


What is an algoribthm?



Don Kiubh (1966)

Algorithms are concepts which
have existence apart from any
programming language...

et al.
formulated them,
of the number

the writers of first grade
textbooles and obher
mathematical

certain



A Neolithic Algorithm



Eve’s Algorithm

o If something’s o If something’s

left and ik’ left and ik’

Eurn Euri

- Pul one in my - Put one it his
PLL& FE,L@.

- Now tks his kurn - Now ks nmy Eurn



Al LS a
discrete process whose
evolution has a

c{escripﬁom



tuclid (e, -300)

Euclids GCD algorithm
was formulated
geometrically:

Used repeated
subbraction of the
shorter segment from
the Longer.



s F'»’LMLE@.L:?
describable — in
terms of basic
compass
opemﬁoms



ADO XPLOPOV AVIOWV EKKELPEVWIV,
xvOLPLPOLPEVOL OE Gel TOD EAXOOTOVOC XTTO TOD
HELCovog, €6V O AELTTOUEVOG UNOETTOTE KATHUETPR
TOV TTPO £€XUTOD, EWC 00 AELPOR HOVEC, Ol €T
xpXNC xpLBpol TTPMTOL TIPOC GAAAAOULC ECOVTHL

When two unequal numbers are set out, and the less is
continually subtracted in turn from the greater, if the number
which is left never measures the one before it until a unit is left,
then the original numbers are relatively prime.






Algorithm #4 (1960)

¢ This procedure .. finds a root by
tterated bisection and evaluakion
at the midpoint, halting U . kwo
successive approximations of the

root differ bj less thawn g,

[which] must not be less thawn 2
units tn the Last place carried by
the machine or else indefinite
cycling will occur due ko

roundofs,



F(x)




Bisection Search
(Saul Gorn)

o Although [this Frocedure
is] among the slowest, it
is applicable to

.« The
foct that no
differentiability
conditions have ko be
checlked malkes ik .. an

'old work-horse'.



Hartley Rogers

* Roughly speaking, an algorithm is
a clerical (i.e., deberministic,
boowweepivxg} procedure which can
be applied to any of a certain
class of symbolic inputs and which
will eventually yield, for each such
input, a corresponding symbolic
output.

* An example of an algorithm is the
usual Proaedure given in elementary
caleulus for differentiating
Foiﬁmommtsn.



Postulates of Algorithms

I. A classical algorithm is a
discrete stake-Eransition sstem

11. Logical skructures tapf:u,re
salient aspects of its states

111, The Eransiktion relation can be
described fimi&abj



I: Stake Trawnsition
Svs%em



2 93001

Transikion




Kinubh (19646)

A campu&a&iemat
mebhod
aamprises

a set of states...

In this way we can divorce abstract
algorithms from particular programs that
represent them.















°© Anyone who considers arithmetical
methods of producing random digits
is, of course, in a state of sin.




I1: Skates as Skructkures



all





















Data Skructures

Church uses
Kleene uses
Turing uses

Programmers use all sorts
of data structures



* We ... assume [symbol-
complexes] to be finite
and ... discrete...

s {Thej] are completely
determined b‘j sgee‘:i{:vihs
all the proper&ies and
relations of its parts...
Each ... can be completely
described fbv a

conjunction of relations].



* Domain (universe, base seb, carrier)

© Vocabulary (function symbols, relations
[trubth-valued functions], scalars
[constants])

* Operations (nterpreting the symbols)



s Evarv%hihg
needed

o Skructures
cap&ure all
salient features
of stake: stakic
operations &.
djnamic mermory



* Domain
(underlying set): I
me&s, Lines, rays,
circles, tuples and
small bags

* Vocabulary &
Opem&oms:
Compass; Ruler; =;
n; Tuple & Bag







—

Tramsitions change interpretations

-






+ Stakes are (first-order) structures.

* ALl states share the same (finite)
vocabulary,

* Transitions preserve the domain (base set)
of stakes.






o States are absktract
(closed under
E,somorphism)

s RBehavior does nok
depend o inkernal
represem&a&om
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111 Finike ﬁescr&p%mm



© Transitions are alqorithmic if
they can all be described
finitely (without presupposing
any special knowledge).



Kleene

¢ An algorithm in our sense must be fully
and fLME,EeLv described before any
par&&aut&r question to which it is
&F:'Pi.ied s selected...

o ALl steps must .. be predetermined and
performable without any exercise of
ingenuity or mathematical invention by
the person doing the computing.



Joe Shoenfield

A mebhod must be
mechanical...

Methods that require insight
are excluded.









¢ Transitions are
determined bfj a
fixed finite set of
terms, such that
states that agree
on the values of
these ktermws; also
agree o all state
changes,

Yuri Grurevich



o View state as
locakion—value
Fmi;rs

N “f(&;bﬁ:> — a

° Changes to state
X

s AX = X'\X



a = ///—V
N~ >
x ~ _ A
e = -
~ = ~









Algorithmic Trawnsitions



ASM Theorem [Gurevich ]

o Every classical algorithm can be
emulated state-for-state, step-
for-step by an abstract state
machine (ASM).






n



Abskract Skake Machine

@{(S‘:l;m,svﬁ ) E
oc > P if ¢ then P [else @]

o 1Py Il o Il P



Proot

* Crux of proof:

o Finite set of critical kterms
determining behavior &
isomorphism condition imply that
a term-based program describes
Eransitions



Levwvinma

o Skates with the same equivatem«t:es
bebween criktical berms behave bhe
same.



Levwvinma

* The location and new value of any
update are given by critical terms.









° Algorithm may
hang if it Loolks
for something
Ehat’s not there




s Compu&abt& ’
reals {

e Avoid
MMMQﬁQSS&Tt}
division b:j o

o adj A / det A




Overieill

o Conditions of
ASM much more
Camyiita&ed
Ehaia

algorithm’,






e f a then f b then f ¢ then s := x
e f a then f -b then k := x

e f a then f -c then s := Y



hen if b then f ¢ then s := x

x

J




A cphen s =

50 .
S,




o if a then if b then if ¢ then s :fx

e f a then f -b then k := x

e f a then f -c then s := Y



s AX = X'\X upda&es
® AX = | terminal stalbe

e AX = @ hang forever!



o Critical terms are localized
*X=rxY 5 OX =AY

* Moreover, they determine exploration
eXzx¥Y > I'X=TY

o UT X is finite



62’1:"(3 «n:@z’b\ ‘% FZ’I:*FZ’M
where & = N T Z;



o Crikical kerms are par&muj ordered

ok e TXNT Y sowe s<k i T X has
OPPOSE&@. Erubhh values i X and Y



* Every “exacting”
algorithm is
emulated, step for
step, state for state,
bv an ASM

o Furthermore, the
exactkt same locakions
are accessed



@epresemhﬁwm Theorem

= Everv algorithm is emulated
precisely bj an ASM

o Furthermore, abt each sE@.P, the
exact same Llocakions are accessed



o Trawnsitions preserve
domaiin

o Commulbe wikh
Lsomorphésm

* Do nobt decrease
domain of definition



Exbensions

o Iwnkteraction
o Parallelism

o Diskribukion



Whab s an
algorithm?



An algorithm is
U ks inikial
states have a finite
description



1 inikial states can be
described, then
skates can be



ij ‘S&u.dj

Effectiveness?
e What - - can be done
“methamitai.i.j”
e Whak - - cannol be done

"

“methamitai.i.j



S

S

Algorithms: Effective?

Construct tangent
Bisectkion search
Craussian eliminatkion

Ankenaresis






E4fective?

s Arbi&rary FC}LV\ES th the Ftame (ot
necessary finitely representable)

s Compass creates a circle wikh
EMAFLML&&LU many points

* Geowetric algorithms may test for
intersection of Lines






Hilbert & Ackermanin (192%)

The must be
considered the [ﬂrabi@;m of

mathematical Logic.

The Entscheidungsproblem is solved when
we khow a procedure that allows for an
given logical expression [in first-order
predicate caleculus] to

or

satisfiability,



Jules Henri Poincarée

We might imagine a
machine where we
should pubk tn axioms ak
one end and balke oub
theorems at the other,
Lilkke Ehat Legend&rv
machine tn Chicago
where



The Question

o Is there awn
algorithm for doing

o Logic?
o Aritlhwebic?

s Geome&rj?






Alonzo Church

[We] propose a definition of effective
tateuiabiuﬁv which is thought to
correspond sa&is&aa&aruﬁ to [a]
somewhalt vaque intuitive notion...

We now define .. the notion of effective
calculable function of the positive
thtegers b*j idah&iﬂfjihg itk with the wnotion
of a recursive function,


















ij Bobther?

The thesis allowed Church and
Turing to declare
of the Eim&s«theiduv\gsprobtem



Church

[Turing's machines have] the
advantage of making the

un Ehe urdimarv
(ot expi.iciﬁv defined) sense
evidenk Emmedio&ei.v«.






ka believe?



Why Believe? (A)

- Church, Turing,
Post, Markoyv, Kolmogorov
- What excludes a systematic error?

- People thought primitive recursive was it



Why Believe? ()

® P programming Lanqguages
compute only recursive functions
- History is full of delayed discoveries



The Turing Tarpit

Thue systems ¢ Kolmogorov-Uspenskii
Post systems machines
Lambda caleuli © Neuring machines

Partial recursion © Wang machines

Turing machines © Random access machines
Markov normal © Quanktum tompu&ers
algorithms o Billiard ball computers
Minsky counter e Least fixpoints

machines ¢ Fortran, Algol, LE,SF?, C,
Type © lanquaqes Pascal, Logo, Ada, Java, ..



Why Believe? (C)

- This is by far the strongest argument



Turing’s Premises

¢ Sequential sajmbot manipulation

¢ Debterministic

¢ Finite thnbternal states

o Finike svmbot space

e Finite Observabiiiﬁj and local
action

¢ Linear external memory



Why Believe? (C)

- This is b'j far the strongest arqument

- Does not cover all algorithms
- Only covers effective, classical algorithms

~ Presumes all daka can be encoded as
skrings



How cain we

prove the Ehesis?



Church to Kleene (1935)

[Godel thought] that ik might be
possibl& w to

which would embodv the
generally accepted properties of
[effective calculability], and to
do something own that basis,



Joe Shoenfield

Ik may seem Ehab Lk is meossibi.e to give a
Frc»c::-{ of Church’s Thesis. However, this is not
v\eaessariiv the case.,

It might be Fossibi.e
to prove

Church’s Thesis
from such axioms,



Joe Shoenfield

However, despite strenuous efforts,

(although some interesting partial
resulks have been obtained).



Sequﬁmﬁml Algorithms

@Adopﬁ Ehe ASM Fusﬁum&es

eul the inikial state may
be MOM*ﬁompuE&bi@.

®Need a mechanism for
input/output



Markin Davis

1f

E.,Mpuis are
permi&&ecl, then

out pu&s are
akbainable.



What is Effective?

e Basic arithwetic «cer&a&mij LS

e The halking function might not
be



No Magic



Impi&meméa&om

e A LS a
sequential algorithm, reskricted
to particular domain

- So we may speak of the function
computed by an implementation



Procedures

¢ A Ls an
Lmﬂemenﬁa&im\, i which the
inikial states of all runs are the
same, except for inputs, which
cover the whole domain

-~ The answer is hot given with the
ques&ic}n



I. A algorithm determines a
ﬂampu&ﬁmmat sequence

11, Elements of the sequence can
be arbitrary structures

111 Transitions are governed by
some finite description



Church’s Thesis

Amv numerie
function computed
by a process
sa&isfjivxg the
Pos%ui&&es Ls
par&&o& recursive.



Turing'’s Thesis

Any string
function computed
by a process
satisfying the
postulates can be
computed bj a
Turing Machine.



Some Issues

What if basic, given operations
tclude Ehawn successor?

What if they include
opera%ians?

What £ they also manipulate
values?



Successor Plus

o 1o prabt&m including any operations
that can be from © and
SUCCRSSOT.



There is more to algorithms
thawn numbers!



Other Domains

e What should be considered
effective for or
nown-string domains?

¢ A humeric algorithm may make
use of data-structures.



Richard mMontaque (1960)

Natural.. to restrict.. to.. correspondences which
are i some sense ‘effective’.... The sets of
computable functions... correlated with two
such correspondences will in general differ.



Ada Lovelace

Many persons .. imagine
that because [Babbage’s
Analytical Engine ]
givel[s] its resulks i numerical
notakion, the nature of its processes
musk .. be arithmetical and numerical
rather than algebraical and analytical.









What Else?

¢ Consider
f () = min Lop(gt(e))

where p,9,c work over graphs, say,



Simaulakions

*© p is an injection/bijection

‘ pj:iiﬂfﬂszl



Tracking Funhctions









Computable Algebras

e A algebra is computable
if it is simulated by
(partial) recursive
fﬁ&\c&ioms‘



Cownstrucktor Domain

¢ Every element is the value of a

term,
- Isomorphic to the free term (Herbrand)
algebra.
e Free consbructors effective.

U

= So is anything that can be ®
from them,
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Constructive Algorithms

+ A alqorithm is constructive if iks
inikial states consist of free
cownstructors, F:'i.u,s opero\ﬁoms
(&ndwc&vetj) constructed in the
same way.



Thesis

Turing Machines simulate (up to
isomorphism) all effective
models (under some
representation).

And under ho representation can
an effective model do wore.,



Distinguishing States

» A state (X) is i iks
induced equivalence relation
(X |= s=t) is Turing-decidable.

[W. Reisig]



E4fectiveness..

e The three notions of
effectiveness are identical
(up to isomorphism)

¢ There is ()M,bj one
effective model
(up to isomorphism)



Dabka Skructures

e Church uses
e Turing uses
eKolomogorov uses
oGrandy uses finite

o RAMsS use of numbers



Turing (194-%)

Logical Computing Machines can do
ahything that could be described as “rule
of thumb” or “purely mechanical”, This is
swf&ai&nﬁ? well established that ik is
now agreed amongst logicians that
“calculable bv meains of an LCM” is the
correct rendering of such phrases.



Dabka Skructures

The foct that all effective
algorithms can be simulated by
Turing machines justifies
Turing’s contention that
effective computation is
svmboua ma\niputaﬁcn



Oracles



What f you dont
believe the thesis?



Nagel &
Newrmain

3 - .
we, B
b \ ) 4
. -
"y
>
R ! A\
h B /
r By, ses
%'-0 SRR

Penrose

Brings jord



That there exists a most general
formulation of machine and that ik
leads to a unique set of inpubt-oubpul
functions has come to be called
Church's thests.



Robert Geroch &
James Hartle

o It is difficult ko see how any
language that could actually be run
on a physical computer could do
more Ehan Forbtran can do. The idea
that there is no such language is
called Church’s thesis.



Robin G&Mdj

¢ Thesis M: Whatever can

be calculated bj a
(working on

finite daka in
accordance with a
finite program of
instructions) is Turing-
machine-computable.



Laszlo Kalmar (1959)

There are

tomcep&s which must remain
[s0]... Among these

belong ... such concepts as
that of effective
aatculabiti&v « the extension
of which cannot cease to
change during the
development of mathematics.



Johin Lucas (1961)

* Thanks to Godel’s theorem, the
mind ai.wa\vs has the Lask word.

© Mechanism is false... Minds cannot
be exptaimed as machines,

* We cannot hope ever to produ&e a
machine that will be able to do all L
that a mind can do: we can never,
ot even i Frimcigxiﬁ, have a
mechanical model of the mind.,



Markin Davis

How can we ever exclude bkhe
Fossibitiﬁj of our being
Fresam&ed, some c:'mj (Ferko\[ps
by some extraterrestrial
visitors), with a (perhaps
extremely Com[aiﬁx) device or
“oracle” that “tompu&es” an
uncomputable function?”






Moral

Hypercomputation would require some of:
- Not a discrete sequence of transitions
otransfinite or continuous computation
- Infinitary operations
oh(f,x,0) v hif,x,1) v h{£,x,2) v ..
- Infinite program
oif x=0 then T || f x=1 then F || ...

- Uncomputable tnitial information

o h(f,x)



