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Problem #382

Originator: J. Zhang
Date: April 1995

Summary: Is there a convergent extended rewrite system for
ternary boolean algebra, in which certain equations hold?

Is there a convergent extended rewrite system for ternary boolean algebra,
for which the following permutative equations hold:

f(x,y,z) :f(xazay> :f(y,:v,z) :f(yaza$) :f(zvxay) :f(z,y,x)
f(f(a:,y,z),u,:c) = f($7y7f(z7u7x))

See [Wos|[Zhaar][Chr][Fri85].

Comment sent by Hansjorg Lehner

Date: Wed Dec 20 17:46:07 MET 2000

The following permutative equations hold for every ternary boolean algebra:
f(f(x, y, z), u, x) = £f(x, y, f(z, u, x))
f(x, y, 2) = £(x, z, y) = £(y, x, 2) = £(y, z, x) = £(z, x, y) = £(z, y, %)
Consider the following set of axioms:

Axiom 1: f(f(x1,x2,x3),x4,f(x1,x2,x5)) = f(x1,x2,f(x3,x4,x5))
Axiom 2: f(x1,x1,x2) = x1

This theorem holds true:
Theorem 1: f(f(A,B,C),D,A) = f(A,B,f(C,D,A))
Proof:

Lemma 1: z = f(z,x4,z2)

= by Axiom 2 RL
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f(z,z,£(y,x4,x5))

= by Axiom 1 RL
f(f(z,z,y),x4,f(z,2,x5))

= by Axiom 2 LR
f(z,x4,f(z,z,x5))

= by Axiom 2 LR
f(z,x4,z)

Theorem 1: f(£f(A,B,C),D,A) = £(A,B,f(C,D,A))

£(£(4,B,C),D,A)
by Lemma 1 LR
f(£(A,B,C),D,f(A,B,A))
by Axiom 1 LR
f(A,B,£(C,D,A))

Consider the following set of axioms:

Axiom 1: x1 = f(x2,x1,x1)
Axiom 2: x1 f(x1,x2,g(x2))
Axiom 3: f(x1,x2,f(x3,x4,x5)) = £(f(x1,x2,x3),x4,f(x1,x2,x5))

This theorem holds true:
Theorem 1: f£(A,B,C) = £(B,A,C)
Proof:
Lemma 1: f(f(g(x1),x0,q),x0,x1) = f(g(x1l),x0,x1)

f(f(g(x1),x0,q9),x0,x1)
by Axiom 2 LR
f(£(£(g(x1),x0,q) ,x1,g(x1)),x0,x1)
= by Axiom 1 LR
f(f(f(g(x1),x0,q9),x1,g(x1)),x0,f(£f(g(x1),x0,q) ,x1,x1))
= by Axiom 3 RL
f(f(g(x1),x0,q),x1,f(g(x1),x0,x1))
= by Axiom 3 RL
f(g(x1),x0,f(q,x1,x1))
= by Axiom 1 RL
f(g(x1),x0,x1)
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Lemma 2: f(g(g(y)),y,q) = glgly))

f(glgly)),y,q
by Axiom 2 LR

(£ (glg(y)),y,a),y,8(y)
by Lemma 1 LR

f(glg(y)),y,g(y))
by Axiom 2 RL

glg(y))

Lemma 3: g(g(z)) = z

g(g(z))
by Lemma 2 RL
f(g(g(2)),z,2)
by Axiom 1 RL
z

Lemma 4: f(y,y,q) =y

£(y,y,a)
by Lemma 3 RL

f(glgly)),y,q
by Lemma 2 LR

glg(y))
by Lemma 3 LR

y

Lemma 5: f(g(x1),y,x1) =y

f(g(x1),y,x1)
by Lemma 1 RL
£(£(g(x1),¥,y),¥,x1)
by Axiom 1 RL
f(y,y,x1)
by Lemma 4 LR
y

Lemma 6: f(v,u,x4) = f(u,x4,v)

f(v,u,x4)
= by Lemma 5 RL
f(v,u,f(gv),x4,v))
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by Axiom 3 LR
f(f(v,u,g(v)),x4,f(v,u,v))
= by Axiom 1 LR
f(f(v,u,g(v)),x4,f(£(v,v,v),u,v))
= by Axiom 1 LR
f(f(v,u,g(v)),x4,£(£(v,v,v),u,f(v,v,v)))
= by Axiom 3 RL
f(f(v,u,g(v)),x4,f(v,v,f(v,u,v)))
= by Lemma 4 LR
f(f(v,u,g(v)),x4,v)
= by Lemma 3 RL
f(£(glgv)) ,u,g(v)) ,x4,v)
= by Lemma 5 LR
f(u,x4,v)

Theorem 1: f(A,B,C) = f(B,A,C)

£(A,B,0)

= by Lemma 6 RL
£(C,A,B)

= by Lemma 5 RL
£(C,A,f(g(A),B,A))

= by Axiom 3 LR
£(£(C,A,g(A)),B,£(C,A,A))

= by Axiom 1 RL
£(£(C,A,g(A)),B,A)

= by Axiom 2 RL
£(C,B,A)

= by Lemma 6 LR
£(B,A,C)

Consider the following set of axioms:

Axiom 1: x1 = f(x2,x1,x1)
Axiom 2: x1 f(x1,x2,g(x2))

Axiom 3: f(x1,x2,f(x3,x4,x5)) = f(f(x1,x2,x3),x4,f(x1,x2,x5))

This theorem holds true:

Theorem 1: f(A,B,C) = f(A,C,B)
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Proof:
Lemma 1: f(v,u,f(g(u),x4,0)) = £(v,x4,u)

f(v,u,f(g(),x4,u))
by Axiom 3 LR
f(f(v,u,g()),x4,f(v,u,u))
by Axiom 1 RL
f(f(v,u,g)),x4,u)
by Axiom 2 RL
f(v,x4,u)

Lemma 2: f(f(g(x1),x0,q),x0,x1) = f(g(x1),x0,x1)

f(f(g(x1),x0,q9),x0,x1)
by Lemma 1 RL
f(£(g(x1),x0,q),x1,f(g(x1),x0,x1))
by Axiom 3 RL
f(g(x1),x0,f(q,x1,x1))
by Axiom 1 RL
f(g(x1),x0,x1)

Lemma 3: f(g(g(y)),y,q) = glgly))

f(glg(y)),y,
by Axiom 2 LR

f(£(glgy)),y,a),y,g(y))
by Lemma 2 LR

f(glg(y)),y,g(y))
by Axiom 2 RL

glg(y))

Lemma 4: g(g(z)) = z

g(g(z))
by Lemma 3 RL
f(glg(z)),z,2z)
by Axiom 1 RL

Lemma 5: f(y,y,q) =y

t(y,y,q)
= by Lemma 4 RL
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f(glg(y)),y,q
by Lemma 3 LR

g(g(y))
by Lemma 4 LR

y

Lemma 6: f(v,u,x4) = f(v,x4,u)

f(v,u,x4)

by Lemma 5 RL
f(v,u,f(x4,x4,u))

by Axiom 1 LR
f(v,u,f(f(g(w),x4,x4),x4,0))

by Lemma 2 LR
f(v,u,f(g(),x4,u))

by Lemma 1 LR
f(v,x4,u)

Theorem 1: f(A,B,C) = £(A,C,B)

f(A,B,0)
= by Lemma 6 LR
f(A,C,B)
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