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Abstract
In the classical secretary problem, multiple secretaries arrive one at a time to compete
for a single position, and the goal is to choose the best secretary to the job while
knowing the candidate’s quality only with respect to the preceding candidates. In this
paper we define and study a new variant of the secretary problem, in which there
are multiple jobs. The applicants are ranked relatively upon arrival as usual, and, in
addition, we assume that the jobs are also ranked. The main conceptual novelty in our
model is that we evaluate a matching using the notion of blocking pairs from Gale and
Shapley’s stable matching theory. Specifically, our goal is to maximize the number of
matched jobs (or applicants) that do not take part in a blocking pair.We study the cases
where applicants arrive randomly or in adversarial order, and provide upper and lower
bounds on the quality of the possible assignment assuming all jobs and applicants are
totally ordered. Among other results, we show that when arrival is uniformly random,
a constant fraction of the jobs can be satisfied in expectation, or a constant fraction of
the applicants, but not a constant fraction of the matched pairs.
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1 Introduction

The celebrated secretary problem, which first appeared in print in Martin Gardner’s
1960 Scientific American column [17] (but apparently originated much earlier, see
[15]), is a simple online problem where multiple applicants interview sequentially for
an open secretary position. The interview of an applicant allows the employer to assess
the relative quality of this applicant with respect to all those interviewed so far. An
irreversible decision whether to hire or reject an applicant must be made as soon as
the applicant’s interview is over. In particular, the decision is taken without knowing
anything about the quality of future applicants. The problem is then to find a scheme
that will maximize the probability of choosing the best applicant.

The problem gained considerable popularity and subsequently various extensions
have been studied. The original uniform arrival order was extended to other distribu-
tions and even to an adversarial setting where performance guarantees are provided for
any arrival order. But, with the notable exceptions of [8,24], most previous work share
the assumption that there is a single position available, or, in some generalizations,
several identical positions.

In many practical applications there is a need to match many applicants to many
jobs, and both sides are heterogeneous. Applicants differ in their performance level,
as in the original formulation, while jobs are not all identical as the required skill set
and the associated compensation is different. To put this in a more concrete setting
consider the following examples:

• Taxi dispatching: Consider the ongoing arrival of passengers (applicants), each
with a different destination, thatmust bematched to a pool of taxis (jobs), eachwith
a different car (van, luxury, compact). Passengers may rank taxis by convenience,
while taxis may rank passengers by revenue (length of ride).

• Editorial work: Consider the process of ongoing submissions arrival (applicants)
to a peer-reviewed journal and their assignment to associate editors (jobs). The
associate editors may be ranked by submissions according to their turnover time,
while submissions may be ranked by the editors according to the required review
effort.

• Online matching services: There is a great variety of them, including numerous
agencies for matching elderly or handicapped people with a pool of caregivers,
and crowdsourcing markets such as freelancer.com and upwork.com which match
an ongoing stream of tasks with a pool of experts.

Motivated by these examples, in this paper we introduce a new version of the secretary
problem, where the driving idea is to consider multiple non-identical jobs. The general
framework is as usual: Applicants arrive sequentially and are considered for a pool of
jobs. Upon arrival, each applicant is irrevocably assigned to one of the jobs or is lost
forever. In this paper, we make the simplifying assumption that there is a total order
on the quality of applicants as well as on the quality of jobs (e.g., jobs may be ranked
by compensation while applicants can be ranked by efficiency).1

1 This assumption may be appropriate in some cases (e.g., the taxi dispatch example above), and overly
simplistic in other cases. But then again, simplification is a standard toolwhen copingwith problems. Indeed,
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At the outset, the orderings of jobs is known, while the quality of an applicant
becomes known only upon arrival, after the assignment of preceding applicants is
finalized. Similarly to the classical secretary problem, we assume the comparison-
based (a.k.a. ordinal) model, i.e., that the quality of an applicant can be determined
only by comparison to other applicants: no absolute grade can be deduced, only relative
order.

What is the objective of a matching scheme in our model? Our approach here is to
use an objective function inspired by stable matching [16,19]. Consider an arbitrary
matching M of applicants to jobs. A pair of an applicant a and a job j that are not
matched is referred to as a blocking pair if a prefers j over the job it has underM while
j prefers a over its match under M . The matching is said to be stable if it does not
induce any blocking pair. In our setting, since jobs agree on the ranking of applicants
and vice-versa, there is a unique stable matching, where the best job is assigned to the
most efficient applicant, the second best is assigned to the second best applicant, and
so on. However, obtaining this matching in an on-line fashion is virtually impossible
when applicants arrive according to a random permutation: the probability of a perfect
ordering decreases exponentially with n, where n denotes the minimum between the
number of jobs and the number of applicants.2

It has been well documented that stability, or even near-stability, correlates well
with marketplaces that are sustainable. In other words, markets that allow for many
blocking pairs eventually erode as market participants find out-of-the-market means
to match (one could say that such markets are not individually rational in some sense).
The reader is referred to [30] for a detailed discussion. With this in mind, we propose
measuring the performance of a matching market by the ratio of (matched) applicants
or jobs that do not take part in some blocking pair.

More specifically, we consider three variants of the problem inspired by potential
underlying business models of the central matching market: in some cases, it is the
employer that pays (this is indeed typical to the labor market), thus the objective of
the matching agency is to maximize the number of filled up positions that do not
participate in a blocking pair; in other cases, it is the sequentially arriving applicants
that pay (the common practice in some professional companionship services), thus the
objective of the matching agency is to maximize the number of assigned applicants
that do not participate in a blocking pair;3 and finally, in other cases the matching
agency is interested in satisfying both sides of the market. We study scenarios with
either random or adversarial applicant arrival order and provide corresponding upper
and lower bounds.

even in the original secretary problem, we make the dubious simplifying assumption that the compatibility
of people to a job can be linearly ordered.
2 To see why this holds, consider an instance with 2n applicants and 2n jobs and suppose that the algorithm
is provided with additional information so that upon arrival of the applicant whose ranking is 1 ≤ i ≤ 2n,
the algorithm is reported that its ranking is either 2�i/2� − 1 or 2�i/2�. In this (clearly easier) case, the
algorithm is left with n (independent) binary decisions, hence the problem reduces to correctly guessing
the outcome of n (unbiased) coin tosses.
3 Such services for matching professional companions for the elderly are popular in some countries.
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1.1 TheModel

We now turn to a formal exposition of the abstract model investigated in this paper.
Aligning our terminologywith previouswork, we henceforth switch from “applicants”
and “jobs” to “boys” and “girls.” Specifically, throughout this paper, we consider a
finite totally ordered girl set G (corresponding to the jobs or the employers behind
them) and a boy set B (corresponding to the applicants) with � denoting the order
relation referred to hereafter as a preference. The complete set of girls and their total
order is known to the decision maker (denoted by DM) in advance ,but the boys arrive
in an online fashion so that boy π(t) ∈ B arrives at time t for t = 1, . . . , |B|, where
π is an (initially hidden) permutation over B. Unless stated otherwise, it is assumed
that the number |B| of boys is known to DM in advance.

Upon arrival of boy b = π(t), his relative rank among boys π(1), . . . , π(t) is
reported to DM. In response, DM matches b to some girl in G who was not matched
beforehand or leaves b unmatched; if b0 and g0 are matched, we write b(g0) = b0
and g(b0) = g0, and if b0 is unmatched, we write g(b0) = ⊥. This assignment is
irrevocable.

Consider the situation after all boys have arrived. Girl g and boy b form a blocking
pair if g � g(b) and b � b(g), where we extend the definition of the preference �
so that x � ⊥ for every individual x ∈ G ∪ B. Girl g (resp., boy b) is said to be
satisfied if she (resp., he) is matched and does not participate in a blocking pair. A
(g, b) matched pair is said to be satisfied if both g and b are satisfied. The objective
of DM is to maximize one of the following three criteria:

Cg: the number of satisfied girls;
Cb: the number of satisfied boys; or
Cp: the number of satisfied matched pairs.

Since a stable matching induces n = min{|G|, |B|} satisfied pairs, DM aims for
algorithms that are guaranteed to satisfy (in expectation) ρn girls (Cg), boys (Cb), or
matched pairs (Cp) for as large as possible approximation ratio ρ, typically expressed
as a a function of the number of participants, i.e., ρ = ρ(n).

The above setting can be generalized by augmenting the girls (resp., boys) with a
weight function w : G → R>0 (resp., w : B → R>0). In that case, the objective of
DM is to maximize one of the following two criteria:

Cw
g : the total weight of satisfied girls; or

Cw
b : the total weight of satisfied boys.

(The weighted version of satisfying matched pairs is not treated in this paper.) Taking
HG ⊆ G (resp., HB ⊆ B) to be the subset consisting of the n = min{|G|, |B|} heaviest
(in terms of w, breaking ties arbitrarily) girls (resp., boys), we observe that the total
weight of satisfied girls (resp., boys) in an optimal (stable) matching is w(HG) (resp.,
w(HB)), where the weight of a set is the sum of weights of all the set’s elements.
Therefore, in the weighted setting, DM aims for algorithms that guarantee to satisfy
girls (resp., boys) whose total weight (in expectation) is ρ · w(HG) (resp., ρ · w(HB))
for the largest possible approximation ratio ρ = ρ(n).

Notice that unless stated otherwise, we do not make any assumptions on the weight
function w. In particular, while in the girl weighted case, the weights are revealed to
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Table 1 Our main technical results

Optimization criterion

Cg Cb Cp Cw
g Cw

b

Arrival order Uniform random �(1) �(1) O(1/
√
n) �(1/ log n) �(1)

[3.1] [3.1] [3.3] [5.1] [5.2]

Adversarial O(1/
√
n) O(1/

√
n) 1/n

[4.3] [4.3] [4.4]

Each cell specifies a bound on the achievable approximation ratio ρ = ρ(n) for the given optimization
criterion (columns) and arrival order distribution (rows). The corresponding theorem numbers are specified
in brackets

DM in advance, in the boy weighted case, DM has no prior knowledge of the weight
w(b) until the arrival of boy b ∈ B.

It will be convenient to assume that the boy arrival permutation π is chosen accord-
ing to some probability distribution �. When not stated otherwise, � is assumed to
be uniform, but we also consider the case where � is designed adversarially (this is
treated in Sect. 4). The guarantee of DM’s algorithmic strategy is taken in expectation
over the distribution � and possibly also over the random coin tosses of DM (if it is
randomized).We emphasize that the order relation� andweightsw (when applicable)
are fixed before the random choice of π is performed.

1.2 Our Contribution

Our contributions are both conceptual and technical. Conceptually, we consider the
problem of a central authority that assigns applicants that arrive online to one of many
non-identical jobs. Allowing a variety of jobs introduces the challenge of identifying
the criterion by which one should measure the quality of a match. We propose some
formal criteria, inspired by the concept of stable marriage, to measure the quality of
an online assignment.

Beyond the conceptual contribution, we provide upper and lower bounds on the
performance of online assignment algorithms (refer to Table 1 for a summary). Our
main results concern the unweighted case: when the arrival order is random (dis-
tributed uniformly), one can satisfy �(n) jobs or applicants (corresponding to girls
or boys, Theorem 3.1), however, no (randomized) algorithm can guarantee more than
O(

√
n) satisfied matched pairs (Theorem 3.3);4 on the other hand, if the arrival order

is adversarial, then any (possibly randomized) algorithm can satisfy at most O(
√
n)

jobs or applicants (Theorem 4.3) and at most 1 matched pair (Theorem 4.4). We fur-
ther consider the case of weighted candidates and jobs. Here, we show that the total
weight of satisfied jobs in an optimal (stable) matching can be approximated within
an �(1/ log n) ratio (Theorem 5.1) and the total weight of satisfied applicants in an
optimal (stable) matching can be approximated within an �(1) ratio (Theorem 5.2).

4 Note that these are absolute numbers, whereas the table shows approximation ratios.
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1.3 RelatedWork

For information about the secretary problem, the reader is referred to Ferguson [15]
for an early survey of the history of the secretary problem and to Dinitz [11] who gives
a survey of relatively recent results with an emphasis on applications to auction theory.

In the study of stable matching, some papers use an approach complementary to
ours, in setting the goal at minimizing the number of blocking pairs [1,13,23,29],
whereas we focus on maximizing the number of satisfied participants (jobs, appli-
cants or matched pairs). These approaches yield very different quantitative results: to
see that, note, for example, that the scales are different, as the number of blocking
pairs can be �(n2) while the number of satisfied participants is O(n). We believe that
maximization is a more natural goal in the context of generalizing the secretary prob-
lem: instead of aiming at satisfying a single job as in the classic secretary problem,
we now try to satisfy as many jobs as possible.

Most of our technical focus is dedicated to the balanced scenario where |G| = |B|.
Interestingly, in the static model the balanced scenario is a borderline case for some
phenomena such as multiplicity of stable outcomes (e.g., [4]). This is in contrast to
our online setting (with totally ordered applicants and totally ordered jobs), where
unbalanced scenarios can be reduced to the balanced one, possibly with a constant
loss in the guaranteed approximation ratio.

The optimization criterion Cp can be compared to the one considered by [20]. In
[20], a subset of the participants can be ignored (i.e., not matched) and the matching
is required to be stable with respect to the matched participants. The objective there
is to minimize the number of omitted participants.

The economic literature on dynamic matching often focuses on the tension between
“market thickness” and participants’ waiting time. The idea is that participants join
the market and can be matched thereafter at any given point of time. The longer one
waits with the matching, the thicker the market becomes and so it may be possible to
find a better match. On the other hand, participants may lose utility due to the waiting
time (e.g., health deterioration in the context of the kidney matching market). Some
examples that study this tension are [6] and [3] (see also [12] for a related online
matching formulation). In contrast with our work where the number of agents is finite
andhence a hindsight benchmark for comparing the outcomeof anonlinemechanism is
natural, these models typically consider an infinite stream of agents whose preferences
are stochastic, generated by a stationary source. The objective in this case is not to
minimize some criterion in hindsight, but rather to maximize the total expected utility,
taking into account both the utility from each match and the agents’ waiting times.

The online nature of the maximization problems studied in the current paper is
inspired by the online bipartite matching model of Karp, Vazirani, and Vazirani [21],
where the nodes in one side of a bipartite graph are known from the beginning and the
nodes in the other side arrive in an online fashion together with their incident edges.
This model became quite popular, with some papers aiming at maximizing the size
of the matching [7,10,18,21,27,28] or the weight of the matched nodes on the static
side [2,10,28]. In [2] it is also shown that in the general case, no online algorithm can
guarantee a non-trivial competitive ratio on the weight of the edges included in the
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output matching (the weighted nodes setting is a special case of weighted edges, where
all edges incident on the same static node admit the sameweight). In contrast, in [22,24]
it is proven that under a random arrival order, this problem can be approximated within
a constant factor. Notice that the graph topology and the edge weights (if the edges
are weighted) implicitly induce a set of cardinal preferences, where a heavier edge is
preferable to a lighter one (the weighted case) and any edge is preferable to no edge at
all. However, the preferences that can be defined this way are inherently symmetric and
as such, form a strict subset of the (ordinal) preferences considered in the current paper.

We note that stable marriage with applicants arriving randomly has been studied
previously [26], but under the assumption that matches may be undone as new appli-
cants arrive. Cheng [9] gives a survey of results in that (rather different) model. Yet
another line of work studies variants of the secretary problemwhere the selected appli-
cants must adhere to some specified combinatorial constraint. This line of research has
received significant attention recently, in part due to applications to auction theory and
mechanism design. Possibly the best-known variant is the matroid secretary problem,
where the chosen subset forms an independent set in a matroid [5,14,25]; some recent
work considered more general combinatorial constraints [31].

2 General Transformations

We begin with “black-box” lemmas that help us develop a better understanding of the
different optimization criteria. To that end, we say that the matching algorithm is con-
servative if it is guaranteed to output a (size-wise) maximum matching. Alternatively,
a conservative algorithm may decide to leave a boy unmatched only if the number of
pending boys is at least as large as the number of yet unmatched girls.

Lemma 2.1 Conservative algorithms admit the best possible approximations for opti-
mization criteria Cw

b and Cp. This holds for every arrival order distribution.

Proof We establish the assertion for optimization criterion Cw
b ; the proof for optimiza-

tion criterion Cp is based on the same line of arguments. Let b1, . . . , bm be the boys
indexed in order of arrival. For 1 ≤ i ≤ m, let Bi = {bi , bi+1, . . . , bm} and let Gi

be the set of girls who are unmatched upon arrival of boy bi . Matching boy bi to
girl g ∈ G is said to be a weak matching action if |Gi | > |Bi | and g is among the
|Gi | − |Bi | weakest available girls.5

We first argue that optimization criterion Cw
b admits an optimal algorithm that

never performs weak matching actions. To that end, consider some algorithm Alg
that performs a weak matching action by matching boy bi to girl g and let S ⊆ Gi

be the set of the |Bi | strongest unmatched girls upon arrival of bi . By definition, at
least one of the girls gs ∈ S is unmatched in the final outcome of Alg, hence all boys
matched to girls g′ ≺ gs , including bi , are unsatisfied. Therefore, the algorithm that
mimics Alg at all times other than i and leaves bi unmatched at time i satisfies the
same set of boys that Alg does. By repeating this argument over all such times i ,
we come up with an algorithm that does not perform any weak matching actions and
satisfies the same set of boys as Alg.

5 Throughout, the terms weak and strong refer to the preference order � in the natural manner.
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So, letAlg be an optimal Cw
b -algorithm that never performsweakmatching actions.

Consider some time i such that |Bi | ≤ |Gi | and let g1 � g2 � · · · � gm−i+1 be the
|Bi | = m−i strongest unmatched girls upon arrival of boy bi . Suppose thatAlg leaves
bi unmatched. Since Alg never performs weak matching actions, it follows that girl
gm−i+1 will remain unmatched under Alg. Therefore, an algorithm that mimics Alg
at all times other than i and matches bi to gm−i+1 is guaranteed to satisfy all the boys
that Alg satisfies. By repeating this argument over all such times i , we obtain an
optimal conservative algorithm. ��

Our attempts to establish a similar result regarding the girls satisfaction criterion
have failed and we suspect that this indeed does not hold.

Conjecture 2.2 There is no conservative algorithm with the best possible approxi-
mation ratio for optimization criterion Cg under a random arrival order for any
sufficiently large n = |B| = |G|.

Next, we turn our attention to balanced instances, where |G| = |B|, and prove that
in such instances, optimization criteria Cg and Cb are, in fact, equivalent for conserva-
tive algorithms despite the inherent asymmetry between girls and boys in our setting.

Lemma 2.3 There exists a conservative algorithm that approximates optimization cri-
terion Cg within ratio ρ = ρ(n) in an instance with |G| = |B| = n if and only if there
exists a conservative algorithm that approximates optimization criterion Cb within
ratio ρ = ρ(n) in an instance with |G| = |B| = n. This holds for every arrival order
distribution.

Proof Consider some instance that consists of girl setG and boy set B.We construct its
transposed instance by setting the girl set Ḡ = {ḡ | g ∈ G}, boy set B̄ = {b̄ | b ∈ B},
and define the preferences over Ḡ and B̄ so that ḡ1 � ḡ2 if and only if g1 ≺ g2 and
b̄1 � b̄2 if and only if b1 ≺ b2. Given some perfect matching M between G and
B, construct its transposed matching by setting M̄ = {(ḡ, b̄) | (g, b) ∈ M}. For an
individual x ∈ G ∪ B, let M(x) denote the individual to whom x is matched under
M ; likewise, for an individual x̄ ∈ Ḡ ∪ B̄, let M̄(x̄) denote the individual to whom x̄
is matched under M̄ .

We argue that boy b ∈ B is satisfied underM if and only if girl M̄(b̄) ∈ Ḡ is satisfied
under M̄ . The assertion follows since the transposed instance can be constructed in
an online fashion and since the transpose of the transposed instance is the original
instance. Indeed,

b is satisfied under M ⇐⇒ M(g) � b ∀g � M(b)

⇐⇒ M̄(ḡ) ≺ b̄ ∀ḡ ≺ M̄(b̄)

⇐⇒ M̄(b̄) is satisfied under M̄ ,

where the first transition follows from the definition of a satisfied boy (all girls stronger
than M(b) are matched to boys stronger than b), the second transition follows from the
construction of the transposed instance and matching, and the third transition follows
from the definition of a satisfied girl (all girls weaker than M̄(b̄) are matched to boys
weaker than b̄). ��
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To justify the special attention we devote to balanced instances, we prove that under
a (uniform) random arrival order, these instances are as hard (up to a constant factor)
as the general case for optimization criteria Cg and Cw

b .

Lemma 2.4 There exist universal constants α, β > 0 such that an algorithm that
is guaranteed to approximate optimization criteria Cg within ratio ρ = ρ(n) in an
instance with |G| = |B| = n implies an algorithm that is guaranteed to approximate
optimization criteria Cg within ratio αρ(βn) in an instance with min{|G|, |B|} = n.

Lemma 2.5 There exist universal constants α, β > 0 such that an algorithm that is
guaranteed to approximate optimization criteria Cw

b within ratio ρ = ρ(n) in an
instance with |G| = |B| = n implies an algorithm that is guaranteed to approximate
optimization criteria Cw

b within ratio αρ(βn) in an instance with min{|G|, |B|} = n.

The proofs of Lemmas 2.4 and 2.5 rely on the following observation (whose proof
is deferred to “Appendix A”).

Observation 2.6 There exists a constant c > 0 such that for every sufficiently
large integer k and for every integer c ≤ � ≤ k/c, the random variable R =
min{π(1), . . . , π(�k/��)}, where π is a uniformly random permutation over [k], sat-
isfies

Pr(�/5 < R ≤ �) > 1/13 .

Proof of Lemma 2.4 If |G| = m > n = |B|, then we can ignore any subset of m − n
girls (leaving them unmatched) and run the algorithm promised by the assumption
on the remaining n girls and all boys in B. Clearly the ignored girls (who may be
unsatisfied) can affect only the satisfaction of boys, and not the satisfaction of other
girls.

The more interesting case is when |G| = n < m = |B|. Let c be the constant from
Observation 2.6. If n < c, then it suffices to satisfy a single (arbitrary) girl g ∈ G
which is clearly fulfilled if we manage to match her to the most preferred boy b. To
do that, we search for b by applying the classic secretary algorithm to the instance
consisting of all boys in B, thus matching g to b with probability that converges to
1/e as m → ∞; assume hereafter that n ≥ c. We can further assume that n ≤ m/c
as otherwise, we simply ignore an arbitrary subset of n − m/c girls (leaving them
unmatched) and focus on the remaining m/c girls.

Refer to the first �m/n� boys as the filter boys and leave them unmatched. Let b f

be the most preferred filter boy and define the random set X = {b ∈ B | b � b f }.
Observation 2.6 ensures that the event n/5 ≤ |X | < n occurs with probability at least
1/13; condition hereafter on this event.

Refer to the n/5 least preferred girls in G as the target girls and observe that
the non-target girls cannot cause the target girls to be unsatisfied (by definition, they
cannot participate in blocking pairs with boys matched to the target girl). We run the
algorithm promised by the assumption on the target girls and the first n/5 boys to
arrive from X , matching any remaining boy from X to an arbitrary non-target girl and
ignoring all boys not in X (leaving them unmatched); this scheme is feasible since
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n/5 ≤ |X | < n. The assumption ensures that a ρ(n/5) fraction of the target girls will
be satisfied. ��

Proof of Lemma 2.5 If |G| = m > n = |B|, ignore the m − n least preferred girls and
run the algorithm promised by the assumption on the remaining n girls in G and all
boys in B. By the choice of the ignored girls, they cannot participate in blocking pairs
with any matched boy.

So consider the case |G| = n < m = |B|. Let c be the constant promised by
Observation 2.6 and fix � = 5n. If � < c, then it suffices to satisfy the heaviest boy
b which is clearly fulfilled if we manage to match him to the most preferred girl g.
To do that, we search for b by applying the classic secretary algorithm to the instance
consisting of all boys in B, thus matching b to g with probability that converges to
1/e as m → ∞. Assume hereafter that � ≥ c. We can further assume that � ≤ m/c
as otherwise, we simply ignore the n − �m/(5c)� least preferred girls (leaving them
unmatched). Again, by the choice of the ignored girls, they cannot participate in
blocking pairs with any matched boy.

Our proof requires an assumption on the weights as well: We assume that w(b) �=
w(b′) for every two boys b, b′ ∈ B. This assumption is without loss of generality
since one can break ties randomly in an online fashion.

Refer to the first �m/�� boys as the filter boys and leave them unmatched. Let b f

be the heaviest filter boy and define the random set X = {b ∈ B | w(b) > w(b f )}.
Observation 2.6 ensures that the event n = �/5 ≤ |X | < � = 5n occurs with
probability at least 1/13 (recall the assumption that the boys’ weights are distinct);
condition hereafter on this event. This means, in particular, that w(X) ≥ w(HB).

Let Y ⊆ B be the subset consisting of the first n boys to arrive from X . We
run the algorithm promised by the assumption on all girls in G and the boys in Y ,
ignoring all remaining boys (leaving them unmatched). The assertion follows since
the random arrival order ensures that in expectation, w(Y ) ≥ w(X)/5. Applying
Markov’s inequality, we can condition on the value of w(Y ) being sufficiently close
to its expected value. ��

3 RandomArrival Order

3.1 Maximizing the Number of Satisfied Individuals

Theorem 3.1 Optimization criteria Cg and Cb (maximizing the number of satisfied
girls and boys) can be approximated within �(1) ratio.

Theorem 3.1 is established by combining Lemmas 2.4 and 2.5, that reduce the
general case to the balanced case (where |B| = |G|), and Lemma 2.3, stating that in
the balanced case, criteria Cg and Cb are equivalent, with the following lemma.

Lemma 3.2 For every ε > 0, there exists n0 ∈ N such that for any n ≥ n0, DM has a
conservative strategy that with probability at least 1− ε, satisfies at least (1/5− ε)n
boys in any instance with |G| = |B| = n.
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Fig. 1 A typical matching in the proof of Lemma 3.2. The horizontal positions represent girls ordered by
preference: the most preferred girl is the rightmost location. Vertical bars represent boys: The shorter the
bar the more preferred the boy is. A bar at a location represent a matching between the corresponding boy
and girl. A boy is satisfied if its corresponding bar has no taller bars to his right. Red bars correspond to Fb ,
white bars to boys in Mb , and the yellow bars to boys in Lb . All Mb boys matched to the rightmost F − r
girls are satisfied (Color figure online)

Before providing a formal proof of Lemma 3.2 let us first give an overview.Oneway
to picture the problem is as follows (see Fig. 1): the girls are represented as positions
on a line, ordered left to right by increasing order of preference: from least preferred
on the left end to the most preferred on the right end. The boys are represented by
vertical bars, where the shorter the bar the more preferred the boy. A bar of height i
at position j represents a match between boy i and girl j . Under this interpretation, a
boy is satisfied if and only if no one blocks his view when he looks to the right, i.e.,
when there are no taller bars to his right.

Our algorithm can be viewed as an extension of the classical solution to the secretary
problem. We partition the boys into three subsets by order of arrival:

• Fb: The first 2
5n (roughly) boys. These will be used as a sample to estimate the

ranks of the remaining boys.
• Mb: The next 2

5n (roughly) boys. We will try to satisfy as many of them as we can.
• Lb: The remaining boys. These serve only as a “cushion” to absorb probability
fluctuations.

The girls are also partitioned into three subsets, but unlike the boys, they are partitioned
by rank:

• Tg: The 2
5n (roughly) most preferred girls.

• Bg: The 2
5n (roughly) least preferred girls.

• Mg: The remaining “middle” girls.

Boys in Fb are assigned to Bg . No attempt is made to satisfy the boys in Fb, but
by their matches, it is guaranteed that no boy of Mb (and of Lb for that matter) forms
a blocking pair with a girl matched to a boy in Fb. After all boys of Fb have arrived,
their relative order is known and will be used next. When a boy from Mb arrives, his
ranked among Fb is found, and then he is matched to the girl in Tg with that rank, if she
is available (in fact, the boy is matched with a girl with a slightly better rank to allow
for some slack; see below) If that girl is already taken (by a previous member of Mb

with the same rank), the arriving boy is assigned to an arbitrary free girl in Mg . This
process guarantees that no member of Mb who is assigned to Tg forms a blocking pair
with any matched girl. With high probability, approximately half of the members of
Mb end up at Tg and the other half at Mg . Finally, the boys of Lb are greedily assigned
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to girls, subject to the constraint that the new matches do not make any of the so-far
satisfied boys (members of Mb assigned to Tg) become unsatisfied.

Clearly, if successful, this algorithm satisfies �(n) of the boys. The technical diffi-
culty is in proving that the process above succeeds with probability close to one. This
is formally done next.

Proof of Lemma 3.2 We describe a probabilistic algorithm for DM. Fix 0 < γ < 1/5.
Weshall show that under our algorithm, limn→∞ Pr(there are at least γ n satisfied boys)
= 1 .

Set ε = 1/5 − γ and a = 2γ + ε. Let X = (F, M, L) be a multinomial random
variable with parameters (a, a, 1 − 2a; n). Namely, X can be realized as follows:
take x1, . . . , xn i.i.d. random variables taking values in { f ,m, �} with probabilities
Pr(x1 = f ) = Pr(x1 = m) = a and Pr(x1 = �) = 1 − 2a; let F = |{i : xi = f }|,
M = |{i : xi = m}|, and L = |{i : xi = �}|. Each realization of X prescribes a
deterministic algorithm parameterized by (F, M, L).

The algorithm is as follows.

Let r = � 1
4εn�. The girls are indexed in decreasing order of preference, g1 �

g2 · · · � gn .

1. Draw random values F, M, L as described above. If 2F − r > n announce “error
of type 1” and halt.

2. Match the first F boys with the F least preferred girls (say, by order of arrival).
Order these boys by rank, and index them in decreasing order of preference b1 �
b2 � · · · � bF .

3. Repeat for the next M boys:

(a) Let x denote the current boy.
(b) Define

rank(x) =

⎧
⎪⎨

⎪⎩

0 if x � b1,

i if bi � x � bi+1,

F if bF � x .

(c) If rank(x) > r and grank(x)−r is free, match x with grank(x)−r ; otherwise:
i. Let gi be the least preferred currently unmatched girl.
ii. If i > F − r match x with gi ; otherwise (i ≤ F − r ), announce “error of

type 2” and halt.

4. Repeat for the last L boys:

(a) Let x denote the current boy.
(b) If there is no unmatched girl with rank at least rank(x) − r , announce “error

of type 3” and halt.
(c) Let gi be themost preferred currently unmatchedgirl such that i ≥ rank(x)−r .

Match x with gi .
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We now turn to analyze the number of satisfied boys. We denote the boys matched
in steps 2, 3 and 4 by Fb, Mb and Lb, respectively. Let

F ′ = ∣
∣[min{F,

⌈
(a − 1

4ε)n
⌉}]\{rank(x) : x ∈ Mb}

∣
∣ .

Intuitively, F ′ approximates the size of the complement of the image of the mapping
x �→ rank(x), where x ranges over Fb. Clearly, F ′ bounds from above the number
of unmatched girls among the F − r most preferred girls after the arrival of the first
F + M boys.

Let us define the following (bad) events:

E1 = {error of type 1 reported},
E2 = {error of type 2 reported},
E3 = {error of type 3 reported},
E4 = {F <

(
a − 1

4ε
)
n},

E5 = {F ′ > 1
2an}.

We shall see that Pr(Ei ) → 0 as n → ∞ for each i ∈ {1, ..., 5}. But first, let us
show that if none of the above bad events occurs, the number of satisfied boys is at least
γ n. Given that E1 and E2 do not occur, the boys matched with girls in {g1, . . . , gF−r }
until time F + M are exactly all the boys x ∈ Mb whose match is grank(x)−r . Given
that E3 does not occur, these boys will be satisfied when the algorithm terminates. To
see that, suppose that a boy of rank i from Mb is matched with gi−r , and consider any
girl j with j < i − r . Then g j is matched with a boy y ∈ Mb ∪ Lb. If y ∈ Mb, g j is
matched with a boy of rank j + r < i ; and if y ∈ Lb, g j is matched with a boy whose
rank is at most j + r . In both cases, the boy of rank i and the girl of rank j are not a
blocking pair, so the boy must be satisfied with his match.

Next, we show that the number of these boys

M ′ = |{rank(x) : x ∈ Mb} ∩ {r + 1, r + 2, . . . , F}|

is at least γ n. Indeed, given that none of events E4 or E5 occurred, we have

1

n
M ′ ≥ (

a − 1
4ε

) − 1
4ε − 1

2a = γ.

So now it remains only to verify that for each i ∈ {1, ..., 5}, Pr(Ei ) → 0 as n → ∞.
First, note that by the weak law of large numbers, 1

n F → a in probability, readily
implying that Pr(E1) and Pr(E4) vanish as n grows.

The following observation will be useful: let x1 be the “color” of the most preferred
boy, where the color of a boy is either f ,m or �, as determined in Step 1 of the
algorithm. Similarly, let x2 be the color of the secondmost preferred boy, and so onuntil
xn . The random variables x1, . . . , xn are i.i.d. with Pr(xi = f ) = Pr(xi = m) = a,
and Pr(xi = �) = 1 − 2a. For convenience, extend the sequence x1, x2, . . . to an
infinite sequence of i.i.d. random variables.
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Let t1 < t2 < · · · be the occurrences of f , namely, {ti }i∈N = { j : x j = f }. Let Ii be
the indicator of the event {x j �= m,∀ ti < j < ti+1}. Let F ′′ = min{F, �(a − ε/4)n�}.
Clearly,

F ′ =
F ′′
∑

i=1

Ii ≤
(a−ε/4)n∑

i=1

Ii .

Since I1, I2, . . . are i.i.d. Bernoulli( 12 ), by the weak law of large numbers,

lim
n→∞Pr

⎛

⎝
(a−ε/4)n∑

i=1

Ii > 1
2an

⎞

⎠ = 0 .

Therefore, Pr(E5) vanishes as n grows.
We show that Pr(E2) vanishes by showing that Pr(E2\E5) vanishes. Suppose we

modified the algorithm so that when a error of type 2 occurs the algorithm skips the
current boy (leaving him unmatched) and continues to the next boy. Consider the
situation at time F + M in the event E2\E5. The girls {gi }nj=F−r+1 are all matched.

Among the other girls there are at most F ′ + |F − (a − 1
4ε)n| unmatched girls.

Therefore,

Y = n − F − M < “#unmatched boys”

= “#unmatched girls”

≤ 1
2an + |F − (

a − 1
4ε

)
n|,

where the last inequality holds since we are in the case that event E5 has not occurred.
By the weak law of large numbers, 1

n F → a and 1
n L → 1 − 2a in probability. Since

1 − 2a = 1
2a + 21

2ε > 1
2a + 1

4ε, it follows that Pr(E2\E5) → 0, as n → ∞.
It remains to show that Pr(E3) vanishes. To this end define Li = |{ti < j < ti+1 :

x j = �}|, i.e., the number of boys from Lb between the i th and (i +1)th boys from Fb.
The distribution of Li + 1 is geometric with success probability a/(1 − a), namely,

Pr(Li = k) =
(
1−2a
1−a

)k
a

1−a (k = 0, 1, . . .); hence E[Li ] = (1 − a)/a − 1 > 1
2 .

Consider the i.i.d. random variables Zi = Li − Ii . By the strong law of large numbers
1
n

∑n
i=1 Zi → E[Z1] > 0, almost surely. It follows that

lim
n→∞Pr

(

∃ k ≥ 1
4εn s.t.

k∑

i=1

Zi ≤ 0

)

= 0.

We show that E3 ⊂ {∃ k ≥ 1
4εn s.t.

∑k
i=1 Zi ≤ 0}. Suppose that the algorithm

reports error of type 3 upon the arrival of a yellow boy x at time t . Let k = max{i +r :
gi is unmatched at timet}. Since it is a error of type 3, we have k < rank(x). The
girls gi , i = k − r + 1, . . . , n, are all matched with boys from Fb ∪ Mb, or with
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boys of rank at least k + 1. To see this, consider any such gi who is matched with
some boy y ∈ Lb. If rank(y) < i + r , then at the time y arrived, all the girls g j ,
j = rank(y) − r , . . . , i − 1, were matched; therefore, at the present time, all the girls
g j , j = rank(y) − r , . . . , n, are matched; therefore k < rank(y). Since the number
of unmatched boys is equal to the number of unmatched girls at the time just before
the catastrophe, we have

k∑

i=1

Ii ≥
k∑

i=r

Ii

= “#girls who are either unmatched or matched to boys from

Lb of rank at most k”

= “#boys from Lb who are either unmatched or have rank at most k”

> “#boys from Lb who have rank at most k”

≥
k∑

i=1

Yi .

It follows that
∑k

i=1 Zi < 0, and the proof is concluded since k > r ≥ 1
4εn. ��

3.2 Maximizing the Number of Satisfied Matched Pairs

Theorem 3.3 Optimization criterion Cp cannot be approximated within ratio better
than O(1/

√
n) even in balanced instances (|G| = |B| = n) with uniformly random

arrival order.

Proof We establish the assertion for conservative algorithms; the proof for general
algorithms follows by Lemma 2.1. Consider a two-stage auxiliary game in which DM
is granted more power than in the actual game. Assume, for simplicity, that n is even.
Let R be a random set of n/2 boys. Let us call the boys in R “red” and the remaining
boys “white”. In the first stage the red boys arrive (along with their preference order),
all at once, and DM has to match them with n/2 girls. In the second stage, the white
boys arrive (along with their preference order), all at once, and DM has to match them
with the remaining n/2 girls. The objective is to maximize the expected number of
satisfied pairs.

Denote the value of the auxiliary game a(n). Since any strategy of the original game
can be employed in the auxiliary game, the value of the original game is bounded from
above by a(n). We show that a(n) ≤ √

nπ/2 + o(
√
n).

We restrict attention to a subset of the strategies of the auxiliary game. A simple
strategy in the auxiliary game is a strategy of the following form: (i) choose a set of
n/2 girls A; (ii) match the red boys with A in order of preference; (iii) match the white
boys with the remaining girls in order of preference.

We show that any strategy of the auxiliary game is weakly dominated by a simple
strategy. Take any pair of boys b � b′ and any pair of girls g � g′. Suppose there is a
positive probability to the event that b and b′ have the same color, and DM matches b
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with g′ and b′ with g. Modify DM’s strategy, such that in the above event, DMmatches b
with g and b′ with g′. By applying this modification the number of satisfied pairs in the
final matching cannot decrease. Indeed, any matched pair that involves a girl who is
between g and g′ in order of preference is already unsatisfied before the modification,
and any other matched pair is unaffected by the modification. Repeatedly applying
this modification, for any b, b′, g, and g′, yields a weakly dominating simple strategy.

Order the boys and the girls in order of preference b1 � b2 · · · � bn and g1 �
g2 · · · � gn . Since the set of red boys is random, and since all sets of red boys are
indistinguishable until the second stage, there is no advantage in randomizing the set
of girls matched to the red boys. Hence DM has an optimal simple strategy in which
she chooses a fixed A ⊂ [n], matches the red boys with the A-indexed girls and the
white boys with the remaining girls.

We estimate the number of satisfied pairs. Letm : [n] → [n], a matching from boys
to girls, be the output of DM’s strategy. Abusing notation slightly, we also use m(S) to
denote the set of girls matched to boys in S. By definition, a pair (gi , b j ) (m( j) = i)
is satisfied if and only if

m([ j − 1]) ⊆ [i − 1], (better boys mate better girls)

m−1([i − 1]) ⊆ [ j − 1]. (better girls mate better boys)

Since m is injective, the above implies that

m(i) = i,

m([i − 1]) = [i − 1],
m([n]\[i]) = [n]\[i].

Let R ⊂ [n] be the indexes of the red boys. The set of girls who are matched with R
is predetermined m(R) = A. Therefore, in order for a girl gi to take part in a satisfied
pair it is necessary (and sufficient) that the following event Ei occurs

|R ∩ [i − 1]| = |A ∩ [i − 1]|,
|R\[i]| = |A\[i]|.

By counting the values of R that result in Ei ,

Pr(Ei ) =
( i−1
|A∩[i−1]|

)( n−i
|A\[i]|

)

( n
n/2

) ≤
( i−1
�(i−1)/2�

)( n−i
�(n−i)/2�

)

( n
n/2

) .

Thus,

a(n) ≤
n∑

i=1

( i−1
�(i−1)/2�

)( n−i
�(n−i)/2�

)

( n
n/2

) .
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By Stirling’s approximation,

a(n) �
n−1∑

i=2

1√
2π

√
n√

(i − 1)(n − i)
�

√
n

∫ 1

0

dx√
2πx(1 − x)

= √
nπ/2.

��
On the positive side, using similar ideas to the ones applied in the original secretary

problem, one can guarantee an expected number of satisfied pairs of 2
e − ε. This is

now formally stated:

Observation 3.4 For every ε > 0, there is n0 ∈ N such that for every n ≥ n0, DM can
guarantee an expected number of satisfied pairs of 2

e − ε in any balanced instance
with |G| = |B| = n.

The proof of this observation is deferred to “Appendix A”.

4 Adversarial Arrival Order

The instances considered in this section are balanced (|G| = |B| = n) with an
adversarial arrival order. In every perfect matching there is at least one satisfied girl
(resp., boy); indeed, the girl (resp., boy) that ismatched to themost preferred boy (resp.,
girl) is clearly satisfied. The first observation of this section states that a deterministic
DM cannot do any better than satisfying this single individual.

Observation 4.1 There is no deterministic DM that satisfies more than a single girl in
balanced instances with an adversarial arrival order.

Proof The adversary provides DM with a sequence of boys with increasing rankings,
i.e., boys satisfying π(t + 1) � π(t), until the first time t∗ at which DM matches boy
π(t∗) to the least preferred girl or leaves him unmatched. The ranking of all remaining
boys is then determined to be lower than that of π(t∗) (the relative order between them
does not matter). This is well defined since the adversary knows the (deterministic)
strategy of DM. Since π(t∗) is the strongest boy, all girls with the exception of the one
matched with π(t∗) (if he is matched) form a blocking pair with him, establishing the
assertion. ��
Corollary 4.2 There is no deterministic DM that satisfies more than a single boy in
balanced instances with an adversarial arrival order.

Proof Follows directly from Lemmas 2.1 and 2.3. ��
We now turn our attention to a randomized DM, proving that the situation is still

much worse than the one in instances with uniform random arrival order.

Theorem 4.3 Under adversarial arrival order, optimization criteriaCg andCb cannot
be approximated within ratio better than O(1/

√
n) even in balanced instances with

|G| = |B| = n.
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Theorem 4.4 Under adversarial arrival order, optimization criterion Cp cannot be
approximated within ratio better than 1/n even in balanced instances with |G| =
|B| = n.

Theproofs ofTheorems4.3 and4.4 are basedon the easydirection ofYao’sminimax
principle. The former is established by merging Lemma 4.5 with Lemmas 2.1 and 2.3
and the latter follows from Lemma 4.6 (whose proof is deferred to “Appendix A”).

Lemma 4.5 There exists a distribution D over the instances, such that no deterministic
DM can satisfy more than

√
2n girls in expectation when provided with a D-random

instance.

Lemma 4.6 There exists a distribution D over the instances, such that no deterministic
DM can satisfy more than 1 pair in expectation when provided with a D-random
instance.

The proofs of Lemmas 4.5 and 4.6 rely on a similar construction. A sequence
of probabilities p2, . . . , pn ∈ [0, 1] defines a distribution over permutations of the
boys D = D(p2, . . . , pn) as follows: the first boy π(1) is either the most preferred
boy, with probability pn , or the least preferred boy, with probability 1 − pn . Any
subsequent boy π(k) (k < n) is either the most preferred boy among the remaining
boys {π(k), π(k + 1), . . . , π(n)}, with probability pn+1−k , or the least preferred boy
among the remaining boys, with probability 1− pn+1−k . The rank of the last boy π(n)

is already determined from the specification of the previous boys.
A key feature that makes D hard to play against is that DM’s information at time k,

the relative order on {π(1), . . . , π(k)}, is independent of the future, the relative order
on {π(k), . . . , π(n)}. That feature also simplifies the performance analysis, since we
can refer to the expected number of satisfied girls/pairs among the last n − k girls
regardless of the assignment of the first k boys.

Proof of Lemma 4.5 We use the distribution D = D(p2, . . . , pn), while specifying
p2, . . . , pn recursively. Suppose p2, . . . , pk are already specified. Let vk be the
expected number of satisfied girls under DM’s response to D(p2, . . . , pk). Clearly,
v1 = 1. Set

pk+1 = 1

1 + vk
.

We claim that

vk+1 ≤ vk + 1

1 + vk
. (1)

Before proving (1), we show how it is used to deduce the desired inequality vn <
√
2n.

To show that vn <
√
2n, it is sufficient to prove that for any k ∈ N it holds that

1+ vk <
√
2k + √

2/k. Let u(x) = √
2x + √

2/x . Substituting in the last inequality,
we have to show that

1 + vk < u(k),∀k ∈ N. (2)
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We first prove that

u(x + 1) > u(x) + 1

u(x)
, ∀x ≥ 1. (3)

By Lagrange’s mean value theorem u(x +1)−u(x) = u′(ξ), for some ξ ∈ (x, x +1).
Since u′ is strictly decreasing, u(x + 1) − u(x) > u′(x + 1). It holds that

1

u′(x + 1)
≤ √

2x + 2 ≤ √
2x + √

2/x = u(x),

where the first inequality follows by u′(x+1) ≥ (2x+2)− 1
2 , and the second inequality

follows from Lagrange’s mean value theorem and the fact that the derivative of the
function

√
2x is decreasing. We conclude that u(x + 1) − u(x) > 1

u(x) , establishing
(3). We are now ready to establish (2). We do so by induction on k. The case k = 1
holds since v1 = 1. Assuming it holds for k,

1 + vk+1 ≤ 1 + vk + 1

1 + vk
(Inequality(1))

< u(k) + 1

u(k)

(

induction hypothesis; x �→ x + 1

x
increases on x ≥ 1

)

< u(k + 1).(Inequality(3))

It remains to prove Inequality (1). Consider two cases: (i) DM matches π(1) with
the least preferred girl or possibly leaves him unmatched; (ii) DM matches π(1) with
another girl. We show that in either cases the expected number of satisfied girls is at
most vk + 1

1+vk
.

Case (i) Conditioned on the event that π(1) is the least preferred boy, the expected
number of satisfied girls is at most 1 + vk . It is exactly 1 + vk when π(1) is matched
with the least preferred girl and it is vk when he is left unmatched. Conditioned on
the event that π(1) is the most preferred boy, no matter whether he is matched or not,
any girl he is not matched with is unsatisfied and so there is at most one satisfied girl.
Therefore, the expected number of satisfied girls in case (i) is at most

(1 − pk+1)(1 + vk) + pk+1 = vk + 1

1 + vk
.

Case (ii) Conditioned on the event that π(1) is the least preferred boy, the girl
that π(1) is matched with is not satisfied and there are at most vk satisfied girls in
expectation. Conditioned on the event that π(1) is the most preferred boy, the girl he
is matched with is satisfied and in addition there are at most vk other satisfied girls in
expectation. Therefore, the expected number of satisfied girls in case (ii) is at most

(1 − pk+1)vk + pk+1(1 + vk) = vk + 1

1 + vk
.

The assertion follows. ��

123



Algorithmica (2019) 81:3136–3161 3155

Proof of Lemma 4.6 We establish the assertion for conservative algorithms; the proof
for general algorithms follows by Lemma 2.1. We use the distribution D( 12 , . . . ,

1
2 ),

i.e., each boy is either more or less preferred than all of the boys that come after him
with equal probabilities.

Let vn denote the expected number of satisfied pairs under an optimal online assign-
ment. We show that vn+1 ≤ max{vn, 1

2 (vn +1)}. Since v1 = 1, we have, by induction
on n, that vn ≤ 1, for all n.

We divide into two cases: (i)DMmatchesπ(1)with either themost or least preferred
girl; (ii) DM matches π(1) with with some other girl. Denote the rank of π(1) by
r ∈ {1, n + 1} (assuming there are n + 1 boys and n + 1 girls). We show that the
expected number of satisfied pairs is at most 1

2 (vn + 1), in case (i), and vn in case (ii).
In Case (i), with probability 1

2 , π(1) is matched with the girl of rank r . In this event
they form a satisfied pair and the expected number of additional satisfied pairs is at
most vn . In the complement event that π(1) is matched with the girl of rank n+2− r ,
none of the pairs are satisfied. Therefore, the expected number of satisfied pairs in
case (i) is at most 1

2 (vn + 1).
In case (ii),π(1) does not belong to a satisfied pair. The expected number of satisfied

pairs among the remaining boys and girls is atmost vn . Therefore, the expected number
of satisfied pairs in case (ii) is at most vn . ��

5 TheWeighted Case

In this section we return to uniform random arrival orders and establish the following
theorems.

Theorem 5.1 Optimization criterionCw
g canbeapproximatedwithin ratio�(1/ log n).

Theorem 5.2 Optimization criterion Cw
b can be approximated within ratio �(1).

Proof of Theorem 5.1 Let g∗ be a heaviest girl in HG (who is also a heaviest girl in G).
Partition HG into weight classes C1,C2, . . . so that

Ci =
{
g ∈ HG | w(g∗)/2i < w(g) ≤ w(g∗)/2i−1

}
.

Taking k = log n, we observe that w
(⋃

i>k Ci
) ≤ w(g∗) because

∣
∣
⋃

i>k Ci
∣
∣ < n and

w(x) ≤ 1
n for any x ∈ ⋃

i>k Ci . It follows that w (C1 ∪ · · · ∪ Ck) ≥ w(HG/2).
Let i∗ be an index 1 ≤ i ≤ k that maximizes w(Ci ). Apply the algorithm promised

by Theorem 3.1 (satisfying girls) to the problem instance that consists of the girls in
Ci∗ (whose weights are uniform up to factor 2) and all boys in B; the remaining girls
are matched arbitrarily or left unmatched. Theorem 3.1 ensures that �(|Ci∗ |) girls
in Ci∗ are satisfied as |Ci∗ | ≤ |HG | ≤ |B|. The assertion follows since w(Ci∗) ≥
�(w(HG)/ log n). ��

Theorem 5.2 is established by combining the following lemma with Lemma 2.5.
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Lemma 5.3 There exists a universal constant p > 0 such that DM has a strategy
that satisfies each individual boy with probability at least p in any balanced instance
(|G| = |B|).
Proof The algorithm is similar to the algorithm in the proof of Lemma 3.2. The only
difference is that here we set r = 0 (instead of 1

4εn). As a result, we manage to
guarantee a positive constant lower bound on the probability of being satisfied for
every single boy. Alas, the probability that at least ( 15 − ε)n boys are satisfied drop
from being close to one to being merely bounded away from zero.

For completeness, we briefly repeat parts of the description of the algorithm and
other ideas that appear also in the proof of Lemma3.2. Fix 0 < γ < 1/5 and n ∈ N. Set
ε = 1/5− γ and a = 2γ + ε. Let X = (R,W ,Y ) be a multinomial random variable
with parameters (a, a, 1 − 2a; n). Each realization of X prescribes a deterministic
algorithm parameterized by (R,W ,Y ).

As before the first R boys are called “red,” the next W boys “white,” and the last Y
boys “yellow.” If 2R > n we report error of type I.

The white boys are indexed in decreasing order of preference b1 � b2 � · · · � bR .
The girls are indexed in decreasing order of preference, g1 � g2 · · · � gn . The red
boys are matched with the least preferred girls gn, . . . , gn−R+1 in an arbitrary order.

Each one of the remaining boys x is associated a number rank(x) ∈ {0, . . . , R}
according to how he compares with the red boys,

rank(x) =

⎧
⎪⎨

⎪⎩

0 if x � b1,

i if bi � x � bi+1,

R if bR � x .

When a white boy x arrives we match him either with grank(x) if grank(x) is
unmatched yet, or with the least preferred unmatched girl gi . In the latter case, if
i ≤ R the algorithm reports error of type II and halts.

When a yellow boy x arrives we match him with the most preferred unmatched
girl gi subject to i ≥ rank(x). I.e., i = min{ j ∈ [n]\[rank(x) − r − 1] :
g j is unmatched yet}. If that set is empty, the algorithm reports error of type III and
halts.

Define R′ = min{R,
⌈
(a − 1

4ε)n
⌉} and

F ′ = ∣
∣[R′]\{rank(x) : x is a white boy}∣∣ ,

and consider the following (bad) events:

E1 = {error of type I reported},
E2 = {error of type II reported},
E3 = {error of type III reported},
E4 = {R <

(
a − 1

4ε
)
n},

E5 = {F ′ > 1
2an}.
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The proof that Pr(E1 ∪ E2 ∪ E4 ∪ E5) → 0, as n → ∞, follows the same lines as
in the proof of Lemma 3.2.

Unlike the proof of Lemma 3.2, here Pr(E3) is merely bounded away from one,
rather than close to zero.

Let x1, x2, . . . be the colors of the boys in decreasing order of preference extended
to an infinite sequence of i.i.d. random variables. Let t1 < t2 < · · · be the occurrences
of “red,” namely, {ti }i∈N = { j : x j = red}. Let Ii be the indicator of the event
{x j �= white,∀ ti < j < ti+1}. Define Yi = |{ti < j < ti+1 : x j = yellow}|, i.e., the
number of yellow boys between the i th and (i+1)th red boys. The distribution ofYi +1

is geometric with success probability a/(1− a), namely, Pr(Yi = k) =
(
1−2a
1−a

)k
a

1−a

(k = 0, 1, . . .); henceE[Yi ] = (1−a)/a−1 > 1
2 . Consider the i.i.d. random variables

Zi = Yi − Ii .
We show that

Pr(∀k ∈ N

k∑

i=1

Zi > 0) > 0. (4)

By the strong lawof large numbers 1
n

∑n
i=1 Zi → E[Z1] > 0, almost surely. It follows

that there is l ∈ N such that Pr(∀k ∑k
i=1 Zi > −l) > 0. Since Pr(Z1 ≥ 1) > 0,

Pr

(

∀k ∈ N

k∑

i=1

Zi > 0

)

≥ Pr

(

Z1, . . . , Zl ≥ 1, ∀k
l+k∑

i=l+1

Zi > −l

)

= Pr

(

Z1 ≥ 1)l Pr(∀k
k∑

i=1

Zi > −l

)

> 0.

Next, the proof is concluded by showing that E3 ⊂ {∃k ∈ N
∑k

i=1 Zi ≤ 0}, since
the probability of the latter event is smaller than one, by (4).

Suppose that the algorithm reports error of type III upon the arrival of a yellow boy
x at time t . Let k = max{i : gi is unmatched at timet}. Since it is a error of type III,
we have k < rank(x). The girls gi , i = k − r + 1, . . . , n, are all matched with boys
who are either red or white, or have rank at least k + 1. To see this, consider any such
gi who is matched with some yellow boy y. If rank(y) < i , then at the time y arrived,
all the girls g j , j = rank(y), . . . , i − 1, were matched; therefore, at the present time,
all the girls g j , j = rank(y), . . . , n, are matched; therefore k < rank(y). Since the
number of unmatched boys is equal to the number of unmatched girls at the time just
before the catastrophe, we have

k∑

i=1

Ii

= “#girls who are either unmatched or matched to yellow

boys of rank at most k”
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= “#yellow boys who are either unmatched or have rank at most k”

> “#yellow boys who have rank at most k”

≥
k∑

i=1

Yi .

It follows that
∑k

i=1 Zi < 0. ��

6 Conclusion

In this paper we have proposed and investigated a new variant of the secretary prob-
lem, which borrows the notion of blocking pairs to evaluate the quality of a matching
between two ranked sets. We stress that a key difference between our model and clas-
sical stable matching (a.k.a. stable marriage) is that in our model, preferences are
homogeneous, i.e., all secretaries agree on the same ranking of the jobs and simi-
larly all jobs have the same ranking over secretaries. While this assumption clearly
restricts the generality of the original formulation, even this seemingly limited model
requires non-trivial analysis, which the reader hopefully appreciates. The more gen-
eral case of heterogeneous preferences (one-sided and two-sided) seems to be much
more challenging and requires new ideas that we leave to future work.

Appendix

A Additional Proofs

Proof of Observation 2.6 Fix q = �k/�� and observe that for every r ≤ �, we have

Pr(R > r) = k − q

k
· k − q − 1

k − 1
· · · k − q − (r − 1)

k − (r − 1)
.

It follows that

Pr(R > r) ≤ k − k/�

k
· k − k/� − 1

k − 1
· · · k − k/� − (r − 1)

k − (r − 1)
≤

(

1 − 1

�

)r

< e−r/�

and

Pr(R > r) ≥ k − k/� − 1

k
· k − k/� − 2

k − 1
· · · k − k/� − r

k − (r − 1)
>

(

1 − k/� + 1

k − r

)r

.

By taking c ≥ 3 so that r ≤ � ≤ k/3, we ensure that

� ≤ k − 2r ⇐⇒ k + � ≤ 2k − 2r ⇐⇒ k/� + 1

k − r
≤ 2

�
,
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thus

Pr(R > r) >

(

1 − 2

�

)r

> e−4r/� ,

where the second transition follows by taking c ≥ 2.54 so that 2/� ≤ 0.79. Therefore,

Pr(�/5 < R ≤ �) = Pr(R > �/5) − Pr(R > �) > e−4/5 − e−1

which establishes the assertion as e−4/5 − e−1 ≈ 1/12.28. ��
Proof of Observation 3.4 Recall the classical secretary problem inwhichDM has to stop
upon the arrival of some x and the objective is to maximize the probability that x is
the most preferred boy. The optimal strategy in the secretary problem is to wait until
time k ≈ 1

e n, and then stop upon the first arrival of a boy who is more preferred than
all of the previous boys. The probability of success converges to 1

e , as n grows.
From the solution to the secretary problemwedevice amatching strategy as follows:

in the first k = � 1
e n� steps, match the boys with arbitrary girls who are neither the most

preferred nor the least preferred girl. Continue in the same manner while reserving
the most and least preferred girls for the first arrivals of boys who are either more
preferred or less preferred than all previous boys. Upon the first arrival of a boy x
who is more preferred than all previous boys, match x with the most preferred girl.
Similarly, match the first boy who is less preferred than all previous boys with the
least preferred girl. At times n − 1 and n match the arriving boys arbitrarily.

In any matching in which the most (resp. least) preferred boy and girl are matched
together, they form a satisfied pair; therefore, by the guarantee of the secretary prob-
lem solution and the additivity of expectation, the proposed algorithm guarantees an
expected number of 2

e − o(1) satisfied pairs. ��
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