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Composition Theorem s

Composition Theorems are tools which reduce sentences
about some compound structures to sentences about their
parts.
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Composition Theorem s

Composition Theorems are tools which reduce sentences

about some compound structures to sentences about their
parts.

Reduce verification of ¢ on FO structure C(54,...5,) to
verification of ¢; on S; ..., on §,,.

Composition theorems

(1)Provide a very powerful technique for
decidability/definability.

(2) Among few fundamental theorems which hold in finite
models
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Landmark papers

Mostowski 1952 - Direct products and power
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Landmark papers

Mostowski 1952 - Direct products and power
Feferman - Vaught 1959 -generalized product
Shelah 1975 -generalized sum.
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Plan

Generalized Product (Feferman Vaught 1959).
Generalized Sum (Shelah 1975, Rabinovich 1997).
Applications to decidability and definability.

Recursively (inductively?) Defined Types.
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The Aim of this talk:

1. explain the definitions and
2. state the composition theorems.
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Generalized Product - Two examples

Example 1 Cartesian Product.
Let A; (z € I) be a family of structures for L,.;.

A = 11,1 A; - Cartesian product.

—p.6/30



Generalized Product - Two examples

Example 1 Cartesian Product.
Let A; (z € I) be a family of structures for L,.;.

A = 11,1 A; - Cartesian product.

Universe: all functions f with domain 7 such that f(:) € A;.

—p.6/30



Generalized Product - Two examples

Example 1 Cartesian Product.
Let A; (z € I) be a family of structures for L,.;.

A = 11,1 A; - Cartesian product.
Universe: all functions f with domain 7 such that f(:) € A;.

Interpretation of the relations: e.g. R binary symbol,
RA(f, g) iff RAi(f(i),g(4)) for every i € I.
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Generalized Product - Two examples

Example 2 Ordinal Product.
Ind a linear order and A; (: € Ind) a family of linear orders.
A = Il,c1,q4A; 1S a structure for <.

—p.7/30



Generalized Product - Two examples

Example 2 Ordinal Product.
Ind a linear order and A; (: € Ind) a family of linear orders.

A = Il,c1,q4A; 1S a structure for <.

Universe: like before, all functions f with domain I such
that f(¢) € A;.

—p.7/30



Generalized Product - Two examples

Example 2 Ordinal Product.
Ind a linear order and A; (: € Ind) a family of linear orders.
A = Il,c1,q4A; 1S a structure for <.

Universe: like before, all functions f with domain I such
that f(¢) € A;.

Interpretation of < (lexicographical order):
f <a giffthereis j € Ind such that f(j) <a, g(j) and

f(7) =g(i) forall i <pnq j.
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Generalized Product

Ingredients:

Ind a structure for L,

—p.8/30



Generalized Product

Ingredients:

Ind a structure for L,

A family A; (¢ € Ind) of structures for L¢,.;

—p.8/30



Generalized Product

Ingredients:

Ind a structure for L,

A family A; (¢ € Ind) of structures for L¢,.;

A structure A for L., to be defined.

—p.8/30



Generalized Product

Ingredients:

Ind a structure for L,

A family A; (¢ € Ind) of structures for L¢,.;

A structure A for L., to be defined.

Universe of the product: 1I;c7,.4A;.

—p.8/30



Generalized Product

Ingredients:

Ind a structure for L,

A family A; (¢ € Ind) of structures for L¢,.;

A structure A for L., to be defined.

Universe of the product: 1I;c7,.4A;.

The interpretation of the relational symbols in L,., will be

defined by “Conditions”.
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Conditions

n-ary Condition - Syntax
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Conditions

n-ary Condition - Syntax

1. Ckl(tl, .. .tn),&g(tl, .. tn), . ,Ozk(tl, .. tn) formulas in
Lfact-

2. Y(Xi,...Xy) aformulain the second-order monadic
language for Lj,4.

n-ary Condition - Semantics
We have to define when f1, ... f,, satisfies the condition.
Let

P1 = {Z € Ind : Ai,fl(’i), .. fn(Z) — Oél(tl, .. tn)}

Po={icInd : A f1(i), ... fu(i) = cxlts, .. 1)},
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Conditions

n-ary Condition - Syntax

1. Ckl(tl, .. .tn),&g(tl, .. tn), . ,Ozk(tl, .. tn) formulas in
Lfact-

2. Y(Xi,...Xy) aformulain the second-order monadic
language for Lj,4.

n-ary Condition - Semantics
We have to define when f1, ... f,, satisfies the condition.
Let

P1 = {Z € Ind : Ai,fl(’i), .. fn(Z) — Oél(tl, .. tn)}

Def. f1,... f, satisfies the condition iff
Ind,Pl,...Pk Izw(Xlan) ~ p.9/30




Two Examples

Conditions for Cartesian Product.
E.g. R binary relation

1. oy (tl, tg) IS defined as R(tl, tg)
2. Y(X1) IS Vt. X4(t).
The condition for ordinal product (L,.s = {<}).

1. oy 1S 1 < 19 and Q9 1S t1 = 19
2. w(Xl,XQ) 1S HU.Xl(fU) A YVu < ’U.XQ(’LL)
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Rules for Generalized Product
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Rules for Generalized Product

Syntax. ¢ = (Lind, Ltact, Lres, p), Where p assigns to every
n-ary symbol in L,., a finite set of n-ary conditions.
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Rules for Generalized Product

Syntax. ¢ = (Lind, Ltact, Lres, p), Where p assigns to every
n-ary symbol in L,., a finite set of n-ary conditions.
Semantics. Given Ind and A; (i € Ind) define A =1I¢,

zEIndAi
as follows:

The universe Il;cr,q44;.

The interpretation of R € L,.,

R4 consists of all the tuples that satisfy at least one
condition assigned by p to R.
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Composition Theorem

The composition theorem expresses a fundamental
property of the first-order language:

If every atomic relation in L,., IS expressed by a finite set of
conditions, then for every formula ¢ In L,., the relation
definable by ¢ is also definable by a finite set of conditions.
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property of the first-order language:

If every atomic relation in L,., IS expressed by a finite set of
conditions, then for every formula ¢ In L,., the relation
definable by ¢ is also definable by a finite set of conditions.

The full statement of the theorem is:

Theorem Let 0 = (Ljnd, Lfact, Lres, p) D€ @ rule and let
©(t1,...t) be aformulain L,.,. Then there exists a finite
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Composition Theorem

The composition theorem expresses a fundamental
property of the first-order language:

If every atomic relation in L,., IS expressed by a finite set of
conditions, then for every formula ¢ In L,., the relation
definable by ¢ is also definable by a finite set of conditions.

The full statement of the theorem is:

Theorem Let 0 = (Ljnd, Lfact, Lres, p) D€ @ rule and let

©(t1,...t) be aformulain L,.,. Then there exists a finite
set S, of conditions such that for every Ind and every
family A; (i € Ind) the relation definable by ¢ in II7_,, ,A; is
the same as the relation definable by S, in II_;,,,A;.

Moreover, S, IS computable from o and .
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Consequences

Corallary. if A; =.. B; then 112, _A; =.. 11

1€Ind 1€Ind

B,
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Corallary. if A; =.. B; then 112, _A; =.. 11

1€Ind 1€Ind

B,

Def. Generalized Power Aln¢,
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Consequences

Corollary. Iif A; =.. B; then II7_;, ;A; =ce 11;,,,Bi

Def. Generalized Power Aln¢,

Corollary. Theory of A™® is recursive in the theory of A
and the monadic theory of Ind.
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Example

Direct Power (Mostowski 1952).

The number of such examples could be multiplied indefinitely. It must be said,
however, that only exceptionally does one come to a really interesting example
of a power theory

Decidability of Nat with multiplication x.
Reduce to Nat with + (Presburger Arithmetic)

Represent a number as the product of prime factors
k k
n =p;t X Ppy? X oo X ppT

lq lo l
m:pl ><p2 x...Xp,r’f'

Hence

k?""‘lk

1+ X p72<¢2+l2 X oo X Dy

n><’m:pl1c
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Example

Direct Power (Mostowski 1952).

The number of such examples could be multiplied indefinitely. It must be said,
however, that only exceptionally does one come to a really interesting example
of a power theory

Decidability of Nat with multiplication x.
Reduce to Nat with + (Presburger Arithmetic)

Represent a number as the product of prime factors
k k
n =p;t X Ppy? X oo X ppT

lq lo l
m:pl ><p2 x...Xp,r’f'

Hence

k?""‘lk

1+ X p72<¢2+l2 X oo X Dy

n><’m:pl1c

The structure (Nat, x) can be represented as the (weak) power of (Nat, +) over the

index structure (Nat, =). Hence (Nat, x) is decidable ~p-14/30



Generalized Sum - Two examples

Example 1 Disjoint Union. A; (i € Ind) a family of (disjoint)
structures for the summand language L...mmand-

Universe. A = Y;c1nq44; has the universe UA;.

Interpretation of a relation R%(a,b) iff there is ¢ such that

a,b € A; and R%(a,b).
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Generalized Sum - examples

Example 2 Lexicographical Sum
Ind - a linearly ordered set.
A; (1 € Ind) a family of linearly ordered sets.

A =Xl A;is defined as follows:

Universe; A =

zEInd

Interpretation of <: a < b If either
1. a,b € A;forsome i € Indand a <4, bor
2. a € A, be Ajand i <4 7.
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Generalized Sum

Ingredients:

Ind a structure for L,
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Generalized Sum

Ingredients:
Ind a structure for L,

A family A; (¢ € Ind) of structures for L..,nmand;

A structure A for L., to be defined.

Universe of the sum: U;crqA4; (A; are assumed to be
disjoint).

The interpretation of symbols in L,., will be defined by
“Conditions”.
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Conditions for binary relations

For ay, as € UsermgA; We have to specify when R(aq, as)
holds.
Two type of conditions:
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Conditions for binary relations

For ay, as € UsermgA; We have to specify when R(aq, as)

holds.
Two type of conditions:
case 1 a; and a, are in the same component (say A,).

In this case a condition consists of a(t1,t2) € Lsummana @Nd

w(’U) - Lz’nd-
The pair (aq, ay) satisfies the condition if A; = a(aq, as) and

Tnd = ().
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Conditions for binary relations

For ay, as € UsermgA; We have to specify when R(aq, as)
holds.

Two type of conditions:

case 1 a; and a, are in the same component (say A,).

In this case a condition consists of a(t1,t2) € Lsummana @Nd

w(’U) € Lind-

The pair (aq, ay) satisfies the condition if A; = a(aq, as) and
Ind = (1).

case 2 a; and a, are in the distinct summands (say in A;,
and A,,).

In this case a condition consists of
' (tl)a Oég(t2) S Lsummand and @D(Uh U2) S Lind-
The pair (a1, a9) satisfies the condition if A;, = a;(aq)

Ai2 IZ 042(&2) and Ind ): lp(il, ’62)
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General n-ary Conditions

For a; ...a, define an equivalence £ on {1,...n}.

kEL Iff a and q; are in the same summand.
FE specifies the distribution of a4, . . . a,, among the

summands.
For every equivalence E we will define E-conditions.
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E-Condition

Let £ be an equivalence relation on {1,...n}. Let (4, ... C}
be E-equivalence classes. Let ¢, be (t;,,...t; ) where

J1 < J2 < 7 are all elements of C;. (¢; are defined
similarly.)
FE- Condition -Syntax

1. aq(t1)...ag(ty) formulas from L.,mmand-

2. Sentences 5y,... 08, from L.,mmand

3. Y(vy,...v%, X1q,...,X,,) aformula from
Ling( X1, ... X)
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ai, .

1.

E -condition - Semantics

.., a, satisfy the E' condition iff

They agree with E, I.e., there are iy, ... S.tm € C; Iff
A € Azj

. AZ‘J.,CL_j |: Oéj(t_j) forj — 1,...,]€.

]nd,il,...ik,Pl,...Pm |: w(vlg---vkaXla"'aXm)’
where
P.={ielnd : A, E (G}
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Rules Generalized Sum

Syntax. 0 = (Ling, Lsummand, Lres, p), Where p assigns to
every n-ary symbol in L,., a finite set of n-ary conditions.
Semantics. Given Ind and A; (¢ € Ind) define A = X7, A,

1€Ind
as follows:

The universe U;crnqa4; .

The interpretation of R € L,

R4 consists of all the tuples that satisfy at least one
condition assigned by p to R.
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Example - Tree Sum

Let Ind = (I, <;,q) be atree. Let T; = (N;,<;) (i € I) be a
family of trees. The sum of T; over Ind is a tree defined as

follows:
The universe: (J,.; V.

The interpretation of <: n; < ny If either n; and ny are in
the the summand 7; and n; <; ny Or ny IS a root of 7;,, ns IS

InT;, and iy <;nq %2.
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Example - Tree Sum

Let Ind = (I, <;,q) be atree. Let T; = (N;,<;) (i € I) be a
family of trees. The sum of T; over Ind is a tree defined as
follows:

The universe: (J,.; V.

The interpretation of <: n; < ny If either n; and ny are in
the the summand 7; and n; <; ny Or ny IS a root of 7;,, ns IS
InT;, and iy <;nq %2.

Formal conditions. L;,q = Lsummand = Lres = {<}

One condition for the first case: The formulas: «a;(t,t3) IS
defined to be ¢t; < t; and ¢ Is TRUE

One condition for the second case:

Oél(tl) 1S Vt.tq <t

Q9 (tg) IS TRUE —p.23/30



Composition Theorem

The composition theorem expresses a fundamental
property of the first-order language:

If every atomic relation in L,., IS expressed by a finite set of
conditions, then for every formula ¢ In L,., the relation
definable by ¢ is also definable by a finite set of conditions.
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Composition Theorem

The composition theorem expresses a fundamental
property of the first-order language:

If every atomic relation in L,., IS expressed by a finite set of
conditions, then for every formula ¢ In L,., the relation
definable by ¢ is also definable by a finite set of conditions.

The full statement of the theorem is as follows:

Theorem Let o = (L;ng, Lsum, Lres, p) D€ @ rule and let
©(t1,...t;) be aformulain L,.,. Then there exists a finite
set S, of conditions such that for every Ind and every
family A; (i € Ind) the relation definable by ¢ in X7, A, is
the same as the relation definable by S, In X1, A4;.

Moreover, S, Is computable from o and .
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The S, formulas

The structure of formulas in S, faithfully reflects the

structure of .
If o Is quantifier free, then

(1) gr of all S, formulas is bounded by qgr of ¢.
(2) if ¢ has k variables then S, formulas have k variables.

(3) If o contains only positive formulas (3 V, A, V), then in
S, there are only positive formulas.

(4) the alternation rank of all S, formulas is bounded by the
alternation rank of ¢.

(5) etc.
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Simple Applications To Definability

Two important
Theorem For ¢ of gr < k£ and m,n > k

Sm E @ iff Sy

Theorem For ¢ of gqr < k and m,n > 2*

Ly E@iff L, ¢

Many theorems in Descriptive Complexity can be reduced
In a modular way to these theorems by the compositional
method.
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Modular reduction - Example

For o of gr < k
1. ifm,n >k

Bip(r,n) | ¢ iff Bip(r,m) = ¢
2. ifm,n > 2k
Circ,, E ¢ iff Circ, E ¢

Circ,, &= ¢ iff Circ, + Circ,, E ¢
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Recursively defined Structures

Nat =1+ Nat
(Nat, <) =1 4e (Nat, <). So (Nat, <) is a solution of the equation

X:1‘|‘lemX

It is the least solution.

The composition theorem implies that FO(Nat, <) is computable from the FO
theories of the components (here structures (1, <) and (2, <)).

The rationals satisfy the equation: (Q, <) = (Q, <) +iez 1 Fiez (Q, <)

Moreover (Q, <) is the least solution of

X = X"‘lem 1 +lex X

The composition theorem implies that FO(Q, <) is computable from the FO

theories of the components (here structures (1, <) and (3, <)).
—p.28/30



| found composition theorems for a variety of recursive
equations constructed from sum and product.
The solution is taken as the least solution.
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Further Problems

What should be a general recursive definition for relational
structures?
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Further Problems

What should be a general recursive definition for relational
structures?

How to treat the greatest solution for recursive definitions.
Interesting Examples of recursively defined structures.

Possible lack of examples: maybe recursive definitions can
be reduced to the generalized products and sums?

THANK YOU
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