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For over two decades Separation Logic has enjoyed its unique position as arguably the most popular framework
for reasoning about heap-manipulating programs, as well as reasoning about shared resources and permissions.
Separation Logic is often extended to include inductively-defined predicates, interpreted as least fixpoints, to
form what is known as Separation Logic with Inductive Definitions (SLID). These inductive predicates are
used to describe unbounded data-structures in the heap and to verify key properties thereof. Many theoretical
and practical advances have been made in developing automated proof mechanisms for SLID, but by their very
nature these mechanisms are imperfect, and a deeper understanding of their failures is desired. As expressive
as Separation Logic is, it is not surprising that it is incomplete: there is no procedure that will provide a proof
for all valid entailments in Separation Logic. In fact, at its very core, Separation Logic contains several sources
of incompleteness that defy automated reasoning.

In this paper we study these sources of incompleteness and how they relate to failures of proof mechanisms
of SLID. We contextualize SLID within a larger, relaxed logic, that we call Weak Separation Logic (WSL). We
prove that unlike SLID, WSL enjoys completeness for a non-trivial fragment of quantified entailments with
background theories and inductive definitions, via a reduction to first-order logic (FOL). Moreover, we show
that the ubiquitous fold/unfold proof mechanism, which is unsurprisingly incomplete for SLID, does constitute
a sound and complete proof mechanism of WSL, for theory-free, quantifier-free entailments with inductive
definitions. In some sense, this shows that WSL is the natural logic of such proof mechanisms. Through this
contextualization of SLID within WSL, we understand proof failures as stemming from rogue, nonstandard
models, that exist within the class of models considered by WSL, but do not adhere to the stricter requirements
of SLID. These rogue models are typically infinite, and we use the recently proposed formalism of symbolic
structures to represent and automatically find them.

We present a prototype tool that implements the encoding of WSL to FOL and test it on an existing
benchmark, which contains over 700 quantified entailment problems with inductive definitions, a third of
which also contain background theories. Our tool is able to find counter-models to many of the examples, and
we provide a partial taxonomy of the rogue models, shedding some light on real-world proof failures.
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1 Introduction

Automated techniques for program verification have made incredible advances in the last decade
owing to the development of effective algorithms for checking logical validity and entailment. The
most notable examples of this are SMT solvers [2, 3, 20], which implement decision procedures
for validity of various combinations of quantifier-free decidable theories [53]. The development of
theory and algorithms for decidable combinations of theories has been a critical foundation for the
many successes of automated verification.

However, from the perspective of practice there remain significant gaps in our foundations.
Practical program verification frequently requires the use of expressive logics for which decision
procedures cannot exist; in fact, most of them are incomplete! Plainly, there cannot exist sound
proof systems or validity procedures that can prove every valid formula. Furthermore, there are
no canonical approaches for automating validity for such logics, and the theoretical limitations of
existing automation techniques are not well-understood.

This lack of theoretical grounding comes at a practical cost. Verification tools implement heuristic
approaches for reasoning with incomplete logics that can fail to prove valid formulas without clear
reason. This is a particularly frustrating form of failure, since in practice it can be hard to distinguish
plainly invalid formulas from valid formulas on which particular heuristics meet their limitations.
Additionally, even savvy users who are willing to work through the failures can find systematic
approaches for doing so lacking. This absence of ‘diagnosability’ breeds further frustration.

Thus, a foundational understanding of the incompleteness of validity/entailment checking
mechanisms for various expressive logics is sorely needed.

1.1 Separation Logic with Inductive Definitions and Background Theories

Separation Logic (SL) is arguably the most popular logic for specifying and reasoning about heap-
manipulating programs [21, 56, 57, 69]. Formulas are interpreted over a store s and a finite heap
h, and can express a combination of pure properties that only involve the store as well as spatial
properties that describe heaplets (portions of a heap) and separations between them. In practice,
separation logic is augmented with inductively defined predicates to describe unbounded structures
on the heap and their properties, e.g., linked lists, trees, sorted-ness, length/height, set of keys
stored in the structure, etc. These predicates are interpreted as the least fixpoint of their definitions.
The logic is also usually presented with a combination of background theories for reasoning about
data values. We refer to this logic as SLID (Separation Logic with Inductive Definitions).

Unsurprisingly, SLID is incomplete. Formally, checking the validity of an entailment between
SLID formulas is not recursively enumerable. There are many sources of incompleteness in SLID:
(a) the magic wand, (b) the consideration of validity only over finite heaplets, (c) least fixpoints in
the inductive definitions, (d) combinations with intended models of background sorts used for data
reasoning, and (e) implicit second-order quantification over heaplets in the separating conjunction.

Among these sources, it is widely agreed that the magic wand is difficult to reason with (it is
essentially a form of second-order quantification [12]), and in fact many automated tools do not
support it [71]. We therefore consider the automation of separation logics without the magic wand,
and focus on the impact of the four latter sources of incompleteness.

LAll of these sources except for the last one are well known causes of incompleteness in logics. Finite model theory is
known to be incomplete for First-Order Logic, least fixpoints can define arbitrary computations, and logics that combine,
say integers and uninterpreted functions can already express multiplication which yields incompleteness. We discuss these
arguments elaborately in the context of separation logic in the extended version of the paper [24].
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The Research Questions. There are several approaches to dealing with incompleteness in the
literature. Some works focus on identifying decidable fragments of SLID, while others design new
heap logics that enjoy certain completeness properties [5, 6, 36, 50].

In this work we seek a different pragmatic end: Why does existing automation for separation
logic fail to be predictable? In other words, which among the many sources of incompleteness cause
proof mechanisms to fail? What are the formal connections between the sources of incompleteness
and the failure of proof for specific entailments, and more importantly, what does such a theory
say about how to overcome proof failures?

We focus our investigation on one of the most popular techniques for automating validity
checking of entailments in SLID: fold/unfold-based reasoning. Variants of this technique are
implemented in several automated verifiers and entailment checkers for SLID [16, 49, 50, 68, 76].

Fold/Unfold Proof Mechanisms. The core idea in fold/unfold-based reasoning is the following:
given an inductively defined predicate P(x) with definition p(x), these mechanisms unfold the
body of the definition on predicate terms occurring in the entailment. More precisely, when a term
P(t) occurs in an entailment, they replace it with p(#) and treat any further occurrences of P as an
uninterpreted predicate. Similarly, these mechanisms may also fold a definition, replacing p(#) with
P(t). They then try to prove the resulting entailment valid in SL (without inductive definitions)
using a complete proof mechanism. This is clearly an overapproximation, in the sense that proving
the unrolled entailment valid implies the validity of the original entailment. Of course, the converse
may not hold in general.

Since SLID is incomplete, all sound proof mechanisms — including fold/unfold mechanisms —
cannot prove every valid entailment. However, the limitations are not merely theoretical. These
mechanisms do in fact fail to prove valid entailments that arise in practical program verification [23],
and users can find themselves stuck not knowing what to do next. The lack of theoretical foundations
to understand or deal with these failures is a key obstacle towards making practical and predictable
automation for separation logic possible.

In this work we develop foundations for understanding the (in-)completeness of fold/unfold
mechanisms for checking entailments in Separation Logic with Inductive Definitions.

1.2 Logical Characterizations of (In-)Completeness and Rogue Models

We address the aforementioned research questions by developing logical characterizations of the
(in-)completeness of fold/unfold proof mechanisms for separation logic. Our approach is inspired
by recent works [46, 51] which pursue the following idea: Let £, be a logic whose formulas are
interpreted over a class of models M, and let S be a proof mechanism which is incomplete for £,
i.e. it cannot prove every entailment that is valid in £;. The (in-)completeness of S is characterized
by defining a logic £, whose syntax (and satisfaction relation) is the same as that of £, but where
valid formulas (or entailments) must hold on a class of models M, which is larger than M. The
technique then involves showing that S is a sound proof mechanism for entailments in £,. This
means that the proving power of S is bounded by a weaker logic. Note that if an entailment is
valid in £, then it is certainly valid in .L;, since L, is interpreted over a larger class of models.
However, the converse need not hold. Importantly, this means that entailments that hold in £; but
not in L, cannot be proven using S. This helps explain why S can fail to prove some entailments
that are valid in £L;: it is because these entailments may actually be invalid in £, which is in some
sense the “true logic” over which S operates.

The development of a logical characterization also yields an interesting way to witness the
limitations of S in proving specific entailments. Suppose that an entailment o |= f is valid in
L1 but invalid in £,. This means that there is a model M belonging to the class M, such that M
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satisfies a but not f. Note that M cannot belong to M, since the entailment is valid in £;. Such
a model M is referred to as a rogue model. The term rogue model refers to the fact that a user
using S to prove entailments in .£; thinks about the validity of formulas over the intended or
standard class of models M, but their attempt is foiled by the rogue model M that lies outside
this class. Additionally, if S is complete for L,, then it follows that every failure of S to prove an
entailment valid in £; can be traced to the existence of a rogue model. A logical characterization
of the completeness thus helps not only understand and compare the relative completeness or
incompleteness of proof mechanisms, but also yields a way to connect the incompleteness of S to
its failure to prove specific entailments via rogue models.

We note here that the works we draw inspiration from do not explicitly develop the idea of a
logical characterization of completeness. We distill the approach employed in these works into the
above insight and apply the framework to separation logic. This is nontrivial, and is also the first
such investigation of separation logic as prior works only studied first-order logics.

1.3 Main Contributions

The central insight of this work is that the (in-)completeness of fold/unfold mechanisms can be
understood through the lens of a new separation logic that is constructed from standard SLID
by ablating the various sources of incompleteness. By defining this weaker separation logic and
studying its models, we are able to predict the failures of fold/unfold mechanisms on SLID en-
tailments, connect the failures to different sources of incompleteness, and formulate systematic
recommendations for overcoming them. These insights are the result of the following contributions:

1. A Weak Separation Logic (Section 4). Our first contribution is the development of a new
separation logic to explore the influence of the various sources of incompleteness in standard SLID.
We do this by systematically relaxing the various design decisions that lead to incompleteness in
SLID. We remove the influence of least fixpoints by allowing interpretations for inductively defined
predicate symbols to conform to any fixpoint of the definition. We remove the incompleteness
arising from considering only finite heaplets by defining satisfaction of formulas over both finite
and infinite heaplets and defining validity to mean satisfaction over both finite and infinite heaplets.
We also ablate the incompleteness arising from requiring standard models of background theories
by considering instead the class of all models of the theories (e.g., allowing nonstandard models of
Presburger Arithmetic). We call the resulting logic Weak Separation Logic (WSL).

While it may be common to tacitly consider such relaxations when developing proof mechanisms
for logics, our key insight is that we can perform the process in reverse: namely that we can
characterize fold/unfold mechanisms by pursuing certain relaxations. This is rather subtle. In
fact, while one may expect the above (perhaps usual) relaxations to be sufficient to eliminate all
incompleteness, we show that performing any combination of the above relaxations — or indeed
all of them — is not sufficient (see details in the extended version of the paper [24]).

The remaining source of incompleteness of WSL is the second-order quantification introduced
by the separating conjunction: an SL formula « *  holds on a heaplet A if there exists a partitioning
of h such that one partition satisfies « and the other satisfies . Similarly, showing that the formula
does not hold requires an argument for all possible partitionings. This weak form of second-order
quantification turns out to be sufficient to yield incompleteness (see details in the extended version
of the paper [24]). Further, it poses challenges for the relaxation of finite heaplets to finite and
infinite heaplets, as infinite heaplets may have infinitely many partitionings.

We tackle this by first observing that many inductive definitions that arise in practice are well-
behaved in a certain sense: in any particular global heap, there can be at most one heaplet that
satisfies an inductive predicate. This is natural; after all, formulas are meant to capture specific
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portions of memory. We then define a fragment of WSL, called the Effectively Determined-Heap
(EDH) fragment, where a weaker form of this property is lifted to all formulas, ensuring that
only finitely many heaplets must be considered for each formula. The combination of the relaxed
semantics of WSL and the EDH restrictions allow us to establish completeness through a validity-
preserving translation into first-order logic, generalizing similar existing encodings (e.g., [10]).

The FO translation is a significant contribution because it allows us to transfer established
theoretical techniques for analyzing first-order logic and apply them to separation logics. In
fact, it immediately yields that the EDH fragment of WSL admits complete validity checking for
entailments! This is nontrivial since the fragment is quite rich, and in particular allows formulas to
include some quantification over heap locations. In fact, it is undecidable. The connection between
WSL and FOL is used crucially to analyze the completeness of fold/unfold mechanisms.

2. Soundness and Completeness of Fold/Unfold Reasoning for WSL (Section 5). Our second
contribution is an analysis of the proving power of fold/unfold mechanisms for WSL. We formally
model a large class of fold/unfold mechanisms and show these mechanisms are sound for WSL. This
is an important result, because it establishes an upper bound on the power of the proof mechanisms.
Entailments that are invalid in WSL cannot be proven by fold/unfold mechanisms, and therefore
fold/unfold mechanisms are bound to fail for such entailments even when they are valid in SLID.

Completeness of fold/unfold reasoning for WSL is much more subtle to pose as it depends
on the specific unfolding strategies, and variants can differ in proving power. Following the
intuitive connection between fold/unfold operations and quantifier instantiation (employed in,
e.g., [7, 48, 60]), our broad insight for proving completeness is that we can formalize this connection
and establish a natural correspondence between fold/unfold transformations in WSL and quantifier
instantiations in FOL. We utilize this to show that validity of entailments in quantifier-free theory-
free WSL can always be proved by finitely many fold/unfold steps, and, thus, mechanisms that
fold and unfold definitions on all terms are complete for this fragment of WSL. This result is a
culmination of several developments, including the fact that WSL entailments admit a validity-
preserving translation to FOL, the correspondence between fold/unfold axioms and quantifier
instantiations, and properties of first-order logic including Herbrand’s theorem and compactness.
This is another instance where our contributions offer a way to use mathematical tools from the
FOL literature in the context of separation logics.

Importantly, our soundness and completeness results show that WSL serves as a logical charac-
terization of the completeness of fold/unfold mechanisms. Our results also imply that the failure
of fold/unfold mechanisms to prove entailments in SLID without theories and quantifiers can be
entirely explained by WSL. We believe that the evidence strongly points to a similar result for SLID
with theories and (restricted) quantification as well, where fold/unfold applications are combined
with other quantifier instantiations to handle first-order quantifiers and theories.

3. Symbolic Representation and Synthesis of Rogue Models (Section 6). We then turn to
the connection between WSL and the failure of fold/unfold mechanisms on specific entailments.
Our completeness results show that when fold/unfold mechanisms fail to prove an entailment
in SLID, we can look for a rogue model on which the entailment, interpreted in WSL, does not
hold. To find such rogue models we adopt the mathematical framework of symbolic structures
developed in recent work [27], which defines a class of infinite models for first-order logic that
admit finitary symbolic representations and efficient synthesis for refutation. Once again, we utilize
the validity-preserving (and model-preserving) translation of WSL entailments to FOL.

We extend the theoretical developments in the prior work to utilize the algorithmic techniques
in the context of separation logic. In particular, we extend symbolic structures with the background
theory of the integers, synthesizing rogue models that are extensions of the standard model of the

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 29. Publication date: January 2026.



29:6 Neta Elad, Adithya Murali, and Sharon Shoham

integers for practical SLID entailments. We also identify a large class of inductive definitions called
heap-reducing definitions for which rogue models, if they exist, must be infinite. To our knowledge,
almost every inductive definition encountered in practice falls into this class. This substantiates
our approach of representing rogue models using a framework for expressing infinite structures.

4. Empirical Evaluation of Rogue Models for SLID Entailments (Section 7). We implement a
tool for checking validity of SLID entailments under WSL semantics via our translation to FOL.
The tool dually attempts to (a) prove validity of entailments under WSL semantics (which would of
course show validity in SLID), and (b) synthesize rogue models which would show that it is not
valid in WSL semantics (and could be nontrivial to prove in SLID). Our synthesis algorithm builds
on the model-finding procedure developed in [27], fine-tuning an abstract template to represent
rogue models of practical SLID entailments (extended to our setting with the theory of the integers
as described above). We evaluate our tool on a suite of over 700 entailments established in prior
work [78] and show that it is effective at proving entailments as well as finding rogue models. We
also analyze the rogue models qualitatively and provide a partial taxonomy. To the best of our
knowledge, this is one of only two systematic studies of rogue models performed at scale [9], and
the only one on rogue models for heap logics.

Proofs for the various claims and theorems throughout the paper are available in the extended
version of the paper [24].

2 Overview

In this section we illustrate fold/unfold reasoning for Separation Logic with Inductive Defini-
tions (SLID) and study its failures. We relate proof failures to a semantic gap between the intended
semantics and the actual, relaxed semantics that fold/unfold captures. We demonstrate how rogue
models, which arise from the semantic gap, can help understand the root cause of proof failure,
and guide the user towards the missing parts of the proof.

2.1 Fold/Unfold Proof Mechanisms

Consider the following inductive definition of an acyclic list segment between two locations x and
y, which starts from the base case where x = y and extends the segment from the left, building on
a segment between a location u that x points to and y. In the definition, the separating conjunction
* is used to require that x is not in the set of locations in the list segment between u and y.

lseg(x,y) i=x=yV (x # y* Jux > u* lseg(u,y)) (1)

For locations x and y in the heap, 1seg(x, y) characterizes the set of locations in the list segment
between x and y, or, in other words, the unique heaplet of 1seg(x, y). The definition in Eq. (1)
demonstrates a typical property of inductive definitions, where each tuple of locations that satisfy
an inductive predicate has a unique, determined heaplet. In fact, this matches a core design goal of
separation logic, where formulas are used to characterize heaplets. Accordingly, we only consider
inductive definitions that induce determined heaplets. (As explained in Section 1, this restriction
also turns out to be paramount for avoiding the incompleteness of SLID.)

One simple property of a list segment is that for any two distinct locations a, b that form a list
segment, there exists a location v that a points to, such that v and b form a list segment. This is
written in separation logic as the following entailment.

a# bx1lseg(a,b) + Jv.a— v = lseg(v,b) (2)
This entailment can be proved by unfolding 1seg(a, b) into its definition, resulting in

a#tbx(a=bV(a#bx3Tuar uxlseg(u,b)))+ Jv.at— v=lseg(v,b),
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which is clearly valid, regardless of the interpretation of 1seg. This example shows a successful
application of a fold/unfold proof, which more generally may unfold any instance of an inductive
predicate into its definition, or, conversely, fold its definition into an application of the inductive
predicate. For example, the entailment

a#bxaw cx1lseg(c,b) + lseg(a, b) 3)

can be proved by folding the antecedent into 1seg(a, b).

Unfortunately, fold/unfold reasoning may also fail to prove a valid entailment. For example,
consider the following entailment, which states that a list segment can be extended from the right,
i.e., obtaining a list segment between locations a and b from a list segment between a and some
location ¢ that points to b which is not yet in the list (ensured by a separating conjunction applied
to b > nil)

lseg(a,c) xc+> b= b > nil + 1seg(a,b) * b > nil (4)

This entailment is also valid, but cannot be proved with any number of fold/unfold steps. In-
tuitively, the syntactic shape of the definition of 1seg restricts fold/unfold reasoning to the left
side of a segment, but here validity hinges on the points-to relation ¢ +— b between locations
on the right side of segments. Therefore, no matter how many fold/unfold steps are performed,
we will never be able to derive 1seg(x,b) in conjunction with a —* x, which is required for
ultimately deriving 1seg(a, b). Beyond this technical explanation, the failure to prove Eq. (4) can
be understood on a deeper level as a mismatch between the intended semantics and the semantics
captured by fold/unfold. In the intended semantics, interpretations of lseg are least fixpoints,
hence all list segments are finite, but fold/unfold proofs cannot distinguish least fixpoints from
other fixpoints, which also include infinite list segments. Unfortunately, when potentially infinite
fixpoint interpretations of list segments are considered, the symmetry between the left and right
sides of a segment, which exists in finite segments, is broken. As a result, list segments constructed
by adding locations on the left (as defined by 1seg) cannot necessarily be constructed by adding
locations on the right. Thus, the entailment in Eq. (4) is not valid over such interpretations. As we
will see in the sequel, this abstract train of thought can be reified.

2.2 Weak Separation Logic

As illustrated by the failed attempt to prove the entailment in Eq. (4), fold/unfold proofs only
capture the fixpoint nature of interpretations, and consider both finite and infinite heaps. We refer
to SLID with this relaxed semantics as Weak Separation Logic (WSL), formally defined in Section 4.
When theories are involved, WSL also relaxes the standard interpretation of the theory to any
interpretation satisfying its first-order axiomatization. As a result, the class of models defining the
semantics of WSL is a strict super-set of the class defining SLID. As we show in Section 5, WSL is
in fact the logic captured by fold/unfold. Namely, the fold/unfold proof mechanism is both sound
and complete for the theory-free, quantifier-free fragment of WSL.

The choice of the weak semantics of WSL is not arbitrary: as discussed in Section 1, the re-
laxations that culminate in WSL correspond exactly to the sources of incompleteness of SLID.
Surprisingly, these very same relaxations lead to a precise logical characterization of fold/unfold
proof mechanisms.

The theory-free, quantifier-free fragment of WSL is complete despite the remaining implicit
second-order quantification, which is generally a source of incompleteness. The panacea lies in the
restrictions of the fragment, which in conjunction with the uniqueness of heaplets of inductive
definitions, guarantee that only finitely many partitions of heaplets must be considered when
checking entailments. We use the same idea to generalize the completeness result to the larger
Effectively Determined-Heap (EDH) fragment of WSL, where this property enables a reduction to
FOL and paves the way to completeness. As we will see in the sequel, the reduction to FOL is not
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lseg
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(a) The location a forms a list segment with c, justified  (b) A symbolic structure representing the same rogue
by the infinitely many list segments that end in c. But  model in Fig. 1a. The infinitely many heap locations
a does not form a list segment with b despite the fact  between a and c are represented succinctly by the
that ¢ points to b, since none of the locations reach-  double-circled node in the middle, where each loca-
able from a (through the points-to relation) forms a  tion corresponds to an index i > 0. The points-to
list segment with b. One can easily verify that this is  relation connects i to i + 1, and connects a to index 0.
a fixpoint interpretation of Eq. (1).

Fig. 1. A rogue counter-model to the entailment of Eq. (4), depicted both explicitly (on the left) and as a
symbolic structure (on the right). Locations in the heap are shown as circles, > arrows represent the points-
to relation. The 1seg lines show the relevant list segments ending with ¢, others omitted to avoid clutter.
Formally, the points-to relation is defined as {a - 0,c¢ — b,b > nil} U{i— i+ 1]|i> 0}, and the list seg-
ment relation is defined as {{a, a), {(a, ¢), {c, ¢}, {c, b), {c, nil){b, b), (b, nil)} U{(a,i) | i =0} U{(i,c) |i=0}U
{GGiplo<i<jh

just a means for proving completeness of the EDH fragment of WSL, but also a cornerstone in our
approach for investigating proof failures of fold/unfold mechanisms.

2.3 Rogue Models

Continuing with our study of fold/unfold proof mechanisms, we realize that since WSL provides a
logical characterization of fold/unfold reasoning, fold/unfold proofs are made against the models
of WSL. Circling back to the entailment of Eq. (4), we understand that the failure of fold/unfold
proofs is due to the gap between the class of models considered by WSL and the intended class
of models of SLID. This semantic gap gives rise to entailment-refuting rogue counter-models, that
demonstrate the root cause of failure.

A depiction of one such counter-model is given in Fig. 1a. The heap of this rogue model consists
of infinitely many locations, where a is the head of an infinite sequence of locations, each connected
to the next by the points-to relation. The sequence never reaches c, but nonetheless all locations
in it form a list segment with c, in particular 1seg(a, c) is true. To simplify the diagram, these are
the only 1seg lines depicted, but 1seg(x, y) is also true for every pair of locations in the segment
between a and c, where x precedes y in the sequence. Other than that, the only non-reflexive
segment is between ¢ and b. We can see that this is indeed a valid fixpoint interpretation of 1seg,
although not a least fixpoint (nor a greatest fixpoint). For example, 1seg(q, c) is justified by the list
segment between the successor of a and ¢, which in turn is justified by the list segment between
the successor of the successor of a and ¢, and so forth. Since in addition ¢ points to b, but 1seg(a, b)
is false, it follows that the antecedent of entailment in Eq. (4) holds, but the consequent does not.
This a rogue counter-model, since it is neither finite nor interprets 1seg as a least fixpoint.

Rogue counter-models serve as a proof of unprovability of entailments using fold/unfold, and
hint that reasoning beyond fold/unfold is necessary. Here, the existence of an infinite list segment
between a and ¢ hints at a need for inductive reasoning over the definition of 1seg. Indeed, the
entailment of Eq. (4) is inductively provable, which means that it is provable in the base case where

Proc. ACM Program. Lang., Vol. 10, No. POPL, Article 29. Publication date: January 2026.



Separating the Wheat from the Chaff 29:9

a = ¢, and assuming the entailment for some list segment 1seg(u, ¢) such that a — u, it is also
provable for the list segment 1seg(a, ¢), constructed according to the inductive case of the definition.
Both the base case and the inductive step can be proved by fold/unfold proof mechanisms, meaning
that the only missing piece to the proof was a single application of the induction principle, as
indicated by the rogue model.

In order for us to leverage rogue models for understanding and fixing proof failures, we need
a way to represent and find them. This task is challenging, since, as seen in Fig. 1a, they may be
infinite. In fact, for a large class of so-called “heap-reducing” inductive definitions (which includes
1seg), rogue models must be infinite, as we prove in Section 6. Fortunately, we have two helpful
tools at our disposal. The first is the FOL encoding of WSL, which allows us to reduce the problem
of finding rogue counter-models of SLID entailments to finding satisfying first-order structures
for the FO-encoded entailment. The second is the recently introduced formalism of symbolic
structures [27], which are finite representations of possibly infinite first-order structures. Symbolic
structures enjoy decidable model-checking and are amenable to automatic (though unsurprisingly
incomplete) model-finding, which, through the FO encoding, we utilize to find rogue models.

The rogue model of Fig. 1a can be represented by the symbolic structure shown in Fig. 1b
(making the same omissions of 1seg lines). The symbolic structure compacts the infinitely many
heap locations in the segment between a and c into a single symbolic summary node, which
represents each heap location with an integer i > 0, called an index. The points-to relation of each
location i represented by the summary node is given by i + 1, meaning it points to another location
of that same summary node that has the index i + 1. The points-to relation relates a to index 0
within the summary node. The 1seg predicate treats the summary node as a whole, interpreting all
locations within it as forming a list segment with c.

Summary nodes give us the ability to pinpoint the core “rogueness” of the model, and hint more
directly at how induction should be used. Though in the case of Eq. (4) the entailment itself was
inductive, in other cases, induction is an intermediate step, when an inductive lemma is used as
part of a larger proof. For example, consider the following slight variation of Eq. (4), where we
have the added assumption that a # b:

a# bx1lseg(a,c)*cr> bxb > nil+ 1seg(a,b) « b > nil (5)

The entailment of Eq. (5) is not inductive by itself, but follows (by fold/unfold reasoning) from
the inductively-provable entailment of Eq. (4). The rogue model of Fig. 1 is also a counter-model
for Eq. (5), and helps identify Eq. (4) as a key lemma for completing the proof. Firstly, it guides
the user away from unhelpful lemmas and towards useful ones: any entailment that already holds
in the counter-model would not help us eliminate it, and thus we can focus on entailments not
satisfied by the rogue model. Le., entailments where the antecedent holds in the model but the
consequent does not. In the case of Fig. 1, one can see that the entailment 1seg(a,c) xc — b*b —
nil + 1seg(a, b) = b +— nil of Eq. (4) is one such possibility, since all the atoms in the antecedent
are satisfied but at least one of the atoms in the consequent is not. Secondly, the rogue model
also hints where induction should be used. We can see that though 1seg(a, c) is true in the rogue
model, the nodes of a and c are not connected in the symbolic structure according to the points-to
relation. This means that 1seg(a, ¢) cannot be justified in a least-fixpoint interpretation, and thus
induction on this term could prove useful. These two sources of guidance can be used somewhat
systematically: mapping out formulas that are satisfied and not satisfied by the model to construct
lemmas, and looking for inductive-predicate atoms that “close over” infinite parts of the model
(that manifest as disconnected in the symbolic representation) to inform induction.

For a more elaborate example consider a system of inductive definitions that uses the background
theories of integers and sets to model (strictly) sorted lists and their keys, where we have two
inductive predicates slist(x), for sorted list, and keys(x,Y), for the set of keys in elements
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reachable from x:

slist(x) = x =nil vV (Ju.x — u = slist(u) = key(x) < key(u))
keys(x,Y) = (x=nilAY=0) vV (u,Zx — uxkeys(u,Z) * Y = Z U {key(x)}),

and the following entailment:
a > bxkey(a) < key(b) = (slist(b) A keys(b,K)) + slist(a) = key(a) ¢ K.

The entailment is valid in SLID but not in WSL since WSL allows (rogue) models where b is
the head of an infinite sorted list and key(a) is in the set of keys reachable from it even though
key(a) < key(b). For example, if we identify each element in the heap with its key, one such
rogue model can be described with the following points-to relation:a =0 b =1+ 2+ ...;
where slist(i) is true for all i; and keys(i, K) is true iff K = {0,i,i + 1,i + 2,...}. Looking at this
model, it is clear that for any keys(i, K) where i > 0, K spuriously contains the element 0. This
interpretation of slist and keys is a valid fixpoint but not a least fixpoint, where a key is only
included in the set of reachable keys if a corresponding element is in the list. Since the keys keep
increasing in a sorted list, this ensures that in a least-fixpoint interpretation we will never encounter
a key smaller than the key of the head of the list. In particular, in any least-fixpoint interpretation
where key(a) < key(b), slist(b) and keys(b, K) hold, we expect key(a) < k for any k € K. This
property, which is violated in the rogue model, can be written as an entailment that is provable by
induction on slist(b) and implies the desired property. The rogue model not only helps identify
this entailment as an auxiliary lemma, but also hints at induction on slist(b) for proving it since
b is disconnected from nil (the base case of slist). Representing this kind of rogue model, where
multiple background theories are involved, requires careful modeling, but is possible in theory.

The use of symbolic structures to represent rogue models is not merely a theoretical curiosity.
As we discuss in Section 7, we developed a prototype tool that implements the FO encoding of
WSL with the background theory of linear integer arithmetic, and uses FEST [27] to find symbolic
rogue counter-models. In parallel, the tool uses Z3 [20] to check the validity of the FOL formulas
resulting from the encoding, which implies validity in WSL and therefore in SLID. We evaluated
the effectiveness of this approach over a benchmark suite consisting of over 700 examples of
entailments with inductive definitions, taken from the SLS tool for inductive lemma synthesis in
SLID [78]. Our tool is able to find infinite rogue models for up to 92% of the examples that require
reasoning beyond fold/unfold, and provide helpful feedback for understanding proof failures.

3 Preliminaries

First-Order Logic. We define many-sorted first-order logic (FOL) with equality in the usual way.
A first-order vocabulary consists of sorted constant, function and relation symbols. We denote
the set of logical variables x, y, x’, x1,... by X, and assume each variable has an associated sort,
omitted when clear from context. Terms are constructed from constants, variables and well-sorted
function applications. Formulas are built up from equalities and relation applications using logical
connectives -, V, A, = and quantifiers V, 3.

Background theories and LIA. In literature, background theories are usually defined either as
theories of a standard model or by a set of axioms. We consider these two faces together, and
accordingly define a theory as a triple 7 = (27, M”,T7) where 37 is a first-order vocabulary, M7
is a first-order structure for 37, and I'7 is a recursive set of first-order sentences over %7 that is
sound for M” (i.e., M7 |=T”). We call =7 the theory vocabulary, M” the standard model of T,
and T'”7 the first-order axiomatization of 7". In particular we consider the theory of Linear Integer
Arithmetic LIA = (4 MY4 T™4), where X" = {0, 1, +, <} over sorts {int}, M* is the standard
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model of the integers, and I'"'* is the complete first-order axiomatization of LIA. We denote the set
of quantifier-free LIA formulas by QF

LIA®

4 A Weak Separation Logic

In this section we formally define Weak Separation Logic (WSL), a relaxed version of separation
logic with inductive definitions and theories, that tackles its sources of incompleteness. For brevity,
from now on we use SL also when referring to SLID, and let context clarify whether inductive
definitions are involved. We establish completeness for a fragment of WSL by reduction to first-
order logic. In Section 5 we further show that WSL captures the actual semantics that fold/unfold
proof mechanisms for SL are sound and complete for. The class of satisfying WSL models is a strict
superset of the class of satisfying SL models, giving rise to rogue, nonstandard models, which we
discuss in Section 6.

4.1 Separation Logic with Inductive Definitions and Theories

We start by giving a model-oriented definition of SL. This allows us to analyze both SL and WSL
through their classes of models, thereby getting better understanding of the semantic gap between
them. In literature, the semantics of SL is usually given in relation to a store s and a heap h that
together describe a program state. Our model-oriented description uses different objects, namely
heap structures M, assignments v and heaplets 7, to describe a state, but the two representations
and corresponding semantics are equivalent.

From this point on, and throughout the paper, we fix a background theory 7~ = (ZT, M7, FT)
over a set of sorts S. We start with the basic vocabulary and syntax of SL formulas.

Definition 4.1 (Vocabulary of Separation Logic). A vocabulary of SL over background theory 7~
isasetY =Y w37 where 37 is the background vocabulary over sorts S, and 2% is a relational
first-order vocabulary over S & {s*} (i.e., containing only constant and relation symbols), required
to contain a constant symbol nil of sort s*. We call s* the location sort, and the predicates in X the
inductive predicates. By convention, we use P, P/, Py, ... for inductive predicates and Q, Q’, Qy, .. .
for theory predicates.

The syntax of SL formulas contains an atomic “points-to” relation, which relates locations to
their contents. In order to simplify the presentation, and in particular remove uninteresting details
from the FOL reduction, we assume a uniform, global, record shape, a tuple of sorts (sy, ..., s,) that
every location adheres to. This assumption is purely for presentation reasons, and in fact all results
hold just the same for a set of record shapes.

Definition 4.2 (Syntax of SL formulas). Given a vocabulary ¥ = ¥ W 27 and a record shape
(S1,...,8n) over S W {s*}, terms and formulas are defined recursively, by the following grammar:

ti=ceX | xeX | f(t,. ... t)
pi=t=ty |t #E | Q... tk) | Q... t) | emp | t = (t1,....tn) | P(t1,..., 1)
| Ve [ @i Az | @iy | x| Vxg
We use the names theory-free for formulas where no theory terms appear, quantifier-free for
formulas with no quantifiers, and conjunctive for formulas without disjunctions (but with both
regular and separating conjunctions).

Though under standard SL semantics we are interested only in structures that interpret the
inductive predicates as a least-fixed-point solution of a system of inductive definitions, in order to
define this formally, we first define a satisfaction relation for triples of structure M, assignment v
and heaplet 1, then restrict our attention to valid LFP structures. Such a triple M, v, 5 is simply a
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M,o,n |= ti=ty if 0(t;) = 0(t;) and =0
M,o,n = O(t,..., 1) if (@(t1),...,0(t)y € QM and =0
Moy | =Q(t,....t) if @(t),....o(t)) ¢ Q" and =0
M,o,n = emp if n=~0
Mo,y | P(ty,....t) if (@(t),...,0(tx),n) € PM

Mo,n | ot (ty,...t,) if a(t) #null, ®M(3(t)) = (6(ty),...,0(t,)) and n={d(t)}
Mo,n F @1V if M,o,n |= @1 or Mo, |= @2

M,o,n = @1 A @2 if M,v,n |= @1 and M, 0,1 |= @2

Mon E ¢1*¢ if Inume. Mo,m Eeu Mo, =@ and p=nWn,
M,o,n = Qx:s.@ if Qd € DM(s).M,v[d/x],n =@

Fig. 2. Recursive definition of satisfaction in Separation Logic. The > symbol stands for either = or #, the Q
symbol stands for either V or 3, and = ; W 1, is shorthand forp =51 Unz Ay Ny = 0.

different way of representing the typical store and heap of SL semantics. The store is split between
interpretations of constants ¢ and assignment to variables v(x), the heap is split between a global
heap mapping h™ that represents the heap’s points-to relation and the heaplet 7 that describes the
heap’s domain, i.e., the set of allocated locations. The heap can therefore be reconstructed from M
projected onto 7. The satisfaction relation defined in Def. 4.4 then coincides with satisfaction by a
store-heap pair.

Definition 4.3 (Heap structures). Given a vocabulary 3 = ¥ W %7 and a record shape (s1, ..., s,)
over SW {s*}, a heap structure for 3, (s, ...,sp) is a triple M = (D, h, '), where D is a mapping
of sorts to disjoint domains, of which D(s*), called a location domain, contains a designated
element null € D(s*); his a heap, a mapping of non-null locations to records of domain elements,
h: D(s"): = D(s1) X --- X D(sp), where D(s*); = D(s*) \ {null}; and 7 is an interpretation
of vocabulary symbols, defined in the usual way, except that for an inductive predicate symbol
P: sy X - X sg, the interpretation is defined as 7 (P) € Dp = D(s1) X -+ - X D(sr) X P(D(s")).
Additionally, we require that 7 (nil) = null. For any symbol s, we denote s™ = 7 (s).

A structure M is called heap-finite if its location domain D(s*) is finite. We define a heaplet
1 as a set of non-null locations, i.e., n € D(s*)4, and an assignment as a well-sorted mapping
v: X — D and we denote by 4 the lifting of v to any term ¢ in the usual way.

Definition 4.4 (Satisfaction of SL formulas). Given a heap structure M, an assignment v and a
heaplet n, we recursively define satisfaction of a SL formula in Fig. 2.

Using the definitions of heap structures and formula satisfaction, we now move to formally
define systems of inductive definitions and their semantics.

Definition 4.5 (System of inductive definitions). Given a vocabulary X, a system of inductive
definitions (SID) ® is a mapping of each inductive predicate P: s; X - - - X sg, to a formula ®(P) with
free variables x = xy, . .., x, of the form ®(P)(x) = Jy. \/j pf(x, y), where pf is a quantifier-free,
conjunctive SL formula.

Note that in literature, the inductive cases pf are commonly defined as containing the existential
quantifier. This is equivalent (under variable renaming), but we prefer this form for the simplicity
of presentation.

Notation. Given a structure M over a vocabulary with inductive predicates P = (Py,..., Py,), and
a tuple of predicate interpretations I = (I, ..., I,), where I; C Dp,, we denote the reinterpretation
model M’ = M[I/P] where PZM' =1.
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Definition 4.6 (Transformer for system of inductive definitions). Given a structure M over a vo-

cabulary with inductive predicates Py, ..., Pp,, and a system of inductive definitions ®, for each
relation P: s; X - - - X sg, we define an operator CDg: Dp, X ---xDp, — Dp:
di € Z)M(Si),
@1}4(1) 23 (dy, ..., dk, ) n C DM(s), ;

M[I/P],[d/x].n = ®(R)
and we define a transformer for the entire system: oM. Dp, XX Dp, = Dp, XX Dp,:
oM(I) £ (23 (D),...,0p (I)).

Note that ®¥(I) is monotone with respect to set inclusion (since all inductive predicates appear
positively), and therefore has a least fixpoint [79]. We say that M is a FP structure for ® when
PM = oM (PM) and that M is a LFP structure for ® when PM is the least set such that PM = M (PM).
We denote the classes of all FP, LFP structures for ® as My (®), Mz (®) respectively.

Given a heap structure M and (dy, ..., di,n7) € PM, we refer to 7 as a supporting heaplet of
(d1,...,dr). In general, a LFP or FP structure allows the same tuple of elements to have multiple
supporting heaplets for the same inductive predicate. However, as explained in Section 1, this is
both an obstacle for overcoming incompleteness resulting from second-order quantification over
heaplets, and defies the design goal of separation logic, where formulas are meant to characterize
heap locations. Indeed, typical SIDs ensure that in their LFP structures, every tuple of elements that
satisfies an inductive predicate has a unique heaplet (often called footprint) that supports it. Next
we formalize this property of structures, and restrict our attention to systems that guarantee it.

Definition 4.7 (Determined-heap structure). A structure M has a determined heap if for any
inductive predicate P: s; X - - - X g and for any tuple of elements dj, . . ., di there exists at most one
heaplet n € D(s*) s.t. (dy,...,dk, ) € PM_For a determined-heap structure we may denote the
interpretation of inductive predicate as a partial function PM: D(s;) x - - x D(sx) = P(D(s")),
mapping tuples of elements to their supporting heaplet.

We round this section off by summarizing the syntax and semantics of SL, and defining two
kinds of entailment in SL: plain, and modulo a system of inductive definitions.

Definition 4.8 (Separation Logic). We define Separation Logic (SL) as a logic with the syntax of
formulas defined in Def. 4.2, the syntax of inductive definitions defined in Def. 4.5, and semantics
given as the satisfaction relation Def. 4.4, over the class Mg, of heap-finite determined-heap
structures (Def. 4.7), that are extensions of the standard model of the background theory M7

For a finite set of SL formulas T and a SL formula i/, we say that the SL entailment problem for
I' and ¢, denoted T +g;, ¥, is valid when for every model M € M, assignment v and heaplet n, if
M,v,5 |=T then M, v, n |= . Further, we say that the SL entailment problem for I' and i modulo
SID ®, denoted T’ I—g’L ¥, is valid when for every model M € Mg, N My (D), assignment v and
heaplet , if M, 0,5 |= T then M, 0,1 |= ¢.

4.2 From Separation Logic to Weak Separation Logic

As discussed in Section 2, SL contains multiple sources of incompleteness, which makes it difficult
to discern the root cause of a proof failure, be it a deficient proof or an unprovable entailment. In
this section we define Weak Separation Logic (WSL), that relaxes the semantics of SL and allows us
to understand proof failures of SL as stemming from the semantic gap between SL and WSL.
WSL tackles three of the four sources of incompleteness in SL with three relaxations that extend
the class of structures considered: (i) structures are not necessarily extensions of the standard
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model of the theory, but only required to satisfy its axiomatization; (ii) the location domain may be
infinite (not just finite); and (iii) for entailments modulo systems of inductive definitions, we use FP
structures (not just LFP structures). Formally:

Definition 4.9. We define Weak Separation Logic (WSL) with the same syntax of formulas and
inductive definitions as in SL, and semantics given as the same satisfaction relation as in SL, but
over the class My, of heap-finite or infinite determined-heap structures that satisfy I'7 .

For a finite set of SL formulas I' and SL formula i/, we say that the WSL entailment problem for T’
and ¥, denoted T kg, ¢, is valid when for every model M € M,,, assignment v and heaplet 7, if
M, v, 5 |=T then M, v, 5 |= . Further, we say that the WSL entailment problem for T and i modulo
SID ®, denoted T’ kfm ¥, is valid when for every model M € My, N Mg (), assignment v and
heaplet n, if M, 0,5 |=T then M, 0,1 |= ¢.

Recall that the remaining source of incompleteness in SL is the implicit second-order quantifica-
tion over heaplets. WSL does not tackle this source directly, but we later consider a fragment of
WSL, where restricted quantification together with determined-heap property of structures allow
us to overcome this obstacle.

We now focus our discussion on the relationship between SL and WSL. WSL is clearly a relaxation
of SL, in the sense entailments that are valid in WSL are also valid in SL, whether plain or modulo
some SID, but the converse does not necessarily hold. However, next we show that when restricting
ourselves to entailments where SL does not exhibit the sources of incompleteness, SL and WSL
coincide, which means that in these cases the relaxations are inconsequential.

Intuitively, to eliminate incompleteness stemming from the theory, we restrict ourselves to the
sub-logics of SL and WSL without theories. To remove the distinction between finite and infinite
models and handle second-order quantification over heaplets, we restrict ourselves to QF formulas,
which enjoy a finite-model property. Together these restrictions ensure that for every QF formula
¢, there exist M € My, assignment v and heaplet 5 s.t. M, 0,5 |= ¢ iff there exist M' € My, v’
and n’ s.t. M’,v’, " |= ¢. Finally, to eliminate incompleteness stemming from the gap between LFP
and FP semantics, we consider plain entailments, i.e., without systems of inductive definitions.
Indeed we show that under these restrictions the semantic gap between SL and WSL is eliminated.

CrLaM 4.10. Given a finite set of theory-free, quantifier-free formulas T and a theory-free, quantifier-
free formula y, the entailment T tg ¢ is valid iff T Fys, ¢ is valid.

Claim 4.10 implies that proof systems for SL and WSL coincide under these restrictions, and
therefore the logics are “as complete” in this setting. In fact, it is not difficult to see that both logics
are complete under these restrictions since they enjoy a small-model property, which means that
checking the validity of theory-free, quantifier-free SL entailments and WSL entailments is even

decidable:

Cram 4.11. The validity problem of theory-free, quantifier-free entailments (without SIDs) is
decidable for both SL ([14]) and WSL.

The correspondence between SL and WSL breaks down once theories, systems of inductive
definitions and even limited quantification are involved, since SL becomes incomplete with the
inclusion of any of them, but as we will prove in the next subsection, WSL remains complete even
when all three are included.

4.3 Completeness of Effectively Determined-Heap WSL via First-Order Encoding

In this subsection we define a fragment of WSL, called Effectively Determined-Heap (EDH), where
the second-order quantification over heaplets collapses to a single determined heaplet for every
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formula in the context of entailments. We then give a first-order encoding of WSL entailments of
EDH formulas modulo systems of inductive definitions, and show that it is model preserving: that
is, we can capture precisely the semantics of WSL in FOL. Our FO encoding resembles existing
encodings of SL (e.g., [10]). However, prior work does not show completeness properties for the
encoding, and caters to restricted fragments, where SIDs are required to have distinct cases in the
definition of each inductive predicate.

Definition 4.12. The fragment of Effectively Determined-Heap (EDH) formulas consists of formu-
las of the form Jy. \/; Vu;.¢@;, where each ¢; is a quantifier-free conjunctive formula. We denote by
EDH(WSL) the sub-logic of WSL, where formulas are restricted to the EDH fragment.

As mentioned above, WSL does not directly tackle the incompleteness stemming from the
second-order quantification over heaplets. Instead, this source of incompleteness is eliminated by
the syntactic restrictions of the EDH(WSL) fragment. EDH(WSL) is defined in a manner similar to
the Effectively PRopositional (EPR) fragment of FOL, but whereas EPR only restricts the quantifier
structure, EDH(WSL) also restricts disjunctions in formulas. While EPR ensures that for any formula,
it suffices to consider finite structures for establishing (un)satisfiability, EDH(WSL) does not ensure
that. Instead, it ensures that for any formula and structure, it suffices to consider finitely many
heaplets for establishing validity of entailments. These properties make EPR a decidable fragment
of FOL, while EDH(WSL) is an undecidable fragment of WSL (Thm. 4.23) that admits a complete
proof system (Thm. 4.22).

Note that the restrictions imposed by the EDH fragment do not suffice to ensure completeness
in SL. In particular, SL is incomplete already for theory-free, quantifier-free entailments modulo
SIDs, which are included in EDH.

Remark. The EDH fragment resembles the notion of precise predicates (introduced in [58]), but
differs in two important ways. Firstly, EDH is a syntactic fragment of formulas, whereas precision
is a semantic property of predicates and formulas: using our terminology, a formula ¢ is precise
if for any structure M and assignment v there exist at most one heaplet n such that M,v,5 |= ¢.
Secondly, the two notions are incomparable. Indeed, not all precise formulas are in EDH, and the
formulas we allow in EDH need not be precise, since EDH ensures that there are only finitely many
satisfying heaplets but not necessarily just one. For example, the formula Vx.3y.x = y does not
meet the syntactic requirements of EDH but it is precise. Conversely, the formula emp V x > (nil)
is included in EDH, but it can be satisfied by two heaplets (0 and {x}), and therefore it is not precise.

Encoding of EDH(WSL) entailments in FOL. We first observe that we can reduce an entailment
T +®  where T'U{¢/} consists of EDH formulas, to a finite set of entailments of the form ¢ +2_ v/
where ¢ is a universal conjunctive formula and i remains unchanged, such that T +2 1 is valid iff
all the resulting entailments are valid. To that end, we first skolemize T', eliminating the existential
quantifiers, and by using distributivity over the conjunction A sk(T'), we translate it to an equivalent
disjunction of universal conjunctive formulas. Then, by relying on the fact that \/; ¢; FE ¥ is
valid iff ¢; +2, ¥ is valid for every i, we obtain a finite set of entailments of the aforementioned
form.

In the sequel we show how to encode an entailment of the form ¢ +& 3* \/ ¢;, where ¢, ¢; are
universal, conjunctive formulas to FOL. A key idea of the translation is to (i) replace the points-to
relation with unary functions my, ..., m,, each of which captures one field in the record a heap
location points to; and (ii) replace each inductive predicate by a pair of FO predicates, that together
represent the same mapping. Recall, that in determined-heap structures, every inductive predicate
P is interpreted as a partial function from tuples of elements, that satisfy the predicate, to the
(unique) supporting heaplet. In the FO encoding we use Py, to represent the domain of P, i.e., the
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set of tuples for which the predicate holds, and P, represents the range of P, i.e., for each tuple, the
heaplet supporting its inclusion in the predicate. Instead of mapping each tuple to its supporting
heaplet, P, represents this mapping as a relation between tuples and locations in their heaplet.

Definition 4.13 (Structure correspondence). Given a vocabulary ¥ = 3 & 37 and record shape
(s1,...,8n) over sorts S ¥ {s*}, we define a FO-corresponding vocabulary 7 () = 2% W 27 over
S W {s*}, where %" and X% contain the same constant symbols; for every i € [n], £3 contain a
function symbol m;: s* — s;; and for every inductive predicate P € =% with signature sy, .. ., s
there exists a pair of relations Pro, P, € X3¢ with signatures Pro: 1 X -+ X sg, Pyt 81X+ X 8 X 8™,

We define a correspondence between WSL structures over % and FO structures over ¥ (2). Two

structures M, My, over 3, ¥ (2) (resp.) are said to correspond when

(1) they have the same domain DM = DMro;
2) for any symbol s € 37, M = gMo.

(2)
(3) for any constant symbol ¢ € =%, M = M
4)
()

= ¢Vho;
9 for any element d € D(s"), #(d) = (m}™ (d),..... m}"(d)); and

5) for any inductive predicate P: s; X - - - X s; and elements d; € DM(sy),...,dr € DM(sp),

’ ’ MFO H MFO
P d) - {d |(d1,...,dk,d)eP,, } if (dy, ... dy) € PMro,
L otherwise.

Note that every WSL structure M over X has a corresponding FO structure M, over ¥ (X) and
vice versa. Observe that corresponding structures equally satisfy the theory axiomatization, since
they agree on all theory symbols, and the satisfaction relation is defined identically.

CLAIM 4.14. IfM, My, are corresponding structures, then M = T7 &= Mo |50 T7.

Having defined the FO vocabulary and the correspondence between WSL and FO structures,
we now continue with the translation of entailments modulo SID which consists of two parts: the
translation of universal, conjunctive formulas, which is the basic building block of the translation,
and the translation of systems of inductive definitions, which builds upon the translation of
universal, conjunctive formulas.

Translation of universal, conjunctive SL formulas. Since we only consider determined-heap struc-
tures, every atomic formula has a unique heaplet (if any) that satisfies it. This property is maintained
through conjunction and universal quantification, allowing us to map every universal conjunctive
formula to its supporting heaplet. Accordingly, in analogy to how an inductive predicate P is cap-
tured by a pair Pro, P, we translate every universal conjunctive SL formula ¢ into a pair of formulas
@ro» ¢p, Where @, records the expected heaplet of ¢, and ¢, captures the tuples of elements that
satisfy ¢, using the heaplet-recording formulas to express heap restrictions. Intuitively, each occur-
rence of an inductive predicate P in ¢ is replaced by Py, in ¢y, each separating conjunction adds a
restriction that the expected heaplets of the two sub-formulas are disjoint, and each conjunction
and universal quantifier add a restriction that the expected heaplets of the sub-formulas are equal.
As for ¢y, the encoding uses the free variable x* to capture the locations in the expected heaplet.
When ¢ is an application of an inductive predicate P, this is done using P,, and the other cases
follow the semantics in the obvious way.

Definition 4.15. Given a universal conjunctive formula SL ¢ over a vocabulary ¥, we define a
transformation of ¢ into FOL as a pair of formulas ¢y, ¢, over ¥ (X), defined recursively in Table 1.

To formalize the role of ¢, as encoding the expected heaplet, we use the following definition,
which defines the set of locations represented by values of x* in satisfying assignments of ¢,).
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Table 1. Translation of universal conjunctive SL formula into FOL.

14 Pro Pn
tpaly typaly false
Oty ..., 1) O(ty,... tx) false
=Q(t, ..., k) =Q(t1, ..., k) false
emp true false
P(ty,..., tk) Pro (1, - -, tk) Py(ty,-- s s XY)
t— (t,..., tp) | t#nil ANL i =m(t) x* =t
aAp Qo A Pro A VX" .y & By ay
axf Qo A Pro A ~3x".ay A By ay Vv By
Vx.a (Vx.apo) AN Vx1, . VX 0y [x1/x] & aylxz/x] | ay

Definition 4.16. Given a FO structure M;,, assignment v, and SL formula ¢, we denote
Mpo & * *
[[‘/’]]v = {d € D(s%) | Mo, 0[d/x7] |E @n }
We formalize the aforementioned properties of the translation with the following two claims.

CramM 4.17. For any universal conjunctive formula ¢, corresponding models M, My, assignment v,
and heapletn € D(s*), we have that M,o,n |= ¢ = 1 =[] 2.

Cram 4.18. For any universal conjunctive formula, corresponding models M, Mo, and assignment
M

v, we have that M, v, [¢]],™ |F ¢ & Mo, 0 |= ¢ro.

Translation of systems of inductive definitions. We now turn to encoding the FP semantics of
systems of inductive definitions into FOL. As before, we divide the encoding into two parts: one
that encodes the property that the interpretation of the inductive predicates forms a fixpoint, with
respect to a SID, and the other ensures that the supporting heaplets of inductive predicates match
the expected heaplets of their definitions.

Definition 4.19. For a SID @ and inductive predicate P, let ®(P) = Jy. \/; pf (x,y), we define the
following axioms

1>

Co(P)(x) = Pro(x) o 3. \/ (o)
j

o,(P)(x) = Vy. /\((pf)m — Vx* Py (x,x%) & (pf)”),
J

and define the translation of the system as
Byo 2 /\ Vx.®p0(P) A @, (P).
Pesst

We formalize the correctness of the SID encoding in the following claim.

Cramm 4.20. Given a system ®, and corresponding models M, My,
M e Mp(P) &= Mo [Fro Pro-

We now arrive at the complete encoding of entailments in EDH(WSL) modulo SIDs. Given an
entailment ¢ +®_ Ju.\/; s the basis of the encoding is to replace each of @, ¢ and y; with their FO
counterparts, Pro, Pro and (). This is indeed necessary for guaranteeing the correctness of the
encoding, but is not sufficient. To see this, consider the simpler case of ¢ Fyws. I, where ¢ and ¢/ are
both universal conjunctive SL formulas. As exemplified by Claim 4.18, satisfaction of ¢, by some

structure My, and assignment v corresponds to satisfaction of i by M, v and the expected heaplet of
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¥, namely [] 24""’. However, for the validity of the entailment we must have that for any heaplet 7,
if M,v,n |= ¢ then M, v, n |= . Since ¢ and ¢ are universal conjunctive SL formulas, there is at one
expected heaplet for each, and this requirement translates to the condition that for any structure
and assignment that satisfy ¢ with its expected heaplet, they also satisfy  with its expected heaplet,
and both expected heaplets are the same: Vx*.¢, < ;. The same principle generalizes to entailments
with consequents of the form Ju. \/; ;, as shown in the following theorem.

THEOREM 4.21 (WSL/FO ENCODING). A WSL entailment ¢ +2, Ju.\/; y; is valid iff

FT |:FO (q)m A (PFO) — Ju. \/((%)Fo A Vx*.(p,] « (lpi)”)’

13

or, equivalently, iff

gy {cp oro V. N\ (V00 © (0),) = ~(¢i>m)}

1

is unsatisfiable (where T'7 is the first-order axiomatization of the theory).

We can thus conclude that for every SID @, finite set of EDH(WSL) formulas I and EDH(WSL)
formula ¢, the entailment '+ is reducible to a FOL formula ay, such that the entailment is
valid (modulo theory 77) iff T7 |=o apo. In case @ and all formulas are theory-free we can simply
replace I'7 with . We now reach the culmination of the FO encoding. By having an equivalence
between valid entailments in EDH(WSL) and entailments in FOL, we can carry key properties
of FOL over to WSL. In particular, since I'7 is a recursive set of first-order sentences, FOL has a
complete proof system for checking T'” |=;o azo. From this follows the completeness of EDH(WSL):

THEOREM 4.22 (EDH(WSL) CoMPLETENESS). EDH(WSL) admits a complete proof system for entail-
ments modulo systems of inductive definitions.

This gives a complete but perhaps unnatural proof mechanism for EDH(WSL): translation into
FOL and then using FOL proof systems. In the next section we study a more natural proof mechanism
for WSL and SL: the ubiquitous fold/unfold mechanism.

Note that this completeness result does not imply decidability, and in fact EDH(WSL) is not
decidable. This can be shown by encoding a tiling problem as a system of inductive definitions (e.g.,
predicates representing whether a coordinate in the plane is covered by some tile) and constructing
an entailment that is valid exactly when there is no way to tile the top-right quadrant of the plane.

THEOREM 4.23 (EDH(WSL) UNDECIDABILITY). The validity problem of EDH(WSL) entailments
modulo systems of inductive definitions is undecidable.

5 Fold/Unfold Proof Mechanisms: Soundness and Completeness

Equipped with the tools of FOL, we now turn to formalizing fold/unfold proof mechanisms of
separation logic, and discussing their soundness and completeness in regards to both standard
Separation Logic (SL) and Weak Separation Logic (WSL). We side-step the need for quantifier
instantiations in SL proof mechanisms by restricting ourselves to theory-free SIDs and theory-
free, quantifier-free formulas. Similarly to entailments in EDH(WSL), we need only consider the
case ¢ I—qz V; ¥; where ¢, {; are conjunctive formulas, since we can always replace a finite set of
assumptions by a single assumption, and we can then eliminate disjunctions in the antecedent by
splitting the entailment.

We show that though fold/unfold is sound for both SL and WSL, and expectedly incomplete for
SL, surprisingly, it is complete for WSL. In this sense, WSL is the appropriate logic to consider
when working with fold/unfold proof mechanisms.
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We start by deriving a formal definition of an abstract fold/unfold proof mechanism, motivated
by real-world tools for SL, but glossing over irrelevant details and minutia.

5.1 Abstract Fold/Unfold Proof Mechanism

The heart of a fold/unfold proof mechanism lies in its two namesake transformations: folding,
which replaces a formula that matches one of the cases in a definition of an inductive predicate with
its application, and unfolding, which expands an inductive predicate into its definition. Though in
practice these transformations happen “in-place”, in the abstract they can be thought of as two kinds
of axioms added to the antecedent of the entailment. These axioms are thus the design principle
behind fold/unfold proof mechanisms, whereas any specific choice of when to fold or unfold is an
implementation detail. In the sequel we therefore define an abstract fold/unfold proof mechanism
as a recursively enumerable set of finite sets of such axioms, where for each set of axioms, we check
the validity of entailment, modulo these axioms. A proof is found if one of these entailments turns
out to be valid.
We start with a formal definition of fold/unfold axioms.

Definition 5.1 (Fold/unfold axioms). Let ® be a SID, P: s; X - - - X s an inductive predicate, and
O(P) =Fyy,..., Y. \/j pf. Given terms t = (t1,...,t;) and t’ = <t{, . ..,té>, a fold axiom of ®(P)
with terms ¢, ¢’ is the SL formula

fold(@(P),1,¢) = /\ (pF[t/x.¢'/y] = P(0)).

J

Given terms ¢ and fresh constants ¢ = {cy, .. ., ¢;) an unfold axiom of ®(P) with terms ¢, c is the
SL formula

unfold(®(P),t,¢) = P(t) — \/ prt/x,c/yl.
J

Note that the terms t,t’ used in fold/unfold axioms can themselves include fresh constants.
Importantly, even though SIDs may include existential quantifiers, observe that all fold/unfold
axioms are quantifier-free (and theory-free).

Note. We extend the satisfaction relation (of Def. 4.4) to the — connective in the obvious way.

The small-model property of theory-free, quantifier-free SL formulas is maintained in the presence
of the — connective. This means that Claims 4.10 and 4.11 continue to hold when the finite set of
assumptions in entailments includes fold/unfold axioms. That is, U UT +g / is valid iff UUT kg ¢
is valid, and checking validity for both kinds of entailments is decidable. Decidability justifies using
such entailments as the base case of fold/unfold proof mechanisms, which iteratively produce finite
sets of fold/unfold axioms and add them as assumptions. Interestingly, entailments with finitely
many fold/unfold axioms are equi-valid in SL and WSL, even though they are not equi-valid modulo
SIDs. This discrepancy is manifested in the (in)completeness of fold/unfold mechanisms: as we
show next, this procedure is complete for WSL, but not for SL.

We now give a formal definition of an abstract fold/unfold proof mechanism.

Definition 5.2 (Abstract fold/unfold proof mechanism). An abstract fold/unfold proof mechanism
is a procedure that enumerates finite sets of fold/unfold axioms Uy, U, . .., and for each set U;
checks the validity of the entailment T' U U; +5, ¢. The procedure returns “valid” when any such
entailment is valid, and must be exhaustive, in the sense that for every finite set U of fold/unfold
axioms, there exists some i s.t. U C Uj.

Typically, real-world fold/unfold proof mechanisms produce the sets of axioms Uy, Uy, ... by
enumerating individual axioms and accumulating them. In this case, exhaustiveness can be achieved
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by ensuring that all fold/unfold axioms ultimately occur in the enumeration. Note that an abstract
fold/unfold proof mechanism uses validity checks in SL; however, this may be equivalently done
by validity checks in WSL since, as explained above, the two logics coincide for the entailments
obtained by the addition of fold/unfold axioms.

In order to analyze the abstract fold/unfold proof mechanism we first give a formal definition
for the soundness and completeness of a proof mechanism, and then establish soundness and
(in)completeness of abstract fold/unfold for quantifier-free SL and WSL.

Definition 5.3 (Soundness and completeness). A proof mechanism is sound for a fragment of a
logic £ € {SL, WSL} if whenever the mechanism returns “valid” for an entailment T I—qz Y within
the fragment, then T I—‘Ij: 1 is indeed valid. A proof mechanism is complete if whenever T I—qj: Y is
valid it halts and returns “valid”.

An immediate consequence of the definition of fold/unfold axioms is that any FP structure of
® and any heaplet satisfy all of them. From this follows the soundness of fold/unfold for both SL,
where only LFP structures are considered, and WSL, where any FP structure is considered.

THEOREM 5.4 (SOUNDNESS). Any fold/unfold proof mechanism is sound for both SL and WSL.

As opposed to soundness, the gap between SL and WSL pokes its head when completeness is
considered. Namely, SL with inductive definitions is known to have no complete proof mechanism,
even when only theory-free, quantifier-free formulas are considered [38]. In contrast, we show that
any abstract fold/unfold proof mechanism is complete for the theory-free, quantifier-free fragment
of WSL with inductive definitions.

THEOREM 5.5 (INCOMPLETENESS FOR SL [38]). Any abstract fold/unfold proof mechanism is incom-
plete for the theory-free, quantifier-free fragment of SL with theory-free SIDs.

THEOREM 5.6 (COMPLETENESS FOR WSL). All abstract fold/unfold proof mechanisms are complete
for the theory-free, quantifier-free fragment of WSL with theory-free SIDs.

In the sequel we prove Thm. 5.6 by extending the encoding of Section 4.3 to relate fold/unfold
axioms and quantifier instantiations of ®;, axioms, laying the ground to using Herbrand’s theorem
on the FOL side, and carrying the result back over to WSL.

5.2 Fold/Unfold Axioms and Quantifier Instantiations

Before delving into the translation of fold/unfold axioms to FOL let us first recall the FO axioms we
defined for each inductive predicate P (Def. 4.19):

FO

Do (P)(x) £ Pro(x) & Jy. \/(pf) D, (P)(x) £ Vy. /\((pi)m — Vx".Py(x,x7) & (pf)r])
J J

These can be equivalently expressed by the following pair of axioms:

0+ rut 3 (1) 1 1), )
J

13

Pr(x) Vy. /\((pf)m — Pro(x) AVX" Pp(x,x") & (pf)n)
J

We now define the FO encoding of fold/unfold axioms and observe that it essentially produces
quantifier instantiations for the above axioms, where ap matches unfold;, and fp matches foldy,.
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WSL ! FOL
Thm. 4.21
SID @ ¢ Fos ¥ <——,_> {®ro, Pro} Fro Yro
Conclusion 5.10 ﬂ X Claim 5.9
V I
Fold/unfold UU{p} bws ¥ H—=————=> Uio U {¢s0} Fro ¥ro

Clair:n 5.8

Fig. 3. Abstract fold/unfold is a complete proof mechanism for WSL: proof structure.

Definition 5.7 (Fold/unfold encoding). Given SID ®, predicate P and terms ¢, ¢’, we define the FO
encoding of the fold axiom fold(®(P),t,t") as follows

foldro (9(P) 1,1') 2 A((pf)m [t/,8' /9] = Pro(t) A" Py(t,3°) > (of ) [/, t'/y]),

J

given terms ¢ and fresh constants ¢, we define the FO encoding of the unfold axiom as
s P * % P
unfoldso ((P),£,€) 2 Pro(x) — (y((p,- ), l¢/xc/yl A (Vx Paltx) o (5! )U[t/x,c/y]))),

and finally we lift these encodings to a set U of fold/unfold axioms, defining its encoding Uy, as
the result of replacing each fold/unfold axiom in U with its corresponding foldy, / unfoldg,.

The following claim formalizes that these definitions faithfully encode the fold/unfold axioms.

CraM 5.8. Given corresponding structures M, Mro, assignment v, and set U of fold/unfold axioms,
we have that Mo, 0 |Fro Uro iff M,v, 1 |= U for every heaplet 1.

5.3 Bringing It Full Circle

We finally have in place all the pieces needed to show that an abstract fold/unfold proof mechanism
is complete for checking the validity of theory-free, quantifier-free WSL entailments modulo theory-
free SIDs. The proof leverages the FO encoding of entailments in WSL with SIDs or with fold/unfold
axioms to reduce the completeness claim to a claim about entailments in FOL, where we can apply
FOL results such as Herbrand’s theorem and compactness. The structure of the proof is shown in
Fig. 3. Considering theory-free, quantifier-free formulas and theory-free SIDs, the proof works by
using a chain of three equivalences to conclude the fourth: (i) an entailment modulo SID is valid in
WSL iff its encoding is valid in FOL (follows from correctness of the encoding); (ii) the encoding of
an entailment modulo SID is valid in FOL iff there exists some finite set of quantifier instantiations
of the system, modulo which the encoding of the entailment is valid (follows from Herbrand’s
theorem and compactness in FOL); (iii) the encoding of the entailment modulo a finite set of
quantifier instantiations of the system is valid (in FOL) iff the entailment modulo a corresponding
finite set of fold/unfold axioms is valid in WSL (follows from the correctness of the encoding); and,
transitively, (iv) an entailment modulo SID is valid in WSL iff there exists a finite set of fold/unfold
axioms modulo which the entailment is valid. Thus, an exhaustive set of fold/unfold axioms forms
a complete proof mechanism for WSL. This line of reasoning is formalized in the following claims.
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CrLaM 5.9. For a theory-free SID ®, and a pair of theory-free, quantifier-free formulas @, ¥/, we have
that {®ro, Pro} [Fro Yo iff there exists a finite set U of fold/unfold axioms for ® s.t. Uso U{@s0} Fro Vro-

ProoF skETCH. Observe that for theory-free formulas and SIDs, all applications of functions
that appear in @y, 0o and Y, are of the form m;(t) = t’, where ¢’ has no function applications.
Thus, when considering the set of all ground instances of ®ro, ¢ro, ¥ro, per Herbrand’s theorem,
we need only consider ground terms with no function applications. An implication of Herbrand’s
theorem is that partially-ground instantiations, where an inner part of the formula stays universally
quantified, is equi-satisfiable to the complete set of instantiations. Specifically, not instantiating the
“same heap” condition in the encoding of the SID and fold/unfold axioms does not detract from the
result of Herbrand’s theorem. Therefore, the set of partial instantiations to consider correspond
to the encoding of all fold/unfold axioms, and from compactness, we have a finite set of such
instantiations, or equivalently fold/unfold axioms, to consider. O

CoNcLUSION 5.10. For a theory-free SID ® and theory-free, quantifier-free formulas ¢,V, the
entailment ¢ +2 1 is valid iff there is a finite set of fold/unfold axioms U s.t. U U {@} Fws,  is valid.

Recall that plain entailment of theory-free, quantifier-free formulas coincide in SL and WSL, i.e.,
the entailment U U {¢} Fys. ¢ of Conclusion 5.10 coincides with U U {¢} +g 1/, which is the check
used in an abstract fold/unfold mechanism. This completes the proof of Thm. 5.6.

6 Rogue Models

Imbued with our new understanding of fold/unfold as the proof mechanism of WSL (and not SL),
we can now identify proof failures of fold/unfold as stemming from the semantic gap between SL
and WSL, exemplified by rogue, nonstandard counter-models: WSL FP structures that refute validity
of entailments but are not SL LFP structures intended. Soundness of fold/unfold for WSL means that
these counter-models cannot be eliminated by such proof mechanisms, no matter how many efforts
are invested. The ability to describe, visualize and find these models allows us to better understand
tool failures, improve diagnosability of these failures, and provide guidance to the user in how to
proceed with the proof (e.g., by employing induction rules, which are beyond fold/unfold). However,
precisely defining a nonstandard model could be nontrivial, as counter-models to entailment in
WSL may be infinite and in some cases, must be infinite, as we show next.

In this section we harness the FO encoding presented in Section 4.3 for the purpose of finding
rogue models. We generalize from the theory-free, quantifier-free formulas, that we discussed in
the previous section, to all EDH(WSL) formulas the FO encoding supports. Namely, we observe
that beyond a theoretical crutch for proving the completeness of WSL, the FO encoding also gives
us the ability to use existing FOL tools to show validity of entailments, in a manner similar to
previous work, and to find infinite counter-models to entailments, which is unique to this work.

Rogue models. Formally, a rogue model in this context is any structure in the class of structures
of WSL that is not part of the class of structures of SL. Given a SID ®, a rogue model of ® is
any structure M € (Mys N M (®)) \ (Mg, N Mz (®)). The key property of the FO encoding
is that it is model preserving. A counter-model M, to the encoded entailment corresponds to a
(unique) heap-structure M that is a FP structure of the system and satisfies the antecedent of the
entailment, but not the consequent. Further, M, gives us the only candidate satisfying heaplet for
any sub-formula, thus resolving the second-order quantification over heaplets, and allowing us to
easily verify and understand why M is a counter-model.
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6.1 Heap-Reducing Systems of Inductive Definitions

Though in theory rogue models may be finite or infinite, we see that in practice systems of inductive
definitions exhibit only infinite nonstandard models. As discussed in existing literature, the nature
of most real-world systems of inductive definitions is such, that any recursive use of a predicate
always appears under a smaller heap. If the heap is finite, then any predicate may only be unfolded
a finite number of times before reaching a base case (i.e., a case with no recursive applications).
Intuitively, this means that any tuple of elements satisfying an inductive predicate does so by virtue
of a finite chain of unfoldings that reach a base case, and thus LFP and FP semantics coincide.

We follow the spirit of [10], where instead of this intuitive definition of heap-reducing, Bobot
and Filliatre [10] opt for a stricter, syntactic definition of heap-reducing.

Definition 6.1. A system of inductive definitions @ is heap reducing if for every inductive predicate
P, each case pf either contains no inductive predicates, or there exists some ¢ s.t. pf is equivalent
tot - (...) % ¢ (and all applications of inductive predicates appear in ¢).

Note that restricting ourselves to heap-reducing SIDs is a mild requirement compared to stricter
requirements like progress (see, e.g., [37]), used in definitions of decidable fragments of SL. Still,
this heap-reducing requirement is enough to erase the distinction between FP and LFP models in
heap-finite structures (as in the standard SL semantics).

CLAIM 6.2. Given a heap-reducing system ®, any heap-finite FP structure for @ is also a LFP structure
for ®: Mg N M (@) = Mg N M (D).

An immediate conclusion of the above claim is that any rogue model of ®, that is, a model for ®
under WSL semantics but not under SL semantics, must have an infinite set of heap locations and/or
be a nonstandard model of the background theory. Thus, the ability to represent and find infinite
rogue models is necessary, as in practice all rogue models are infinite, when we limit ourselves to
the standard model of the background theory.

CONCLUSION 6.3. A rogue model for a heap-reducing SID ® has to be in (Mg, \ Ms) N M (D),
and if it extends the standard model of the background theory, its location domain must be infinite.

6.2 Symbolic Structures

Rogue counter-models for entailments may be infinite, and as discussed in the previous subsection,
for the very common case of a heap-reducing system, any rogue counter-model must be infinite. In
order to find and present such models we first need a way to represent them.

One such representation is symbolic structures [27, 28], which were successfully used recently
to find models for formulas in FOL. Symbolic structures encode infinite structures in a finite way,
describing the infinite shape of the structure symbolically, with terms and formulas in Linear
Integer Arithmetic (LIA). Though used primarily for uninterpreted formulas in [27, 28], symbolic
structures can be naturally extended to support formulas combining uninterpreted logic with LIA,
which proves useful for us, as many entailments in WSL use integers as a background theory.

We start by recalling the definition of symbolic structures, now extended to support integers.
Symbolic structures use finitely many nodes to represent the elements in the domain of an explicit
structure, where each node represents a set of explicit elements by a copy of some subset of the
integers, specified by a formula in LIA, called the bound formula. The set of nodes form the symbolic
domain of the structure (for each sort). Our extension forces the domain of sort int to comprise of
exactly one node, representing a full copy of the integers. Interpretations of functions and relations
in the explicit structure are defined symbolically over the nodes in the symbolic domain, with LIA
terms and formulas that relate specific elements within the nodes.
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Definition 6.4 (Extension of [27]). A symbolic structure for a vocabulary X WX"* over sorts {s*, int}
isatriple S = (D, B, 1), where

o D is the domain of S, mapping s* to a finite, non-empty set of nodes D(s*) and mapping int
to the singleton D (int) = {njn¢}-

e B maps each node n to a bound formula, a satisfiable LIA formula 8(n) € QF
one free variable i, with B(njnt) = true.

o 7 isthe interpretation of symbols in ZwX". Each constant symbol c: s is interpreted by a pair
I (c) = (n,z) where n € D(s), [z/i] |Fus B(n). Each function symbol f: sy X --- X s — s
is interpreted as a function 7 (f) that maps nodes n; € D(s1),...,nx € D(sx) to a pair of
node n € D(s) and LIA term t such that FV(¢t) C {i,...,ix} and /\§=1 B(nj)[ij/i] I=ia
B(n)[t/i]. A relation symbol R: s; X - - - X si is interpreted as a function 7 (R) that maps
nodes ny € D(s1),...,nk € D(sg) to aLIA formula ¢ € QF,, such that FV(¢) C {iy,...,ik}.
Additionally, for the symbols in ' we require that 7(0) = (njnt,0), 7(1) = (nint, 1),
I (+)(nint> nint) = (Nint, i1 + i2), and 7 (<) (nint, nint) = i1 < ia.

A symbolic structure should be understood as a finite representation of an explicit, potentially
infinite, first-order structure, denoted by E(S). Formally, the explication of a symbolic structure S is
a first-order structure M = §(S) = (DM, I'M) over 3 ¥ ="' defined as follows. For each node n in
the domain of S, we define its set of explicit elements as &(n) = {(n, z) | z € B(n)}, where we refer
to the formula B(n) as the set of integers {z | [z/i] |Fa B(n)}. For each sort s, its explicit domain
is the set DM(s) = Uneo(s) €(n). For each constant symbol c, IM(c) = I(c). For each function
symbol f and nodes ny, ..., ng, let 7(f)(ny,...,ni) = (n,t), then for every z; € B(ny),...,2x €

L With at most

B(ne), IM(H)(ny, z1)s ..., (ni, z1)) = <n, [z/i] (t)> For each relation symbol R: s; X - - - X s, then
TM(R) = {((nl,zl), oAk zi)) | nj € D(sj), zj € B(nj) and [2/i] |Fua I(R)(nl,...,nk)}.

Unlike the location sort s*, whose domain can consist of an arbitrary number of nodes and
arbitrary bound formulas, we restrict the domain of the integer sort to have a single node, rep-
resenting the complete set of integers, and restrict the interpretations to the standard ones. This
ensures that symbolic structures extend the standard model of LIA, and thus lets us focus on rogue
counter-models that arise from the other relaxations of WSL; these rogue models must be infinite
in the case of heap-reducing SIDs (Conclusion 6.3).

CrLam 6.5. Given a symbolic structure S over X W X", its explication E(S) extends the standard
model of LIA, M™™.

As shown in [27], symbolic structures admit decidable model-checking, by translating any
formula ¢ over X & X" into a pure LIA formula ¢,,, such that ¢ is satisfied by a structure S iff
¢uia is valid (recall that the validity problem of formulas in LIA is decidable).

[27] also introduced an efficient way to search for a satisfying symbolic structure for a given
formula. Through the concept of a template, a (possibly infinite) symbolic search space of symbolic
structures. A template specifies the general shape of a symbolic structure, by fixing its domain,
and fixing finite sets of terms and formulas to be used in functions, relations and bound formulas.
However, it allows these terms and formulas to include free (integer) variables, thus representing
an infinite set of structures. Given such a template, a formula ¢ is translated into a LIA formula
@uia> such that ¢y, is satisfiable iff any structure within the template satisfies ¢. Moreover, the
satisfying assignment to ¢y;, gives a complete definition of the satisfying symbolic structure.

By definition, any entailment that is valid in SL but not in WSL has a rogue, nonstandard
counter-model. However, we are not guaranteed to always find a counter-model using the symbolic
structures formalism. In particular, Def. 6.4 only allows to represent models that extend the standard
model of the integers. This could possibly be relaxed, allowing also for encoding non-standard
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models of the theory. Regardless, we can never hope to find all rogue counter-models in this way
as the class of symbolic structures is recursively enumerable and model-checking is decidable, and
this would therefore give us an RE invalidity procedure for EDH(WSL), which is not possible since
EDH(WSL) has a validity procedure, but is undecidable (Thm. 4.23).

7 Implementation and Evaluation

We implemented the FO encoding described in Section 4.3 in a prototype tool that translates SL
entailments modulo SID into first-order formulas, where a satisfying model for the FO formula
represents a counter-model to entailment according to the weak semantics. We discharge these
FO formulas both to Z3 [20], for checking unsatisfiability (thus proving validity) and to FEST [27]
for finding rogue, potentially infinite, nonstandard counter-models. Our tool is implemented in
Python [80] and receives as input Songbird [76] files that define a system of inductive definitions
and an entailment check, given as two SL formulas. Our tool attempts to both prove validity (under
WSL semantics) and find a counter-model, until either attempt is successful or both time out, and
report the result to the user. In case of successfully finding a counter-model, our tool presents the
model to the user, using FEST’s syntax for describing symbolic structures.

Benchmark suite. To evaluate the effectiveness of the FO translation in eliciting rogue, nonstan-
dard models of WSL in real-world problems, we use the SLS (Songbird with Lemma Synthesis)
benchmark suite [78], which includes over 700 entailment modulo SID examples, compiled from
existing benchmarks [72, 77] and extended with new examples. The SLS benchmark suite contains
a variety of inductive definitions for singly- and doubly-linked lists, nested lists, list segments, trees
and tree segments, with nontrivial entailment problems for each kind of system. About 30% of
the examples use LIA as the background theory, while the rest use no background theories. The
SLS benchmark is made up of 5 parts: (i) SLL-VALID, containing examples of singly-linked lists,
most of which are valid with no need for induction, i.e., just by using fold/unfold, and thus also
valid in WSL; (ii) SLRD-VALID, containing examples for singly-linked, doubly-linked lists and trees,
where most are valid without induction; (iii) SLRD-IND, containing examples for singly-linked lists
that require induction, thus invalid under WSL semantics; (iv) SLRD-LM w/0 integers, containing
examples for singly-linked lists, doubly-linked lists and trees, that require inductive lemmas to
prove; and (v) SLRD-LM w/ integers, containing examples for singly-linked lists, doubly-linked
lists and trees that require inductive lemmas, where integers are used in formulas and inductive
definitions. Each part of the benchmark is further subdivided into groups, where each group defines
a SID, shared between all examples in that group. Note that the benchmark does not utilize our
tool to its full extent, since it is restricted to the more limited symbolic-heap fragment that most
existing tools are geared at.

Implementation. Our tool uses a key insight in order to significantly simplify the FOL queries
sent to Z3 and FEST, and thus improve success rates: the overwhelming majority of quantifiers
used in the benchmark suite are of the form Ju.--- * t +— (u) = --- (for some term t), which
will be translated on the FO side to Ju. - -- A (A; m;(t) = u;) A ---. We observe that we can thus
replace every occurrence of u; with m;(t) and remove the quantifier entirely. As each quantifier is
transformed into a disjunction over all nodes of the symbolic structure, this optimization allows us
to tame the exponential explosion of formulas produced by FEST.

We build upon FEST’s existing library of templates used for model-finding, and fine-tune a
template that better captures the general shape of counter-models in separation logic. The division
of the benchmark suite into groups, where each group shares a SID, allows us to inspect very few
examples manually to produce this fine-tuned template.
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Table 2. Evaluation results. We report for each part of the benchmark the total number of examples, the
number of examples that were proved valid through the FO encoding, the number of examples where a
counter-model was found, and the number of timeouts (tool failures) after 30 seconds.

Benchmark # Examples # Valid # Counter-model # Timeout
SLL-VALID 171 114 4 53
SLRD-VALID 151 85 8 58
SLRD-IND 96 0 89 7
SLRD-LM w/o integers 82 5 38 38

w/ integers 218 5 26 187

Evaluation and results. We run our tool on the SLS benchmark suite using a MacBook Pro with
an Apple M1 Pro CPU and 32GB RAM, using Z3 version 4.13.3 and FEST version 2.1.1. The results
are summarized in Table 2, where for each part of the benchmark we report how many examples
it contains, how many were proved valid, for how many our tool produced a counter-model, and
for how many our tool timed out (with a timeout of 30 seconds). We do not provide comparison
with existing tools since, to the best of our knowledge, there are no other tools for finding infinite
entailment-violating models in the context of SL. For the SLL-VALID and SLRD-VALID parts of the
benchmark, which mostly comprise of valid entailments provable without induction, our tool is
able to prove validity for ~66% and ~56% of the examples (respectively) and find counter-models
for a handful of examples. As the vast majority of examples of these parts are valid under WSL
semantics, we note that the failure of our tool is due to insufficient time for proving the validity
of the FOL queries, rather than inability to find counter-models. For the remaining parts of the
benchmark, our tool is able to find counter-models for ~93% of the examples in SLRD-IND, ~47%
in the more complex part SLRD-LM w/o integers, and ~12% in SLRD-LM W/ integers, which uses LIA
as the background theory, thus requiring the largest and most complicated symbolic structures in
counter-models. We conjecture that by examining a few representative examples from the unsolved
problems, the template used can be further tuned, and success rates improved.

Partial taxonomy of rogue models. We now give a partial taxonomy of the kinds of rogue models
that crop up in practical SL entailments with inductive definitions. By examining the counter-
models produced by our tool we identify repeating patterns and archetypes of rogues models. In
essence, these archetypes correspond to the heap shape of the rogue model, given by the symbolic
domain and interpretation of the points-to functions, with the specifics of each counter-model
given by the symbolic interpretation of constants and predicates. We describe 6 such archetypes:

(1) Linked list that never reaches null: these are made up of two nodes ng, n; in the symbolic
domain, ny representing null and n; representing infinitely many locations that form a linked
list. This archetype appears mostly in examples with unary inductive predicates over lists.

(2) Linked list that never reaches some location other than null: made up of three nodes ng, ny, ns,
where ny is null, n; is the unreachable location, and n, represents all other locations which
form an infinite linked list. This archetype appears in examples with ‘list-segment’ predicates.

(3) Two disjoint, infinite linked lists that never reach null: made up of three nodes ng, ny, n; as
in archetype 2, but with n; representing an infinite linked-list of locations. This archetype
appears in more complex ‘list-segment’ examples and doubly-linked lists.

(4) Tree where one path never reaches null: similarly to archetype 1, these are made up of two
nodes ng, ny, with ny representing null, and n; represents infinitely many locations on a branch
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in the tree, where each points to null in one branch, but continues the infinite tree in the other.
This archetype appears in examples with inductively-defined trees and nested linked-lists.
(5) Tree where one path never reaches some location other than null: made up of three nodes, akin
to archetype 2, appears in examples with ‘tree-segments’ or simple overlaid data-structures.
(6) Trees where one path never reaches some location that never reaches null: akin to archetype 3,
appears in more complex examples of tree segments and overlaid data-structures.

8 Related Work and Conclusion

There are several approaches to automating reasoning for SL, including the development of decidable
fragments [4-6, 19, 22, 36, 59, 64, 65], search techniques over proof systems [13, 16-18, 63, 76], and
translations to FOL to utilize SMT solvers and FO theorem provers [16, 17, 34, 47, 49, 50, 62, 65-68].
Our work is distinguished in this regard since it studies a rich logic (in particular, it is undecidable)
with a general fragment which admits a model-preserving translation into FOL.

Fold/unfold mechanisms are extremely commonplace, with uses in logics beyond separation
logic [1, 8, 11, 13, 15-17, 39, 41-44, 46, 47, 50, 51, 54, 61, 62, 68, 70, 74, 75, 81]. These are a class of
mechanisms as opposed to a single authoritative algorithm. Our work on the (in-)completeness
of these mechanisms for SL with inductive definitions is inspired by recent works [46, 51] which
study the corresponding question for first-order logics. However, to our knowledge ours is the first
work to develop such foundations for separation logic. This is nontrivial, since there are many
more sources of incompleteness that interact in complex ways (see details in the extended version
of the paper [24]). Related to our investigation of incompleteness of fold/unfold mechanisms is the
work in [23], which studies incompleteness empirically for a range of automated program verifiers
that work with separation logic annotations.

There is also a long tradition of studying the completeness of reasoning heuristics in the context
of first-order resolution [30, 31, 33, 35, 73, 82].

Definitions with determined heaplets have been studied in early work on separation logics as
precise predicates [5, 32, 55, 58]. There are also a plethora of works that define explicit unique
heaplets for formulas in heap logics [10, 50, 52, 68].

Our technique for synthesizing rogue models is based on the recent work on symbolic struc-
tures [27]. However, there are other frameworks such as the work in [9] which studies rogue
models for first-order logic formulas over algebraic datatypes generated by Isabelle/HOL. Symbolic
structures are also reminiscent of abstract domains for representing unbounded structures [40, 45],
but we are not aware of a formal connection between the two techniques.

We end this section with a note on inductive reasoning which can be used to overcome fold/unfold
proof failures. There are several techniques for automating induction reasoning in separation logic,
including deductive instantiations of induction axioms, lemma synthesis, and cyclic proofs [13, 18,
29, 78]. Using the symbolic representation of rogue models found by our technique to automatically
deduce and generate missing lemmas for proving validity of entailments in separation logic is an
exciting direction that we leave to future work.

In conclusion, we consider our work to be a first step towards a better understanding of SL tools
and, particularly, their failures. We believe that WSL provides a way to contextualize and analyze
tool failures, both on a theoretical level and as a practical framework, which we aim to pursue
further in the future. While we have focused on fold/unfold reasoning, analyzing reasoning of
proof mechanisms beyond fold/unfold is also of great interest and left for future work.

Data-Availability Statement

An artifact for reproducing the results is available at [25], and the latest version of the tool is
available at [26].
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