for the fifth class is a little more complex and takes more time to compute, by a factor
of k, where k is the number of regions (which is typically small), and can be seen in
Appendix k.2. For the sake of presentation, we will show how the algorithm finds the
For instance if ∆g j1 (n) = n and ∆gij1 (n) = ∆gij2 (n) = 0, then the profitability of o is (−1) · (Lj1 ) +
0 + (Lj1 + 1) = 1
7

The Constrained-Reposition Placement Problem – Multi-Type (ConRePP-2)

140

Figure 10.1: The graph with three regions j1 , j2 , j3 and with the appropriate weight
edges w(j1 → j2 ) = (−1) · maxi ∆i (j1 → j2 ), w+ (j) = (−1) · ∆+ (j), w− (j) = (−1) ·
∆− (j).

shortest profitable operation over the class of chain operations O(j1 → j2 → . . . → jn ),
which is the first class of operations. Our full algorithm is given in Appendix k.2.
Given the placement L, in the first stage, the algorithm creates a complete digraph of
region vertices 1, 2 . . . , k. The graph G (depicted in Figure 10.1 for 3 nodes j1 , j2 , j3 )
represents all extended chain operations E(jl1 → jl2 → . . . → jln ) such that between
regions jlm and jlm+1 it moves the best resource type i(jlm → jlm+1 ) between them.
More formally, the algorithm defines over the edges (jl1 , jl2 ) weights w(jl1 → jl2 ) =
(−1) · maxi ∆i (jl1 → jl2 ), and saves i(jl1 → jl2 ) = arg maxi ∆i (jl1 → jl2 ) (i.e., the
resource type that maximizes Eq. (10.9)). The reason we multiply ∆i (jl1 → jl2 ) by (−1)
is to convert a max profitable problem into a shortest path problem (that requires finding
minimum-length path, where we consider the edge weights as edge lengths).
The algorithm adds two nodes: a source node x and a sink node y, and connects for every
region j edges (x, j) and (j, y) of respectively weight w+ (j) = (−1) · ∆+ (j), w− (j) =
(−1) · ∆− (j) (defined in Eqs. (10.10), (10.11)). The graph G with its edge weights is
depicted in Figure 10.1.
We observed that the path P = (x, j1 , j2 , . . . , jimin −2 , y) in the graph corresponds to
the best chain operation o of format O(j1 → j2 , . . . → jimin −2 ), and according to
Lemma 10.11, the weight of the path P is equal to (−1) multiplied by the profitability
of o. We will use this observation to find the shortest profitable operation.
After constructing G, our algorithm considers the edge weights as edge lengths and
uses the Bellman-Ford algorithm [72], which computes in the ith iteration the shortest
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path between x and y of i edges at most8 . It stops in the first iteration imin where
the shortest path with imin edges has negative weight. If the algorithm finds that the
shortest path (and its length) is (x, j1 , j2 , . . . , jimin −2 , y), then the algorithm returns the
chain operation O(j1 → j2 , . . . → jimin −2 ) that moves from region jk to jk+1 a resource of
type i(jk → jk+1 ). According to the next claim, the algorithm finds a shortest profitable
operation:
Claim 10.12. The algorithm finds a shortest profitable operation over the class of chain
operations O(j1 → j2 → . . . → jn ).
Proof. According to Lemma 10.11, the profitability of an operation of format O(j1 →
j2 → . . . → jn ) is less than or equal to the weight of the path (x, j1 , j2 , . . . , jn , y) multiplied by −1. Also, the profitability of an operation that moves a resource of type i(jk →
jk+1 ) from jk to jk+1 is exactly equal to the weight of the path (x, j1 , j2 , . . . , jn , y) multiplied by −1. Therefore, the weight of the shortest path of length n+2 ((x, j1 , j2 , . . . , jn−2 , y))
is equal to the profitability of the best extended chain operation of length n (O(j1 →
j2 → . . . → jn )) multiplied by (−1).
Thus, there is a profitable extended chain operation of length n iff there is a shortest
path of length n + 2 with negative weight. Since the shortest profitable operation is an
operation of minimum length, then it corresponds to a negative-weighted shortest path
with a minimum number of edges, which is what the algorithm finds.

10.3.7

Time complexity of SCO

The complexity of creating the graph is O(k 2 · m) where k is the number of regions
and m is the number of resource types. This is because computing w(j1 → j2 ) takes
O(m). Using Bellman-Ford on a graph G = (V, E) takes O(V E) steps. Since our graph
contains O(k) vertices and O(k 2 ) edges, then the running time of the second stage is
O(k 3 ). Thus, the time complexity of our algorithm over the class of chain operations
that neither add a resource to j1 nor subtract one from jn not is O(k 2 (k + m)).
The algorithm presented in this section finds the shortest profitable operation among the
first class of operations. In Appendix k.2, we present four additional algorithms that find
the shortest profitable operation in the other classes. Three of these algorithms, which
correspond to the second, the third, and the fourth classes, have a similar implementation
as the algorithm presented in this section. These algorithms run in O(k 2 (k + m)) steps.
Finding the shortest profitable operation among the operations of the fifth class, however,
8

In the first iterations, when i = 1, there exists no path of length ≤ i between x and y. At these
stages the length of the "shortest path" between x and y is computed as ∞. Once a path exists, this
length receives a finite value.

The Constrained-Reposition Placement Problem – Multi-Type (ConRePP-2)

142

is solved in a more expensive time complexity of O(k 2 (k 2 + m)) instead of O(k 2 (k + m)).
Thus, the full algorithm which finds and compares the shortest profitable operations in
each class takes O(k 2 (k 2 + m)) steps. We can use a similar algorithm that, instead of
using region nodes 1, 2 . . . , k, uses resource type nodes 1, 2, . . . , m. The complexity of
such an algorithm is O(m2 (k + m2 )). Choosing the right algorithm as a function of the
parameters (k, m) allows us to find the shortest profitable operation in O(min(k, m)3 (k+
m)) steps.
Since SCO runs for r iterations at most (r is the reposition bound) – then the complexity
of SCO is O(r min(k, m)3 (k + m)).
Remark 10.7. We assume that computing the marginal-differential functions ∆g(n) for
every integer n takes O(1). Otherwise, if it takes O(e) time to compute these values –
then the complexity of the algorithm is O(r min(k, m)3 (k + m) + re · min(k, m)2 (k + m)).

10.3.8

Every shortest profitable operation is an extended chain – proof
of Theorem 10.10

Proof of Theorem 10.10. We use the reduction to a min-cost flow described in Theorem 8.6 and Figure 8.1. The methodology of reduction to a graph flow problem allows
us to conduct the analysis in the domain of graph theory. Given a flow fL corresponding to placement L in the four-layer graph G4 , we use the residual multigraph G4fL
that will allow one to represent all possible operations o (placement changes) on L by
augmenting the flow along its cycles.
The residual multigraph G4fL is constructed as follows: 1) If the flow of an edge e in G4 is
fL (e) = 0, then add e to the residual multigraph G4fL ; the edge e in G4 that was added to
the residual multigraph G4fL is called original edge. 2) If the flow of an edge e = (u, v)
in G4 is fL (u, v) = 1, then add its reverse edge (v, u) to the residual multigraph G4fL .
In such case, the original edge (u, v) is not added to the residual multigraph G4fL . Given
a weight function of the four-layer graph edges w : E → R+ , we define the residual
weight function over the edges of the residual multigraph G4fL as wfL (e) = w(e) for
every original edge and wfL (v, u) = −w(u, v) for every reverse edge (v, u) in G4fL . For
example, the residual multigraph of Figure 8.1 is presented in Figure 10.2. The formal
definition of a residual multigraph Gf for a general (multi) graph G and flow f is given
in Appendix k.3.
When an operation o changes a placement L to placement o(L), the flow corresponding
to L, fL , is changed to a flow corresponding to o(L), fo(L) . The flow value of both
flows is equal to |fL | = |fo(L) | = s. It is well-known that when a flow f in a general
graph G can change to another flow f 0 with the same flow value (|f | = |f 0 |), the change
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Figure 10.2: The residual multigraph G4fL where Laα = Laβ = 1 and Lbα = 0, Lbβ = 1
(the flow fL is depicted in Figure 8.1). Red edges are reverse edges with flow fL (e) = 1,
and blue edges are original edges with flow fL (e) = 0. Between every two nodes there
are a total of s(= 4) edges. We omit some blue edges from the graph for the sake of
presentation.
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Figure 10.3: The residual operation multigraph G(o, L), a subgraph of G4fL from
Figure 10.2, where o is an operation that adds two α-type resources to region a, and
removes two β-type resources, one from region a and one from region b. The dotted-line
edges represent the lowest weighed cycle C in G(o, L). An augmentation through C will
add one α resource to a and remove one β resource from a (this operation is o∗ (o, L)).

can materialize by augmenting the flow through cycles C1 , C2 . . . Cn in the residual
multigraph Gf [See The Augmenting Cycle Theorem (Theorem k.4) in Appendix k.3].
We define the residual operation multigraph G(o, L), a sub-graph of G4fL , as the
union of cycles such that augmenting 1 unit of flow along the cycles changes the flow fL
to fo(L) in G4fL , i.e.,
G(o, L) =

[

Ci .

(10.12)

A detailed description of the structure (and how to build) G(o, L) is given in Appendix k.4 (Observation k.5) and an example is given in Example 10.1 below. By
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Claim 8.7, we derive that the weight of a flow fL is equal to minus the profit of L, plus
some constant c (see Claim 8.7). Thus, the sum of edge weights of the residual operation
multigraph is equal to minus the operation profitability, i.e.,
X

wf (e) = −∆(o, L).

(10.13)

e∈G(o,L)

Next, we define a lowest-weight cycle C as a simple cycle with minimum weight in
G(o, L). Note that G(o, L) might contain more than one lowest-weight cycle.
Example 10.1. Let G4fL be the residual graph depicted in Figure 10.2, which corresponds
to the placement Laα = Laβ = 1 and Lbα = 0, Lbβ = 1. Note that the flow fL is depicted
in Figure 8.1. Suppose that o is an operation that adds two α-type resources to region
a, and removes two β type resources, one from region a and one from region b. The
residual operation multigraph G(o, L) is depicted in Figure 10.3, where every original
edge corresponds to adding a resource, while every reverse edge corresponds to removing
a resource. Note that the residual multigraph comprises a collection of cycles, as stated
above. Eventually, after augmenting flow through G(o, L) we change the flow fL corresponding to placement L to the flow corresponding to o(L). The lowest-weight cycle C,
i.e., the simple cycle with the lowest weight in G(o, L), is depicted through dotted-line
edges.
Next, given two operations, o and o0 , we say that o is a sub-operation of o0 and denote
o0 ⊆ o if o0 uses a subset of unary operations (operations that either add or remove a
single resource) from o0 . For example, consider o in Figure 10.3, which adds two α-type
resources to region a, and removes two β type resources, one from region a and one
from region b. It has a sub-operation o0 that adds one α-type resource to a and removes
one β type from b. We can see that operation o0 corresponds to augmenting the flow
through the lowest-weight cycle C. Also, note o0 is an extended chain of zero length (See
Remark 10.5 in Section 10.3.4).
This leads to our first lemma used to prove Theorem 10.10:
Lemma 10.13. For every operation o and placement L there exists a sub-operation of
o, to be denoted by o∗ (o, L) ⊆ o that possesses the following two properties: 1) There is
a lowest-weight cycle C such that augmenting flow through C corresponds to o∗ (o, L),
i.e., it changes the flow fL to fo∗ (o,L)(L) , and 2) operation o∗ (o, L) is an extended chain
operation or a composition of two operation-disjoint extended chain operations.
Proof. The detailed proof requires many details. For this reason we provide here the
main arguments of the proof. The full formal proof can be seen in Appendix k.4.
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The proof first characterizes the structure of the residual operation multigraph G(o, L)
(see Observation k.5). One such property is that for every region node j and resource
type node i, the residual operation multigraph G(o, L) (and therefore every lowest-weight
cycle C) cannot contain both original edges from j to i and reverse edges from j to i.
Now suppose C is a lowest-weight cycle in the residual operation multigraph G(o, L).
We define operation o∗ (o, L) such that for every region node j and resource type node i
it does the following:
For every region node j and resource type node i do:
• If C contains original edges from j to i, then o∗ (o, L) adds a type i resource to
region j.
• If C contains reverse edges from i to j, then o∗ (o, L) removes a type i resource
from region j.
• If C does not contain edges between i and j, then o∗ (o, L) will not change the
number of type i resources from region j.
We show that there is a lowest-weight cycle C 0 , such that augmenting flow through C 0
changes the flow corresponding to placement L to the flow corresponding to placement
o∗ (o, L)(L) (Claim k.6).
Next, we characterize all cycles in the residual operation multigraph G(o, L) (Claim k.7)
and show that every cycle can be one of six classes. Five of these classes represent
extended chain operations, and one class represents a composition of two disjoint extended chain operations. For example, one of these classes contains all cycles of format
j1 → i1 → j2 → i2 , . . . , → jn → x → j1 where jk are regions and ik are resource types.
If the lowest-weight cycle C is a cycle of such a class, then operation Oc is the extended
chain that moves a resource of type ik from jk to jk−1 .
Having shown that for every operation o there exists a sub-operation (denoted by
o∗ (o, L)) corresponding to a lowest-weight cycle C, which is an extended chain operation (or composition of two disjoint extended chain operations), we can conclude the
proof Theorem 10.10 by showing that if oL is the shortest profitable operation of L, then
oL = o0 (oL , L). This is proven in the following lemma:
Lemma 10.14. Let L be a placement and let oL be its shortest profitable operation.
Then the following claims hold:
1. The operation oL is equal to the operation o0 (oL , L) chosen in Lemma 10.13.
2. The operation oL is not a composition of two disjoint extended chain operations.
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Proof. First, we show that o0 (oL , L) must be a profitable operation. Let C be the lowestweight cycle C corresponding to o0 (oL , L). Suppose that C is a non-negative cycle.
Since C is a lowest-weight cycle in G(oL , L), all cycles C1 , C2 , . . . , Cn composing the
residual operation graph G(o, L) =

Sn

i=1 Ci ,

have non-negative weights, i.e., wf (Ci ) ≥ 0.

Thus, the profitability of oL , which is equal to minus the sum of cycles weights, i.e.,
∆(o, L) = −

P

e∈G(o,L) wf (e)

=−

Pn

i=1 wf (Ci )

(Eqs. (10.13),(10.12)), is non-positive –

a contradiction, as oL is a shortest profitable operation, and in particular, a profitable
operation. Thus, the operation o0 (oL , L), which corresponds to augmenting flow through
C and its profitability is minus the weight of C, is profitable.
Suppose that o0 (oL , L) is not equal to o. Then o0 (oL , L) is a sub-operation of o that
strictly uses fewer repositions than o, which is profitable. This forms a contradiction
since o is a shortest profitable operation. Therefore o = o∗ (o, L), i.e., o is an extended
chain or a composition of two disjoint extended chain operations.
To prove the second part of claim, suppose that o is a composition of two disjoint extended chain operations o1 , o2 . Then, one of these sub-operation operations is profitable
(otherwise, o is not profitable) that uses fewer repositions than o – a contradiction as o is
a shortest profitable operation. Therefore, o must be an extended chain operation.

10.4

A Heuristic Solution to the Contained-Reposition Problem (ConRePP-2) – The SCC Algorithm

In addition to the SCO heuristics, we present a polynomial heuristic algorithm called
SCC that solves the problem. It uses the reduction to the four-layer graph G4f presented
in Theorem 8.6, Section 8.4, where we have shown that an optimal min-cost flow solution
in G4f is a flow corresponding to the optimal placement that solves the UnconstrainedReposition Placement Problem (SPP-4). One particular algorithm for solving the optimal min-cost flow problem, is the well-known Cycle-Canceling algorithm, which cancels
in each iteration a negative cycle. Canceling a negative cycle reduces the cost of the
flow associated with the placement, and thus increases the profit of the placement. We
will utilize this property to modify a (previously determined) placement and adapt it to
new demand distribution.
The Shortest Cycle-Canceling (SCC) algorithm we propose for the dynamic placement
problem is a variation of the well-known Cycle-Canceling algorithm. To implement
SCC, we combine the Cycle-Canceling algorithm with our proposed Minimum-Length
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negative Cycle (MLnC) algorithm that uses dynamic programming for finding a
minimum-length negative cycle. The minimum-length negative cycle is a negative
cycle with the minimum number of edges lmin and among all negative cycles of length
lmin , it is the one with the minimum cost.
SCC is a dynamic Cycle-Canceling algorithm, given the reposition bound r. SCC ensures
that given an initial placement L(t) computed at period t, it finds a placement L(t) such
that 1) the reposition cost is always less than or equal to r, i.e.,

j
j=1 |L(t)i

Pm Pk
i=1

−

L(t + 1)ji | < r. 2) The placement cost deviation of L(t + 1). with respect to D(t + 1), is
smaller than that of L(t).
SCC finds a minimal (in the number of edges) cycle. As the augmenting a cycle with
minimal number of edges can approximate the operation with minimal length, we can
augment as many cycles as possible. Note that SCC and SCO are similar to one another.

10.4.1

A comparison between SCO and SCC

While SCO finds the shortest profitable operation corresponding to a placement L,
SCC (See Section 10.4) finds the minimum-length negative cycle in the residual graph
G8fL corresponding to L. We believe that there are many cases where the minimumlength negative cycle is the shortest profitable operation, and thus SCC can be a good
approximation of SCO. In addition, SCC is easier to implement than the more complex
SCO algorithm. Thus, we used SCC in our performance evaluation later (Section 10.6).
Later, in Section 11.4, we evaluate the performance of SCO for the special case of a
single region.
SCO runs faster than SCC: The time complexity of SCC takes O(rmk(k + m)2 ), where
m is the number of resource types, k is the number of regions, and r is the reposition
bound. The time complexity of SCO is O(r · min(k, m)3 (k + m)), and therefore SCO
significantly runs faster than SCC.

10.4.2

Preliminaries: Cycle-Canceling algorithm

The well-known Cycle-Canceling algorithm solves the min-cost flow problem for general
graphs. Given a flow f on a graph G = (V, E), the Cycle-Canceling algorithm uses
the well-known residual graph Gf = (V, Ef ). Every edge in the residual graph is
associated with weight wf and capacity cf (also called the residual capacity). The
residual graph Gf is constructed from G and f using the following steps: 1) Add to Gf
edges from G, such that every edge (v, v 0 ) ∈ E will have weight wf (v, v 0 ) = w(v, v 0 ) and
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capacity cf (v, v 0 ) = c(v, v 0 ) − f (v, v 0 ). 2) Add the reverse edges of G. This means that if
(v, v 0 ) ∈ E, then add edge (v 0 , v) to Gf with weight wf (v 0 , v) = −w(v, v 0 ) and capacity
cf (v 0 , v) = f (v, v 0 ). Note that for every edge e in Gf we have c(e) ≥ 0. 3) Set the weight
of every edge e ∈ Ef with zero residual capacity (cf (e) = 0) to wf (e) = ∞.
The Cycle-Canceling algorithm works iteratively, and in the ith iteration it finds a negative cycle in Gf . It executes the following steps in each iteration: 1) Find a negative
cycle C in Gf using some negative cycle detection algorithm. If there is no negative cycle then the algorithm terminates. 2) We augment the flow by δ = min cf (e)|e ∈ E > 0
units of flow through C. This means that if (v, v 0 ) = e ∈ C is in the original graph (i.e.,
e ∈ E), then we update f (e) ← f (e) + δ, and if the reverse edge is in G (i.e (v 0 , v) ∈ E),
then we update f (v 0 , v) ← f (v 0 , v) − δ. 3) We update a new residual graph Gf according
to the updated flow f .
The following theorem is established in [70]:
Theorem 10.15. 1) In each iteration of the Cycle-Canceling algorithm the cost of the
flow decreases. 2) If there is no negative cycle in Gf then f is a min-cost flow. 3) The
flow value |f | does not change during the algorithm.
Example 10.2. The flow fL depicted in Figure 10.4 is corresponding to a placement L,
where Laα = Laβ = 1, and Lbβ = Lbα = 0. Its residual graph, is depicted in Figure 10.5.
The profit of fL is equal to −2.2, and thus, according to Claim 8.7, the profit of L is
equal to P (L, D) = 2.2 + c, where c is some constant. Edges with infinite weight, and
other unnecessary blue edges, are omit from residual graph.
Cycle C1 = (x, b, β, y, x) is the minimum-length negative cycle, i.e., the negative cycle
with a minimum number of edges (only 4), and among cycle with 4 edges – it has
minimum weight (−0.95). Cycle C1 is depicted in Figure 10.5 by dotted lines. It should
be noted that although cycle C2 = (x, b, β, a, α, y, x) is the one with the minimum cost
(is equal to −1.15) it is not the minimum-length negative cycle, as it contains 6 edges.
By sending flow along C1 we augment fL by −0.95. This will, eventually, lead to a new
flow fL0 , as depicted in Figure 10.6. The new flow fL0 is corresponding to a placement
L0 , where L0 aα = L0 aβ = L0 bα = 1 and Lbα = 0. This means, by augmenting the flow fL
to fL0 we changed the corresponding placement from L to L0 , and simply added one
resource of type α to region b.
The weight of fL0 is equal to w(fL ) + w(C1 ) = −3.15, and thus, according to Claim 8.7,
the profit of of L0 is P (L0 , D) = c+3.15 = P (L, D)−w(C1 ). In other words, flowing along
the minimum-length negative cycle C1 augments the profit of placement by −w(C)1 =
0.95.
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Figure 10.4: The flow fL in the multigraph G4 where Laα = Laβ = 1 and Lbα = Lbβ = 0.
Red edges are edges with 1 unit of flow, and blue edges with 0 units of flow. Between
every two nodes there are a total of s(= 3) edges. We omit some blue edges from the
graph for the sake of presentation.

Figure 10.5: The residual graph GfL . The minimum-length negative cycle C1 is
depicted by dotted lines.

10.4.3

Minimum-Length negative Cycle (MLnC) algorithm

The implementation of the Minimum-Length negative Cycle (MLnC) algorithm is presented in Appendix j.

10.4.4

The Shortest Cycle-Canceling algorithm (SCC)

SCC is a dynamic Cycle-Canceling algorithm with a threshold parameter r. Initially,
the algorithm builds the residual graph of the four-layer graph G4f with respect to the
demand at time t, D(t), and the flow finit representing the placement at t, L(t). In each
iteration, SCC holds a flow fprev of the previous iteration, where in the first iteration
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Figure 10.6: The augmented flow fL0 in the four-layer graph G4 , after sending flow
a
a
along C1 . The flow fL0 is corresponding to the placement L0 where L0 α = 2, L0 β =
0a
b
L α = 1 and Lα = 0.

we set fprev = finit . SCC uses MLnC to find the minimum-length negative cycle in Gf ,
denoted as C. If there exists no cycle, then fprev is a min-cost flow, and its associated
placement Lji = fprev (ai , tj ) must be the optimal-cost placement with respect to the
demand D(t + 1).
We obtain fcurr from augmenting the flow through cycle C. We check whether the placement associated with fcurr violates the reposition cost constraint, i.e.,

Pm Pk
i=1

j=1 |L(t

− 1)ji −

fcurr (ai , tj )| < r. If so, then the algorithm sets the placement for the next period L(t)
to be the placement associated with the previous flow fprev . Otherwise, the algorithm
will set fprev = fcurr and will continue until either fcurr violates the reposition cost
constraint or the algorithm runs for exactly r iterations.
The following theorem establishes the properties of SCC:
Theorem 10.16. Let r be the threshold parameter of SCC. Then the following conditions
hold: (1) SCC increases the profit of the placement in each iteration. (2) The reposition
cost of SCC is r at most. (3) If there is no negative cycle, then SCC returns the optimal
placement.
Proof. Proof of (1): Since augmenting the flow by a negative cycle reduces the cost of
its corresponding flow (according to Theorem 10.15) and the profit of a placement L is
equal to a constant c minus the cost of its corresponding flow fL (Claim 8.7) then SCC
increases the profit of the placement in each iteration.
Proof of (2): Since SCC does not violate the reposition constraint, then the reposition
cost of SCC is r at most.
Proof of (3): If there is no negative cycle, then the corresponding flow fL is a min-cost
flow (Theorem 10.15) and thus L is the optimal placement (according to Claim 8.7).
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SCC finds a minimal (in number of edges) cycle, so it can augment as many cycles as
possible without violating the reposition cost constraint.

10.4.5

Time complexity of SCC

In a similar way to Sections 7.8 and 6.3, we can equivalently implement SCC over the
bipartite-like graph GB
f that contains |V | = O(m + k) vertices (m number of resource
types, k number of regions) and |E| = O(mk) edges. Imitating the behavior of SCC over
the bipartite-like graph will reduce the time complexity of an MLnC iteration to only
O(|V |2 |E|) = O(mk(k + m)2 ). The formal details are presented in Appendix j. Since
SCC can run for r iterations at most, the time complexity of SCC is O(rmk(k + m)2 ),
which is polynomial.
Remark 10.8. We assume that calculating the marginal-differential values ∆g(n) for
every integer n takes O(1). Otherwise, if it takes O(e) time to compute these values,
then the complexity of the algorithm is O(rmk(k + m)2 + r · e · m · k).

10.4.6

Practical Considerations and a General Algorithm

SCC, as designed above, aims to bound the reposition cost incurred in any operation of
the algorithm. As such, SCC operates regardless of the placement cost deviation, and
there might be situations where the application will yield resource repositions, whose
placement cost deviation is tiny. Such repositions can be avoided using the Hybrid
algorithm, as presented in the next section.

10.5

An Online Hybrid Multi-Period Algorithm (Hybrid)

In an online multi-period environment, one must decide on the optimal placement of
resources over multiple periods, t = 1, 2, 3, . . . , where at each period t one receives a
prediction of the demand at period t + 1 and needs to decide how to reposition the
resources at time t + 1 as a function of the demand at D(t + 1) and the placement at
t + 1.
Two challenges must be faced by such an algorithm: 1) The number of resources that
can be repositioned between t and t+1 is usually bounded, due to physical or economical
constraints. 2) It is preferable to overcome temporal fluctuations and to avoid back-andforth repositions due to temporal changes in demand.
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To address these objectives, the algorithm combines the SCC9 algorithm developed in
Section 10.4, and the sensitivity results developed in Chapter 8. When it senses (using
the sensitivity results) a large deviation in the demand it conducts SCC and repositions
as many resources as possible (up to the maximum number possible, rmax ). When it
senses small deviation in the demand, it conducts only a smaller number of repositions
to avoid redundant fluctuations.
To this end, the Hybrid algorithm holds three threshold parameters , rmin and rmax ,
where rmin < rmax . At time t the Hybrid algorithm holds a reference demand Dref (t+1),
which is equal to D(τ ) for some τ < t + 1, where τ is the last time the algorithm
conducted a large reposition. It also holds, as a reference, the placement at time t, L(t).
Given distributions Dref (t + 1), D(t + 1) and placement L(t) the algorithm computes the
placement at period t+1, L(t+1). The algorithm determines whether demands D(t+1)
and Dref (t + 1) are weakly -near. If they are – it conducts a "minimal" reposition by
running SCC over placement L(t) (with its associated flow), where the reposition cost
threshold is set to rmin . Otherwise, it conducts a "maximal possible" reposition by
running SCC over placement L(t) with the reposition cost threshold set to rmax and
then resets τ = t.
Note that if we set  = 0, Hybrid is equivalent to SCC with rmax . If we set  = ∞,
Hybrid is equivalent to SCC with rmin .
The complexity of Hybrid in the worst-case scenario is equal to the complexity of SCC
that runs for rmax iterations, i.e., O(rmax mk(k + m)2 ) where the parameter m is the
number of resource types and k is the number of regions.

10.6

Performance Evaluation of the Dynamic Algorithms

Remark 10.9. We evaluate the performance of SCO and compare it the performance of
the parametrized placement solution in the next chapter (Section 11.4). The performance
evaluation of this section includes only the performance of SCC and Hybrid, which are
easer to implement.
In this section, we evaluate the performance of the dynamic algorithms presented in this
chapter; for the sake of providing a scale of reference we compare them with the Proportional Mean placement – a replication strategy proposed in [11]. We simulate a mobile
game application that requires real-time service by servers located on a geographically
distributed cloud (e.g., Amazon EC2 servers). For the sake of a addressing a realistic
case we use the price structure of Amazon EC2([80]).
9

In [1], we present Hybrid over SCO.
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Parameter Settings

We refer to our model (Chapter 3) for a full explanation of our simulation parameters.
To achieve good performance the mobile application provider aims to receive service at
the cloud servers located in proximity to its clients (users). To this end, it places the
servers in k = 3 regions, located in the USA, Europe and Asia. The application provider
offers two different applications (m = 2), each requiring a different type of platform
from the service provider (e.g., either a Windows platform or a Red Hat Enterprise
Linux (Linux) platform in the cloud). We assume that both types of cloud platforms
can serve up to BW indows = BLinux = 500 users.
Revenue constants parameters
Windows
Linux

Riloc
$ 0.5
$ 0.1

Riglo
$2
$ 1.9

Table 10.1: Service costs used in simulations

On demand costs (pji )
Windows
Linux

USA
$ 0.14
$ 0.137

Europe
$ 0.133
$ 0.137

Asia
$ 0.161
$ 0.158

Table 10.2: Amazon EC2 price system

The revenue constants Ri , Rij (see Eqs. (3.6),(3.7)) are, respectively, associated with
locally serving a user requesting type i platform in region j and serving a user requesting
type i platform across all regions. We assume that the revenue of locally serving a type
i user is uniform across all regions. We denote this local constant by Riloc := Rij , for
every platform type i ∈ {W indows, Linux} and region j ∈ {U SA, Europe, Asia}. We
denote, for the sake of presentation, the other (global) service constant as Riglo := Ri .
These revenue constants Riglo , Riloc can be defined as the Average Revenue Per User
(ARPU) from granting a user request. The ARPU may vary across mobile applications
as reported in [81]. The full details assumed for the revenue constants can be found in
Table 10.1, where we use values similar to those reported in [81].
Owing to the cloud provider limitation on on-demand servers, the application provider
cannot rent more than 20 servers per region, (similar to the limitations of Amazon
EC2 [80]), i.e., we set the region costs to be C U SA (x) = C Europe (x) = C Asia (x) = ∞ for
any x > 20.
We set the region&type cost functions Cij () (See Eq. (3.6)) to be a linear functions, i.e.,
Cij = pji · x where pji are the prices of renting an on-demand instance of resource i in
region j. In Table 10.2, we provide the on-demand costs pji . The costs are based on
the 2014 Amazon EC2 price system on the m3.medium VM instances [80], on Windows
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and Linux platforms, over three regions: North Carolina (USA), Ireland (Europe) and
Singapore (Asia). When using Amazon EC2 servers, there are no region or type costs and
thus we can set the region and type cost functions to zero (See Eq. (10.3), Eq. (10.4)),
i.e., C U SA (x) = C Europe (x) = C Asia (x) = 0 for every x ≤ 20, and CW indows (x) =
CLinux (x) = 0 for every x.
We set the total number of requests for resource type i in region j on time t, Dij (t),
to be a time-dependent Poisson distribution with parameter λji (t) (as in [82] and [83]).
Our dynamic scheduling uses an hourly based prediction, where in every region the
average number of requests for Windows and Linux servers is the same i.e., λjLinux (t) =
λjW indows (t). We set the demand parameter to a periodic function that increases during
day time and decreases during night time (usually, between 4 pm till 4 am) as in other
studies (such as [83]). In addition, in some web applications (such as [8]) the arrival rate
is considered to be unpredictable, with a larger variability due to some noise factor. To
simulate the arrival rates, we add an Additive White Gaussian Noise to the arrival rate
formula. Thus, the arrival rate is
λji (t) = 3000 · sin(

tj · π
) + 300 · ζ,
24

(10.14)

where ζ is a white noise, generated by the standard Gaussian (Normal) distribution,
and tj is the local time in region j.
Finally, given a period t, we compute the local time in the USA by tU SA = (t mod 24),
the local time in Europe by tEurope = ((t + 6) mod 24), and in Asia tAsia = ((t +
12) mod 24).

10.6.2

Performance of the dynamic algorithms over time-varying predicted demands

We evaluate the reposition cost (the number of repositions made by the algorithm)
as well as the deviation of the placement profit (deviation from optimality) under an
arrival rate of λji (t) (as given in Eq. (10.14)) over a time range of t = 0, 1, . . . , 47 and
compare the following algorithms: 1) The optimal unconstrained placement10 . 2)The
SCC11 algorithm (Section 10.4) with reposition cost r = 4. 4) The Hybrid algorithm
(Section 10.5) with thresholds  = $2000, rmin = 2, rmax = 4. 5) A placement strategy
called Proportional Mean, as proposed in [11], where the number of type i servers
10

At every time t an optimal placement is conducted over the demand L(t). Recall that while the
optimal reposition under reposition constraint is a hard problem (See Section 10.2), the optimal unconstrained placement (reposition constraint set to infinity) is solvable in polynomial time.
11
In [1], we present these results over SCO, and we explained that the actual algorithm used in the
simulation is an approximate implementation of SCO, i.e., SCC.

The Constrained-Reposition Placement Problem – Multi-Type (ConRePP-2)

155

Figure 10.7: Relative Reposition Cost

allocated in every region j is proportional to the demand, i.e., there is a constant α > 0
such that Lji (t) = α · E(Dij (t)). For our simulations we set α = 1.2. For all applicable
algorithms above, the placement allocated in time t = 0 is the optimal unconstrained
placement with respect to demand D(t) = D(0).
In Figure 10.7, we depict the Relative Reposition Cost (RRC). The Relative Reposition Cost is defined as the reposition cost (the number of repositions made by the
algorithm) normalized by the number of servers placed. The RRC represents the percentage of servers that were changed.
We observe the following results: 1) The Hybrid algorithm incurs the lowest reposition
cost of 10% at most, and sometimes 0% (i.e., no reposition between successive periods).
The Hybrid has the lowest average reposition cost of the only 5.7%, while the optimal
unconstrained placement and Proportional Mean have 15.8% and 16.8%, respectively.
This means that, the average reposition cost of the Hybrid algorithm is 65% lower than
that of the other two algorithms. 2) Proportional Mean and the optimal unconstrained
placement incur a large reposition cost, ranging between 10%−20%.3) SCC has (almost)
a constant reposition cost, which is always around 10%. Its average reposition cost is
9.8%, which is larger than the Hybrid algorithm by a factor of 1.7.
Next we examine whether the fact that the Hybrid algorithm operates under reposition
constraints, allows it to achieve close to optimal placements. To this end, in Figure 10.8
we depict the relative deviations of the placement profit which we called the Relative
Profit Deviation for all the algorithms examined; the Relative Profit Deviation is
defined as the deviation of placement profit normalized by the profit of the optimal
unconstrained placement; the Relative Profit Deviation is the difference between the
profit of an optimal (unconstrained) placement and the placement profit12 .
12
Recall that as opposed to the optimal reposition problem under reposition constraint (as studied in
this work) that is a hard problem (See Section 10.2), the optimal unconstrained placement is solvable
in polynomial time.
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Figure 10.8: Relative deviation of the placement profit

Figure 10.9: absolute deviation of the placement profit

We observe that the Relative Profit Deviation of all the dynamic algorithms studied is 2%
at most. Note that the Hybrid placement algorithm achieves very efficient placements,
whose relative deviation is bounded by 1.3% (i.e., its profit is at least 98.7% of the
optimal placement profit), while obeying strict reposition constraints.
For the sake of completeness we depict in Figure 10.9 the absolute (non-relative) profit
deviation achieved by the algorithms in these runs. We observe that: 1) SCC has the
minimum profit deviation ($130 per hour at most) with low variability. 2) The Hybrid
algorithm is better than Proportional Mean (deviations of Hybrid and Proportional
Mean are bounded by $200 and $400 respectively). 3) Proportional Mean suffers from
high variability compare to the Hybrid algorithm and SCC.

10.6.3

Performance Evaluation – conclusions

We observed that the Hybrid algorithm has the lowest number of repositions used. The
average number of repositions it uses is lower by 65% than the number of repositions
the optimal unconstrained placement uses, as well as Proportional Mean. The Relative
Profit Deviation of the Hybrid algorithm is 1.3% at most, better than Proportional
Mean.
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Although SCC has Relative Profit Deviation smaller than that of the Hybrid algorithm,
it uses more repositions. Proportional mean, as well as the optimal unconstrained placement, incur, as expected, high reposition costs.

10.7

Approximation algorithms - Future work and general
discussion

Recall that in Section 10.2 we showed that ConRePP-2 is hard, i.e., there is no optimal
solution in polynomial time13 . Thus, one might consider approximating the problem,
i.e., giving a constant-approximation solution for the problem. Unfortunately, we could
not come up with any constant approximation algorithm of the problem, which runs in
polynomial time.
The problem addressed in this chapter , namely, ConRePP-2, seems to be a non trivial
problem, which brings up difficulties either in solving it or in proving hardness. For
this reason, the issue of approximate algorithms is left open in this thesis for future
work. Specifically the difficulty of ConRePP-2 is concluded from the following observations:
1. Solving our problem, namely ConRePP-2, even when assuming that the system
contains only a single resource-type (ConRePP-1, described at Chapter 9), seems
to be non-trivial. It took almost 20 pages (some of them were moved to the
appendix) to solve ConRePP-1, which is much "easier" than ConRePP-2. Thus,
even if there exists an approximation for ConRePP-2, we suspect that the proof
of its optimality may be non-trivial.
2. To show hardness of ConRePP-2, we showed that a polynomial solution for ConRePP2 will derive a polynomial solution for the Exact Perfect Matching Problem. [84]
showed a Polynomial-Time Approximation Scheme (PTAS) for the Exact Perfect
Matching. Thus, Exact Perfect Matching Problem can be approximated within
a factor 1 +  for every  > 0, and we cannot use our reduction or a similar reduction described in Section 10.2 to guarantee a constant approximation hardness
for ConRePP-2. We have tried (and we will try in future work) to prove that
ConRePP-2 is hard to approximate by using an approximation-preserving reduction.
We conjecture that SCO, which solves optimally ConRePP-1 (Theorem 10.7), approximates the optimal solution of ConRePP-2. In future work, we will try to show whenever
or not SCO approximates ConRePP-2.
13

Polynomial in the reposition constant r, the number of regions k, and the number resource types m.

Chapter 11

Model Extensions
In this chapter, we study two extensions of the model studied in this thesis.

11.1

The Placement Problem with Reposition Costs

A related problem to the Constrained-Reposition Placement Problem (ConRePP-2,
Chapter 10) and the general Static Placement Problem (SPP-4, Chapter 7) is whereby
repositions are attributed with (linear) costs rather than being considered as a constraint. That is, in this problem one seeks an optimal reposition where each reposition
incurs some (fixed) cost and these costs are added to the profit function. The generality
of our profit function allows the operator to capture different operational costs, and in
particular, it allows one to capture costs associated with the reposition of the resources
between different time periods.
Suppose that the operator repositioned the placement L(t) = {Lji (t)} at the beginning
of period t, creating a new placement L(t + 1). The cost of adding a new type i resource
to region j is equal to πij ≥ 0, while the cost of removing a type i resource from region
j is θij ≥ 0. The reposition cost of type i in region j between periods t and t + 1 is equal
to
Rep(t)ji (Lji (t + 1)) = πij · max(L(t + 1)ji − L(t)ji , 0) +θij · max(L(t)ji − L(t + 1)ji , 0) .
|

{z

}

number of type i resources added to region j

|

{z

}

number of type i resources removed from region j

(11.1)
The Placement Problem with Reposition Costs is formulated as follows: given a placement L(t) of the previous period and the new demand D(t + 1), find the placement
L(t + 1) that maximizes the profit P (L(t + 1), D(t + 1)) minus the reposition costs
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i.e.,
max ED(t+1) [P (L(t + 1), D(t + 1))] −

L(t+1)

m X
k
X

Rep(t)ji (Lji (t + 1)).

(11.2)

i=1 j=1

Similar to other problems presented in our modeling, we assume that the conditionalmarginal functions of P , i.e., g(n) = ζ(n, D) are concave.
As we next formulate, the Placement Problem with Reposition costs can be reduced to
the general Static Placement Problem (SPP-4) (without reposition costs), and it can be
solved using the transformation to the min-cost flow problem as done in Chapter 7.
Theorem 11.1. The Placement Problem with Reposition Costs can be reduced to the
general Static Placement Problem (SPP-4).
Proof. To show the reduction – we define a new profit function P 0 that is constructed to
be equal to the profit P minus the reposition costs Cij . Such a profit function should be
expressed as we did in the modeling chapter (Chapter 3). The profit function P 0 has the
same model parameters as in P (i.e., the same local and global revenue parameters (Rij >
0 and Ri > 0), the same number of requests a type i resource can serve concurrently
Bi etc.), with only one exception: the region+type local cost functions, C 0 ji includes the
repositions costs, i.e., is equal to
j

C 0 i (Lji ) = Cij (Lji ) + Rep(t)ji (Lji ),

(11.3)

where Cij (Lji ) is the local cost function of the original profit function P , and Rep(t)ji (Lji ))
is the reposition cost.
As we only change the local costs, the new profit function P 0 is equal to the original
profit function P minus the reposition costs for every resource type i and region j, i.e.,
j
j
j=1 Rep(t)i (Li )).

Pm Pk
i=1

Note that the optimal solution provided for the general Static Placement Problem (SPP4), as described in Chapter 7, holds only if its conditional-marginal functions are concave.
That means, we need to show that the conditional-marginal profit functions of P 0 , denoted by g 0 (n) = ζ 0 (n, D), are concave. Since only the local costs Cij have changed, it
is left to show that only the region+type marginal profit functions g 0 ji (n) are concave.
According to Eq. (11.4), these functions are equal to
j

j

g 0 i (n) = ζ 0 i (n, Dij ) = ζij (n, Dij ) − Rep(t)ji (n) = gij (n) − Rep(t)ji (n).

(11.4)
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where ζij , gij are respectively the region+type marginal and conditional-marginal functions of the original profit function P , and Rep(t)ji are the reposition costs.
Now, note that the negation of reposition cost function −Rep(t)ji (Lji ) can be shown to
be a concave function, i.e., the differential of the reposition cost −Rep(t)ji (Lji ) is monotonically decreasing: according to Eq. (11.1), the differential is equal to Rep(t)ji (Lji ) −
Rep(t)ji (Lji +1) = −πij for Lji ≥ L(t)ji and Rep(t)ji (Lji )−Rep(t)ji (Lji +1) = θij , otherwise.
Since the reposition bounds πij , θij are non-negative, then the negation of reposition cost
functions −Rep(t)ji are concave.
The marginal function ζij (Lji , Dij ) of P is assumed to be concave. Thus, by Eq. (11.4),
the marginal functions of P 0 , ζ 0 ji (Lji , Dij ) for i = 1, 2 . . . , m and j = 1, 2, . . . k, are the
sum of concave functions, and thus they must be concave.

Finally, in Chapter 7 we described an algorithm that solves the general Static Placement
Problem (SPP-4) in O(|L|km(k + m)), where |L| is the size of the optimal placement, k
number of regions, and m number of resource types m.

11.2

The Parameterized Placement Problem – Can it be
used to Solve the Constrained-Reposition Placement
Problem (ConRePP-2)

The Parameterized Placement Problem (which we called in [1] the Parameterized
Unconstrained Problem), is a special case of the Placement Problem with Reposition
Costs, whose solutions can possibly be used to solve the Constrained-Reposition Placement Problem for particular reposition bounds r. Formally, the Parametrized Placement
Problem is defined as the Placement Problem (SPP-4), where every reposition (add or
subtract) incurs a cost of λ ≥ 0. Given a reposition cost parameter λ, the Parametrized
Placement Problem is to find the optimal placement Lpar (λ) with the larger parametrized
profit, i.e., solves the following problem (similar to Eq. (11.2)):
max ED(t+1) [P (L(t + 1), D(t + 1))] − λ ·

L(t+1)

m X
k
X

|L(t + 1)ji − L(t)ji |.

(11.5)

i=1 j=1

The Parametrized Placement Problem, can be solved using the same solution for the
Placement Problem (SPP-4) with Reposition Costs.
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Now, suppose that a solution Lpar (λ) has repositioned rλ resources. Let L be a placement
that repositioned rλ resources at most. Then the profit P (L, D(t + 1)) of L cannot be
larger than the profit of Lpar (λ) (i.e., P (Lpar (λ), D(t + 1)) ≥ P (L, D(t + 1))); otherwise,
L has a larger parametrized profit (described in Eq. (11.5)) than Lpar (λ) and L(λ) is
not an optimal placement for the Parametrized Placement Problem. Thus, we present
the following corollary:
Corollary 11.2. Suppose Lpar (λ) solves the Parametrized Placement Problem with parameter λ, and uses rλ repositions. Then Lpar (λ) solves the Constrained-Reposition
Placement Problem under rλ repositions.
Note that this corollary does not contradict the hardness of the Constrained-Reposition
Placement Problem (presented in Section 10.2); given a general reposition bound r, it is
hard to find a parametrized solution Lpar (λ) which uses exactly rλ = r repositions. However, the corollary may help us in attempting to find the optimal solution for particular
constraint r, by solving the Parameterized Placement Problem for a variety of λ values
and hoping that one of the resulting rλ values will be close to r. A binary search over
the lambda values could possibly expedite this search by utilizing monotonicity.
This corollary enables us to measure the effectiveness of every heuristic strategy for solving the Constrained-Reposition Placement Problem. Let Lpar (λ) and LA (λ) respectively
denote the parametrized solution and the solution returned by an heuristic algorithm
A under rλ repositions. Using Corollary 11.2 we can evaluate the performance of A
by exploring a set of reposition parameters λ and comparing for each of them to the
profit of its placement LA (λ) with that of the optimal Constrained-Reposition Placement Problem Lpar (λ). This approach is used in Section 11.4, where we measure the
effectiveness of SCO.

11.3

Modeling Extensions of Unsatisfied Requests

Our general model and placement problems (both the Static Placement Problem and
the Constrained-Reposition Placement Problem) can be extended to account for special
costs (negative profits) attributed to unsatisfied requests. We show that these problems
can be reduced to the corresponding problem where unsatisfied requests do not incur
cost, and we can use the same solutions to solve these problems.
Suppose that the (negative) profit of every type i unsatisfied request in region j is Uij < 0.
As explained in the modeling chapter (Chapter 3), the number of type i requests satisfied
by some resource in region j is equal to min(Lji · Bi , Dij ) (Bi – the number of requests
a type i resource can serve concurrently). Thus, the number of the unsatisfied type
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i requests in region j equals Dij − min(Lji · Bi , Dij ), and the (negative) profit of these
requests is equal to Uij · (Dij − min(Lji · Bi , Dij )).
To incorporate these unsatisfied requests in the profit function, we add these unsatisfied
request costs to the region&type marginal profit function ζij (Lji , Dij ). According to
Eq. (3.6), this is equal to:
ζij (Lji , Dij ) = Rij ·EDj [min(Lji ·Bi , Dij )]−Cij (Lji )+Uij ·EDj [Dij −min(Lji ·Bi , Dij )], (11.6)
i

i

or alternatively,

ζij (Lji , Dij ) = (Rij − Uij ) · EDj [min(Lji · Bi , Dij )] − Cij (Lji ) + Uij · EDj [Dij ].
i

(11.7)

i

The constant Uij · EDj [Dij ] does not depend on the placement L. Also Rij − Uij > Rij ≥ 0
i

is the (positive) profit of every type i request in region j that is satisfied.
Now let P be the profit function where unsatisfied requests incur costs and have the
above model parameters. We will define a new profit function, denoted P 0 , such that:
1) It does not include unsatisfied request costs, and 2) An optimal solution for either
the Static Placement Problem or the Constrained Reposition Placement Problem with
profit function P , is the same optimal solution for the corresponding problem with profit
function P 0 . In other words, we show that the placement problems where the unsatisfied
requests incur costs can be reduced to the same problems where the unsatisfied requests
do not incur costs.
We define a profit function P 0 to have the same model parameters as P (i.e., the same
global revenue parameters (Ri > 0), the same number of requests a type i resource can
serve concurrently Bi etc.), with only two exceptions: 1) it does not include unsatisfied
requests costs, and 2) the region+type local revenue parameter of P 0 is equal to R0 ji =
Rij − Uij > 0. One can verify that the profit P is equal to the profit P 0 plus a constant
P P
i

j

Uij · EDj [Dij ], which does not depend on the placement L. Thus, the optimal
i

solutions for the corresponding placement problems with a profit function P (where
unsatisfied requests have impacts) are the same solution as the corresponding problem
with profit function P 0 (where unsatisfied requests do not incur costs).
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Comparing the Performance of SCO to the Parametrized
(Unconstrained) Placement Solution

We use real demand traffic, taken from [5], to numerically evaluate SCO and compare it to the optimal solutions of the Parametrized Placement Problem described in
Section 11.2. We have shown that if a parametrized solution L(λ) uses r repositions
then L(λ) solves the Constrained-Reposition Placement Problem (ConRePP-2) under
r repositions. We are interested in examining how SCO compares to these optimal
solutions.
We consider a single-type system (m = 1) where the cost and revenue functions are
linear and the revenue from serving a local request is 1.5 times larger than that of a
remote request. With the lack of real demand data, we use data from [5] that reflects
the demand of three data centers. Using that data we consider k = 3 regions where
the demands at t are D1 ∼ N (334, 1152 ) (i.e., Normal demand with (mean, stdvar)=
(400,100)), D2 ∼ N (504, 1002 ), D3 ∼ N (186, 552 ) and the demands at t + 1 are shifted
cyclically.

Figure 11.1: Performance of SCO compared with the parametrized (unconstrained)
placement solutions. Reposition cost parameters values are indicated above the curve.

In Figure. 11.1, we depict the profit of SCO and compare it to the profit of the parametrized
solutions. We run SCC for reposition parameters r = 1 + 30 ∗ ind for 0 ≤ ind ≤ 25, and
depict the profit of parametrized solution L(λ) for reposition cost parameter λ = ind∗0.1,
where 0 ≤ ind ≤ 29. We can see that SCC is the optimal strategy, and has similar performance to the parametrized solutions.
We note that the parametrized solutions do not cover all the optimal solutions of the
Constrained-Reposition Placement Problem. For example, there is a large gap between
the parametrized solutions L(1) and L(0.9). The profit and number of repositions that
L(0.9) uses are both significantly larger than those of L(1). Thus, we see the need to
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use our SCC algorithm that can provide (nearly-optimal) solutions for the ConstrainedReposition Placement Problem for any value r.
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Appendix a

Chapter 5 – Proof of Claims
a.1

Proof of Claim 5.3

Claim 5.3. Let L be a balanced placement, whose quantity vector is L̂ = (L1 , L2 , . . . Lm ).
Then, the following properties hold:
1. In every region j either

j

Li
k

k

l

or

Li
k

m

resources of resource type i are allocated for

1 ≤ i ≤ m and 1 ≤ j ≤ k.
2. The number of regions with

j

Li
k

k

+ 1 resources is equal to Li mod k.

3. The profit P (L, D) is equal to:
ri
X

m
X

k
X
Li
Li
E(min(
[Rglo E(min(Li , Di ))+Rloc
, Dij ))+Rloc
E(min(
, Dij ))],
k
k
j=1
i=1
j=r +1









i

(a.1)
where ri = Li mod k.
Proof of Claim 5.3.

1. Let us order the regions by the number of resources containing

the ith resource type, i.e., L1i ≥ L2i ≥ . . . ≥ Lki . Since
pigeonhole principle we see that L1i ≥

l

Li
k

m

and Lki ≤

k
X
j

Li = Li then by the

j j=1
k
Li
k .

Let us examine two

cases:
(a) If Li is not divided by k, then we have
or Lki <
L1i =
L1i ≥

l

j

Li
mk

Li
k
j
Li ≥

k

j

Li
k

k

+1=

l

Li
k

m

. Hence if L1i >

l

Li
k

m

then L1i − Lki ≥ 2. The placement L is balanced, and thus

and Lki =

Lki =

j

Li
k

k

j

k

Li
.
lk m
= Lki

Therefore, for every region j we have
− 1, i.e.,

174

Lji

must be or

j

Li
k

k

or

l

Li
k

m

.

l

Li
k

m

=
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(b) If Li is divided by k, then we assume, by way of contradiction that L1i >
j

Li
k

k

=

Li
k .

Therefore Lki ≥
Li
k

L1i + (k − 1) · Lki >

Li
k ,

since L is balanced. But then Li =

+ (k − 1) · Lki = Li – a contradiction. Therefore,
Li
k ,

In a similar way, we can prove that Lki =
we have

Lji

k
X
j

Li ≥
j=1
L1i = Lki .

and thus, for every 1 ≤ j ≤ k

Li
k .

=

2. For every j, let us define Lji =

j

Li
k

k

+ γj when γj ∈ {0, 1}. Then

k
X
j

k
X
Li
Li =
Li = k ·
+
γj .
k
j=1
j=1

Therefore Li − k ·
k·

j

Li
k

k

j

Li
k

k

=

Pk





By definition of the modulus operation Li −

j=1 γj .

is equal to Li mod k. The expression

regions which have

j

Li
k

k

Pk

j=1 γj

is equal to the number of

+ 1 resources. Thus, the number of regions with

j

Li
k

k

+1

resources is equal to Li mod k, as required.
3. If Li is divided by k, then every region has exactly
clear. If Li is not divided by k then

j

Li
k

k

+1 =

l

Li
k

m

of the regions have

a.2

Li
k

k

resources and the claim is

and therefore, from the second

part of this claim, the number of regions that have
j

Li
k

l

Li
k

m

resources is r. The rest

resources. Thus, Eq. (a.1) holds.

Proof of Claim 5.4

Claim 5.4. Given a quantity vector L̂ = (L1 , L2 , . . . Lm ), the following properties hold:
1. There exists a balanced placement of quantity vector L̂.
2. Every two balanced placements with the same quantity vector L̂, have the same
profit.
Proof of Claim 5.4.
followed:

1. We denote ri = Li mod k. Let L be the placement defined as
j k

 Li + 1
j
Li = j k k

 Li
k

1 ≤ j ≤ ri

.

k ≥ j > ri

By its definition, L is balanced. The number resources of type i is equal to
k + ri = Li , and therefore, the quantity vector of L is L̂.

j

Li
k

k

·
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2. Let L and L0 be two balanced placement with the same quantity vector denoted
by L̂. By Claim 5.3, L and L0 have the same profit.

a.3

Proof of Lemma 5.8

Lemma 5.8. The profit of LB (as defined in Lemma 5.7), P (LB , D), is not smaller
than that of L, P (L, D). That is P (LB , D) ≥ P (L, D).
Proof of Lemma 5.8. To prove this lemma we want to show that for every unbalanced
placement L there exists a quantity-equivalent placement with a profit that is higher
than (or equal to) the profit L. To this end, we will make use of a potential function
which is defined as follows: Let L = {Lji | 1 ≤ i ≤ m, 1 ≤ j ≤ k} be an arbitrary
j

placement. The Potential function f is defined as f (L) =

Li
m X
k X
X

p.

i=1 j=1 p=1

Using this potential function we will show that for every unbalanced placement L there
exists a quantity-equivalent placement L0 such that:
1. f (L) > f (L0 ).
2. P (L0 , D) ≥ P (L, D).
We use the fact that L is not balanced, and thus there exists a resource type i and two
regions j1 and j2 , such that Lji 1 ≥ Lji 2 + 2. We define placement L0 to be the placement
resulting from moving a resource of type i from region j1 to region j2 . Of course, L0 is
quantity-equivalent to L.
Next we show that the first property holds: The removal of resource type i from region
j1 decreases the potential f () by Lji 1 , and the addition of resource type i to region j2
increases the potential by Lji 2 + 1. Therefore, we have f (L0 ) = f (L) − Lji 1 + Lji 2 + 1. As
Lji 1 ≥ Lji 2 + 2 > Lji 2 + 1 we derive f (L0 ) < f (L).
Claim 5.6 derives that the profit of L0 is larger than (or equal to) the profit of L,
P (L0 , D) ≥ P (L, D). Hence, the second property holds.
From both properties 1 and 2, we derive that there exists a chain L0 = L, L1 , . . . of
placements that are quantity-equivalent to L such that 1) f (Li ) > f (Li−1 ) and 2)
P (Li , D) ≥ P (Li−1 , D) for every i ≥ 1. Since the number of placements that are
quantity-equivalent to L is finite, there is a placement in the equivalence class of L that
must be a balanced placement, and whose profit is not smaller than that of L. Since
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every two quantity-equivalent balanced placements have the same profit (as shown in
Claim 5.4), the symmetrically-full balanced placement of L, LB (derived in Lemma 5.7),
which is quantity-equivalent to L, has a profit which is higher than (or equal) to that of
L and the lemma follows.

Remark a.1. One may question whether the potential technique used in the proof of
Lemma 5.8 is necessary and if the use of Claim 5.6 by itself is not sufficient to carry out
the proof. To this end we believe that the use of the potential technique is needed in
order to avoid "infinite cycles" of ≥ improvements.

a.4

Proof of Claim 5.9

Claim 5.9. Given placement L, inserting a resource of type i0 to region j0 , will increase
the profit by:
Rglo · Pr(Di0 ≥ Li0 + 1) + Rloc Pr(Dij00 ≥ Lji00 + 1).
Proof of Claim 5.9. By Eq. (5.1), the profit of a placement is:

Rglo

m
X

E(min(Li , Di )) + Rloc

k
m X
X

E(min(Lji , Dij )).

i=1 j=1

i=1

Therefore, adding a resource of type i0 to region j0 increases Li0 and Lji00 by one. The
profit of the new placement L0 is equal to:
P (L0 , D) = Rglo [E(min(Li0 + 1, Di0 )) − E(min(Li0 , Di0 ))]+
Rloc [E(min(Lji00 + 1, Dij00 )) − E(min(Lji00 , Dij00 ))].
Hence, by Theorem 3.1, we derive that the profit of the placement is increased by
P (L0 , D) − P (L, D) = Rglo Pr(Di0 ≥ Li0 + 1) + Rloc Pr(Dij00 ≥ Lji00 + 1),
as required.
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Proof of Claim 5.10

Claim 5.10. Let L̂ = (L1 , L2 , . . . Lm ) be a quantity vector and let L̂0 be a quantity vector
such that L0i0 = Li0 + 1 and L0j = Lj for all j 6= i0 . Then the increase of the balanced
profit, i.e., PB (L̂0 ) − PB (L̂), is
Li0
Rglo · Pr(Di0 ≥ Li0 + 1) + Rloc Pr(D̃i0 ≥
+ 1).
k




(a.2)

Proof of Claim 5.10. Let LB be a balanced placement of L̂. By Claim 5.3 there is a
region j0 containing Lji00 =

jL k
i0

k

resource of type i0 . Let L0B be the placement implied

by adding a resource of type i0 to region j0 . The placement L0B has the following
properties:
1. L0B is balanced: Follows immediately as LB is balanced and from the selection of
the added resource.
2. The quantity vector of L0B is L̂0 : The number of type i resources has been incremented by one.
3. The expected profit difference between L0B and LB is given by Eq. (a.2): Using
the demand symmetry (see Section 5.1) this follows from Claim 5.9, where Dij00 is
replaced by D̃i0 .
Therefore, the increase of the balanced profit will be as in Eq. (5.8).

Appendix b

Chapter 6 – Proof of Claims
b.1

Proof of Theorem 6.1

Theorem 6.1. Let L be a feasible placement that minimizes E(C L ) among feasible
placements with s resources (i.e., |L| = s). Then L is an optimal placement (i.e., solves
SPP-3).
Proof of Theorem 6.1. In our proof, we use Eq. (3.9) to imply that:

j

E(min(Lji , Dij ))

=

E(min(Li , Di )) =

Li
X
n=1
Li
X

Pr(Dij ≥ n),

(b.1)

Pr(Di ≥ n).

(b.2)

n=1

In the first step of the proof, we will show that there is an optimal feasible placement
(solves SPP-3) that contains s resources, i.e., in every region j the placement contains
sj resources (sj is the total storage value). By Section 6.1, an optimal placement Lopt
should maximize the profit P (L, D) among all placements with the feasibility constraint,
i.e., the number of resources in area j is not larger than sj (Lj ≤ sj ).
Suppose there exists an area j0 such that Lopt does not contain sj0 resources (i.e.,
0
0
Ljopt
< sj0 ). By Eqs. (b.1), (b.2), we derive that adding sj0 − Ljopt
resources in region j0

cannot decrease the expected values of E(min(Lji , Dij )) and E(min(Li , Di )). Hence, by
Eq. (6.1), we derive that there is a feasible optimal placement that contains s resources.
In the second step, we prove that every feasible placement L with s resources has an
alternative cost of E(C L ) = s(Rglo + Rloc ) − P (L, D). The number of resources in L is
179
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equal to s =

Rglo

j
j=1 Li

Pm Pk

Li
m X
X

i=1
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=

Pm

i=1 Li

and therefore using Eq. (b.1), we derive that:

(1 − Pr(Di ≥ n)) =

i=1 n=1

Rglo

m
X

Li − Rloc

Li
m X
X

Pr(Di ≥ n)) =

i=1 n=1
m
X

i=1

= Rglo s − Rglo

min(Di , Li ).

i=1

(b.3)

In similar way we prove:

Rloc s − Rloc

m X
k
X

min(Dij , Lji )

= Rloc

i=1 j=1

Li
m X
k X
X

(1 − Pr(Di ≥ n)).

i=1 j=1 n=1

(b.4)

Eqs. (b.4), (b.3) yield that E(C L ) = s(Rglo + Rloc ) − P (L, D).
Finally, let L0 be a feasible placement minimizing the alternative cost E(C L ) among all
feasible placements with s resources. The profit of L0 is equal to P (L0 , D) = s(Rglo +
Rloc ) − E(C L ). The expression s(Rglo + Rloc ) is constant and thus L0 maximizes the
profit among all feasible placements with s resources. Since there is a feasible optimal
placement (for the placement problem, SPP-3) that contains s resources, then placement
L0 is also a feasible optimal placement for the placement problem (SPP-3).

b.2

Proof of Lemma 6.2

Lemma 6.3. Let L be a feasible placement with n resources. Then there exists an
integer flow fL (i.e., fL (e) is integer for all edges e ∈ E) called the corresponding
flow of L with flow value |fL | = n that obeys the following conditions: (1) fL in (aj , ti ) =
Lji , fL in (ti ) = Li for all area j and resource type i. (2) The flow fL sends 1 unit of flow on
the edges between layer-3 ((aj , ti )) and layer-4 ((aj , ti , r)) of costs Rloc (1 − Pr(Dij ≥ r))
for 1 ≤ r ≤ Lji . (3) The flow fL sends 1 unit of flow on the edges between layer-5 (ti )
and layer-6 ((ti , r)) of costs Rglo (1 − Pr(Di ≥ r)) for 1 ≤ r ≤ Li . Moreover, the cost of
fL is equal to the alternative cost of L, i.e., w(fL ) = E(C L ).
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Proof of Lemma 6.2. To show the existence of a flow corresponding to L, we define the
values of fL (e) for every edge e as follows: 1) The flow between layer-1 node (source) x
and layer-2 node (area) aj is equal to the number of resources in the j th region Lj . 2)
The flow between layer-2 nodes aj and 3-layer nodes (aj , ti ) is Lji . 3) The flow between
layer-3 nodes (aj , ti ) and layer-4 nodes (aj , ti , r) equals 1 iff r ≤ Lji and otherwise 0.
4) The flow between layer-4 nodes (aj , ti , r) and layer-5 (resource type) nodes ti is 1 iff
r ≤ Lji , and otherwise 0. 5) The flow between resource type nodes ti and 6-layer nodes
(ti , r) is 1 iff r ≤ Li , and otherwise 0. 6) The flow between 6-layer nodes (ti , r) and
the sink node y is 1 iff r ≤ Li , and otherwise 0. One may verify that fL satisfies the
capacity constraint and conservation of flows properties, conditions (1) and (2), and its
flow value is equal to n.
To prove that the cost of fL is equal to E(C L ), we can see that the weight of fL equals
Rloc

PLji

cost

b.3

j
n=1 (1−Pr(Di
of L, E(C L ).

≥ n))+Rglo

PLi

n=1 (1−Pr(Di

≥ n)), which is exactly the alternative

Proof of Lemma 6.3

Lemma 6.3. Let f be an integer flow in G7 . Let L be a placement such that Lji =
f in (aj , ti ) = fij . Then the cost of f is not smaller than the cost of a corresponding flow
of L, i.e., w(f ) ≥ w(fL ). Moreover, w(f ) = w(fL ) iff f is a flow corresponding to L.
Proof of Lemma 6.3. Given a vertex v in a given network graph G, a flow r on G =
(V, E), the outcome weight of v with respect to r, denoted as wrout (v), is the flow cost
outcomes from this vertex i.e.,

.
wrout (v) =

X

w(v, u)r(v, u).

(b.5)

(v,u)∈E

If there is no edge originating from v, then we define wrout (v) = 0. One may check that
given a flow g on general graph G = (V, E) the weight of g equals w(g) =

P

v∈V

wgout (v).

To prove that the weight of fL is not larger than the weight of f , we show that for every
vertex v its outcome weight with respect to fL is not larger than its outcome weight
with respect to f , i.e., wfout (v) ≥ wfout
(v). Note that only 3-layer nodes v = (aj , ti ) and
L
5-layer nodes v = (ti ) have non-zero weights. Thus, it is left to show the equation for
3-layer and 5-layer nodes.

Chapter 6 – Proof of Claims

182

For a 3-layer node v = (aj , ti ), the outcome weight of wfout (v) is equal to the sum of fij
elements from the set Tij , where
Tij = {Rloc (1 − Pr(Dij ≥ 1)), Rloc (1 − Pr(Dij ≥ 2)), . . . , Rloc (1 − Pr(Dij ≥ s))}.

(b.6)

The fij minimal elements from Tij are Rloc (1−Pr(Dij ≥ 1)), Rloc (1−Pr(Dij ≥ 2)), . . . , Rloc (1−
Pr(Dij ≥ fij )), and the sum of these elements is equal to wfout
(v). Thus the outcome
L
weight wfout
(v) cannot be larger than wfout (v). Thus we have shown that wfout (v) ≥
L
wfout
(v) for every vertex v ∈ V3 . In a similar way, we prove that every 5-layer node
L
v ∈ V5 satisfies wfout (v) ≥ wfout
(v).
L
Now, suppose that the cost of f is equal to the cost of fL . Since there is no vertex v
whose outcome weight with respect to fL is larger than its outcome weight with respect
to f , then we derive that wfout (v) = wfout
(v) for every 3-layer and 5-layer vertex.
L
Let v = (aj , ti ) be a 3-layer node. Since wfout (v) = wfout
(v) then wfout (v) is equal to
L
the sum of the fij minimal elements from the set Tij . In addition, f sends flow through
edges with costs Rloc (1−Pr(Dij ≥ 1)), Rloc (1−Pr(Dij ≥ 2)), . . . , Rloc (1−Pr(Dij ≥ fij )) =
Rloc (1 − Pr(Dij ≥ Lji )). In a similar way, we show that f sends flow through edges with
costs Rglo (1 − Pr(Di ≥ 1)), Rglo (1 − Pr(Di ≥ 2)), . . . , Rglo (1 − Pr(Di ≥ Li )). Thus f is
a flow corresponding to L.

b.4

Proof of Corollary 6.4

Corollary 6.4. Let fopt be an integer min-cost flow of G7 . Let L be the placement
in (aj , ti ). Then the
created from the values of the flow in (region, type) nodes Lji = fopt

flow fopt is corresponding to L.
Proof of Corollary 6.4. If fopt is not a flow corresponding to L, then, according to
Lemma 6.3, the cost of fL is strictly smaller than the cost of f (i.e., w(f ) > w(fL )).
However, the flow value of fopt is equal to the flow value of f . Thus, fopt cannot be a
min-cost flow – a contradiction.
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Proof of Corollary 6.5

Corollary 6.5. Let fopt be an integer min-cost flow of G7 with flow value |fopt | = s. Let
in (aj , ti ). Then L solves
L be the placement of the flow in (region, type) nodes Lji = fopt

the placement problem.
Proof of Corollary 6.4. The integer min-cost flow fopt has a required flow of s. Thus,
the flow between source x and an area node aj should be equal to the edge capacity,
i.e., sj . Therefore, the placement L contains Lj =

j
i=1 Li

Pm

=

j
i=1 fi

Pm

= sj resources in

region j. The placement L is a feasible placement that contains s resources. According
to Corollary 6.4, fopt = fL is a flow corresponding to L.
Let L0 = {L0 ji } be a feasible placement of s resources that minimizes the alternative
0

cost E(C L ). Using Lemma 6.3, we derive that the cost corresponding flow of L and
L0 are respectively equal to the alternative cost of L and L0 , i.e., w(fL ) = E(C L )
0

and w(fL0 ) = E(C L ). The flow fL is a min-cost flow (of flow value s), and therefore
0

E(C L ) = w(fL ) ≤ w(fL0 ) = E(C L ). The placement L0 minimizes the alternative cost
0

E(C L ) – thus, L also minimizes the alternative cost. Finally, by Theorem 6.1 we derive
that L solves the placement problem (SPP-3).

b.6

Proof of Lemma 6.8

Lemma 6.8. Let f be a flow that the SSP algorithm calculates in some iteration over
the residual graph G7f . Then, there is a shortest path between x and y, denoted by popt ,
which has a decomposition formula as follows:

min

min

min

min

min

min

popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y,

(b.7)

where x, y are respectively the sink and source of G7f , and ajl , til are, respectively, area
and resource type nodes, for all 1 ≤ l ≤ e.
Proof of Lemma 6.8. First, we use the following two claims that are proved in the literature: 1) [73] proved that in each iteration of the SSP the resulted graph does not
contain a negative cycle. 2) [72] proved that if a graph G = (V, E) does not contain negative cycles, then between two vertices a, b ∈ V there exists a shortest path
which does not contain cycles (namely, the path is simple). By 1) and 2) we obtain
that there exists a simple shortest path p0 between source x and sink y in G7f (i.e., if
p0 = (v0 = x, v1 , v2 . . . , vr , vr+1 = y), then for all i1 < i2 we have vi1 6= vi2 ). Note that
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the length of every simple path does not exceed the number of vertices |V 0 | in G7f , and
thus the length of p0 is finite.
We will prove that path p0 satisfies the following conditions:
(a) Path p0 begins with a source-to-area path.
(b) If an area node v = aj is in p0 , then v begins an area-to-type path in p0 .
(c) If a resource type node v = ti is in p0 , then it begins a type-to-area or type-to-sink
path in p0 .

If we show that p0 satisfies these conditions, then the monotone paths in p0 are minimal,
otherwise p0 is not the shortest path between x and y. Since the sink node y appears
once in p0 (as the path p0 is simple) and the length of p is finite, this shows that p0 can
be split into special minimal paths x → a1 → t1 → . . . → te → y, where v i → v j are
min

min

min

min

minimal paths between v i and v j . We define popt = popt = x → aj1 → ti1 → aj2 . . . →
min

min

aje → tie → y. Note that popt might be different from p0 if there is more than one
minimal path between two nodes (See Remark 6.3), although the weight of popt and p0
are equal to each other and thus popt is a minimal path.
The proof that p0 satisfies condition (a) follows immediately. To show that p0 satisfies
condition (b), let aj be an area node in p0 . Since the edges in the residual graph G7f are
either original or reverse edges from G7 , then the neighbors of aj in G7f are layer-3 nodes
(aj , ti ) and the layer-1 source node x. If the next node in p0 after aj is the source node
x, then path p0 contains x at least twice, when its first appearance is in the beginning
of the path. Thus, in such case, p0 contains a cycle, which contradicts the definition of
p0 . Therefore, the next node in p0 after aj must be a layer-2 node (aj , ti ).
The neighbors of (aj , ti ) in G7f are layer-4 nodes (aj , ti , r) or the layer-2 node aj . If the
next node in p0 after (aj , ti ) is aj , then p0 contains aj twice, which contradicts the path
simplicity. In a similar way, it can be proved that the node after (aj , ti , r) in p0 is ti
(otherwise (aj , ti ) appears twice). Finally, we show that aj begins an area-to-type path
in p0 and therefore p0 satisfies condition (b).
Let ti be a resource type node. Then the node after ti in p0 denoted by v can be either
a layer-6 node (ti , r) or a layer-4 node (aj , ti , r). If v is a layer-6 node v = (ti , r), then
ti begins a type-so-sink path, otherwise ti appears twice in p0 . If v is a layer-4 node
v = (aj , ti , r), then ti begins a type-to-area path from ti to aj ; otherwise, p0 is not a
simple path. Thus we show p0 satisfies condition (c), and the lemma is completed.
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Proof of Corollary 6.9

Corollary 6.9. Let f be a flow that SSP calculates in some iteration over the residual
min

min

min

min

min

min

graph G7f . Then popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y is a shortest path
in G7f iff p̂opt = (x, aj1 , ti1 , aj2 . . . , tie , y) is a shortest path in GB
f . Moreover, popt and
p̂opt have the same weight.
Proof of Corollary 6.9. Given a graph G and a path p in G, we denote by w(p, G) the
weight of p in G.
0
7
⇒: Let p̂0 be a shortest path in GB
f between x and y, corresponding to a path p in Gf .

The path popt is the one with the minimum weight in G7f . Thus, w(popt , G7f ) ≤ w(p0 , G7f ).
The weight of every path p in the seven-layer residual graph G7f is equal to the weight
0
of its corresponding path p̂ in the bipartite-like graph GB
f . Therefore, the weight of p̂
B
is not larger than the weight of p̂opt in the bipartite-like graph GB
f , i.e., w(p̂opt , Gf ) ≤
B
B
0
w(p̂0 , GB
f ). Since p̂ is a shortest path in Gf , then p̂opt is the shortest path in Gf as

required.
⇐: Let p0 be a shortest path in the seven-layer residual graph G7f between x and y,
corresponding to a path p̂0 in GB
f . The path p̂opt is the one with the minimum weight
B
0
in G7f . Thus, w(p̂opt , GB
f ) ≤ w(p̂ , Gf ). The weight of every path p in the seven-layer

residual graph G7f is equal to the weight of their corresponding path p̂ in the bipartite0
like graph GB
f . Therefore, the weight of p is not larger than the weight of popt in the
7
0
7
0
seven-layer residual graph GB
f , i.e., w(popt , Gf ) ≤ w(p , Gf . Since p is a shortest path

in G7f , then popt is the shortest path in GB
f as required.
The paths popt and p̂opt have the same weight by the definition of popt .

b.8

Proof of Lemma 6.10

Lemma 6.10. Let f be a flow in G7 corresponding to a placement L. The minimal path
weights in G7f are computed as follows:
min

(a) wf (x → aj ) = 0 if Lj < sj and otherwise ∞.
min

(b) wf (aj → ti ) = Rloc (1 − Pr(Dij ≥ Lji + 1)) if Lji < s and otherwise ∞.
min

(c) wf (tj → ai ) = −Rloc (1 − Pr(Dij ≥ Lji )) if Lji > 0 and otherwise ∞.
min

(d) wf (ti → y) = Rloc (1 − Pr(Di ≥ Li + 1)) if Li < s and otherwise ∞.
Proof of Lemma 6.10. There is a single source-to-area path between x and aj , which is
the edge connecting the nodes. If f (s, aj ) = f j < sj = c(s, aj ), then the weight of the
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edge wf (s, aj ) is equal to the original edge weight in G7 i.e., wf (s, aj ) = w(s, aj ) = 0. If
f (s, aj ) = f j < sj = c(s, aj ) then wf (s, aj ) = ∞ by the definition of the residual graph
Gf . Thus part (a) of lemma is proved.
To show part (b) of the lemma, let aj and ti respectively denote area and resource type
nodes. All edges in an area-to-type path between aj and ti except the edges between
(aj , ti ) and (aj , ti , r) have capacity ∞ and weight 0. Thus, the weight of a minimal
min

area-to-type path wfL (aj → ti ) is equal to the minimal edge weight between layer-3 (
i.e., (aj , ti )) and layer-4 (i.e., (aj , ti , r)) vertices in G7f .
Let e be an edge of minimum weight between layer-3 and layer-4 vertices. If e has a
cost of Rloc (1 − Pr(Dij ≥ r)) for 1 ≤ r ≤ Lji , then f flows through e. Thus, the residual
capacity of e equals cf (e) = c(e) − f (e) = 1 − 1 = 0, and therefore its weight is equal to
infinity (wf (e) = ∞).
If e has a cost of Rloc (1−Pr(Dij ≥ r)) for Lji +1 ≤ r ≤ s then f does not send flow through
e. Thus the residual capacity of e is equal to cf (e) = c(e)−f (e) = 1−0 = 1, and therefore
its weight in Gf is equal to the one in G7 , i.e., wf (e) = w(e). Hence, wf (e) is equal to
either Rloc (1 − Pr(Dij ≥ Lji + 1)), Rloc (1 − Pr(Dij ≥ Lji + 2)), . . . , Rloc (1 − Pr(Dij ≥ s)).
Among these edges, the one with the minimum cost must be Rloc (1 − Pr(Dij ≥ Lji + 1)).
min

Thus, the weight of the minimal area-to-type path wfL (aj → ti ) is equal to Rloc (1 −
Pr(Dij ≥ Lji + 1)). In the special case where Lji = s, all edges between aj and ti have
min

zero residual capacity, and infinite weight in Gf . Thus, in such case, wfL (aj → ti ) = ∞.
To prove part (c), let aj and ti respectively denote area and resource type nodes. All
edges in a type-to-area path between ti and aj in the residual graph G7f are reverse edges.
If f does not send flow through the path aj − (aj , ti ) − (aj , ti , r) − ti then the reverse
edges corresponding to the path (i.e., (aj , ti ) − aj , (aj , ti , r) − (aj , ti ) and ti − (aj , ti , r))
have zero residual capacity, and thus they have an infinite weight. If f sends flow along
the path aj − (aj , ti ) − (aj , ti , r) − ti then the reverse edges corresponding to the path
have non-zero residual capacity, and the weight of the path is equal to the weight of the
edge connecting (aj , ti ) and (aj , ti , r).
The flow f sends flow through edges with costs Rloc (1 − Pr(Dij ≥ 1)), Rloc (1 − Pr(Dij ≥
2)), . . . , Rloc (1 − Pr(Dij ≥ Lji )). The cost of their respective reverse edges in the residual
graph is equal to −Rloc (1 − Pr(Dij ≥ 1)), −Rloc (1 − Pr(Dij ≥ 2)), . . . , −Rloc (1 − Pr(Dij ≥
Lji )). Among these edges, the edge with the minimum weight is equal to −Rloc (1 −
min

Pr(Dij ≥ Lji )). Thus, the weight of the minimal type-to-area path wfL (ti → aj ) is equal
to −Rloc (1 − Pr(Dij ≥ Lji )). In the special case where Lji = 0, all reverse edges between
aj and ti have zero residual capacity, and infinite weight in Gf . Thus, in such case,
min

wfL (ti → aj ) = ∞.
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The proof of (d) is similar to the proof of (b).

b.9

Proof of Lemma 6.11

Lemma 6.11. Let f be a flow corresponding to L that SSP computes in some iteration.
Suppose that SSP augments the flow by the shortest path (found in Step 2 of SSP)
min

min

min

min

min

min

popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y. Then, SSP updates the flow f to
another flow f 0 that is corresponding to a placement L0 , where L0 is defined as follows:
j

j

1) L0 jill ← Ljill + 1 for 1 ≤ l ≤ e. 2) L0 ill+1 ← Lill+1 − 1 for 1 ≤ l ≤ e − 1. 3) L0 ji ← Lji for
(i, j) 6= (il , jl ), (il , jl+1 ).
Proof of Lemma 6.11. Since the capacity of every edge between (aj , ti ) and (aj , ti , r) is
equal to 1 unit, then we augment the flow by only 1 unit of flow in each iteration of SSP.
min

The edges in every minimal area-to-type path (i.e., ajl → til ) were from the original
edges of G7 , and therefore augmenting through popt increases the flow of node (ajl , til ) by
j

j

min

1 unit of flow, i.e., f 0 ill+1 ← fill+1 + 1. In contrast, type-to-area paths (i.e., til → ajl+1 )
are concatenation of reverse edges, and therefore augmenting through popt cancels the
j

j

flow of these reverse edges, and thus f 0 ill+1 ← fill+1 − 1 for 1 ≤ l ≤ e − 1. Since the
new updated flow f 0 is corresponding to a some placement L0 (See Corollary 6.7), then
L0 ji = fij . Therefore, the lemma is followed.

Appendix c
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c.1

Proof of Theorem 7.4

Theorem 7.4. Let G be an acyclic graph with arbitrary edge weights w. In the ith
iteration of SSP-NE, the flow fi obtained at the end of the ith iteration satisfies the
reduced weight optimality conditions with respect to node potential πi . Thus, fi is a
min-cost flow.
Proof of Theorem 7.4. We will prove the claim by induction on the iteration number i.
In the initial step (i = 0) of the SSP algorithm, all original edges (v1 , v2 ) in the residual
graph Gf have reduced weights that are equal to wfπ (v1 , v2 ) = w(v1 , v2 ) + d(v1 ) − d(v2 ).
The shortest path between the source x and v2 is not strictly longer than the shortest
path between the source x and v1 concatenated with the edge (v1 , v2 ), i.e., w(v1 , v2 ) +
d(v1 ) ≥ d(v2 ). Therefore, this implies that wfπ (v1 , v2 ) ≥ 0. Every reverse edge e in
the residual graph Gf has zero residual capacity (as the initial flow f is set to zero for
every edge), and thus has an infinite reduced weight (i.e., wfπ (v1 , v2 ) = ∞). We have
shown that in the initial step of the SSP-NE, π satisfies the non-negative reduced weight
condition.
Denote the node potentials function in the ith iteration as πi . [70] indicated in Lemmas
9.11 and 9.12 that if πi−1 satisfies the non-negative reduced weight condition, then so
does πi . Thus, fi satisfies the reduced weight optimality conditions and thus it must be
a min-cost flow, as required.
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Proof of Corollary 7.6

Corollary 7.6. Let fi be the flow that SSP-NE finds at the end of the lth iteration.
Let pl be the shortest path in the lth iteration of SSP-NE. Suppose that the shortest
path pl0 is the first non-negative path found by SSP-NE, i.e., wfl0 −1 (pl0 −1 ) < 0 ≤
wfl0 (pl0 ). Then, fl0 has minimum weight over all possible min-cost flows (i.e., fl0 =
arg minf is min-cost flow w(f )). Moreover, among min-cost flows with minimum weight,
the flow value of fi0 is minimal. Thus, the placement L associated with the flow fl0
(i.e., Lji = flin
(aj , ti )) solves the placement problem.
0
Proof of Corollary 7.6. As SSP-NE augments the cost of flow by the weight of path
(i.e., w(fl ) = wfl−1 (pl−1 ) + w(fl−1 )), we derive that w(fl ) < w(fl−1 ) for l ≤ l0 and
w(fl ) ≥ w(fl−1 ) for l ≥ l0 + 1. Hence, fl0 has minimum weight over all possible min-cost
flows (i.e., fl0 = arg minf is min-cost flow w(f )), and among min-cost flows with minimum
weight, the flow value of fl0 is minimal. Finally, the optimality of SSP-NE (Theorem 7.4)
implies that the placement L associated with the flow fl0 (i.e., Lji = flin
(aj , ti )) solves
0
the placement problem.

c.3

Proof of Corollary 7.7

Corollary 7.7. G-BG returns the optimal solution L that solves the placement problem
(SPP-4).
Proof of Corollary 7.7. As proven in Appendix e, G-BG imitates the behavior of SSPNE over the eight-layer graph G8 . By Corollary 7.6 we show that SSP-NE finds the
min-cost flow among all feasible flows f over G8 . By Corollary 7.2 this shows that
the retrieved flow fL is corresponding to a placement L, where L solves the placement
problem (SPP-4).

Appendix d

Correctness of Reduction – The
General Static Placement
Problem
To show the correctness of the reduction, we use the following lemmas, which are similar
to Lemmas 6.2, 6.3:
Lemma d.1. Let L be a feasible placement with n resources. Then there exists an
integer flow fL (i.e., fL (e) is integer for all edges e ∈ E) called the corresponding
flow of L with flow value |fL | = n that obeys the following conditions: (1) fL in (aj , ti ) =
Lji , fL in (ti ) = Li for all area j and resource type i. (2) The flow fL sends 1 unit of flow
on the edges between the source x and layer-2 nodes ((aj , r)) with costs −∆g j (r) for
1 ≤ r ≤ Li . (3) The flow fL sends 1 unit of flow on the edges between layer-4 ((aj , ti ))
and layer-5 ((aj , ti , r)) of costs −∆gij (r) for 1 ≤ r ≤ Lji . (4) fL sends 1 unit of flow
through edges between layer-6 (ti ) and layer-7 ((ti , r)) of costs −∆gi (r) for 1 ≤ r ≤ Li .
(5) fL sends 1 unit of flow through edges between the source x and layer-2 nodes ((aj , r))
of costs −∆gi (r) for 1 ≤ r ≤ Li . Moreover, the cost of fL equals the constant c minus
the profit of L, i.e., w(fL ) = c − P (L, D).
Lemma d.2. Let f be an integer flow in G8 . Let L be a placement such that Lji =
f in (aj , ti ) = fij . Then, the cost of f is not smaller than the cost of a corresponding flow
of L, i.e., w(f ) ≥ w(fL ). Moreover, w(f ) = w(fL ) iff f is a flow corresponding to L.
Proof of Lemmas d.1. For the sake of presentation, alternatively, a path (v1 , v2 , v3 . . . vn )
can be denoted as v1 − v2 . . . vn . To show existence, we define the corresponding flow fL
as follows:
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• The disjoint paths x − (aj , n) − aj , (aj , ti ) − (aj , ti , n) − ti , ti − (ti , n) − y are
assigned respectively with 1 unit of flow if Lj ≥ n, Lji ≥ n and Li ≥ n; otherwise,
the corresponding path is assigned with zero units of flow.
• The flow between (aj , ti ), and (aj , ti ) is Lji .
One can verify that 1) f preserves the capacity constraint and conservation of flows, 2)
the flow value of fL is equal to |fL | = n. In addition, according to Eq. (7.6), the weight
of fL is equal to the constant c minus the profit of L, i.e., w(fL ) = c − P (L, D)
Proof of Lemmas d.2. Given a vertex v in a given network graph G, and a flow r on
G = (V, E) we define its outcome weight of v with respect to r, as the flow cost
outcomes from this vertex, i.e.,

.
wrout (v) =

X

w(v, u)r(v, u).

(d.1)

(v,u)∈E

If there is no edge originating from v, then we define wrout (v) = 0. One may check that
given a flow g on general graph G = (V, E) the weight of g equals w(g) =

P

v∈V

wgout (v).

To prove that the weight of fL is not larger than the weight of f , we show that for every
vertex v, its outcome weight with respect to fL is not larger than its outcome weight
(v). Note that only the source x, four-layer nodes
with respect to f , i.e., wfout (v) ≥ wfout
L
v = (aj , ti ) and 6-layer nodes v = (ti ) have non-zero outcome weights. Thus, it is left to
show the equation for these nodes.
For a four-layer node v = (aj , ti ), the outcome weight of wfout (v) is equal to the sum of
Lji elements from the set Tij , where
Tij = {−∆gij (1), −∆gij (2), . . .}.

(d.2)

The Lji minimal elements from Tij are −∆gij (1), −∆gij (2), . . . , −∆gij (Lji ). Also, the sum
(v). Since wfout
(v) is equal to the sum of the minimal
of these elements is equal to wfout
L
L
Lji in Tij , they cannot be larger than wfout (v).
In a similar way, we prove that every 6-layer node v satisfies wfout (v) ≥ wfout
(v).
L
To prove that wfout (v) ≥ wfout
(v) for the source node v = x we use a different technique.
L
We define wf (aj ) as the weight value of region j to be equal to the sum of edge
weights connecting the source x to the 2-layer node (aj , n) that f passes by, i.e., wf (aj ) =
P∞

j
j
j
n=1 wf (e (n))f (e (n)), where e (n) is the edge connecting the source x and the 2-layer
node (aj , n). Note that the outcome weight of x is equal to the sum of the weight values
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of region of region j, i.e., wfout (x) =
the sum of f j elements from the set

Pn

j
j=1 wf (a ).
T j , where
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The weight value wf (aj ) is equal to

T j = {−∆g j (1), −∆g j (2), . . .}.

(d.3)

The Lj minimal elements from T j are −∆g j (1), −∆g j (2), . . . , −∆g j (Lj ). Also, the sum
of these elements is equal to wfL (aj ). Since wfL (aj ) is equal to the sum of the minimal
Lj in T j , they cannot be larger than wf (aj ), i.e., wf (aj ) ≥ wfL (aj ). Thus the outcome
weight of x with respect to fl is not larger than the outcome weight of x with respect
to fL , i.e., wfout (x) ≥ wfout
(x).
L
Now, suppose that the weight of f equals the weight of fL . Since wf (v) ≥ wfL (v) for
every node v, we derive that wf (v) = wfL (v) for every node v. Now, let v = (aj , ti ) be
a 3-layer node. Then wf (v) is equal to the sum of minimal elements from Tij . Thus f
must send flow through edges between four-layer nodes v = (aj , ti ) and 5-layer nodes
v = (aj , ti , r) with costs −∆gij (1), −∆gij (2), . . . , −∆gij (Lji ). In a similar way, we can show
that f sends flow through edges between the source x and 2-layer nodes v = (aj , r) with
costs −∆g j (1), −∆g j (2), . . . , −∆g j (Lj ), and that f flow through edges between 6-layer
nodes ti and seven-layer nodes v = (ti , r) with costs −∆gi (1), −∆gi (2), . . . , −∆gi (Li ).
Thus f is a flow corresponding to L.

d.1

Proof of Corollaries 7.1, 7.2

Finally, we show the proof of Corollaries 7.1, 7.2 as follows:
Corollary 7.1. Let fopt be an integer min-cost flow of G8 . Let L be the placement
in (aj , ti ). Then f
created from the values of the flow in (region, type) nodes Lji = fopt
opt is

corresponding to L.
Proof of Corollary 6.4. If fopt is not a flow corresponding to L, then according to Lemma d.2
the cost of fL is strictly smaller than the cost of f (i.e., w(f ) > w(fL )). However, the
flow value of fopt is equal to the flow value of f . Thus, fopt cannot be a min-cost flow –
a contradiction.
Corollary 7.2. Suppose that nopt is the minimum number of resources an optimal solution can contain. Let fopt be the min-cost flow in G8 with a required flow of |f | = nopt .
Let L be a placement whose quantities are equal to the flow in nodes (aj , ti ), i.e.,
in (ai , tj ). Then L solves the placement problem (SPP-4).
Lji = fopt
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Proof of Corollary 7.2. The integer min-cost flow fopt has a required flow of nopt . Therefore the placement Lji contains |L| =

j
i=1 Li

Pm

=

j
i=1 fi

Pm

= nopt resources. According to

Corollary 6.4, fopt = fL is a flow corresponding to L.
Let L0 = {L0 ji } be a feasible placement of nopt resources that maximizes the profit and
solves the placement problem (SPP-4). Using Lemma 6.3, we derive that the cost of the
corresponding flow of L and of L are respectively equal to a constant minus the profit cost
of L and L0 , i.e., w(fL ) = c − P (L, D) and w(fL0 ) = c − P (L0 , D). The flow fL is a mincost flow (of flow value nopt ), and therefore P (L, D) = c−w(fL ) ≥ c−w(fL0 ) = P (L0 , D).
The placement L0 maximizes the profit, and thus, L maximizes the profit as well, i.e., L
solves the placement problem (SPP-4).

Appendix e

The Bipartite-like Graph for the
SSP-NE Algorithm
e.1

Formal Definition of Monotone Paths

The weight of the edges in the bipartite-like graph is equal to the weight of their respective minimal paths in the residual graph G8f . Formally, this is defined as follows:
Definition e.1. Let f be a flow, and let vi and vj respectively represent a node in
layer-i and a node in layer-j of G8f , for 1 ≤ i 6= j ≤ 8. An edge e = (vi , vj ) ∈ G8f is
called a forward edge iff i < j. If e = (vi , vj ) is not a forward edge, then it is called a
backward edge. A path p in G8f is called a forward path iff all the edges composing
the path are forward edges. Similarly, a path p in G8f is called a backward path iff
all the edges composing the path are backward edges. A path p is monotone if it is
a forward or a backward path. The shortest monotone path between u and v in G8f is
min

called the minimal path between u and v, and is denoted by u → v.
Remark e.1. If there are multiple monotone paths between v and u, then the minimal
min

path u → v is selected to be one of them.

e.2

Path Composition

Similar to Lemma 6.8 and Corollary 6.9, we show that the weight of every shortest path
8
in GB
f is equal to the weight of its respective path in Gf , as follows:

Lemma e.1. Let f be a flow that the SSP algorithm calculates in its j th iteration over
the eight-layer residual graph G8f . Let v0 , vn be two vertices in G8f that are also included
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0
in the bipartite-like graph GB
f (i.e., v and v are either the source node, the sink node,

an area node or a type node). Then, there is a shortest path between v0 and vn , denoted
by popt , which has a decomposition formula as follows:

min

min

min

popt = v0 → v1 . . . → vn−1 → vn ,

(e.1)

where vl for l = 1, 2, . . . n are vertices in G8f that are also included in the bipartite-like
B
graph GB
f , and (vi , vi+1 ) are edges in the bipartite-like graph Gf .

Corollary e.2. Let vn be a vertex in G8f that is also included in the bipartite-like graph
GB
f , and let x be the source node. Suppose that f is a flow that the SSP-NE algorithm
min

calculates in its j th iteration over the eight-layer residual graph G8f . Then popt = x →
min

min

v1 → . . . → vn is a shortest path in G8f iff p̂opt = (x, v1 , v2 , . . . , vn ) is a shortest path
in the bipartite-like graph GB
f . Moreover, popt and p̂opt have the same weight, and the
distance between x and vn in eight-layer G8f is equal to the distance between x and vn in
the bipartite-like graph GB
f .
Proof of Lemma e.1. This proof is similar to the one shown in Lemma 6.8.
Let popt = (v0 , v1 , u2 , . . . , vn ) be a shortest path in the eight-layer graph G8f . By Theorem 6.6, all edges in G8f have non-negative reduced weights. Thus, as shown by [70],
Property 2.5(a), the graph does not contain negative cycles. WLOG the optimal path
popt does not contain cycles, otherwise the non-negative cycles can be omitted from popt ,
minimizing the cost of the path.
We will show that every node vl1 6= vn in the path popt is followed by a minimal path
(vl1 , vl1 +1 , . . . , vl2 ), l2 > l1 , where (vl1 , vl2 ) is an edge on the bipartite-like graph GB
f .
This will show that popt can be split to minimal paths, and the proof of the lemma is
completed.
Let vl1 6= vn in the path popt and in the bipartite-like graph GB
f . Based on the structure
of vl1 , and the fact that popt does not contain cycles, we will show that vl1 is followed
by a corresponding minimal path:
If vl1 is the source x – then the next minimal path can be either the forward path
sink (x, y), where y is the sink, or the forward path x − (aj , n) − aj where aj is an area
node.

If vl1 is an area node aj – then the next minimal path can be either the forward
path aj − (aj , ti ) − (aj , ti , n) − ti , where ti is a resource type node, or the backward path
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aj − (aj , n) − x where x is the source node.

If vl1 is a type node ti – then the next minimal path can be either the forward path
ti − (ti , n) − y, where y is the sink, or the backward path ti − (aj , ti , n) − (aj , ti ) − aj
where aj is an area node.

If vl1 is the sink y – then the next minimal path can be either the backward path
(x, y), where x is the source, or the backward path y − (ti , n) − ti where ti is a resource
node.

Proof of Corollary e.2. The proof is similar to the one shown in Corollary 6.9.
Given a graph G and a path p in G, we denote w(p, G) the weight of p in G.
0
8
⇒: Let p̂0 be a shortest path in GB
f between v0 and vn , corresponding to a path p in Gf .

The path popt is the one with the minimum weight in G8f . Thus, w(popt , G8f ) ≤ w(p0 , G8f ).
The weight of every path p in the eight-layer residual graph G8f is equal to the weight
0
of its corresponding path p̂ in the bipartite-like graph GB
f . Therefore, the weight of p̂
B
is not larger than the weight of p̂opt in the bipartite-like graph GB
f , i.e., w(p̂opt , Gf ) ≤
B
B
0
w(p̂0 , GB
f ). Since p̂ is a shortest path in Gf , then p̂opt is the shortest path in Gf as

required.
⇐: Let p0 be a shortest path in the eight-layer residual graph G8f between v0 and vn ,
corresponding to a path p̂0 in GB
f . The path p̂opt is the one with the minimum weight
B
0
in G8f . Thus, w(p̂opt , GB
f ) ≤ w(p̂ , Gf ). The weight of every path p in the eight-layer

residual graph G8f is equal to the weight of their corresponding path p̂ in the bipartite0
like graph GB
f . Therefore, the weight of p is not larger than the weight of popt in the
8
0
8
0
eight-layer residual graph GB
f , i.e., w(popt , Gf ) ≤ w(p , Gf . Since p is a shortest path in

G8f , then popt is the shortest path in GB
f as required.
The paths popt and p̂opt have the same weight by the definition of popt .

e.3

Computing the Edge Weights in the Bipartite-like Graph

Given a min-cost flow fL corresponding to a placement L, the weights of the bipartite-like
min

graph edges wf (u → v) can be computed given the marginal-differential functions ∆g
(See Section 7.3.3) and the placement quantities Lji , as we show in the next lemma:
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Lemma e.3. Let fL be a flow corresponding to a placement L that SSP-NE calculates
in some iteration. The weights of the bipartite-like graph edges in GB
f can be computed
as follows:
min

(a) wf (x → aj ) = −∆g j (Lj + 1).
min

(b) wf (aj → x) = ∆g j (Lj ) if Lj > 0 and otherwise ∞.
min

(c) wf (aj → ti ) = −∆gij (Lji + 1).
min

(d) wf (tj → ai ) = ∆gij (Lji ) if Lji > 0 and otherwise ∞.
min

(e) wf (ti → y) = −∆gi (Li + 1).
min

(f) wf (y → ti ) = ∆gi (Li ) if Li > 0 and otherwise ∞.
The correctness of the lemma is based on the monotonicity of the marginal-differential
functions ∆g, and is similar to Lemma 6.10.
Proof of Lemma e.3. We will show parts (c) and (d) of the lemma. Other parts can be
similarly proven.
To show part (c), let aj and ti respectively denote area and resource type nodes. All
edges in an area-to-type path between aj and ti except the edges between (aj , ti ) and
(aj , ti , r), have an infinite capacity and zero weight. Thus, the weight of a minimal
min

area-to-type path wfL (aj → ti ) is equal to the minimal edge weight between layer-4 (
i.e., (aj , ti )) and layer-5 (i.e., (aj , ti , r)) vertices in G8f .
Let e be an edge of minimum weight between layer-4 and layer-5 vertices. If e has a cost
of −∆gij (r) for 1 ≤ r ≤ Lji , then the flow f sends flow through e. Thus, the residual
capacity of e equals cf (e) = c(e) − f (e) = 1 − 1 = 0, and therefore its weight in the
residual graph is equal to infinity (wf (e) = ∞).
If e has a cost of −∆gij (r) for Lji + 1 ≤ r then f does not send flow through e. Thus the
residual capacity of e is equal to cf (e) = c(e) − f (e) = 1 − 0 = 1, and therefore its weight
in Gf is equal to the edge weight in G8 , i.e., wf (e) = w(e). Thus, wf (e) is equal to either
−∆gij (Lji + 1), −∆gij (Lji + 2), . . .. Among these edges, the one with the minimum cost
must be −∆gij (Lji + 1) (as ∆gij is monotonically decreasing and −∆gij is monotonically
min

increasing). Thus, the weight of the minimal area-to-type path wfL (aj → ti ) is equal
to −∆gij (Lji + 1).
To show part (d), let aj and ti respectively denote area and resource type nodes. All
edges in a type-to-area path between ti and aj in the residual graph G8f are reverse edges.
If f does not send flow through the path aj −(aj , ti )−(aj , ti , r)−ti then the reverse edges
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corresponding to the path (i.e., (aj , ti ) − aj , (aj , ti , r) − (aj , ti ) and ti − (aj , ti , r)) have
zero residual capacity, and thus they have an infinite weight. If f sends flow through
the path aj − (aj , ti ) − (aj , ti , r) − ti then the reverse edges corresponding to the path
have non-zero residual capacity, and the weight of the path is equal to the weight of the
edge connecting (aj , ti ) to (aj , ti , r).
The flow f sends flow through edges with costs −∆gij (1), −∆gij (2), . . . , −∆gij (Lji ). The
cost of their respective reverse edges in the residual graph are equal to ∆gij (1), ∆gij (2), . . . , ∆gij (Lji ).
Among these edges, the edge with the minimum weight equal to ∆gij (Lji ) (as ∆gij is
min

monotonically decreasing). Thus, the weight of the minimal type-to-area path wfL (ti →

aj ) equals ∆gij (Lji ). In the special case where Lji = 0, all reverse edges between aj
and ti have zero residual capacity, and infinite weight in Gf . Thus, in such case,
min

wfL (ti → aj ) = ∞.

e.4

SSP-NE Update of the Placement Quantities

We can characterize how SSP-NE updates the placement quantities Lji , similar to the
one described in Lemma 6.11, as follows:
Lemma e.4. Let f be a flow corresponding to L that SSP computes in some iteration.
Suppose that SSP augments the flow by the shortest path (found in Step 2 of SSP)
min

min

min

min

min

min

popt = x → aj1 → ti1 → aj2 . . . → aje → tie → y. Then SSP updates the flow f to
another flow f 0 that is corresponding to a placement L0 , where L0 is defined as follows:
j

j

1) L0 jill ← Ljill + 1 for 1 ≤ l ≤ e. 2) L0 ill+1 ← Lill+1 − 1 for 1 ≤ l ≤ e − 1. 3) L0 ji ← Lji
for (i, j) 6= (il , jl ), (il , jl+1 ). Moreover, computing the quantities of L0 takes linear time
(i.e., it takes O(|V B | + |E B |) = O(mk), where m is the number of resource types, k is
the number of regions and GB = (V B , E B ) is the bipartite-like graph).
The proof is exactly the same as that of Lemma 6.11.
Proof of Lemma e.4. Since the capacity of each edge between (aj , ti ) and (aj , ti , r) is
equal to 1, we augment 1 unit of flow in each iteration of SSP. The edges in every minimal
min

area-to-type path (i.e., ajl → til ) were from the original edges of G8 , and therefore
j

j

augmenting through popt increases the flow of node (ajl , til ) by 1, i.e., f 0 ill+1 ← fill+1 + 1.
min

In contrast, type-to-area paths (i.e., til → ajl+1 ) are concatenation of reverse edges,
and therefore augmenting through popt cancels the flow of these reverse edges, and thus
j

j

f 0 ill+1 ← fill+1 − 1 for 1 ≤ l ≤ e − 1. Since the new updated flow f 0 is corresponding
to a some placement L0 (See Corollary 6.4), then L0 ji = fij . Therefore, the lemma is
followed.

Appendix f

The Four-Layer Graph G4, and
the Proof of Claim 8.10
f.1
f.1.1

The Reduction to a four-layer Graph
Preliminaries: Introduction to the min-cost flow problem

This subsection is similar to Section 6.2.2. We start describing the min-cost flow
problem [71], which is a generalization of the notable max flow problem (see [72]). In
the problem, one considers a directed graph G = (V, E) where every edge e ∈ E has a
non-negative integer capacity c(e) and a real-value weight w(e) (also called cost). The
graph must contain two different nodes: a source node x and a sink node y. An x-y-flow
f : E → R+ is defined on the graph edges (v, v 0 ) ∈ E in the same way as defined in
the max-flow problem. That means, the flow must satisfy the following properties: 1)
Capacity constraint: for each edge e, we have 0 ≤ f (e) ≤ c(e). 2) Conservation of flows:
for every vertex v ∈ V \{x, y} we have

P

(v 0 ,v)∈E

f (v 0 , v) =

P

(v,v 0 )∈E

f (v, v 0 ). In addition

to the standard definitions, we define the flow in node v 6= x, y as the income flow (and
by conservation of flows, the outcome flow) to (from) node v. We denote it by f in (v),
which equals f in (v) =

P

(v,v 0 )∈E

f (v, v 0 )(=

P

(v 0 ,v)∈E

of f , as defined in the max-flow problem, is |f | =
The weight (or cost) of flow f is w(f ) =

P

e∈E

f (v 0 , v) = f out (v)). The flow value

P

(x,v)∈E

f (x, v) =

P

(v,y)∈E

f (v, y).

f (e)w(e).

Given a parameter n, the classic minimum-cost flow problem is to find a flow fopt of
value n that has a minimum weight among all flows of value n. This means that for
every flow f 0 where |f 0 | = |fopt | = n we have w(fopt ) ≤ w(f 0 ). It is well-known that if
the capacities c(e) of a min-cost flow network are integers, then there exists a min-cost

199

The Four-Layer Graph G4 , and the Proof of Claim 8.10

200

flow f where the flow in every edge is integer; a proof can be found in [70], Theorem
9.10.
In this chapter, we generalized the min-cost flow problem, so that it is defined given
a multigraph G = (V, E), i.e., there are multiple edges between every two vertices in
G.

f.1.2

The four-layer graph G4

To devise the construction of G4 (Theorem 8.6 and Figure 8.1) we recall that the
profit function P (D, L) is composed of the sum of marginal profit functions ζi (D, Li ) =
ζi (Di , Li ), ζij (D, Li ) = ζij (Dij , Lji ), ζ j (Lj ) (Eq. (3.5). That means

P (L, D) =

m X
k
X
j

m
X

i=1 j=1

i=1

ζi (Lji , D) +

|

{z

area & type

}

|

ζi (Li , D) +

k
X

ζ j (Lj ) .

(f.1)

j=1

{z

type

}

|

{z

area

}

The marginal profit functions ζij , ζi depend on the demand D, while ζ j does not depend
on the demand D. We denote the differential of a discrete function ζ as ∆ζ(n, D) =
ζ(n + 1, D) − ζ(n, D). In addition, we recall that the size of every placement is bounded
by the storage constant s, which can be as large as one wishes.
The four-layer multigraph G4 (graph with parallel edges between vertices) is composed
of a source x, region nodes j1 , j2 , . . . jk , resource type nodes i1 , i2 . . . im and a sink y.
Between every two nodes of successive layers we connect s edges, all with flow capacity
c(e) = 1. The weight of edges between the source x and a region node j are minus the
area j marginal function differential, i.e., (−1)·∆ζ j (0), (−1)·∆ζ j (1), . . . , (−1)·∆ζ j (s−1),
and the edges are denoted respectively by j 1 , j 2 , . . . , j s or by (x, j)1 , (x, j)2 , . . . , (x, j)s .
The weight of edges between region nodes j and resource type node i are minus the areaj type i marginal function differential (−1), (−1) · ∆ζij (0, D), (−1) · ∆ζij (1, D), . . . , (−1) ·
∆ζij (s − 1, D) denoted by (j, i)1 , (j, i)2 , . . . , (j, i)s . The weight of edges between resource
type node i and the sink y are minus the type i marginal function differential. Finally,
we then connect the source x to the sink y with s edges of flow capacity c(e) = 1 and
weight w(e) = 0. In Figure f.1, we depict the four-layer multigraph.

f.1.3

The corresponding flow

For every placement L we define its corresponding flow fL in the four-layer graph G4
in the following way: 1) For every region j and resource type i, we set the flow on the
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Figure f.1: The four-layer multigraph G4 . We omit some edges from the graph for
the sake of presentation.
j

edges (j, i)1 , (j, i)2 , . . . (j, i)Li to 1. 2) For every region j we set the flow on the edges
j

j 1 , j 2 , . . . j L to 1. 3) For every resource type i we set the flow on the edges i1 , i2 , . . . iLi
to 1. 4) The flow between x and y is equal to s −

P

j

Lj . Note the required flow fL is

equal to the storage constant s. An example can be seen in Chapter 8, Figure 8.1.

f.2

Proof of Claim 8.7

Claim 8.7. Let L be a placement. Then its profit is equal to a constant c minus the
weight of its corresponding flow fL , i.e.,
P (D, L) = c − W (fL , w(D)),

(f.2)

where c depends neither on the placement L nor the demand D, and W (f, w(D)) is the
flow weight of the flow f using the edge weights w resulting from the demand D.
Proof of Claim 8.7. The proof follows from the fact that the sum of differential weights
(−1) · ∆ζ j (0, D), (−1) · ∆ζ j (1, D), . . . , (−1) · ∆ζ j (Lj − 1) forms a telescopic series. The
formal proof is presented below.
Let j be a region node, and denote the flow weight between x and j as wf (x, j) =
j

P

e is an edge connecting x to j

f (e)w(e). Since fL sends 1 unit of flow through edges j 1 , j 2 , . . . j L

with differential weights (−1) · ∆ζ j (0), (−1) · ∆ζ j (1), . . . , (−1) · ∆ζ j (Lj − 1), then
Lji −1

w(x, j) =

X
n=0

j

(−1)·∆ζ (n)

=
|{z}

j −1
LX

definition of ∆g n=0

(ζ j (n)−ζ j (n+1))

=
|{z}

telescopic series

ζ j (0)−ζ j (Lj ),
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and therefore,

ζ j (Lj ) = ζ j (0) − w(x, j).

(f.3)

According to Eq. (3.8), ζ j (0) = −C j (0) is constant, and depends neither on the placement L nor on the demand D.
For every region node j and resource type node i, we can similarly define the flow
between j and i, i.e., wf (j, i) and the flow between i and y, i.e., wf (i, y). We similarly
derive that
ζij (Lji , D) = ζij (0, D) − wf (j, i),

(f.4)

ζi (Li , D) = ζi (0, D) − wf (i, y), ,

(f.5)

and according to Eqs. (3.7)),(3.6)), ζi (0, D) = −Ci (0), ζij (0, D) = −Cij (0) are constants
that depend neither on the placement L nor the demand D.
The weight of fL is equal to the sum of weights wf (x, j), wf (j, i), wf (i, y) over all region
nodes j and resource type nodes i. In addition, according to Eq. (f.1), the profit P (D, L)
is equal to the sum of ζij (Lji , D), ζi (Li , D), ζ j (Lj ) over all region nodes j and resource
type nodes i. If we define the constant c to be the sum of ζij (0, D), ζi (0, D), ζ j (0) then
summing up Eqs. (f.3),(f.4),(f.5) over all region nodes j and resource type nodes i will
result in the required result.

f.3

Proof of Claim 8.8

Claim 8.8. There exists a placement L whose corresponding flow fL is the min-cost
flow of G4 with edge weights w(D) corresponding to demand D and with required flow
|f | = s. Moreover, L is the optimal placement (i.e., solves SPP-4) for demand D.
Proof of Claim 8.8. The correctness of the claim stems from the follows three facts:
1) The marginal profit functions g are concave functions (See Section 3.2), i.e., the
marginal-differential functions ∆g are monotonically non-increasing functions. 2) If the
capacities of a min-cost flow network are integer, then its min-cost flow f is integer
(that is, the flow on every edge is integer). The latter is a well-known theorem (the
Integrability Property in [70], Theorem 9.10). 3) Claim 8.7 proven above. Below we
present the formal proof of the Claim.
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First, the multigraph G4 contains integer capacities, and there is a min-cost flow fmin
of required flow |f | = s, with integer flow values. Note that every edge e 6= (x, y) in G4
has capacity c(e) = 1. Thus, the flow fmin in each edge can be either 0 or 1.
Let j be a region node and i be a resource type node. We denote the n-indexed edges
j n , (j, i)n , in respectively as the edge connecting x to j, the edge connecting j to i,
and the edge connecting i to y with respective weights of (−1) · ∆ζ j (n − 1), (−1) ·
∆ζij (n − 1, D), (−1) · ∆ζi (n − 1, D). The marginal profit functions ζ j , ζij , ζi are concave, and ∆ζ j , ∆ζij , ∆ζi , are monotonically non-increasing functions in n. Thus, the
weights of j n , (i, j)n , in are monotonically non-decreasing in n, and a min-cost flow
fmin will prefer to send flow through edges with a possible index to minimize the
weight of the flow, i.e., there exists Lji , Lj , Li such that we send flow through edges
j

j

j 1 , j 2 . . . . j L , (j, i)1 , (j, i)2 , . . . (j, i)Li , i1 , i2 , . . . iLi (and their filler vertices) 1 unit of flow,
and do not send flow through the other edges. By conservation of flow we note that
Lj = fmin (j) =
j
j=1 Li .

Pk

Pm

i=1 fmin (i, j)

=

j
i=1 Li

Pm

and Li = fmin (i) =

The flow through edge (x, y) equals s −

associated flow of placement Lopt =

Pk

j
j=1 L .

Pk

j=1 fmin (i, j)

=

Thus, fmin is simply the

{Lji }.

To prove that Lopt = {Lji } is the optimal unconstrained placement, let L0 be a placement
with its associated flow fL0 . From the definition of a min-cost flow, the weight of fLopt
is smaller than the flow of fL0 . By Claim 8.7, we derive that Lopt has larger profit than
L0 , thus Lopt is the optimal unconstrained placement.

f.4

Proof of Claim 8.10

Claim 8.10. Let w = w(t) and w0 = w(t + 1) be the edge weights of G4 with respect to
demands D(t) and D(t + 1) respectively. Then the difference of weights |w(e) − w0 (e)|
is bounded by the demand distance d(D(t), D(t + 1)), i.e.,
X

|w0 (e) − w0 (e)| ≤ d(D(t), D(t + 1)).

(f.6)

e∈E

Proof of Claim 8.10. To compute these weight values, we use the following formula to
compute the partial expectation (i.e.,EX (min(n, X))) for every positive discrete random
variable X:

EX (min(n, X)) =

n
X

Pr(X ≥ k).

k=1

The correctness of the equation is shown in Theorem 3.1.

(f.7)
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Using Eq f.7 we can now compute the weights of G4 edges. In Section 8.1, we expressed
the marginal profit functions by the model parameters, which is equal to
ζij (Lji , Dij ) = Rij · EDj [min(Lji · Bi , Dij )] − Cij (Lji )
i

ζi (Li , Di ) = Ri · EDi [min(Li · Bi , Di )] − Ci (Li )

(f.8)

ζ j (Lj ) = −C j (Lj ).
Using Eqs. (f.8), (f.7) we observe that the edge weights of the nth edge respectively
connecting the source x to region node j (denoted by (x, j)n ), region node j and resource
type node i (denoted by (j, i)n ), resource type node i to sink y (denoted by (i, y)n ) are
equal to
n·B
Xi

−∆ζij (n − 1, D) = ∆Cij (n − 1) − Rij ·

Pr(Dij ≥ k),

(f.9)

k=(n−1)·Bi +1
n·B
Xi

−∆ζi (n − 1, D) = ∆Ci (n − 1) − Ri ·

Pr(Di ≥ k)

(f.10)

k=(n−1)·Bi +1

−∆ζ j (n − 1) = ∆C j (n − 1).

(f.11)

Let w = w(t) and w0 = w(t + 1) be the edge weights of the same nth edge in G4 with
respect to demand D(t) and D(t + 1). Then, the difference of weights |w(e) − w0 (e)| on
the nth edge is equal to

P i
j
j


Rij · | n·B

k=(n−1)·Bi +1 Pr(Di (t) ≥ k) − Pr(Di (t + 1) ≥ k)|


P i
|w(e) − w0 (e)| = Ri · | n·B
k=(n−1)·Bi +1 Pr(Di (t) ≥ k) − Pr(Di (t + 1) ≥ k)|




0

e = (i, j)n ,
e = in ,
Otherwise.
(f.12)

Let j be a region node and i a resource type node. Then summing the weight difference
over all edges (j, i)n is
∞
X

|w((i, j)n )−w0 ((i, j)n )|

≤
|{z}

n=1

using triangular inequality

=
|{z}

Pr(X≥n)=1−Pr(X≤n−1)

Rij ·

∞
X

Rij ·

∞
X

| Pr(Dij (t) ≥ k)−Pr(Dij (t+1) ≥ k)|

k=1

| Pr(Dij (t) ≤ k)−Pr(Dij (t+1) ≤ k)| = Rij ·d(Dij (t), Dij (t+1)).

k=0

(f.13)
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Similarly, the sum of weight difference over all edges in is
∞
X

|w(in ) − w0 (in )|

≤

Ri ·

|{z}

n=1

using triangular inequality
∞
X

Ri ·

=
|{z}

Pr(X≥n)=1−Pr(X≤n−1)

∞
X

| Pr(Di (t) ≥ k) − Pr(Di (t + 1) ≥ k)|

k=1

| Pr(Di (t) ≤ k) − Pr(Di (t) ≤ k)| = Ri · d(Di (t), Di (t + 1)).

k=0

(f.14)
If we sum up Eqs. (f.13), (f.14) over all regions j and resource types i, then we have

X

|w(e) − w0 (e)|

=
|{z}

m X
s
X

|w(in ) − w0 (in )| +

Eq. (f.12) i=1 n=1

e∈E

≤
|{z}

m
X

Eqs. (f.13), (f.14) i=1

Ri ·d(Di (t), Di (t+1))+

k X
m X
s
X

|w((j, i)n ) − w0 ((j, i)n )|

j=1 i=1 n=1
m
k X
X
j=1 i=1

Rij ·d(Dij (t), Dij (t+1)) |{z}
= d(D(t), D(t+1)),
Definition of demand distance

(f.15)
as required.

Appendix g

Chapter 9 – Proof of Claims
g.1

Proof of Observation 9.1

Observation 9.1. Given a placement L, the profitability of every unary or move operation can be computed as follows:

∆(aj , L) = ∆gjlocal (Lj + 1) + ∆g global (|L| + 1)

(g.1)

∆(sj , L) = −∆gjlocal (Lj ) − ∆g global (|L|)

(g.2)

∆(bj1 →j2 , L) = −∆gjlocal
(Lj1 ) + ∆gjlocal
(Lj2 + 1),
1
2

for

j1 6= j2

(g.3)

Proof of Observation 9.1. To prove Eq. (g.1): let L0 = aj (L) be the placement derived
by adding to L a single resource into region j. Thus, the quantities of L0 are equal to
L0 i = Li for i 6= j, L0 j = Lj + 1 and |L0 | = |L| + 1. According to Eq. (9.4), the profit of
L0 is
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0

0

0

P (L ) |{z}
= c+
Eq. (9.4)

Li
k X
X

c+

|L |
X

∆g global (n)

n=1

Lj
X

∆gilocal (n)+

i6=j n=1

|L|+1

Lj +1

Li
XX

X

∆gilocal (n) +

i6=j n=1

Definition of L0
Li
XX

+

i=1 n=1

=
|{z}

= c+

∆gilocal (n)

∆gjlocal (n) +

n=1

Li
k X
X

c+

∆gjlocal (n)+∆gjlocal (Lj +1)+

|L|
X

∆g global (n)+∆g global (|L|+1)

n=1

∆gilocal (n)+

i=1 n=1

Changing order of sum

∆g global (n)

n=1

n=1

=
|{z}

X

|L|
X

∆g global (n)+∆gjlocal (Lj +1)+∆g global (|L|+1)

n=1

= P (L) + ∆gjlocal (Lj + 1) + ∆g global (|L| + 1). (g.4)
|{z}

Eq. (9.4)

Thus, ∆(aj , L) = P (L0 ) − P (L) = ∆gjlocal (Lj + 1) + ∆g global (|L| + 1) as required.

To prove Eq. (g.2): let L0 = sj (L) be the placement derived by subtracting a single
resource from L in region j. Thus, the quantities of L0 are equal to L0 i = Li for i 6= j,
L0 j = Lj − 1 and |L0 | = |L| − 1. According to Eq. (9.4), the profit of L0 is

0

0

0

P (L ) |{z}
= c+
Eq. (9.4)

=
|{z}

Li
k X
X

c+

= c+

X

∆g global (n)

Li
XX

Lj −1

∆gilocal (n)

+

i6=j n=1

X

|L|−1

∆gjlocal (n)

∆gilocal (n) +

Changing order of sum

X

X

∆g global (n)

|L|

∆gjlocal (n) − ∆gjlocal (Lj ) +

n=1

c+

+

n=1

n=1

Lj

i6=j n=1

=
|{z}

+

|L |
X
n=1

i=1 n=1

Definition of L0
Li
X

∆gilocal (n)

Li
k X
X
i=1 n=1

X

∆g global (n) − ∆g global (|L|) =

n=1
|L|

∆gilocal (n) +

X

∆g global (n) − ∆gjlocal (Lj ) − ∆g global (|L|)

n=1

= P (L) − ∆gjlocal (Lj ) − ∆g global (|L|). (g.5)
|{z}

Eq. (9.4)

Thus, ∆(sj , L) = P (L0 ) − P (L) = −∆gjlocal (Lj ) − ∆g global (|L|) as required.

To prove Eq. (g.3): let L0 = sj1 (L) be the placement derived by subtracting a single
resource from L from region j1 , and let L00 = aj2 (L0 ) = bj1 →j2 (L) be the placement of
moving a resource from region j1 to region j2 (j1 6= j2 ) in L. The quantities of L0 are
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equal to L0 i = Li for i 6= j1 , L0 j1 = Lj1 − 1, |L0 | = |L| − 1. Thus the profitability of
bj1 →j2 over L is

∆(bj1 →j2 , L) = P (L00 ) − P (L) = P (L00 ) − P (L0 ) + P (L0 ) − P (L)
0

= ∆(aj2 , L ) + ∆(sj1 , L)
|{z}

definition of profitability

=
|{z}

∆gjlocal
(L0j1 + 1) + ∆g global (|L0 | + 1) − ∆gjlocal
(Lj2 ) − ∆g global (|L|)
1
2

Eqs. (g.1), (g.2)

=
|{z}

(Lj2 ) − ∆g global (|L|)
(Lj1 + 1) + ∆g global (|L|) − ∆gjlocal
∆gjlocal
2
1

Definition of L0

(Lj2 ). (g.6)
= ∆gjlocal
(Lj1 + 1) − ∆gjlocal
2
1

as required.

g.2

Proof of Claim 9.11

Claim 9.11. Suppose CG = (o1 , . . . , on ) is a U&Me-like sequence. Suppose that both
operations oi and oi+1 are either addition, subtraction or move operations. Then, the
ith relative profitability is not smaller than that of i + 1, i.e., Rel(i, C) ≥ Rel(i + 1, C).
Proof of Claim 9.11. We denote L = R(i, CG ) the repositioned placement after conducting the first i operations on CG .
In case oi and oi+1 are both addition operations: Suppose that the sequence CG
adds to L a single resource to region j1 and afterwards adds a single resource from
region j2 . By Eq. (9.5), the relative profitability of adding to j1 is equal to Rel(i, CG ) =
∆gjlocal
(Lj1 + 1) + ∆g global (|L| + 1). There can be two cases:
1
If j1 = j2 : The relative profitability of adding to j2 is Rel(i + 1, CG ) = ∆gjlocal
(Lj1 +2)+
1
∆g global (|L| + 2). Since the marginal-differential functions ∆g are monotonically
non-increasing, we derive that Rel(i+1, CG ) = ∆gjlocal
(Lj1 +2)+∆g global (|L|+2) ≤
1
∆gjlocal
(Lj1 + 1) + ∆g global (|L| + 1) = Rel(i, CG ), as required.
1
If j1 6= j2 : The relative profitability of adding to j2 is equal to Rel(i + 1, CG ) = ∆gjlocal
(Lj2 +
2
1) + ∆g global (|L| + 2). Since CG is a greedily ordered sequence (Observation 9.10),
we derive that ∆gjlocal
(Lj1 + 1) ≥ ∆gjlocal
(Lj2 + 1) (otherwise, operation oi cannot
1
2
add to region j1 ). Since the marginal-differential functions ∆g are monotonically
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non-increasing, then ∆g global (|L| + 1) ≥ ∆g global (|L| + 2). Therefore, we derive
that Rel(i + 1, CG ) = ∆gjlocal
(Lj2 + 1) + ∆g global (|L| + 2) ≤ ∆gjlocal
(Lj1 + 1) +
2
1
∆g global (|L| + 1) = Rel(i, CG ), as required
In case oi and oi+1 are both subtraction operations: Suppose that the sequence
CG subtracts a resource from region j1 and afterwards subtracts one from region j2 .
By Eq. (9.6), the relative profitability of subtracting from j1 is equal to Rel(i, CG ) =
−∆gjlocal
(Lj1 ) − ∆g global (|L|). There can be two cases:
1
If j1 = j2 : The relative profitability of subtracting from j2 is Rel(i + 1, CG ) = −∆gjlocal
(Lj1 −
1
1) − ∆g global (|L| − 1). Since the marginal-differential functions ∆g are monotonically non-increasing, we derive that Rel(i + 1, CG ) = −∆gjlocal
(Lj1 − 1) −
1
∆g global (|L| − 1) ≤ −∆gjlocal
(Lj1 ) − ∆g global (|L|) = Rel(i, CG ), as required.
1
If j1 6= j2 : The relative profitability of subtracting from j2 is equal to Rel(i + 1, CG ) =
−∆gjlocal
(Lj2 ) − ∆g global (|L| − 1). Since CG is a greedily ordered sequence (Ob2
servation 9.10), we derive that −∆gjlocal
(Lj1 ) ≥ −∆gjlocal
(Lj2 ) (otherwise, opera1
2
tion oi cannot subtract from region j1 ). Since the marginal-differential functions
∆g are monotonically non-increasing, then −∆g global (|L|) ≥ −∆g global (|L| − 1).
Therefore, we derive that Rel(i + 1, CG ) = −∆gjlocal
(Lj2 ) − ∆g global (|L| − 1) ≤
2
−∆gjlocal
(Lj1 ) − ∆g global (|L|) = Rel(i, CG ), as required
1
In case oi and oi+1 are both move operations: Suppose that the sequence CG applies move operations oi = bj1 →j2 and then move operation oi+1 = bj3 →j4 . By Eq. (9.7),
the relative profitability of oi is equal to Rel(i, CG ) = ∆gjlocal
(Lj2 + 1) − ∆gjlocal
(Lj1 ).
2
1
We denote L0 = oi (L) the placement after applying oi over L. By Eq. (9.7), the
relative profitability of oi is Rel(i, CG ) = ∆gjlocal
(L0 j4 + 1) − ∆gjlocal
(L0 j3 ). We will
4
3
prove that ∆gjlocal
(Lj2 + 1) ≥ ∆gjlocal
(L0 j4 + 1), and in a similar way we can show that
2
4
−∆gjlocal
(Lj1 ) ≥ −∆gjlocal
(L0 j3 ).
1
3
Since CG is a non-canceling sequence, oi cannot remove resources from regions j4 , j2 ,
i.e., j1 6= j2 , j4 . Thus, there can be only two cases:
If j2 = j4 : Then L0j4 = Lj4 +1 and thus ∆gjlocal
(Lj2 +1) = ∆gjlocal
(Lj4 +1) ≥ ∆gjlocal
(Lj4 +
2
4
4
2) = ∆gjlocal
(L0 j4 + 1).
4
If j2 6= j4 : Then L0j4 = Lj4 . Since CG is a greedily ordered sequence, we derive that
∆gjlocal
(L0 j4 + 1) = ∆gjlocal
(Lj4 + 1) ≤ ∆gjlocal
(Lj2 + 1).
4
4
2
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Proof of Claim 9.12

Claim 9.12. Let L be a placement, and G a multiset of non-canceling unary operations.
Suppose that G does not contain any profitable unary operations on L. Let m be a move
operation, composed of a subtraction and an addition operation from G. Let m(L) be
the placement derived by conducting m over L. Then G does not contain any profitable
unary operations on m(L).
Proof of Claim 9.12. Suppose that m = bj2 →j1 adds to region j1 and subtracts from
region j2 . We denote L0 = m(L). Let aj3 be an addition operation in G. Then j3 6= j2 ,
otherwise G includes a canceling operation that adds to and subtracts from region j2 =
j3 . Therefore, L0j3 = Lj3 if j3 6= j1 and otherwise L0j3 = Lj3 + 1. Either way, we have
L0j3 ≥ Lj3 . Also, the number of resources in L is equal to the number of resources in L0 ,
i.e., |L| = |L0 |. Therefore, we derive by Eq. (9.7) that
∆(aj3 , m(L)) = gjlocal
(L0 j3 + 1) + g global (|L0 | + 1) ≤ gjlocal
(Lj3 + 1) + g global (|L| + 1) =
3
3
|{z}

∆g are monotonically non-decreasing

= ∆(aj3 , L) ≤ 0. (g.7)
|{z}

G does not contain any profitable unary operation on L

This means that, aj3 is not profitable over m(L). In a similar way, we can prove that if
sj3 is a subtraction operation in G, then it is not profitable over m(L). Thus, we have
shown that G does not contain any profitable unary operation on m(L).

g.4

Proof of Claim 9.15

Claim 9.15. Let G be a valid multiset with a U&Me-like sequence CG . In the following
cases, we show a multiset G0 that is better than G:
(A) If CG is a prefix of the U&Me sequence CU &M e , then GU &M e is better than G.
(B) If the U&Me sequence CU &M e is a prefix of CG , then GU &M e is better than G.
(C) Suppose that CG contains non-profitable operations, and let G0 be G where these
non-profitable operations are removed. Then G0 is better than G.
(D) Suppose G contains canceling operations, and let G0 be the valid multiset G where
canceling operations are removed. Then G0 is better than G.
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Proof of Claim 9.15:
|C |

|C

|

U &M e
Proof of (A): Let CG = (o1G , o2G , . . . , oG G ) and CU &M e = (o1U &M e , o2U &M e , . . . , oU &M
e )

respectively denote the U&Me-like sequence of G and the U&Me sequence. Since CG
is a prefix of CU &M e the operations oiG = oiU &M e satisfies for every 1 ≤ i ≤ |CG |. It
is obvious that the potential of G, which is non-zero, is strictly larger than the U&Me
multiset GU &M e , which has zero potential. The U&Me algorithm chooses profitable op|C |+1

|C |+2

|C

|

G
G
U &M e
erations, and in particular oU &M
e , oU &M e , . . . oU &M e are all profitable operations with

positive relative profitability. Conducting these profitable operations on LG derives the
U&Me placement, LU &M e , and therefore, we derive that P (LG ) ≤ P (LU &M e ).

Proof of (B): Since the first potential of G is non-zero, then we derive that π(G) >
(0, 0, 0) = π(GU &M e ). It is left to show that the profit of the placement corresponding
to G is not larger than the U&Me placement, i.e., P (LG ) ≤ P (LU &M e ). Let CG =
|C |

|C

|

U &M e
(o1G , o2G , . . . , oG G ) and CU &M e = (o1U &M e , o2U &M e , . . . , oU &M
e ) respectively denote the

U&Me-like sequence of G and the U&Me sequence. Since U&Me sequence CU &M e is
a prefix of CG , i.e., oiG = oiU &M e for every 1 ≤ i ≤ |CU &M e |, then we derive that the
U&Me unary multiset GU &M e = is a subset of G.
According to the U&Me algorithm, the U&Me algorithm stops in the following cases:
(1) The U&Me algorithm has repositioned r resources.
(2) The U&Me algorithm has repositioned r − 1 resources, and the last operation in
|C

|

U &M e
the sequence oU &M
e is a move operation.

(3) There is no profitable move operation.
In case (1), GU &M e contains exactly r unary operations. Since G is a valid multiset,
i.e., it contains r operations at most, and GU &M e is a subset of G, we derive that
GU &M e = G, which contradicts our assumption that G has zero potential.
In case (2), since the multisets G 6= GU &M e are different from each other, we derive
that GU &M e contains exactly r − 1 unary operations, and G contains r operations. The
U&Me sequence CU &M e is a prefix of CG , and therefore we derive that 1) the length
of CG is equal to the length of CU &M e plus 1, i.e., |CG | = |CU &M e | + 1 operations of
|C

CG . 2) The last operation in G, oG U &M e

|+1

, must be a unary operation. 3) The last

U&Me operation o| CU &M e |U &M e = o| CU &M e |G is a move operation. By these properties
|C

we derive that the last operation in CG , oG U &M e

|+1

, must be a non-profitable unary

operation (according to Claim 9.13). Since, conducting the non-profitable operation
|C |

oG G on the U&Me placement LU &M e derives the placement LG corresponding to G,
then we derive that P (LG ) ≤ P (LU &M e ).
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In case (3), by the third property (C) in Corollary 9.14 we derive the required result.
Proof of (C): Removing canceling operations from G does not change the correspond0

ing placement, i.e., LG = LG . Therefore, the profit of both placements is identical,
0

i.e., P (LG ) = P (LG ). Also, since the U&Me multiset GU &M e does not contain canceling operations, then the first potential π1 (G) = |G \ GU &M e | can only be reduced, i.e.,
π1 (G) > π1 (G0 ). This implies that π(G) >L π(G0 ), and thus, G0 is better than G.

Proof of (D): Removing non-profitable operations from G can only increase the place0

ment profit, i.e., P (LG ) ≤ P (LG ), according to Claim 9.13. Also, the U&Me multiset
GU &M e does not contain non-profitable operation. Thus, we derive that the first potential |G\GU &M e | can only be reduced, i.e., π1 (G) > π1 (G0 ), which implies π(G) >L π(G0 ).
Thus, G0 is better than G.

g.5

Proof of Observation 9.16

Observation 9.16. Either one of the following conditions holds: 1) The first uncommon
operation in CU &M e adds to region jU &M e , and the first uncommon operation in CG does
not add to that region. 2) The first uncommon operation in CU &M e subtracts from region
jU &M e and the first uncommon operation in CG does not subtract from that region.
Proof of Observation 9.16. Suppose, by way of contradiction, that both conditions do
not hold. The proof is divided into several cases, where every case leads to a contradiction.
a) The first uncommon operation in CU &M e and the first uncommon operation in CG
are both unary operations. As the condition in the observation does not hold, we
n+1
derive that these operations are identical, i.e., on+1
– a contradiction, as
U &M e = oG

the first uncommon operation in CU &M e , on+1
U &M e , differs than the first uncommon
n+1
operation in CG , i.e., on+1
U &M e 6= oG .

b) The first uncommon operation in CU &M e and the first uncommon operation in CG
are both move operations. The contradiction is derived similarly to case a).
c) The first uncommon operation in CU &M e is a move operation, and the first uncommon
operation in CG is a unary operation. The contradiction is derived similar to case a).
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d) The first uncommon operation in CU &M e is a unary operation, and the first uncommon operation in CG is a move operation. Suppose, without loss of generality, that
the first uncommon operation in CU &M e is an addition operation that adds to region
0
j (on+1
U &M e = aj ). In addition, there exists another region j where the first uncommon

operation in CG is a move operation that moves a single resource from region j 0 to j
(i.e, on+1
= bj 0 →j = sj 0 ◦ aj ).
G
Let R(n, CU &M e ) = R(n, CG ) = Lcommon be the repositioned placement of applying
all common operations o1G = o1U &M e , o2G = o2U &M e , . . . , onG = onU &M e on the initial
placement L. We denote the multiset corresponding to uncommon operation in G
n+2
n+1
by Gn+1 = mult(on+1
G , oG , . . .). The first uncommon operation in CG (oG ) is a

move operation, and therefore, according to Claim 9.13, there is no profitable unary
operation when on+1
was selected. Formally, this means that there is no profitable
G
unary operation in Gn+1 over Lcommon . In particular, the operation that adds a
resource to region j, aj , is not profitable over Lcommon – a contradiction, as the first
uncommon operation in CU &M e , i.e., on+1
U &M e = aj , is a U&Me operation, and thus it
must be profitable over Lcommon .

g.6

Proof of Claim 9.17

Claim 9.17. Suppose that ujU &M e = ajU &M e . Then there is no uncommon operation in
CG that adds to region jU &M e , i.e., ajU &M e 6∈ uncommon(G).
Proof of Claim 9.17. Suppose otherwise, i.e., ajU &M e ∈ uncommon(G).

We denote

Lcommon as the placement of applying the common operations on CG and CU &M e on Linit
(i.e., Lcommon = (o1G ◦ o2G ◦ . . . ◦ onG )(Linit ), where oiG = oiU &M e is a common operation for
1 ≤ i ≤ n). From the greediness of the U&Me algorithm, the unary or the move operation with the highest profitability over Lnewi nit is the first uncommon operation on+1
U &M e ,
which, by definition, adds to region jU &M e . In either of these cases, the best addition
operation over Lcommon must add to region jU &M e 1 . Since the U&Me-like sequence
CG = (o1G ◦ o2G ◦ . . .) is a greedily ordered sequence (Observation 9.10), then the first uncommon operation on+1
is either the unary or the move operation with the highest profG
n+2
itability in the multiset of uncommon operations uncommon(G) = mult(on+1
G , oG , . . .).

There are three cases, which in every case we show a contradiction:
1

The move operation with the highest profitability is composed of the addition and subtraction
operation with the highest profitability, according to Observation 9.9
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on+1
is an addition or a move operation. In both cases, on+1
adds to the region
G
G
with the highest addition profitability in uncommon(G) over Lnewi nit (Observation 9.9). Since the highest addition operation in uncommon(G) over Lcommon
adds to region jU &M e , then the first uncommon operation of CG adds to region
jU &M e – a contradiction to our assumption that the first uncommon operation of
CG , on+1
G , does not add to region jU &M e .
on+1
is a subtraction operation, and on+1
G
U &M e is a unary operation. In this case,
on+1
U &M e is the addition operation ajU &M e . According to the greediness of the U&Me
algorithm, the profitability of ajU &M e over Lcommon is larger than the profitability
of on+1
over Lcommon . Thus, on+1
is not the most profitable unary operation of
G
G
uncommon(G) – a contradiction, as on+1
is, by definition, the most profitable
G
unary operation in uncommon(G).
on+1
is a subtraction operation, and on+1
G
U &M e is a move operation. We prove in Corollary 9.14 that if the U&Me algorithm selects a move operation, then there is no
profitable unary operation over the repositioned placement. In particular, there is
profitable unary operation over Lcommon , and the subtraction operation otG is not
profitable – a contradiction, as all operations in the sequence CG are assumed to
have positive profitability.

g.7

Proof of Claim 9.18

Claim 9.18. Suppose that uncommon(G) contains an addition operation that adds a
resource to region jrep . Suppose that the first uncommon operation in the U&Me sequence
adds to region jU &M e , while the first uncommon operation in G sequence does not. Let
G0 be the unary multiset G, where the addition to region jrep is replaced by an addition
to region jU &M e , i.e., G0 = (G \ {ajrep = uG }) ] {ajU &M e }. Then G0 is a valid multiset
0

that satisfies P (LG ) ≤ P (LG ).
0

Proof of Claim 9.18. By definition, LG is simply LG where a resource was moved from
0

region jrep to jU &M e , i.e., LG = bjrep →jU &M e (LG ). Thus, it is sufficient to prove that
bjrep →jU &M e has non-negative profitability over LG .
According to Eq. (9.7), the move operation bjrep →jU &M e has non-negative profitability
0

over LG if and only if gjlocal
(LjU &M e + 1) ≥ gjlocal
(Ljrep ). We denote for convenience
rep
U &M e
Lcommon of the repositioned placement of applying all the common operations on Linit
i.e., Lcommon = R(n, CG ) = R(n, CU &M e ) where n is the number of common operations.
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n+2
common derives
By definition, conducting the uncommon operations on+1
G , oG , . . . over L

LG .
By definition, there exists an uncommon operation that adds to region jrep . Since G conn+2
tains non-canceling operations, then conducting the uncommon operations on+1
G , oG , . . .

over Lcommon will increase the number of resources in region jrep by one resource at most,
i.e.,

common
LG
+ 1.
jrep ≥ Ljrep

(g.8)

n+2
According to Claim 9.17, there the uncommon operations on+1
G , oG , . . . do not add to

region jU &M e and therefore,

common
LG
jU &M e ≤ LjU &M e .

(g.9)

Since the U&Me algorithm chooses to add to region jU &M e in the tth iteration, then
the profitability of adding a resource to region jU &M e is larger than the profitability of
adding a resource to region jrep , i.e.,

local
common
gjlocal
(Lcommon
+ 1).
jU &M e + 1) ≥ gjrep (Ljrep
U &M e

(g.10)

Since the marginal-differential functions ∆g is monotonically non-increasing, we derive
the desired result:

local
common
local
common
gjlocal
(LG
+ 1)
jU &M e + 1) ≥ gjU &M e (LjU &M e + 1) ≥ gjrep (Ljrep
U &M e

|{z}

Eq. (g.9) and ∆g is monotonically non-increasing

|{z}

Eq. (g.10)

≥ g local (Ljrep ). (g.11)
|{z} jrep

Eq. (g.8) and ∆g is monotonically non-increasing

g.8

Proof of Claim 9.19

Claim 9.19. Suppose that uncommon(G) contains only subtraction operations. Suppose
that the first uncommon operation in the U&Me sequence adds to region jU &M e . Suppose
that the first uncommon operation in CG subtracts from region jrep . Let G0 be the
unary multiset G, where the subtraction of jrep is replaced by an addition of jU &M e ,
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i.e., G0 = (G \ {sjrep = uG }) ] {ajU &M e }. Then, G0 is a valid multiset that satisfies
0

P (LG ) ≤ P (LG ).
Proof of Claim 9.19. We denote CG0 to be the sequence CG where the first uncommon
=
operation, i.e., on+1
= sjrep , is replaced by the unary operation ajU &M e (i.e., on+1
G
G0
ajU &M e and oiG0 = oiG for i 6= n + 1). Of course, the multiset corresponding to the
unary operations of G is G0 . If we prove that the relative profit can only increase, i.e.,
Rel(k, CG ) ≤ Rel(k, CG0 ) for every k, then, according to Observation 9.8, we derive that
0

P (LG ) ≤ P (LG ), as required.
Let k ≥ 1 be a natural number. We denote Lk−1 = R(k − 1, CG ) and L0 k−1 = R(k −
1, CG0 ) be the repositioned placement of conducting the first k − 1 operations of CG and
CG0 over the initial placement Linit . Suppose that the number of common operations in
CG is n. Let Lcommon be the repositioned placement of conducting common operations
over the initial placement Linit . There are three major cases:
If k < n + 1: The first n operations in both CG and CG0 are the same operations. Thus,
we derive that Lk−1 = L0 k−1 and okG = okG0 for every k < n + 1. Therefore
Rel(k, CG ) = ∆(okG , Lk−1 ) = ∆(okG0 , L0 k−1 ) = Rel(k, CG0 ).
If k = n + 1: First, since the first n operations in both CG and CG0 are the common
operations, we derive that Ln = L0 n = Lcommon . Suppose, by way of contradiction, that on+1
U &M e is a move operation. During the move phase of the U&Me
algorithm, there is no profitable unary operation over the repositioned placement
(Corollary 9.14). Thus, there is no profitable unary operation over Lcommon . The
first uncommon operation in CG , i.e., on+1
G , is a subtraction operation, and thus
it is not profitable over Lcommon – a contradiction that G contains only profitable
n+1
operations. Since on+1
U &M e adds to region jU &M e , we derive that oU &M e = ajU &M e is

a unary operation. According to the U&Me greediness, on+1
U &M e = ajU &M e is more
profitable than every other unary operation over Lcommon . This includes the first
uncommon operation in CG i.e., on+1
= sjrep . Therefore,
G
Rel(k, CG ) = ∆(on+1
= ∆(sjrep , Lcommon ) ≤
G , Ln ) |{z}
=on+1
on+1
U &M e =ajU &M e
G0

0
∆(ajU &M e , Lcommon ) = ∆(on+1
G0 , L n ) = Rel(k, CG0 ), (g.12)

as required.
If k > n + 1: We denoted Lk−1 = R(k − 1, CG ) and L0 k−1 = R(k − 1, CG0 ) be the
repositioned placements of conducting the first k − 1 operations of CG and CG0
over the initial placement Linit . All operations in both CG and CG0 are identical,
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except for the n + 1 operation. While onG0 adds a resource to region jU &M e , onG
subtracts from region jrep . Thus, we can derive the quantities of the repositioned
placement Lk−1 = R(k − 1, CG ) and L0 k−1 as follows:
k−1

Lk−1
= L0 j
j

(for every region j 6= jU &M e , jrep ).

k−1

0
Lk−1
jU &M e = L jU &M e − 1.
k−1

0
Lk−1
jrep = L jrep − 1.

|Lk−1 | = |L0

k−1

| − 2.

Thus, we derive that

k−1

Lk−1
≤ L0 j
j
|Lk−1 | ≤ |L0

k−1

(for every region j).

(g.13)

|.

Since k > n + 1 we observed that: 1) The k th operation in CG and CG0 are
equal to each other (okG = okG0 ). 2) The k th operation in CG is an uncommon
with the U&Me sequence CU &M e . Since the multiset of all uncommon operations
uncommon(G) contains only subtraction operations, then we derive that okG is a
subtraction operation that subtracts from some region j0 ., i.e., okG = okG0 = sj0 .
Using the Eqs. (g.13), (9.6) and the fact that the marginal-differential function ∆g
is monotonically non-increasing, we derive the derived result:
Rel(k, CG ) = ∆(okG , Lk−1 ) = ∆(sj0 , Lk−1 )
local

= −∆gj0
|{z}

global
(Lk−1
(|Lk−1 |)
j0 ) − ∆g

Eq. (9.6)

k−1

≤ −∆gjlocal
(L0 j0 ) − ∆g global (|L0
0

k−1

|)

|{z}

Eq. (g.13) and ∆g are monotonically non-increasing
0 k−1

= ∆(sj0 , L
|{z}

)

Eq. (9.6)

= ∆(okG0 , L0

k−1

) = Rel(k, CG0 ). (g.14)
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Proof of Claim 9.20

Claim 9.20. Suppose that uncommon(G) contains a unary operation uG . Let G0 be
the unary multiset G where u is replaced by an addition of jU &M e , i.e., G0 = (G \
{uG }) ] {ajU &M e = uU &M e }. Then, the potential of G is lexicographically greater than
the potential of G0 . More formally, we show that:
(1) The number of operations not in the U&Me multiset cannot increase, i.e., π1 (G) =
|G \ GU &M e | ≤ |G0 \ GU &M e | = π1 (G0 ).
(2) The number of uncommon operation is strictly reduced, i.e., π2 (G) = |uncommon(G)| >
|uncommon(G0 )| = π2 (G0 ).
Proof of Claim 9.20.
Proof of (1):
We will prove that replacing u with the addition of ajU &M e cannot decrease the first
potential. Formally, we will show that
G0 \ GU &M e = (G \ GU &M e ) \ {u},

(g.15)

this will eventually imply that
π1 (G0 ) = |G0 \ GU &M e | ≤ |G \ GU &M e | = π1 (G).

(g.16)

Suppose that a unary operation u0 appears xG , xG0 and xU &M e times in the multisets
G, G0 and GU &M e , respectively. We will prove that the multiplicity of u0 in G0 \ GU &M e
is equal to u multiplicity in (G \ GU &M e ) \ {u}.
In our proof, we will now use the well-known fact that if an element x appears xA and
xB times in multisets A and B, then the element x appears xA +xB and max(0, xA −xB )
times in A ] B and in A \ B, respectively. We refer to [79] for more information. Note
we will divide our proof into three cases:
If u0 6= u, ajU &M e : If u0 6= u, ajU &M e , then u0 appears xG = xG0 in G and G0 , and
also max(0, xG − xU &M e ) = max(0, xG0 − xU &M e ) in both G0 \ GU &M e and in
(G \ GU &M e ) \ {u}.
If u0 = u: The operation u appears max(0, xG0 −xU &M e ) in G0 \GU &M e , and max(0, t−1)
in (G \ GU &M e ) \ {u}, where t = max(0, xG − xU &M e ). However, both expressions
are equal to each other, as operation u in G was replaced, i.e., xG0 = xG − 1.
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If u0 = ajU &M e : Suppose operation ajU &M e appears d times in the common prefix sequence Ccom . Then, according to Claim 9.17, ajU &M e does not appear in the
multiset of uncommon operation uncommon(G). Thus, ajU &M e appears exactly
xG = d times in G. Since G0 is the multiset G where we replaced the operation
u by ajU &M e , then ajU &M e appears xG0 = d + 1 times in G0 . The U&Me multiset
contains all common operations in Ccom . In addition, the first uncommon prefix
sequence in U &M e is ajU &M e . Thus the U&Me multiset GU &M e contains at least
xU &M e ≥ d + 1 times the element ajU &M e .
The operation ajU &M e appears in G0 \ GU &M e and in G \ GU &M e \ {u} exactly
max(0, xG0 − xU &M e ) = max(0, xG − xU &M e ) = 0 times. As required.
G = (o1 , o2 , . . . , on ) be the common prefix sequence of C with
Proof of (2): Let Ccom
G
G G
G
&M e ). Let com(G) and com(G0 ) denote the unary multiset of comCU &M e (i.e., oiG = oU
G

mon operations in G and G0 , respectively. The second potential function of both G and
G0 are equal, respectively, to the number of operations in G and G0 that are not common, i.e., π2 (G) = |uncommon(G)| = |G| − |com(G)| and π2 (G0 ) = |uncommon(G0 )| =
|G0 | − |com(G0 )|. Since the number of operations in G0 and G0 are equal to each other,
i.e., |G| = |G0 |, it is sufficient to prove that |com(G0 )| > |com(G)| to show the correctness
of the claim. We will show that com(G) is a proper subset of com(G0 ).
First, we will show that com(G) is a subset of com(G0 ) (i.e., com(G) ⊂ com(G0 )).
Since u is an uncommon operation (i.e., u ∈
/ com(G)) then com(G) remains a subset of
G0 = (G \ {u}) ] {ajU &M e }. Let CG0 be the U&Me-like sequence corresponding to G0 .
We will show by a simple induction that for every 1 ≤ i ≤ n the (i − 1)th redeposition
placement of CG0 is R(i − 1, CG0 ) = R(i − 1, CU &M e ) and the ith operation of CG is a
common operation, i.e., oiG0 = oiG0 :
For i = 1: – We have R(0, CG0 ) = Linit = R(0, CU &M e ). The multiset G0 contains the
common operation o1G = o1U &M e , which has the highest profitability over Linit . Thus,
the first operation in CG0 is o1G0 = o1U &M e .

i − 1 → i: Since the first i − 1 operations are common operations, then we derive that
R(i − 1, CG0 ) = R(i − 1, CU &M e ). The ith U&Me operation oiU &M e = oiG is a common
operation in G0 (as G0 contains the common multiset com(G)) which has the highest
profitability over R(i−1, CG0 ) = R(i−1, CU &M e ). Thus, we derive that the ith operation
in CG0 is then oiG = oiU &M e = oiG0 .
Thus, we have shown that the unary multiset of common operations of G are a subset
of the unary multiset common operations in G0 , i.e., com(G) ⊂ com(G0 ). Next we will

Chapter 9 – Proof of Claims

220

show that com(G) 6= com(G0 ). This implies that com(G) is a proper subset of com(G0 )
and the proof is completed.
We will show that the n + 1 operation of G0 (n is the length of Ccom ), is either a move
or an addition operation that adds to region jU &M e . Let G0 n = G0 \ com(G) denote the
n+2
unary multiset of operations of on+1
G0 , oG0 , . . .. When considering the n + 1 operation

in CG0 , on+1
G0 , it is, by definition, either the unary or move operation with the highest
profitability in G0 n over the repositioned placement R(n, CG0 ). The first n operations of
CG0 are common with CU &M e , and therefore, applying these operations over the initial
placement Linit derives the same placement, i.e., R(n, CG0 ) = R(n, CU &M e ).
Suppose that the operation ajU &M e appears x times in G. Then it appears x + 1 times in
G0 . According to Claim 9.17, since there is no uncommon operation that adds to region
jU &M e , then the common operations o1G = o1G0 , o2G = o2G0 , . . . , onG = onG0 add to region
jU &M e exactly x times. Thus, G0 n = G0 \ com(G) contains exactly once the operation
ajU &M e .
By its definition, the first uncommon operation of the U&Me sequence with CG , on+1
U &M e ,
adds to region ajU &M e . That means, on+1
U &M e is either the unary operation or the move
operation with the highest profitability over the repositioned placement R(n, CG0 ) =
R(n, CU &M e ). We show that in the following cases that on+1
G0 cannot be a subtraction
operation:
n+1
on+1
G0 is a subtraction operation, and oU &M e is a unary operation. In this case,

on+1
U &M e is the addition operation ajU &M e . According to the greediness of the U&Me
algorithm, the profitability of ajU &M e over Lcommon is larger than the profitability
of on+1
over R(n, CG0 ) = R(n, CU &M e ). Thus, on+1
is not the most profitable
G
G0
unary operation of R(n, CG0 ) = R(n, CU &M e ) – a contradiction, as on+1
is, by
G0
definition, the most profitable unary operation in G0 n−1 over R(n, CG0 ).
n+1
on+1
G0 is a subtraction operation, and oU &M e is a move operation. According to Corol-

lary 9.14, if the U&Me algorithm selects a move operation over R(n, CU &M e ), then
there is no profitable unary operation over R(n, CU &M e ). Thus, the subtraction
operation on+1
is not profitable over R(n, CU &M e ) = R(n, CG0 ). Since CG0 is a
G0
n+2
U&Me-like sequence, then on+1
G0 , oG0 , . . . are either subtraction or addition oper-

ations. However, this is not possible, as on+1
G0 is a subtraction operation and the
n+2
0
unary multiset of on+1
G0 , oG0 , . . ., is G n , which contains the addition operation

ajU &M e .
0
Thus on+1
G0 is either an addition or a move operation. Since ajU &M e ∈ G n is the addition

operation with the highest profitability over R(n, CG0 ) = R(n, CU &M e ), then on+1
G0 adds
to region ajU &M e . Since the (n + 1)th operation in both CG0 and CU &M e add to region
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jU &M e , then ajU &M e is not in the unary multiset of uncommon operations in CG0 , i.e.,
uncommon(G0 ) (See Remark 9.2).
As we observed, if the operation ajU &M e appears x times in G, then it appears x times
in com(G). Since com(G0 ) = G0 \ uncommon(G0 ) contains ajU &M e exactly x + 1 times,
then, in particular, com(G) 6= com(G0 ). Thus we have shown that com(G) is a proper
subset of G0 .

Appendix h

The Proof of Lemma 9.4
Lemma 9.4. Let L be a placement, and let CU &M e be the U&Me sequence over L. Then
CU &M e is non-canceling.
Proof of Lemma 9.4. We denote by CU &M e = (o1 , o2 , . . .) the U&Me sequence. For the
sake of contradiction, assume that U&Me is canceling, i.e., the U&Me sequence adds to
some region jorg and subtracts from region jorg . We call region jorg the original region.
Suppose that operations oiadd and oisub are respectively adding to and removing from
the original region jorg a single resource.
Without loss of generality we can make the following assumptions in our proof: 1) The
addition operation appears in the U&Me sequence before the subtraction operation, i.e.,
iadd ≤ isub . The proof is similar to the case where the subtraction operation appears
before the addition operation. 2) The indices iadd and isub are of the shortest-gap
canceling operations. That means that if ot1 and ot2 are canceling operations in the
U&Me sequence, then |t1 − t2 | ≥ |iadd − isub |. In particular, these assumptions imply
the following observations:
Observatiton 1: the operations (oiadd +1 , oiadd +2 , . . . , oisub ) do not cancel each other
out.
Observatiton 2: the operations (oiadd +1 , oiadd +1 , . . . , oisub −1 ) neither add nor subtract
a resource from the original region jorg .
We denote R(iadd − 1) as the repositioned placement after conducting the first iadd − 1
operations. We will see how to use Claim h.2 to derive an alternative region jalt such
that ∆(ajalt , R(iadd −1)) > ∆(ajorg , R(iadd −1)), i.e., adding to the alternative region jalt
is more profitable than adding to the original region jorg . This, of course, contradicts
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U&Me greediness, where in each iteration it selects the most profitable operation1 ; in
particular, U&Me cannot add to the original region jorg in iteration iadd .
To show the contradiction, we use the following two claims that are essential building
blocks to prove Lemma 9.4. The proof of the claims are quite straightforward, and all
are based on three facts: 1) Eqs. (9.5)- (9.7). 2) The marginal-differential functions ∆g
are monotonically non-increasing. 3) U&Me selects only profitable operations. We will
later see how these claims imply the contraction.
Claim h.1. Let CU &M e = (o1 , . . . , on ) be the U&Me sequence. Suppose that for 1 ≤
i1 < i2 ≤ n operations oi1 , oi1 +1 , . . . , oi2 are all either addition or subtraction operations.
Then oi2 is profitable over the repositioned placement R(i1 − 1) corresponding to the first
i1 − 1 operations.
Note that while Observation 9.6 states that oi2 is profitable over the repositioned placement R(i2 − 1), it is not obvious that oi2 is profitable over a previous repositioned
placement R(i1 − 1).
Proof of Claim h.1. Without loss of generality assume that i1 = 1, operations o1 , o2 , . . . , oi2
are all addition operations, and oi2 adds to region j, i.e., oi2 = aj . We need to show that
the profitability of oi2 over R(0) = L, which according to Eq. (9.5) equals ∆(aj , L) =
∆gjlocal (Lj ) + ∆g global (|L|), is positive. Suppose that o1 , o2 , . . . , oi2 −1 are adding δj ≥ 0
resources to region j and δ ≥ 0 resources in all regions. That means, the repositioned
placement after applying these operations, R(i2 − 1), contains δj + Lj resources in region
j and |L| + δ in all regions. The profitability of oi2 over R(i2 − 1) is positive (Observation 9.6). Therefore, ∆(R(i2 − 1), aj ) = ∆gjlocal (Lj + δj ) + ∆g global (|L| + δ) > 0. Finally,
the marginal-differential functions ∆g are monotonically non-increasing and thus
∆(aj , L) = ∆gjlocal (Lj ) + ∆g global (|L|) ≥ ∆gjlocal (Lj + δj ) + ∆g global (|L| + δ) > 0, (h.1)
as required.
Claim h.2. Let CU &M e = (o1 , . . . , on ) be the U&Me sequence. Suppose that there are
regions j1 , j2 that satisfy the following conditions: 1) Operation oi1 adds a resource to
region j1 , and does not subtract from region j2 . 2) Operations oi1 +1 , oi1 +2 , . . . , oi2 −1
neither add to nor subtract from either region j1 or region j2 . 3) The move operation
bj1 →j2 = sj1 ◦ aj2 is profitable over a repositioned placement R(t − 1), where i1 < t ≤ i2 .
Then, ∆(aj2 , R(i1 − 1)) > ∆(aj1 , R(i1 − 1)).
1

By Observation 9.1, if U&Me selects a move operation then it is composed of the addition and
subtraction operations with the highest profitability.
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Proof of Claim h.2. For the sake of clarity, we denote L = R(i1 − 1) and L0 = R(t −
1). By definition of repositioned placement, conducting the composition of operations
oi1 , oi1 +1 , . . . , ot−1 over L = R(i1 − 1) derives the placement L0 = R(t) (i.e., (oi1 ◦ oi1 +1 ◦
. . . ◦ ot−1 )(L) = L0 ). Since operations oi1 , oi1 +1 , . . . oi2 add a single resource to region j1
and they do not subtract resources from region j2 , we derive that
L0 j1 = Lj1 + 1,

(h.2)

L0 j2 ≥ Lj2 .

The profitability of bj1 →j2 over R(t−1) = L0 , which according to Eq. (9.7) is gjlocal
(L0 j2 +
2
1) − gjlocal
(L0 j1 ), is positive, i.e.,
2
(L0 j1 )
gjlocal
(L0 j2 + 1) > gjlocal
1
2

(h.3)

Thus, we derive that,
gjlocal
(Lj2 + 1)
2

gjlocal
(L0 j2 + 1)
2

≥
|{z}

Eq. (h.2) and ∆g is monotonically non-increasing

> gjlocal
(L0 j1 )
1
|{z}

Eq. (h.3)

=
|{z}

gjlocal
(Lj1 + 1),
1

Eq. (h.2)

i.e., the local value of adding a resource to region j2 is strictly larger than the local value
of adding a resource to region j1 . By our notation, R(i1 − 1) = L, and therefore

∆(aj2 , R(i1 −1)) = gjlocal
(Lj2 +1)+gjglobal
(|L|) > gjlocal
(Lj1 +1)+gjglobal
(|L|) = ∆(aj1 , R(i1 −1)),
2
1
2
1
as required.
To show the contraction, suppose that operations oiadd and oisub are both unary operations. The case where oisub is a move operation, and oiadd can be either a move or
a unary operation, is given in the next paragraph. Let ot = ajalt be the last addition
operation in (oiadd , oiadd +1 , . . . , oisub −1 ) (i.e., (ot+1 , ot+2 , . . . , oisub −1 ) are all subtraction
operations) that adds to region jalt . Then, the operations ot+1 , ot+2 , . . . , oisub are all
subtraction operations. Therefore, according to Claim h.1, the operation oisub = sjorg is
profitable over the repositioned placement R(t). The operation ot = ajalt is profitable
over R(t − 1) (Observation 9.6) and therefore the composite of profitable operations
ajalt ◦ s(j) = bjalt →jorg is a profitable operation over R(t − 1) (Observation 9.7). Finally,
we use Claim h.2 to derive that ∆(ajalt , R(iadd − 1)) > ∆(ajorg , R(iadd − 1)). adding
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to the alternative region jalt is more profitable than adding to original region jorg , i.e.,
∆(ajalt , R(iadd − 1)) > ∆(ajorg , iadd − 1).
Now, suppose that oisub is a move operation, and oiadd can be either a move or a unary
operation. Operation oisub is a move operation, and therefore there exists region jalt
such that oisub moves a resource from the original region jorg to the alternative region
jalt , i.e., oisub = bjorg →jalt = ajalt ◦ sjorg .
Suppose that oiadd = bjalt →jorg = ajorg ◦ sjalt is a move operation that subtracts from
region jalt , i.e., oiadd = bjalt →jorg = ajorg ◦ sjalt . By the following claim, we derive that
either oiadd = bjalt →jorg or its revere operation oisub = bjorg →jalt is not profitable.
Claim h.3. Suppose that oiadd is a move operation that moves a resource from region jalt to region jorg (i.e., oi1 = bj1 →j2 ), and oi2 is the reverse operation that moves
a resource from region j2 to region j1 (i.e., oi2 = bj2 →j1 ). Suppose that operations
oi1 +1 , oi1 +2 , . . . , oi2 −1 neither add to nor subtract from either region j1 or region j2 .
Then, the relative profitability of oi1 is equal to minus the relative profitability of oi2 ,
i.e.,
Rel(i1 , C) = −Rel(i2 , C).

(h.4)

Proof. Let L = R(i1 − 1, C) and L0 = R(i2 − 1, C) be the repositioned placement of the
first i1 −1 and i2 −1 operations of C over Linit , respectively. By the definition of the repositioned placement, conducting the operations oi1 , oi1 +1 , oi1 +2 , . . . , oi2 −1 over L is equal
to L0 , i.e., (oi1 ◦ oi1 +1 ◦ oi1 +2 ◦ . . . oi2 −1 )(L) = L0 . The operations oi1 +1 , oi1 +2 , . . . , oi2 −1
neither add to nor subtract from either region j1 or region j2 and operation oi1 moves a
resource from region j1 to region j2 . Therefore, the quantities of regions j1 and j2 in L
and L0 are equal to:
L0 j1 = Lj1 − 1
L0 j2 = Lj2 + 1.

(h.5)

By its definition, the relative profitability of oi1 and oi2 is equal, respectively, to the
profitability of operations oi1 = bj1 →j2 and oi2 = bj2 →j1 over the repositioned placements
L = R(i1 − 1, C) and L0 = R(i2 − 1, C), respectively. According to Eq (9.7), the
relative profitability of oi1 is Rel(i1 , C) = gjlocal
(Lj2 + 1) − gjlocal
(Lj1 ) and the relative
1
2
profitability of oi2 is Rel(i2 , C) = gjlocal
(L0 j1 + 1) − gjlocal
(L0 j2 ). By Eq. (h.5) we derive
2
1
that Rel(i1 , C) = −Rel(i2 , C), i.e., the desired result.
Thus, we show that oiadd cannot be a move operation that subtracts from region jalt .
The operations oiadd , oiadd +1 , . . . oisub −1 satisfy the first two conditions of Claim h.2. In
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addition, oisub is profitable over R(isub −1), and satisfies the third condition of Claim h.2.
Therefore, we derive that ∆(ajalt , R(iadd − 1)) > ∆(ajorg , R(iadd − 1)), as required.

Appendix i

The Hardness of the Fair
Christmas Game Problem
In this chapter, we prove Theorem 10.4 from Section 10.2, using the Exact Cycle Sum
problem.
Definition i.1. Let G = (V, E) be a directed graph. A set of cycles T = {C1 , . . . , Cn }
in G is called a set of disjoint-vertex cycles if no vertex is shared by different cycles.
The Exact Cycle Sum problem is discussed in [19] and defined as followed:

Exact Cycle Sum
Input:

A parameter k, a directed graph G.

Problem:

Is there a set T = {C1 , C2 , . . . Cn } of disjoint-vertex cycles in G, which
contains exactly k edges?

We show that the Fair Christmas Game Problems is as hard as the Exact Cycle Sum (in
the sense that if one solves the former, one solves the latter as well), i.e., we will prove
Theorem 10.4 from Section 10.2.
Theorem 10.4. There is a polynomial reduction from the Cycle Sum Problem to the
Fair Christmas Game Problem.
Proof of Theorem 10.4. Let k, G = (V, E) be an instance of the Exact Cycle Sum problem. We construct a corresponding Christmas Game as follow: For every vertex v ∈ V
we add two players vin , vout to our game. The friend list of player vin is only vout , and
the friend list of player vout are players uin where (v, u) ∈ E. We will prove that there is
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a set T of disjoint-vertex cycles containing exactly k edges, iff there is a Fair Christmas
Game with 2k gifts sent.
Suppose G has a disjoint-vertex cycle set T = {C1 , C2 , . . . Cn }. We denote the union of
these cycles by G0 =

S

i Ci

= (V 0 , E 0 ). We define a Fair Christmas Game where player

vin gives a gift to vout iff v ∈ V 0 and player vout gives a gift to player uin iff (v, u) ∈ E 0 .
The game is fair, as every player vin , vout sends and receives one gift if v ∈ V 0 ; otherwise,
vin , vout sends and receives zero gifts.
We define a game cycle C game = (u1 , u2 , . . . um , u1 ) if player ui sends a gift to player
ui+1 and player um sends a gift to player u1 . Note that a cycle Ci = (v 1 , v 2 , . . . , v m , v 1 )

1 , v1 , v2 , v2 , . . . , vm , vm
with m edges corresponds to a game cycle with 2m gifts of the form C game = (vin
out in out
in o

Thus, if S contains k edges, then its corresponding Fair Christmas Game sends exactly
2k gifts.
Suppose there is a Fair Christmas Game with 2k gifts sent. We define Vgame as the set
of players sending or receiving one or more gifts. For every player vin ∈ Vgame , we can
1 , v1 , v2 , v2 , . . . ,
construct, by induction, a unique game cycle of the form C game = (vin
out in out
m , v m , v 1 ) where 2m gifts are sent and it contains player v in . This game cycle correvin
out in

sponds to a cycle C = (v 1 , v 2 , . . .) in G, with m edges. Thus, C1game , C2game , . . . Cngame
are the game cycles of the fair game, where 2k gifts are sent. Their corresponding cycles
are C1 , C2 , . . . Cn with a total number of k edges. Note that the cycles C1 , C2 , . . . Cn
have disjoint vertices since, by the construction, the game cycles are unique to every
player.

Appendix j

The SCC algorithm – The
Minimum-Length Negative Cycle
and The Bipartite-like Graph
GB
f
j.1
j.1.1

Minimum-Length Negative Cycle (MLnC) Algorithm
Preliminaries: the Bellman-Ford algorithm

Given a non-negative integer l, the Bellman-Ford algorithm can be use to find the shortest paths that use l edges at most. This is formulated by the following theorem:
Theorem j.1. Let G = (V, E) be a weighted graph, v1 , v2 ∈ V two vertices, and l a
number. Then, by running l iterations of Bellman-Ford, one can retrieve the shortest
path between v1 and v2 of l edges at most. Moreover, this can be done in O(l|V ||E|)
time.
The correctness of Theorem j.1 is proven similarly to Lemma 24.2 in [72].

j.1.2

The Minimum-Length negative Cycle (MLnC) algorithm

To find the minimum-length negative cycle, we present the MLnC algorithm. Let G =
(V, E) be a general directed graph with a weight function w defined over the graph
edges E. MLnC uses a matrix A(l) = (aji (j)), where aji (l) is the cost of the shortest
229
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path between i ∈ V and j ∈ V , among all shortest paths with l edges. One can compute
the matrix A(l), using dynamic programming, as presented by following equations:

aji (1) =
aji (l)

=


w(i, j)

when (i, j) ∈ E.

∞

otherwise.

(j.1)

min (aki (l − 1) + w(k, j)) for l ≥ 2.

k|(k,j)∈E

Given a vertex v and a number l, the element aii (v) represents the weight of the shortest
cycle of length l that contains v. Thus, using the definition of the minimum-length
negative cycle, we derive that the following properties hold:
Observation j.2. A graph G = (V, E) does not contain negative cycles iff for every
number 1 ≤ l ≤ |V | the diagonal of A(l) is non-negative, i.e., a(l)vv ≥ 0 for every vertex
v.
Observation j.3. Let G = (V, E) be a graph that contains at least one negative cycle.
Suppose that the minimum-length negative cycle contains lmin edges. Then, the following
properties hold:
• For every integer l < lmin , the diagonal of A(l) is non-negative, i.e., a(l)vv ≥ 0 for
every vertex v.
• Suppose vmin = arg minv avv (lmin ) is the minimal element in the diagonal of A(lmin ).
Then, vmin is a vertex in the minimum-length negative cycle and aivmin (vmin )(lmin ),
which is the weight of the minimum-length negative cycle, is negative.
Given a graph G = (V, E), the MLnC algorithm runs as follows: (1) Compute iteratively
the elements of A(l), according to Eq. (j.1), until either the diagonal of A(l) contains
negative elements. If the algorithm runs for more than |V | iterations, then the graph G
does not contain any negative cycle (according to Observation j.2), and the algorithm
terminates. Suppose that the algorithm runs for lmin ≤ |V | iterations. (2) Select the
minimal element in the diagonal, i.e., vmin = arg minv avv (lmin ). According to Observation j.3, the minimum-length negative cycle is of length lmin and contains the vertex
vmin . (3) Use the Bellman-Ford algorithm as described in Theorem j.1, and find the
shortest path form vmin to itself that uses lmin edges, i.e., the minimum-length negative
cycle.
Give a matrix A(l), computing the element aji (l + 1) in the matrix A(l + 1) takes O(dj )
operations, where dj is the outgoing degree of vertex j. Thus, every iteration of Step (1)
takes O(

P

i∈V

P

j∈V

dj ) = O(|V | · |E|)). Therefore, Step (1) takes O(|V |2 · |E|) in case

the graph G contains a negative cycle, and O(lmin · |V | · |E|) otherwise. Step (2) can be
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Figure j.1: The bipartite-like graph GB
f .

implemented in O(|V |) and Step (3) takes O(lmin · |V | · |E|) according to Theorem j.1.
Thus, we draw the following conclusion:
Corollary j.4. MLnC determines whether a graph G contains a negative cycle. If such
cycle exists – it computes the minimal-length negative cycle in O(lmin |V ||E|), where lmin
is the number of edges in the negative cycle. Otherwise - the running time is O(|V |2 |E|).
Remark j.1. A related problem to the minimum-length negative cycle problem is that
of finding a simple negative cycle of minimum cost, where the cost of a cycle is the sum
of its edge costs. This problem was proved to be NP-complete (See [70]).

j.2

The Bipartite-Like Graph

The bipartite-like graph, denoted as GB
f , is a directed graph constructed by removing
the edges in the four-layer residual graph G4f . The graph is composed of the following
four layers: the first layer comprises the source node x, the second layer comprises area
nodes aj , the third layer comprises resource type nodes ti , and the last layer comprises
the sink node y. As opposed to the bipartite-like graphs depicted in Sections 7.8, 6.3,
we connect the source x to the sink y and the sink y to the source x. We do not use the
node potentials as described in Chapter 7.8, which cannot be used in Cycle-Canceling
algorithms (which includes SCC).
Between every two nodes v and u of successive layers in G4f , there exists multiple edges.
Let emin (u, v) be the edge with minimum weight in the four-layer residual graph G4f
between u and v, and wf (emin (u, v)) the weight of this edge in G4f . Then, in the
bipartite-like graph we connect a single edge between v and u, and the weight of that
edge is equal to wf (v → u) = wf (emin (u, v))).
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Figure j.2: A multigraph that contains two different cycles spanning the same vertices.

j.3

Path Composition

Remark j.1. In multigraphs, we denote cycles and paths by their edges and not by their
vertices. For example, the cycle C = (e1 , e2 , e3 ) and C 0 = (e4 , e5 , e6 ) are two different
cycles in Figure j.2, connecting vertices a, b and c.
We next show that the weight of the minimum-length negative cycle in both the fourlayer residual graph G4f and bipartite-like graph GB
f are equal to each other:
Claim j.5. Let f be a flow that the SCC algorithm calculates in its j th iteration over
the four-layer residual graph G4f . The following properties hold:
(a) If the minimum-length negative cycle in the four-layer residual graph G8f connects
vertices v1 , v2 , . . . , vn = v0 , then the cycle composed of the edges with minimum
weight between vi and vi+1 , i.e., the cycle C = (emin (v0 , v1 ), emin (v1 , v2 ), . . . , emin (vn−1 , vn ))
is also the minimum-length negative cycle.
(b) A cycle C = (v0 , v1 , . . . , vn = v0 ) is the minimum-length negative cycle in the bipartite residual graph GB
f if and only if Ĉ = (emin (v0 , v1 ), emin (v1 , v2 ), . . . , emin (vn−1 , vn ))
is a minimum-length negative cycle in G4f .
Proof of Claim e.2.
Proof of (a): Let C 0 be the minimum-length negative cycle that connects vertices
v1 , v2 , . . . , vn = v0 . The weight of every edge in C cannot be larger than the corresponding edge in C 0 , and thus the weight of C cannot be larger than the weight of C 0 . Since
C 0 is the minimum-length negative cycle, then C is also a negative cycle. Let C 00 be a
negative cycle. By the definition of a minimum-length negative cycle, there can be two
cases: 1) The length of the cycle C 00 is strictly larger then the length of C 0 , and thus
the length of the cycle C 00 is strictly larger then the length of C (which is equal to the
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length of C 00 ). 2) The length of C 00 is equal to the length of C 0 (and the length of C),
and the weight of C 00 is smaller than or equal to the weight of C 0 . Since the weight of
C 0 is smaller than or equal to the weight of C, then the weight of C 00 is smaller than or
equal to the weight of C. Thus, we have proved that C is the minimum-length negative
cycle.

Proof of (b):
⇒: Suppose otherwise. According to (a), there exists a negative cycle
Ĉ 0 = (emin (v00 , v10 ), e(v10 , v20 ), . . . , emin (vn0 0 −1 , vn0 0 )) which is "better" than Ĉ, i.e., n > n0 ,
or the length of Ĉ and Ĉ 0 are equal to each other but the weight of Ĉ 0 is smaller than the
weight of Ĉ. The length and weight of C and C 0 are equal, respectively, to the length
and weight of Ĉ and Ĉ 0 . Thus, we derive that C cannot be the minimum-length negative
0
cycle in GB
f , as the cycle C is a negative cycle that either is shorter (in length) than C,

or the length of C and C 0 are equal to each other, but the weight of C 0 is smaller than
the weight of C – a contradiction.
⇐: Suppose otherwise. There exists a negative cycle C 0 = (v00 , v10 , . . . , vn0 0 ) which is better
than C, i.e., n > n0 , or the length of C and C 0 are equal to each other but the weight
of C 0 is smaller than the weight of C. The length and weight of C and C 0 are equal,
respectively, to the length and weight of Ĉ and Ĉ 0 . Thus, we derive that Ĉ cannot be
the minimum-length negative cycle in G4f , as the cycle Ĉ 0 is a negative cycle that either
is shorter (in length) than Ĉ, or the length of Ĉ and Ĉ 0 are equal to each other, but the
weight of Ĉ 0 is smaller than the weight of Ĉ – a contradiction.

j.4

Computing the Edge Weights in the Bipartite-like Graph

Given a flow fL corresponding to a placement L, the weights of the bipartite-like graph
min

edges wf (u → v) can be computed given the marginal-differential functions ∆g and the
placement quantities Lji , as we show in the next lemma:
Lemma j.6. Let fL be a flow corresponding to a placement L that SCC calculates in
some iteration. The weights of the bipartite-like graph edges in GB
f can be computed as
follows:
min

(a) wf (x → y) = 0 if |L| < s and otherwise ∞.
min

(b) wf (y → x) = 0 if |L| > 0 and otherwise ∞.
min

(c) wf (x → aj ) = −∆g j (Lj + 1) if Lj < sj and otherwise ∞.
min

(d) wf (aj → x) = ∆g j (Lj ) if Lj > 0 and otherwise ∞.
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min

(e) wf (aj → ti ) = −∆gij (Lji + 1) if Lji < s and otherwise ∞.
min

(f) wf (tj → ai ) = ∆gij (Lji ) if Lji > 0 and otherwise ∞.
min

(g) wf (ti → y) = −∆gi (Li + 1) if Li < s and otherwise ∞.
min

(h) wf (y → ti ) = ∆gi (Li ) if Li > 0 and otherwise ∞.
The correctness of the lemma is based on the monotonicity of the marginal-differential
functions ∆g, and is similar to Lemmas 6.10, e.3.
Proof of Lemma j.6. We will show parts (c) and (d) of the lemma. Other parts can be
similarly proven.
To show part (c), let aj and ti respectively denote area and resource type nodes, and
let e be an edge of minimum weight between aj and ti . If e has a cost of −∆gij (r) for
1 ≤ r ≤ Lji , then the flow f sends flow through e. Thus, the residual capacity of e
is cf (e) = c(e) − f (e) = 1 − 1 = 0, and therefore its weight in Gf is equal to infinity
(wf (e) = ∞).
If e has a cost of −∆gij (r) for Lji + 1 ≤ r ≤ s then f does not send flow through e. Thus
the residual capacity of e is cf (e) = c(e) − f (e) = 1 − 0 = 1, and therefore its weight in
the residual graph Gf is equal to the edge weight in G4 , i.e., wf (e) = w(e). Thus, wf (e)
can be either equal to −∆gij (Lji + 1), −∆gij (Lji + 2), . . .. Among these edges, the one
with the minimum cost must be −∆gij (Lji + 1) (as ∆gij is monotonically decreasing and
−∆gij is monotonically increasing). Thus, the weight of the minimal area-to-type path
min

wfL (aj → ti ) is −∆gij (Lji + 1). In the special case where Lji = s, all edges between aj
and ti have zero residual capacity and infinite weight in the residual graph Gf . Thus,
min

in such case, wfL (aj → ti ) = ∞.
To show part (d), let aj and ti respectively denote area and resource type nodes. All
edges between ti and aj in the residual graph G8f are reverse edges. If f does not send
flow through the edge e between aj and ti , then its reverse edge ê in the residual graph
has zero residual capacity, and thus it has an infinite weight in Gf . If f sends flow
through e, then its reverse edge ê has non-zero residual capacity, and the weight of the
reverse edge in the residual graph is equal to (-1) multiplied by the weight of the edge
e in the four-layer graph G4 .
The flow f sends flow through edges with costs −∆gij (1), −∆gij (2), . . . , −∆gij (Lji ). The
cost of their respective reverse edges in the residual graph is equal to ∆gij (1), ∆gij (2), . . . , ∆gij (Lji ).
Among these edges, the edge with the minimum weight is equal to ∆gij (Lji ) (as ∆gij is
min

monotonically decreasing). Thus, the weight of the minimal type-to-area path wfL (aj →

ti ) equals ∆gij (Lji ). In the special case where Lji = 0, all reverse edges between aj and ti
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have zero residual capacity and infinite weight in the residual graph Gf . Thus, in such
min

case, wfL (aj → ti ) = ∞.

j.5

SCC Update of the Placement Quantities

We can characterize how SCC updates the placement quantities Lji , similarly to the one
described in Lemma 6.11, as follows:
Lemma j.7. Let f be a flow corresponding to L that SCC computes in some iteration.
Suppose that SCC augments the flow by the cycle C = (emin (v0 , v1 ), emin (v1 , v2 ), . . . ,
emin (vn−1 , vn )) in G4f . Then SCC updates the flow f to another flow f 0 that is corresponding to a placement L0 , where L0 is defined as follows: 1) For every edge (aj , ti )
in C, SCC updates increases Lji by one. 2) For every reverse edge (ti , aj ) in C, SCC
updates decreases Lji by one.
The proof is similar to that of Lemmas 6.11, e.4.
Proof of Lemma j.7. Since the capacity of each edge between aj and ti is equal to 1, then
we augment by 1 unit of flow in each iteration of SCC. The edges (aj , ti ) are original
edges of G4 , and therefore augmenting through C increases the flow of node (aj , ti ) by
1, i.e., f 0 ji ← fij + 1. In contrast, the edges (ti , aj ) are reverse edges of G4 , and therefore
augmenting through C decreases the flow of node (aj , ti ) by 1, i.e., f 0 ji ← fij − 1. As we
removed only the edge with minimum weight emin between two vertices, the new updated
flow f 0 is corresponding to L0 , i.e, L0 ji = f 0 ji . Therefore, the lemma is followed.

Appendix k

The SCO algorithm - the Full
Details
k.1

Full Version of Lemma 10.11, and its Proof

Lemma k.1 (Extended version of Lemma 10.11). Let o be an extended chain
operation O(j1 → j2 → . . . → jn ). Suppose that between jk to jk+1 it moves a resource
of type ik (k = 1, 2 . . . n − 1). Then the profitability of o over L can be one of the
following formats, according to the class of the operation o:
1. Class 1: If o neither adds a resource to j1 nor removes one from jn then
∆(o, L) = ∆+ (j1 ) +

n−1
X

∆ik (jk → jk+1 ) + ∆− (jn )

k=1

2. Class 2: If o adds a resource of type i0 to j1 but does not remove from jn then
∆(o, L) = ∆+
i0 (j1 ) +

n−1
X

∆ik (jk → jk+1 ) + ∆− (jn ).

k=1

3. Class 3: If o does not add a resource to j1 but removes a resource of type in from
jn then
∆(o, L) = ∆+ (j1 ) +

n−1
X
k=1
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∆ik (jk → jk+1 ) + ∆−
in (jn ).
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4. Class 4: If o adds a resource of type i0 to region j1 and removes a resource of
type in 6= i0 from jn then
∆(o, L) = ∆+
i0 (j1 ) +

n−1
X

∆ik (jk → jk+1 ) + ∆−
in (jn ).

k=1

5. Class 5: If o adds a resource of type i0 to region j1 and removes a resource of
type in = i0 from jn then
∆(o, L) =

n−1
X

∆ik (jk → jk+1 ) + ∆i0 (jn → j1 ).

k=1

where,
∆i (j1 → j2 ) = ∆gij2 (Lji 2 ) − ∆gij1 (Lji 1 − 1)

(k.1)

∆+ (j) = −∆g j (Lj − 1)

(k.2)

j
j
∆+
i (j) = ∆gi (Li ) + ∆gi (Li )

(k.3)

∆− (j) = ∆g j (Lj )

(k.4)

∆−
i (j) =

−∆gij (Lji

− 1) − ∆gi (Li − 1).

(k.5)

Proof. Let L̂ = o(L). Then, by the definition of profitability and by Eq. (10.7), the
profitability of o over L is equal to the sum of gij (L̂ji ) − gij (Lji ), gi (L̂i ) − gi (Li ) and
|

{z

area & type

} |

{z

type

}

g j (L̂j ) − g j (Lj ) over all regions j and resource types i.
|

{z

area

}

The proof is similar to the one pointed out in the original lemma, (Lemma 10.11). If
the operation adds a type i resource in region j, i.e., L̂ji = Lji + 1, then it contributes
to the area & type functions gij (L̂ji ) − gij (Lji ) = gij (Lji + 1) − gij (Lji ) |{z}
= ∆gij (Lji ). If the
operation removes a type i resource from region
to the area & type functions gij (L̂ji ) − gij (Lji ) =

Definition of ∆gij
j, i.e., L̂ji = Lji − 1, then it contributes
gij (Lji − 1) − gij (Lji ) |{z}
= −∆gij (Lji − 1).
Definition of ∆gij

If the operation does not change the number of type i resources in region j – then, of
course, gij (L̂ji ) − gij (Lji ) = 0 and it does not contribute to the profitability.
In a similar way, if the operation adds a resource to or removes a resource from region
j, it contributes, respectively, to the area functions ∆g j (Lj ), −∆g j (Lj − 1), and if the
operation adds or removes a resource of type i, it contributes, respectively, to the area
functions ∆g j (Lj ), −∆g j (Lj − 1).
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When the operation o moves a resource of type i from region j1 to region j2 , then
operation o removes a type i resource from region j1 and adds a resource to region
j2 . Thus, each move operation contributes to the area & type functions ∆gij2 (Lji 2 ) −
∆gij1 (Lji 1 − 1) = ∆i (j1 → j2 ). Now, the operation of every class moves a type ik
resource from region jk to region jk+1 , and thus contributes to the area & type functions
Pn

k=1 ∆ik (jk

→ jk+1 ).

Note that if o is a fifth-class operation, it adds a resource of type i0 to region j1 and
removes a resource of type i0 from jn . This is equivalent to moving a type i0 resource
from region jn to region j1 . Thus, in this case, the operation contributes ∆i0 (jn → j1 ).
If o is either a first- or a third-class operation, then it does not add a resource to j1 and
thus the number of resources in j1 is reduced, i.e., the operation o contributes to the
profitability ∆+ (j1 ) = −∆g j1 (Lj1 − 1). If o is either a second-, a fourth-, or a fifth-class
operation, the number of resources in region j1 does not change. The operations in these
classes increase the number of type i0 resources in region j1 , i.e., they contribute to the
area & type profitability function ∆gij01 (Lji01 ) (note that in fifth-class operations this term
appears as part of ∆i0 (jn → j1 ) = ∆gij01 (Lji01 ) − ∆gij0n (Lji0n − 1)). If o is either a secondor a fourth-class operation, then the number of type i0 resources increases by one, and
therefore contributes to the profitability the sum ∆gi1 (Li1 ). For operations of the fifth
class, the number of type i0 = in resources remains the same and does not contribute
to the profitability.
In the first- and the second-class operations, o does not remove a resource from jn
and thus the number of resources in j1 is increased, i.e., the operation o contributes
to the profitability ∆− (jn ) = ∆g j1 (Ljn ). In operations of other classes, the number
of resources in region jn does not change. These operations decrease the number of
type in resources in region jn , i.e., they contribute to the area & type profitability
function −∆gijnn (Ljinn − 1). Note that in fifth-class operations, this term appears as part
of ∆i0 (jn → j1 ) = ∆gij01 (Lji01 ) − ∆gij0n (Lji0n − 1), where in = i0 ). In the third- and
fourth-class operations, the number of type in resources is reduced by one (for the fifthclass operation the number of type i0 = in resources remains the same), and therefore
contributes to the sum −∆gin (Lin − 1).
Finally, the operation o does not change the number of type i resources in region j,
where (i, j) 6= (ik , jk ), (ik , jk−1 ). Thus, the region&type marginal profit associated with
the number of type i resources in region j is not changed. In addition, the number of
type i 6= i0 , in resources and the number of resources in region j 6= j1 , j2 do not change,
and so does not the marginal profit associated with those numbers.
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The Full Algorithm to find the Shortest Profitable Operation

The algorithm finds the shortest profitable operation for every class of extended chain
operation, as seen in Lemma 10.11. Then, the algorithm will compare the different
shortest profitable operations across the different classes and will choose the shortest
profitable operation among them. The implementation of the algorithm in each class is
similar, with slight differences. We will define algorithm Ai as the algorithm that finds
the shortest profitable operation in class i.
All these algorithms are two-stage algorithms: in the first stage they create a graph G,
and in the second stage they run a variation of the shortest path algorithm to find the
shortest profitable operation.
Given the placement L, in the first stage of these algorithms a complete digraph of
region vertices 1, 2 . . . , k is constructed. Our goal is to create a graph G that represents
extended chain operation E(j1 → j2 → . . . → jn ) such that between regions jk and jk+1
the operation moves the best resource of type i(jk → jk+1 ) between them. More formally,
all algorithms define over the edges (j1 , j2 ) weights w(j1 → j2 ) = (−1)·maxi ∆i (j1 → j2 ),
i.e., the best move between region j1 and j2 and save the resource type that maximizes
this value, i.e., i(j1 → j2 ) = arg maxi ∆i (j1 → j2 ) (i.e., the resource type maximizes
Eq. (10.9)).
In addition, algorithms A1 , A2 , A3 , A4 add two nodes: a source node x and a sink node
y, and connect, for every region j, the edges (x, j) and (j, y). The weight of edges (x, j)
in A1 and A3 (i.e., for the first- and third-class operations) are w+ (j) = (−1) · ∆+ (j).
Algorithms A2 and A4 find the best resource of type i0 to add to region j1 , and therefore
+
they set w+ (j) = (−1) · maxi ∆+
i (j) and save i0 (j) = arg max ∆i (j). The weight of

edges (j, y) in A1 and A2 are , w− (j) = (−1) · ∆− (j). Algorithms A3 and A4 find
the best resource of type in to remove from region jn , and therefore they set w− (j) =
−
(−1) · maxi ∆−
i (j), and save in (j) = arg max ∆i (j).

In the second stage, these algorithms use the Bellman-Ford algorithm [72], which, in
the ith iteration, computes the shortest path between two vertices s and t of i edges
at most. For algorithms A1 , A2 . . . An it finds the shortest path between s = x and
t = y. Algorithm A5 runs simultaneously over all region nodes j and, in the ith iteration, finds the shortest path between s = j to itself (t = j) that uses i edges at
most. These algorithms stop in the first iteration imin where the shortest path with
imin edges has negative weight. When an algorithm finds that the shortest path is
(x, j1 , j2 , . . . , jimin −2 , y) (or (j1 , j2 , . . . , jimin , j1 ) in the case of A5 ), then it returns the
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chain operation O(j1 → j2 , . . . → jimin −2 ), which moves from region jk to jk+1 a resource
of type i(jk → jk+1 ). According to the algorithm class, the operation can add a resource
of type i0 (j1 ) (Classes 2, 4) to region j1 and/or remove resource of type in (jn ) (Classes
3, 4) from region jn .
According to the next claim, these algorithms must find the shortest profitable operation
in their respected classes:
Claim k.2. Algorithm Ai find a shortest profitable operation over all extended chain
operations of Class i (i = 1, 2, 3, 4, 5).
Proof. The proof is identical to the proof in Claim 10.12.

The complexity of A1 . . . , A4 in the first stage is O(k 2 · m) where k is the number of
regions and m is the number of resource types. This is because computing w(j1 → j2 )
takes O(m) steps. Using Bellman-Ford on a graph G = (V, E) takes O(V E). Since our
graph contains O(k) vertices and O(k 2 ) edges – then the running time of the second stage
is O(k 3 ). Thus the complexity of A1 , A2 , . . . A4 is O(k 2 (k + m)) steps. Algorithm A5 in
the second stage runs the Bellman-Ford algorithm simultaneously for every region node j
i.e., its time complexity in the second stage is O(k 4 ) and in both stages is O(k 2 (k 2 +m)),
which is the time complexity of our full algorithm.

k.3

Description of Residual Graphs and the Augmenting
Cycle Theorem for Multigraphs

In Theorem 10.10, we use properties over the well-known residual graph. The residual
graph is defined next:
Definition k.1. Let G = (V, E) be a (multi)-graph, where a weight function w and an
integer capacity function c are defined over the graph edges E, and let f be a flow. We
denote the reverse edges in G by Ê = {(u, v)|(v, u) ∈ E}. The residual (multi)graph Gf = (V, Ef ) is a graph constructed similarly to the residual graph in the maxflow problem. On the residual graph edges one defines weight wf and capacity cf , and
is constructed from a graph G and from flow f by the following steps: 1) Add edges
from G to Gf , such that edge e ∈ E will have a weight of wf (e) = w(e) and a capacity
of cf (e) = c(e) − f (e). 2) Add the reverse edges of G, Ê. That means, if (v, v 0 ) ∈ E,
then add edge (v 0 , v) ∈ Ê to Gf with a weight of wf (v 0 , v) = −w(v, v 0 ) and a capacity of
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cf (v 0 , v) = f (v, v 0 ). Note that for every edge e in Gf , we have c(e) ≥ 0. 3) Every edge e
in Gf with zero residual capacity cf (e) = 0 is removed from the graph1 .
Most of the min-cost flow algorithms are based on augmenting flow through a path or
a negative cycle in a residual graph Gf . When a min-cost flow algorithm augment ∆
units of flow through a subset of edges E 0 from Gf , it affects the flow f in the following
way:
• If e ∈ E 0 is an edge in the original graph G, then we set f (e) ← f (e) + ∆.
• If e = (u, v) ∈ E 0 is a reverse edge in G, then we set f (e) ← f (e) − ∆.
According to the new updated flow, one can update the graph Gf with a new weight
function wf and new capacity cf . We define the weight wf of cycle C in the residual
graph Gf as the sum of the cycle edge weights, i.e., wf (C) =

P

e∈C

wf (e).

The usefulness of augmenting flow through cycles is described in the Augmenting Cycle
Theorem, a well-known theorem, which is presented below.
Theorem k.3 (Augmenting Cycle Theorem for graphs). Let f and f 0 be two flows
defined over a graph G with edge weights w and integer capacity function c. Suppose that
f and f 0 have the same flow value |f | = |f 0 |. Then, in the residual graph Gf there exist
cycles C1 , C2 , . . . Cm such that 1) f 0 is equal to f , plus augmenting a positive integer ∆i
of flow units through all Ci , i = 1, 2, . . . , m. 2) The weight of f 0 is equal to the weight
of f plus the weight of the cycles Ci in the residual graph Gf i.e.,

W (f 0 , w) = W (f, w) +

m
X

wf (Ci )∆i

(k.6)

i=1

3) The union of all these cycles

Sm

i=1 Ci

is unique.

Proof of the Augmenting Cycle Theorem for graphs. A proof can be found in many places,
such as [70]2 .
Therefore, many min-cost flow algorithms are based on augmenting flow iteratively
through negative cycles in the residual graph Gf , until a min-cost flow is reached.
Note that the theorem was proven assuming G is a graph but not a multigraph. Thus, it
cannot be applied over the four-layer multigraph G4 . However, we extend that theorem
and show that the theorem applies to a multigraph as well.
1
2

Alternatively, one can set the weight of these edges to infinity
Note that [70] uses a slightly different version than ours.
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Theorem k.4 (Augmenting Cycle Theorem for multigraphs). Let f and f 0 be
two flows defined over a multigraph G with edge weights w and capacity function c.
Suppose that f and f 0 have the same flow value |f | = |f 0 |. Then, in the residual graph
Gf there exists cycles C1 , C2 , . . . Cm such that 1) f 0 is equal to f plus augmenting a
positive integer ∆i of flow units through all Ci , i = 1, 2, . . . , m. 2) The weight of f 0 is
equal to the weight of f plus the weight of the flowing cycles Ci in the residual graph Gf ,
i.e.,

W (f 0 , w) = W (f, w) +

m
X

wf (Ci )cf (Ci ).

(k.7)

i=1

3) The union of all these cycles

Sm

i=1 Ci

is unique.

Proof of the Augmenting Cycle Theorem for multigraphs. Given a multigraph G we expand G into Ĝ, such that for every edge e in G that connects vertex v1 to v2 , we add a
new vertex ve . Then, we connect v1 to ve and ve to v2 . We set the weight of the edge
(v1 , ve ) to be equal to the weight of the edge e in G. In addition, the weight of the edge
(ve , v2 ) is set to zero. The capacity of both edges (v1 , ve ), (ve , v1 ) in Ĝ is equal to the
capacity of the edge e.
Every flow in the multigraph G has a corresponding flow in G, and vice versa. That
means, if a flow f in G sends 1 unit of flow through edge e, then the appropriate flow fˆ
in Ĝ sends 1 unit of flow through edges (v1 , ve ) and (ve , v2 ) in Ĝ. The weights of both
flows are equal to each other (i.e., W (f, w) = W (fˆ, ŵ)). Similarly, for every cycle C in
G there is a cycle Ĉ in Ĝ and vice versa, with the same weight and residual capacity.
Now let f and f 0 be two flows, with corresponding flows fˆ and fˆ0 in G0 . Then, according
to the Augmenting Cycle Theorem for graphs, there exist cycles Ĉi in Ĝfˆ corresponding
to cycles Ci in G, where the above three conditions are satisfied with respect to flow fˆ0
and fˆ. One can check that the cycles Ci satisfy all three conditions for the flows f and
f 0.

k.4

Proof of Lemma 10.13 from Section 10.3

Lemma 10.13. For every operation o and placement L there exists a sub-operation of
o, to be denoted by o∗ (o, L) ⊆ o that possesses the following two properties: 1) There is
a lowest-weight cycle C such that augmenting flow through C corresponds to o∗ (o, L),
i.e., it changes the flow fL to fo∗ (o,L)(L) , and 2) operation o∗ (o, L) is an extended chain
operation or a composition of two operation-disjoint extended chain operations.
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Proof of Lemma 10.13. To prove Lemma 10.13, we use Observation k.5 (given below),
which characterizes the structure of the residual operation multigraph G(o, L). The
observation will imply that the definition of operation o∗ (o, L) is well-defined. We then
show that the operation o∗ (o, L) has a lowest-weight cycle representation (Claim k.6),
and then prove that o∗ (o, L) is an extended chain operation (Claim k.7).
To define o∗ (o, L) we use the following observation that characterizes the edges of the
residual operation multigraph G(o, L).
Observation k.5. The residual operation multigraph G(o, L) should contain only the
following edges from the four-layer residual multigraph G4fL :
j +1

• For every region node j, if Lj < o(L)j then G(o, L) contains original edges (x, j)L
j
j
(x, j)L +2 , . . . , (x, j)o(L)

of the residual graph G4fL i.e., with respective weights
−∆ζ j (Lj ), −∆ζ j (Lj +1), . . . , −∆ζ j (o(L)j −1). If Lj > o(L)j then G(o, L) contains
j

j −1

reverse edges (j, x)L , (j, x)L

, . . . , (j, x)o(L)

j

+1

of G4fL with respective weights

∆ζ j (Lj − 1), ∆ζ j (Lj − 2), . . . , ∆ζ j (o(L)j ). If Lj = o(L)j then G(o, L) does not
contain any original edge or reverse edge between x and j.
• For every region node j and resource type node i, if Lji < o(L)ji then G(o, L) contains original edges
j

j

j

(j, i)Li +1 , (j, i)Li +2 , . . . , (j, i)o(L)i of the residual graph G4fL i.e., with respective
weights
−∆ζij (Lji , D), −∆ζij (Lji + 1, D), . . . , −∆ji (o(L)ji − 1, D). If Lji > o(L)ji then G(o, L)
j

j

j

contains reverse edges (i, j)Li , (i, j)Li −1 , . . . , (i, j)o(L)i +1 of G4fL with respective
weights ∆ζij (Lji − 1, D), ∆ζij (Lji − 2, D), . . . , ∆ζij (o(L)ji , D). If Lji = o(L)ji then
G(o, L) does not contain any original edge or reverse edge between i and j.
• For every resource type node i, if Li < o(L)i then G(o, L) contains original edges
(i, y)Li +1 , (i, y)Li +2 , . . . , (i, y)o(L)i of the residual graph G4fL . i.e., with respective
weights
−∆ζi (Lji , D), −∆ζi (Li + 1, D), . . . , −∆i (o(L)i , D) If Li > o(L)i then G(o, L) contains reverse edges (y, i)Li , (y, i)Li −1 , . . . , (y, i)o(L)i +1 of G4fL with respective weights
∆ζi (Li − 1, D), ∆ζi (Lji − 2, D), . . . , ∆ζi (o(L)i , D). If Li = o(L)i then G(o, L) does
not contain any original edge or reverse edge between i and y.
• We denote |L| as the number of resources in a placement L. If s − |L| < s −
|o(L)| (i.e., |o(L)| ≥ |L|) then G(o, L) contains edges (x, y)s−|L|+1 , (x, y)s−|L|+2 ,
. . . , (x, y)s−|o(L)| of the residual graph G4fL . If s − |L| > s − |o(L)| then G(o, L)
j

j

j

contains reverse edges (y, x)Li , (y, x)Li −1 , . . . , (y, x)o(L)i +1 of graph G4fL . All reverse and original edges between x and y have zero weight. If s − |L| = s − |o(L)|
then G(o, L) does not contain any edge or reverse edge between x and y.

,
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Proof of Observation k.5. Suppose that we send 1 unit of flow through the edges of
G(o, L). Then, the corresponding flow of L, fL , was changed to the corresponding flow
of o(L), fo(L) . We define the edges described in the observation by G0 . We will show that
by augmenting the flow through G0 we change the flow fL to fo(L) . By the definition of
the residual operation graph G(o, L), augmenting the flow through G(o, L) changes the
flow fL to fo(L) . Since there is a single subgraph that can change the flow fL to fo(L)
(see the Augmenting Cycle Theorem k.4) we get that G0 = G(o, L).
Let a be a region node. According to its definition, the corresponding flow of L augments
a

1 unit of flow through edges (x, a)1 , (x, a)2 , . . . , (x, a)L . By the following cases, we show
that after augmenting the flow through G0 , the corresponding flow of L changes so that
the flow in edges between source x and region node a are similar to the flow of these
edges in the corresponding flow of o(L):
1. If La < o(L)a , then augmenting 1 unit of flow through G0 , i.e., through original
a +1

edges (x, a)L

a +2

, (x, a)L

a

, . . . , (x, a)o(L) , will change the flow fL so that edges
a

(x, a)1 , (x, a)2 , . . ., (x, a)o(L) will contain 1 unit of flow, similar to the corresponding flow of o(L).
2. If La > o(L)a , then augmenting 1 unit of flow through G0 , i.e., through reverse
a

a −1

edges (a, x)L , (a, x)L
a −1

(x, a)L

a

, . . . , (x, j)o(L)

a

, . . . , (x, a)o(L)

+1 .

−1 ,

a

will cancel the flow in edges (x, a)L ,

This means the flow changes so it contains 1 unit of
a

flow through edges (x, a)1 , (x, a)2 , . . . , (x, a)o(L) , similar to the corresponding flow
of o(L).
3. If La = o(L)a , then augmenting 1 unit of flow through G0 does not change the flow
of edges between source x and a, and the flow still contains 1 unit of flow through
a

edges (x, a)1 , (x, a)2 , . . . , (x, a)o(L) , similar to the corresponding flow of o(L).
We can similarly prove that augmenting the flow through other edges in G0 will change
the corresponding flow of L to the flow of o(L).
Now, according to Observation k.5, for every region node j and resource type node i,
the residual operation multigraph G(o, L) (and therefore every lowest-weight cycle C)
cannot contain both original edges from j to i and reverse edges from j to i. This implies
a well-defined definition to the operation o∗ (o, L).
Suppose that C is a lowest-weight cycle in the residual operation multigraph G(o, L).
We define operation o∗ (o, L) such that for every region node j and resource type node i
it does the following:
• If C contains original edges from j to i, then o∗ (o, L) adds a type i resource to
region j.
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• If C contains reverse edges from i to j, then o∗ (o, L) removes a type i resource
from region j.
• If C does not contain any edges between i and j, then o∗ (o, L) will not change the
number of type i resources from region j.
By the following claim, we will show that there is a lowest-weight cycle C 0 that represents
o∗ (o, L):
Claim k.6. There is a lowest-weight cycle C 0 (that is a simple cycle with the lowest
weight in G(o, L)) which represents its corresponding operation o∗ (o, L), i.e., augmenting
flow through C 0 changes the placement L to o∗ (o, L)(L).
Proof of Claim k.6. Let C be the lowest-weight cycle that we used to create o∗ (o, L). We
observe that if C connects v1 to v2 , then it must use a single edge with the lowest weight
to connect between the vertices (it can use only one edge as C is simple). Suppose
C contains an original edge connecting vertices j to i, denoted by j → i. According to Observation k.5, the residual operation graph G(o, L) (and thus C) should conj

j

j

tains edges (j, i)Li +1 , (j, i)Li +2 , . . . , (j, i)o(L)i of edge weights −∆ζij (Lji , D), −∆ζij (Lji +
1, D), . . . , −∆ji (o(L)ji − 1, D). Since the marginal profit functions are concave (i.e.,
∆ζ(n, D) ≥ ∆ζ(n + 1, D) for every n) then we can take a lowest-weight cycle C 0 that
j

j

contains edge (j, i)Li +1 = (j, i)Li +1 . In a similar way, we can assume that if C 0 contains either x → y, x → j, i → y, then it can be assumed, respectively, that it uses
j +1

edges (x, y)s−|L|+1 , (x, j)L

, (i, y)Li +1 . These are exactly the same edges of the residual

operation multigraph of o∗ (o, L), G(o∗ (o, L), L), according to Observation k.5.
If C contains a reverse edge i → j, then according to Observation k.5, the residual
j

j

j

operation graph G(o, L) (and thus C) contains edges (i, j)Li , (i, j)Li −1 , . . . , (j, i)o(L)i +1
of edge weights ∆ζij (Lji − 1, D), ∆ζij (Lji − 2, D), . . . , ∆ji (o(L)ji , D). Since the marginal
profit functions are concave, then we can take a lowest-weight cycle C 0 that contains
j

edge (i, j)Li , and we can assume the cycle uses that edge. In a similar way, we show that
if C 0 uses either y → x, j → x, y → i, then it can be assumed, respectively, that it uses
j

edges (y, x)s−|L| , (j, x)L , (y, i)Li . These are exactly the edges of the residual operation
multigraph of o∗ (o, L), G(o∗ (o, L), L) according to Observation k.5 for the reverse edges.
Thus, we proved that G(o∗ (o, L), L) = C 0 , and that augmenting the flow through C 0
changes the placement L to o∗ (o, L)(L).

To complete Lemma 10.13 we show the following claim:
Claim k.7. The operation o∗ (o, L) is an extended chain operation, or a composition of
two disjoint extended chains.
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Proof of Claim k.7. Let C 0 be a lowest-weight cycle C 0 (among the simple cycles in
G(o, L)) corresponding to o∗ (o, L). We prove this claim based on the structure of G(o, L)
and based on the fact that C 0 is a simple cycle.
First, C 0 should contain at least one region node j. Otherwise, C 0 must contain only
the sink x, the source y and type nodes i. The cycle C 0 cannot be a cycle of length
2, as it is a subgraph of residual operation graph G(o, L), which cannot contain such a
cycle (according to Observation k.5), and if C 0 ’ is a cycle of length 3 or more, it must
contain a vertex twice and thus it is not a simple cycle – a contradiction. We can prove,
similarly, that C 0 should contain at least one resource node i.
Now, if C 0 contains an original edge from a region node j to a resource type node i,
then the residual operation multigraph G(o, L) contains only original edges connecting
j to i. Then, by its definition, o∗ (o, L) adds a type i resource to region j. If C 0 contains
a reverse edge from a resource type node i to a region node j, then o∗ (o, L) removes a
type i resource from region j. Thus, if C 0 contains a path jk → ik → jk+1 that means
the operation moves resource of type ik from jk+1 to jk .
We will now show that o∗ (o, L) can be one of six classes of operations, according to the
format of the cycle C 0 . For these classes we define j1 , j2 . . . , jn to be region nodes and
i0 , i1 , j2 . . . , in the resource type nodes, and v1 → v2 is an edge connecting v1 to v2 .
1. First-class cycle: A cycle that only includes the source x but not the sink y
must be of the format j1 → i1 → j2 → i2 , . . . , → jn → x → j1 . Since C contains x
but not y, there exists a region j1 such that x → j1 is included in the cycle, and
there exists jn such that j1 → x is included in the cycle. Then, C should contain
a path between j1 and jn that does not use x (as C is simple) and does not use y.
Therefore, the format of the cycle is j1 → i1 → j2 → i2 , . . . , → jn → x → j1 .
If C 0 is a first-class cycle, then o∗ (o, L) is an extended chain operation that moves
resource of type ik from region jk+1 to region jk (i.e., E(jn → jn−1 → . . . j1 )), and
neither adds a resource to jn nor removes one from j1 .
2. Second-class cycle: A cycle that includes the source x, the sink y and the reverse
edge (y, x) is of the format j1 → i1 → j2 → i2 , . . . , → jn → in → y → x → j1 .
In such case, we define j1 as the region such that x → j1 is included in the cycle,
and in as the resource type node that in → y is in the graph. There must be a
path between j1 and in that does not use the sink y or the source x, and thus the
format of the cycle is j1 → i1 → j2 → i2 , . . . , → jn → in → y → x → j1 .
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If C 0 is a second-class cycle, then o∗ (o, L) is an extended chain operation that moves
a resource of type ik from region jk+1 to region jk (i.e., E(jn → jn−1 → . . . j1 )),
adds a resource of type in to jn , and removes a resource from j1 .
3. Third-class cycle: A cycle that includes the source x, the sink y, and the original
edge (x, y) is of the format j1 → i1 → j2 → i2 , . . . , → jn → x → y → i0 → j1 .
This is similar to the proof of second-class cycles.
If C 0 is a third-class cycle, then o∗ (o, L) is an extended chain operation that moves
a resource of type ik from region jk+1 to region jk (i.e., E(jn → jn−1 → . . . j1 )),
does not add a resource to jn , but removes a resource of type i0 from j1 .
4. Fourth-class cycle: A cycle that does not include x, but includes the sink y is
of the format j1 → i1 → j2 → i2 , . . . , → jn → in → y → i0 → j1 . This proof is
similar to the proof of first-class cycle.
If C 0 is a fourth-class cycle, then o∗ (o, L) is an extended chain operation that moves
a resource of type ik from region jk+1 to region jk (i.e., E(jn → jn−1 → . . . j1 )),
adds a resource of type in to jn , and removes a resource of type i0 6= in from j1 .
5. Fifth-class cycle: A cycle that neither includes x nor y is of the format j1 →
i1 → j2 → i2 , . . . , → jn → in → j1 . The proof can be shown similar to the previous
classes.
If C 0 is a fifth-class cycle, then o∗ (o, L) is an extended chain operation that moves
a resource of type ik from region jk+1 to region jk (i.e., E(jn → jn−1 → . . . j1 )),
adds a resource of type in to jn , and removes a resource of type i0 = in from j1 .
6. Sixth-class cycle: A cycle that includes the source x and sink y but does not
include the edge (x, y) or its reverse edge (y, x) is composed of two disjoint paths:
one path from x to y i.e., P1 = x → j1 → i1 → j2 → i2 , . . . , → jn → in → y and
the other path from y to x, i.e., P2 = y → i00 → j10 . . . , → jn0 0 → x. The resource
type nodes i00 and in are defined such that in → y and y → i00 are included in
the cycle, and the region nodes j1 , jn0 0 are defined such that jn0 → x and x → i1
are included in the cycle. There must be a path between j1 and in , and a path
between i00 and jn0 that do not use the sink y or the source x, and thus are of the
above format.
If C 0 is a sixth-class cycle, then o∗ (o, L) is composed of two disjoint extended
chain operations: The first extended chain operation moves resource of type ik
from region jk+1 to region jk−1 (i.e., E(jn → jn−1 → . . . j1 )), and adds a resource
of type in to region jn . The second extended chain operation moves resource of
0
0
type i0k from region jk+1
to region jk0 (i.e., E(jn0 → jn−1
→ . . . j10 )), and removes a
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resource of type i00 from region j00 . Note that the operations are disjointed, as the
cycle C 0 is a simple cycle

Thus the proof of Lemma 10.13 is completed.
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