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The goal

» Input: incomplete data originating from a
probability distribution with some
unknown parameters

* Want to find the parameter values that
maximize the likelihood

* EM - approach that helps when maximum
likelihood solution cannot be directly
computed.

» Seeks a local maximum by iteratively
W ..solving two easier subproblems 2
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Coin flipping: complete data

» Coins A, B with unknown heads probs. 6,4, 0,

* Goal: estimate 0,, 0

+ Experiment: Repeat x5: choose A or B with
prob. 1/2, flip 10 times, record results.

d Maximum likelihood
x=(x4,..%5) : noof Hinset 1,..5

O HTTTHHTHTH H5T
@ HHHHTHHHHH  9HAT Y=(y,,..ys) : coin used in set 1,..5
o HTHHHHHTHH 8H. 2T
OI'THTTTIIH]T AH. 6T
O THHHTHHHTH HaT
e AH.6T 9H 11T
ts, 10 tosses per s

: 3
‘j-% G Do & Batzoglou, NBT 08
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Coin flipping: complete data

* Natural guess: 6, = fraction of H in flips of coin i
» This is actually the ML solution: maximizes
P(x,y|0) (ex.)

d Maximum likelihood

o HTTTHHTHTH H5T
24
€@ HHHHTHHHHH H,1T b,=54 =080
o HTHHHHHTHH 8H,2T o
6.= =0.45
C) HTHTTTHHTT aH 6T 0 91
O THHHTHHHTH 7H.3T
e 24H 6T OH 11T

5 sets, 10 tosses per set

- What if we do not know which coin was used in
% .each round? :
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Coin flipping: incomplete data

* Now (Yy,..y5) are hidden / latent variables.

» Cannot compute H prob for each coin
* If we guessed Y correctly - we could. |8

... O HHHTHHI -.
» Idea: guess initial 69,, 69,
- Use 0%,, 63 o compute the most likely coin for each
set,get newy

- Use the resulting y to recompute 6,, 65 using ML, get
9T+1A' 9’r+1B

- Repeat till convergence

* EM: use probabilities rather than the

E%Cesingle most likely completiony
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G,

Coin flipping: incomplete data

b Expectation maximization

E-step

a

HTTTHHTHTH
HHHHTHHHHH
HTHHHHHTHH
HTHTTTHHTT

THHHTHHHTH

{;._45;.{0 0.55 x O ~22H 22T ~28H,28T
D_aoxo 0.20 x o ~72H 08T ~18H,02T
D_?Sxo 0.27 x o ~59H, 15T ~21H,05T
0.35 x o 0.65 x o ~14H 21T ~26H,39T
{}.Eﬁxo 0.35x o ~45H 19T ~265H, 11T
~213H.86T =11.7H.84T
A1) 21.3 @
............... ! HAI T 21.3+86 =0.71
s, 117 6~

D i
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The probabilistic setting

Input: data X coming from a probabilistic
model with hidden information y

Goal: Learn the model's parameters 0 so that
the likelihood is maximized.
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Mixture of two Gaussians

Al Adults
= W Omen
= Men

140 150 160 170 180 190 200

Heighit iii 6o Kalai et al. Disentangling

Gaussians CACM 2012

Our input generates the black distribution. We want to color each sample red/blue and find
the parameters of the two distributions fo maximize the data probability. (assume o known)

P(yi:]'):pl;P(yizz):pzzl_pl
PO 1y, = 1) =— exp[_(x‘_f’)j

O~N27T 20

‘,‘.{CG 0 =(Pys 44, 1)
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The likelihood function

P(y,=D=p ;P(y,=2)=p,=1-p,
POy, = )= — exp(_(x‘_“")j

o2 20°

L(H):HP(Xi |9):HZP(Xi’yi =j|(9)

log L(0) = Z log (Z 03;—7[ eXp[_(Xiz;fj) D

2

To be continued...
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KL divergence

Def: The Kullback-Liebler divergence (aka relative entropy) of
discrete probability distributions P and Q:

P X Ie+: sum over X s.t P(x)>0
D, (P11Q) = Y P(x)-log - °

= Q ( X ) Q(x)=0 > P(x)=0, 0log0=0

Lemma: KL divergence is nonnegative
log(x)<x-1 for all x>0  with equality iff x=1

D (PIQ) =T P(x) log 3 )< 3P )(Egi;—lj

e+ e+

=>Q(%)— Y P(x) :ZQ(xi)—lg 0

le+ le+ le+

?27 6 With equality iff P=Q
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The EM algorithm (i)

Goal: max log P(x|8)=log (Z P(x,y|©))

Strategy: guess an initial 6 and iteratively adjust it,
making sure that the likelihood always improves.

Assume we have a model 6' that we wish to improve to a
new value.

Bayes rule: P(x|6) = P(x,y|0) / P(y|x.,0)
Take log and multiply both sides by P(y | X, Ht)

P(y|x,6")-logP(x|0) =P(y|x,6)-logP(x,y|6)—P(y|x,6")-log P(y|x,6)
2 P(ylx,6)-logP(x|8)=3 P(y|x6)-logP(x,y|6)-> P(y|x8)-logP(y|x,6)

log P(x[6) =2 P(y|x,6)-logP(x,y|8)-> P(y|x,6') -logP(y|x,6)
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The EM algorithm (ii)

log P(x[6) = P(y|x,6")-logP(x,y|8)~> P(ylx6')-logP(y|x,6)

logP(x|6')=> P(y|x,6")-logP(x,y|6)~> P(y|x,6')-log P(y|x,6")

Want P(x|0) > P(x| 6"
Define A= logP(x| &) - logP(X]| Qt)
Defie ~ Q(O]6") =D P(y|x,6")-logP(x,y|6)
y

A= Q010)-QE 18+ X P(yIx.0)-log L L)
y /Y !

KL Divergence >0

= Az Q(016)-Q(6' |0)
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The EM algorithm (iii)

Main component:
Q016" =2 P(y|x,6")-logP(x y|6)

log P(x,y|0) is called the complete log likelihood function

= Q is the expectation of the complete log likelihood
over the distribution of y given the current
parameters 67

The algorithm:
repeat
« E-step: Calculate the Q function
«  M-step: Maximize Q(0|6") with respect to 6
« Stopping criterion: improvement in log likelihood < €

A Note: local optimum guaranteed to be reached, not global.
7 e Starting point matters! Try many..
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Back to the Gaussian mixture model
Q(06")=> P(y|x,6")-logP(x,y|6)

P ylO)=] [P vilO)=] ] [P(x.vi=1l6)"

V. = 1 yi:j
70y # ]

log P(x,y|0) :ZZ Yij log P(Xw Yi = 116)

Q06" = ZP(ylxﬁt)ZZ y; log P(x,,y; = j|6) =

)0 P(y|x8")y; ogP(x Y, =j|6)

14
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Application (cont.)

Q(9|9t)zzzp(yij =1| xi,et)log P(x. Y =116)

o P(X.y,=1]l0)
1 ’9 I I
%:0)= ZP(X.,y.—JIHt)

d

Q0| 8') = ZZ (Iogﬁ—logaﬂogpj (Xiz_;:j))

Now write the derivatives and equate to zero to get the
optimal parameters 0%! =( p, ", u,*1, p; 1)

W = P(y; =

15
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EM for HMM: The Baum-
Welch algorithm
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Reminder: HMM

Markovian transition
prob. Clk|

Hidden states r;
Emission prob. e,(b)

Observed output

symbols x;
Model=(Z, Q, ©)
path T1=m;,..., 7y
Given sequence X = (Xq,... Xy):

©ay = P(r=l | mg=k),
- e, (b) = P(x;=b | m;=k)

P(X,H) - Gno,m'Hizl...Leni(xi) "Qrj w1

}%’ Goal: Finding path IT° maximizing P(X,11) ¥
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Max likelihood in HMM

* y=m, 0 =(ay, exb) )
-~ the log likelihood is

log P(x|8) =log > P(x,7|06)
And the Q function is:

Q(O|6") = Z P(z|x,6")-log P(x,z|0)

18
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Computing Q

P(X, 7| 6) = HH[e ®I1% " TTT Ta.™

|

Emission

probability, state k Probability, sta

character b

Number of times we
N co saw b from k in path n

k=1

=1

|

Transii

to stg

()

lon

te k

te |

Number of transitions
from k to |l in path n
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Computing Q (ii)

Q<9|9‘>=ZP<”'Xﬁt)'[ZZEk(b,n)-Iog(ek(b»+22/x.(n).logaku}:

k=1 k=1 1=1

=2 Y 3 0 1%,6)- B, (b, 1) log(e, (0)) + 3.3 TP (x| x.6) Ay () Jog 2,

4 4

> P(r|x,6")-E (b, 7) = E,(b) Y P(x|x,6")- A (7) = A,
| [ " (I
probability value expectation probability value expectation
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Computing Q (iii)

*So we want to find a set of parameters 81 that

maximizes:
ZZ E, (b)-log(e, (b)) + ZZ A, -loga,

f (i) = P(x,,...,x;, m=k)
b.(i) = P(x;.q,..%_ | ®=K)
E.(b), A, can be computed using forward/backward:

P(mi=k, m.,=l | x, %) = [1/P(x)]- f,(i)- ay - e|(X;.1) by(i+1)

Ay = [1/P(x)]- 2 fi(i) - ay - e(xi.q) - b(i+1)
similarly, E,(b) = [1/P(x)] - Zgiix-by Fi(i) - by(i)

— Aj , ek(b):

For maximization, select: a; Z
A

E%CG k

E, ()
S E, ()
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Baum-Welch: EM for HMM

M M

Maximize: ZZ E.(b)-log(e (b)) +> > A, -loga,
< Multiply and divide by
same factor
g = (denote as a,*"), e (b) = E,(b)

k b'
Difference between M chosen M Akl I/ a, chosen

a‘kI _
o YA, '°g(a } LLALTy 09( ]
k'

M M chosen
- Z Z A Z dy e log . other =» always positive
T
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Summary: Parameter Estimation in
HMM When States are Unknown

Input: X!,...,X" indep training sequences

Baum-Welch alq. (1972):

* Expectation:

- compute expected no. of k—I| state transitions:
P(ri=k, m.1=l | X, ®) = [1/P(xX)]- £ (i) ay - e|(x;.1) - by(i+1)

= Ay = 2[1/PX)] - X fd() - ay - exi.q) - bi(i+1)

- compute expected no. of symbol b appearances in state k
Ex(b) = 2[1/P(X9)] - Lgixi=by FI() - byd(i) (ex)

* Maximization:

* re-compute new parameters from A, E using max.
likelihood.

) repeat (1)+(2) until improvement < ¢

W7 o

23
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N7 ce

Leonard Baum, many years after the IDA

Lloyd Welch, USC Electrical Engineeing
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Pvalue HS binding sequence MM binding sequence

oeas | 23l 3 JadhCA

1.0E-29 ﬁzllAA ATTAAC ’EZ]_T}AAT ATTanc
2

2
2 g
1.0E-136 58]:- LI6 oo a(‘j-_r_,gCIIT <C.

1.0E-27 §ZL ATC AT ‘2’21 ATCM

de novo motif discovery
using EM

Slides sources:
Chaim Linhart, Danit Wider, Katherina Kechris

2
2
AAAAA 21 '|' PhyloCon
' 0 weblogoberheley adu
2
o
AROS80 =1 PhyloC
25005 <. Tr000eaa. TTG(CG oo
weblogo berkeley 2du
2
‘g%A T onverge
C ol z gakr

uuuuuuuuuuu

gf}cc AT..00 2 Bconverge

o ASH1
L D T e ety
w GE © Ron Shamir
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Transcription Factors

* A transcription factor (TF) is a protein that
regulates a gene by binding to a binding site
(BS) in its vicinity, specific to the TF.

* Binding sites vary in their sequences. Their
sequence pattern is called a motif.

binding sites
pacer DNA I‘ﬂl
\ I‘al
v
v
gulatory" [ ]
transcription
factors . genera | transcri ption
factors
N/ 009 L RNA polymerase
TATAD > !g
- l ] start of. .




Motif profile

aGgtacTt e | neupthe patternsb
CcAtacgt - -
Alignment acgtTAGgt their start indexes
acgtcCccAt
ccgtacgaga
S =Sy, Spy +ves Sp)
opie b 30103220« Construct matrix profile
O 01400031 with frequencies of each
T 00051014 nucleotide in columns

Motif finding: Given a set of co-regulated genes,
find a recurrent motif in their promoter regions. .




An example: Implanting Motif
AAAAAAAGGGGGGG

atgaccgggatactgatAAAAAAAAGGGGGGGbgcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaatahAAAAAAAGGGGGGGA

tgagtatccctgggatgacttpAAAAAAAGGGGGGEtgctctcccgatttttgaatatgtaggatcattcgccagggtecga

gctgagaattggatgPAAAAAAAGGGGGGGECcacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatpPAAAAAAAGGGGGGGCttatag

gtcaatcatgttcttgtgaatggatttpAAAAAAAGGGGGGGgaccgcttggcgcacccaaattcagtgtgggcgagecgcaa

cggttttggcccttgttagaggcccccgtpbAAAAAAAGGGGGGGcaattatgagagagctaatctatcgegtgegtgtteat

aacttgagttpAAAAAAAGGGGGGGICtggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatpAAAAAAAGGGGGGGAccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttpPAAAAAAAGGGGGGGA

28



Where is the Implanted Motif? (*)

atgaccgggatactgataaaaaaaagggggggggcgtacacattagataaacgtatgaagtacgttagactcggcgccgcecg
acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaataaaaaaaaaggggggga
tgagtatccctgggatgacttaaaaaaaagggggggtgctctcccgatttttgaatatgtaggatcattcgccagggtccga
gctgagaattggatgaaaaaaaagggggggtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga
tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaataaaaaaaagggggggcttatag
gtcaatcatgttcttgtgaatggatttaaaaaaaaggggggggaccgcttggcgcacccaaattcagtgtgggcgagcgcaa
cggttttggcccttgttagaggcccccgtaaaaaaaagggggggcaattatgagagagctaatctatcgegtgegtgttcat
aacttgagttaaaaaaaagggggggctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta
ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcataaaaaaaagggggggaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttaaaaaaaaggggggga

29



Implanting Motif
AAAAAAGGGGGGE
with Four Mutations

atgaccgggatactgatAgAAgAAAGGttGGGbgcgtacacattagataaacgtatgaagtacgttagactcggcgccgccg

acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaatacAALAAAACGGCGGGA

tgagtatccctgggatgacttpAAALAALGGaGtGEtgctctcccgatttttgaatatgtaggatcattcgccagggtecga

gctgagaattggatgcAAAAAAAGGGattGtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga

tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatptAAtAAAGGaaGGGcttatag

gtcaatcatgttcttgtgaatggatttpPACAATAAGGGCtGGgaccgcttggcgcacccaaattcagtgtgggecgagegceaa

cggttttggcccttgttagaggcccccgtiAtAAACAAGGaGGGdcaattatgagagagctaatctatcgegtgegtgtteat

aacttgagttpAAAAALAGGGaGCcictggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta

ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatpActAAAAAGGaGCGGaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttActAAAAAGGAGCGGaA

30



Where is the Motif???

atgaccgggatactgatagaagaaaggttgggggcgtacacattagataaacgtatgaagtacgttagactcggcgecgcecg
acccctattttttgagcagatttagtgacctggaaaaaaaatttgagtacaaaacttttccgaatacaataaaacggcggga
tgagtatccctgggatgacttaaaataatggagtggtgctctcccgatttttgaatatgtaggatcattcgccagggtccga
gctgagaattggatgcaaaaaaagggattgtccacgcaatcgcgaaccaacgcggacccaaaggcaagaccgataaaggaga
tcccttttgcggtaatgtgccgggaggctggttacgtagggaagccctaacggacttaatataataaaggaagggcttatag
gtcaatcatgttcttgtgaatggatttaacaataagggctgggaccgcttggcgcacccaaattcagtgtgggcgagcgcaa
cggttttggcccttgttagaggcccccgtataaacaaggagggccaattatgagagagctaatctatcgegtgegtgttcat
aacttgagttaaaaaatagggagccctggggcacatacaagaggagtcttccttatcagttaatgctgtatgacactatgta
ttggcccattggctaaaagcccaacttgacaaatggaagatagaatccttgcatactaaaaaggagcggaccgaaagggaag

ctggtgagcaacgacagattcttacgtgcattagctcgcttccggggatctaatagcacgaagcttactaaaaaggagcgga

31



MEME

Multiple EM for Motif Elicitation
[Bailey, Elkan ISMB ’94]

Goal: Given a set of sequences, find a motif
(PWM) that maximizes the expected
likelihood of the data

Technique: EM (Expectation Maximization)
(based on [Lawrence, Reilly ’90])

32
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The Mixture Model

Data: X = (X,...,X}) :
all (overlapping) I-mers in the input sequences

Assume X;’s were generated by a two-component
mixture model - 6 = 60,,0,):

Model #1: ¢, = motif model:

f,, = prob. of base b at pos I in motif, 1 <i<I
Model #2: ¢, = background (BG) model:

fo, = prob. of base b

Mixing parameter: A= (1,,4,)
;= prob. that model #j is used (4,+4,=1)
Assume Independence between I-mers

S.{ CE.OlPbarchamin

33
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Log Likelihood

Missing data: Z = (Z,,...,Z,) :

Zi=(Ziy, Zip); Z;= 11t X; from model #] ; 0 o/w

Complete Likelihooo

(0 =

0 (X, Z

of model given data:

0, )

=II_, ,p(X,Z]|0,4)
PCX,Zi|0,4)=p(X|Z,0,4) p(Z)=
= 7, pOX\10) if Z,=1; 4, (X165 if Z,=1

2 log L = 2iq..n<j=12 Zij log (ij p(Xi|6’j))

% GE © Ron Shamir
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MEME: Algorithm

Goal: Maximize E[log L]

Outline of EM algorithm:
» Choose starting @,

» Repeat until convergence of 6.
— E-step: Re-estimate Z from @, 4, X
— M-step: Re-estimate 0, 4 from X, Z

» Repeat all of the above for various 6, 4 ...

35
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E-step

Compute expectation of log L over Z:

E[logL] =2

1=1...n

where:

21, 2% 10g (4; p(X[6)

2% = p(Z;=1] 8,4,X;) =

0(Z;=1, X,

0(Z;=1, X,

0;2) / p(x|| H!'l) >
0,2) /Zk:l,Z p(Zik:11 X|| H!Z) a

= 2; P(Xil6)) | 2y 2 4 PXi[6))

% GE © Ron Shamir

36
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M-step

Find 6,2 that maximize E[log L]=Q(8,4|6' ,1Y):
EflogL] =2 2.y, 2% 1og (4; p(Xi|6)))

I=1...n
Finding 4.
Suffices to maximize L,= 2, ,2i-;,Z’10g 4;
Mti=l = L=, (Z5,1og 4, + 2%, log (1-4)))
dL,/di, =% (2% Ay =251 (1-4,))

I=1...n

37

GE © Ron Shamir
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MEME: Algorithm

M-step (cont.):
dLy/dd, =25, 4 (L) 4y = 251 (1-41)) =0
= A 2ic1, 2 L= (-4) 2, 0 L

= (2o (Lt 2)) =2 . L
= L =(2i L)/’

2= 1-24= (242 4 L%) I

Finding @: ...
% GE © Ron Shamir
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EME Suite Menu
H-Submit A Job
H-Documentation
f-Dowenloads

H-Uzer Support
H-Alternate Servers
—Authors

- Citing

-Mewl Postdoc Available

- [F- -

— Data Submission Form |

E \ M EM E Ize this form to sabmit DMA or protein seguences

Multiple Em for Motif Elicitation to MEME. MEME will analze your sequences for
similarities amaong them and produce a description
Warsion 4.3.0 motif) for each pattern it discovers.,

Required
Your e-mail address: Howe da you think the occurrences of a
| single motif are distributed amang the
Re-enter e-mail address: seguences?

| ' One per sequence
¥ Zero or one ner sequence
o Any number of repetitions

Flease enter the sequences which you believe share one or
mare

maotifs. The sequences may contain na more than 60000
characters

total in any of a larde number offormats.

WEME wwill find the optimurm width of each
motif within the limits you specifiy here;

f Minimum width (== 2)

Enter the name of a file containing the sequences here: a0 Maximum width {== 300}

Browsze.. |Clear
Maximum number of motifs to find

or
the actual sequences here (Sample Protein Input Sequences):

Optional
Description of your sequences:

| | Enter the name of a file containing a
background Markov model:

Erowse.. |Clear

MEME will find the optimum number of sites for each motif
within the limits yvou specify here:

Minimum sites (== 2) DNA-OMLY OPTIONS
Maximum sites (== 300} {lgnored for protein searches)

™ search given strand only

™ Shuffle sequence |eftars
™ Lookfor palindromes only

Start search Clear Input I

Version 4.3.0 Please send comments and questions to: memeg@nbcr.net Powered by Opal

Home SubmitaJob Documentation Downloads  User Support Alternate Servers Authors  Citing
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