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Abstract

A graph G = (V, E) is called d-rigid if, for a generic embedding of its vertices in R?, the
only continuous motions of the vertices preserving the distances between all pairs of adjacent
vertices are those induced from the isometries of R? (that is, translations and rotations of
the whole graph). In this paper, we study rigidity properties of pseudorandom graphs.
First, we consider C-expander graphs, a class of graphs recently studied in the context of
Hamiltonicity of pseudorandom graphs. These are n-vertex graphs for which every vertex
set A of size smaller than n/(2C) has a neighbourhood of size at least C|A|, and for every
pair of disjoint sets A, B of size at least n/(2C) each, there is at least one edge between A
and B. We show that for every C' > 8 and every integer n > 9C, every n-vertex C-expander
is |C/8]-rigid.

Next, we study (n,r, \)-graphs, which are n-vertex r-regular graphs whose non-trivial
adjacency eigenvalues are bounded in absolute value by A. This is a well-known family
of graphs, known to possess various pseudorandom properties. We prove that there exist
absolute constants c1,ca > 0 such that every (n,r, \)-graph G with A < ¢yr is | cor]-rigid.

Our results are sharp up to the value of the universal constants involved, and they im-
prove and extend previous work by the authors on the rigidity of random and pseudorandom
graphs.

1 Introduction

A d-dimensional framework is a pair (G,p), where G = (V, E) is a graph and p : V — R?
is an embedding of its vertices. We say that (G,p) is rigid if every continuous motion of
the vertices that preserves the lengths of all edges preserves the distances between all pairs of
vertices. An embedding p : V — R? is generic if the d|V| coordinates of p(V') are algebraically
independent over the rationals. A graph G is d-rigid if (G, p) is rigid for a generic embedding
p:V — R% Tt is standard that if G is d-rigid, then it is d’-rigid for every 1 < d’ < d. For
notational convenience, we consider all graphs to be 0-rigid.

In recent years, much work has been devoted to understanding rigidity properties of various
models of random graphs, in various density regimes [11,15,30,16,14,22,18,19,25]. Pseudoran-
dom graphs are, roughly speaking, families of graphs that share various key properties expected
from random graphs, such as expansion properties, well-connectedness, and a relatively uniform
distribution of edges. These include many natural and well-studied families of random graphs,
such as binomial random graphs, random regular graphs, and random Cayley graphs [3]. More-
over, there exist many families of pseudorandom graphs that are deterministic, yet successfully
mimic typical key properties of truly random graphs (see, for example, [24,26]). For more
background on pseudorandom graphs, see [21].
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It is then natural to study the rigidity of pseudorandom graphs. In addition to being, in
a sense, a far-reaching extension of recent work on random graphs, one can see it as a further
example of a combinatorial condition implying rigidity, continuing a quickly expanding line of
work on the subject, including Villdnyi’s breakthrough results on vertex-connectivity conditions
for rigidity and related further work [32,9,8], minimum degree conditions for rigidity [18,20,13],
and partition-based sufficient conditions for rigidity [23, 18, 19].

In this paper, we continue our work initiated in [18,19] on the rigidity of pseudorandom
graphs, improving upon and extending earlier results, and giving essentially sharp conditions for
the rigidity of expanders and pseudorandom graphs. First, we consider C-expander graphs, as
defined by Dragani¢, Montgomery, Munhd Correia, Pokrovskiy, and Sudakov in their spectacular
result on Hamiltonicity of pseudorandom graphs [7].

Definition 1.1. For C' > 0, an n-vertex graph G = (V, E) is a C-expander if the following
hold, where N(A) denotes the external neighbourhood of A.

(i) For every A C V with |A| < n/(2C), we have |[N(A)| > C|A].
(ii) There is an edge between any two disjoint sets A, B C V with |A|,|B| > n/(2C).

Theorem 1.2. For every C' > 8 and every integer n > 9C, every n-vertex C-expander is
|C/8]-rigid.

The dependence on C'in Theorem 1.2 is best possible up to the value of the absolute constant
1/8. Indeed, there are C-expanders containing vertices of degree comparable to C, while every
d-rigid graph with at least d+1 vertices has minimum degree at least d. For a concrete example,
let C' > 2, let n > 2C be an integer, and let G be obtained from a clique on n — 1 vertices by
adding a new vertex v adjacent to exactly [C'| vertices of the clique. Then G is a C-expander:
if A= {v} then [IN(A)|=1[C]>C;if0 < |A| <n/(2C) and A contains a clique vertex, then
IN(A)| > n—|A|—1> C|A|; and any two disjoint sets of size at least n/(2C') > 1 both contain
clique vertices, which are adjacent. Since §(G) = [C1], this C-expander is not ([C'] + 1)-rigid.

We next turn to the main result of the paper, which concerns spectral pseudorandomness.
One standard model for pseudorandom regular graphs is to require all non-trivial eigenvalues
of the adjacency matrix to be small; see [21] for background.

Definition 1.3. An (n,r, \)-graph is an r-regular graph on n vertices such that every eigen-

value of its adjacency matrix other than the largest eigenvalue r has absolute value at most
A

The Expander Mixing Lemma (see Theorem 2.2) readily shows that every (n,r, \)-graph
with r/A > 8 is an r/(4)\)-expander, and therefore Theorem 1.2 implies that such a graph
is [r/(32\)]-rigid whenever r/A > 32 and n > 9r/(4\). This should be compared with [18,
Theorem 1.7], which, together with [18, Corollary 1.4], gives d-rigidity under the condition
r > max{9d\, Cpdlogd}, for an absolute constant Cp; in the notation above, Theorem 1.2
yields rigidity of order r/A. We go substantially beyond this estimate and prove a linear-in-the-
degree rigidity bound, assuming only that the non-trivial eigenvalues are at most a fixed small
multiple of r. This answers a question we raised in [19].

Theorem 1.4. There exist absolute constants ci,co > 0 such that every (n,r, \)-graph G with
A < cyr is d-rigid for d = |cor].

The linear dependence on 7 in the conclusion of Theorem 1.4 is best possible up to the value
of the constant ¢o. Indeed, by the standard rigidity-matrix rank bound [4], if an n-vertex graph
with n > d+1 is d-rigid, then it has at least dn — (d;rl) edges. For an r-regular graph, this gives
d < (1/2+ o(1))r when r = o(n). It would be interesting to decide whether this edge-counting



obstruction is the only asymptotic obstruction for spectral expanders; in particular, whether
every sequence of (n,r, \)-graphs with \/r — 0 is (1/2 — o(1))r-rigid.

We prove Theorem 1.4 by working in the more general setting of jumbled graphs. For a
graph G = (V, E) and A, B C V, let e(A, B) denote the number of ordered pairs (u,v) € Ax B
such that {u,v} € E.

Definition 1.5. Let 0 < p < 1 and 8 > 0. A graph G = (V,E) on n vertices is called
(p, B)-jumbled if, for all A, B C V,

le(A, B) — plA||Bl| < Bv/]A[|BI.

Theorem 1.6. There exist absolute constants ci,co > 0 such that for every n-vertex (p,[3)-
jumbled graph G = (V,E) with 8 < cinp there exists S C V with |S| > (1 — 2(3/(np))*)n >
(1 —2¢2)n, such that G[S] is d-rigid for d = |canp].

Theorem 1.6 strengthens the corresponding jumbled-graph result from [18, Proposition 4.4],
together with [18, Corollary 1.4]. In Theorems 1.4 and 1.6, we may take ¢; = 1072! and
co = 1075, We made no serious attempt at optimizing these constants.

1.1 Applications

Recall that for a sequence {A,}2° ;| of events in a probability space, we say that A,, occurs with
high probability, or whp for short, if P(A,) — 1 as n — co. Next, we present a few immediate
applications of our main results. Let G, , denote the uniform distribution on r-regular graphs
on vertex set [n|, where 1 < r < n and nr is even. Combining Theorem 1.4 with known
spectral estimates for random regular graphs (see Theorem 6.1 for details) gives the following
consequence.

Corollary 1.7. There exists an absolute constant ¢ > 0 such that the following holds. Let
3 <r=r(n) <n satisfy nr even, and let G ~ Gy, ,. Then G is whp |cr|-rigid.

Corollary 1.7 recovers, up to the value of the absolute constant, the random-regular graph
result from [19], while also extending it by allowing the degree r to grow with n.

We next record an application of Theorem 1.2 to graphs satisfying a purely global connec-
tivity condition. For a positive integer s, call a graph G an s-connector if every two disjoint
s-element vertex sets are joined by an edge.

Corollary 1.8. Let s,n be positive integers with n > 72s, and let G be an n-vertex s-connector.
Then there exists U C V(G) with |U| > n — s such that G[U] is |n/(72s)]-rigid.

The bound on |U] is best possible: the disjoint union of K,,_s41 and s — 1 isolated vertices
is an s-connector.

As a final application, we consider f-connected graphs. Let f : N — R. We say that a graph
G = (V,E) is f-connected if, for every A, B C V such that AU B =V and G has no edges
between A\ B and B\ A, the inequality

[ANB| > f(min{[A\ B, |B\ Al})

holds. The notion of f-connectedness was introduced by Brandt, Broersma, Diestel, and Kriesell
in [5] as a property interpolating between vertex connectivity (corresponding to the case of f
being a constant function) and expansion (corresponding to the case of linearly growing f).
Indeed, as shown in [7], it is easy to prove (see Section 6 for details) that for every constant
C > 4, if f(k) = Ck for every k € N, then every f-connected graph G is a C/2-expander.
Therefore, as an immediate application of Theorem 1.2, we obtain the following.



Corollary 1.9. Let C > 16 and n > 9C. Let f : N — R be defined by f(k) = Ck for all k.
Then, every n-vertex f-connected graph is |C/16|-rigid.

It is easy to verify that the same example we presented above for showing the sharpness

of Theorem 1.2 implies that Corollary 1.9 is tight up to the value of the constant 1/16. In
fact, for every f : N — N with n > f(1) + 2, the graph obtained from a clique on n — 1
vertices by adding a vertex adjacent to exactly f(1) clique vertices is f-connected, but is not
(f(1) + 1)-rigid. On the other hand, it is easy to show that, for monotone non-decreasing f,
every n-vertex f-connected graph is an s-connector whenever f(s) > n — 2s, and in particular
for s = min{k € N: f(k) > n}. Hence, by Corollary 1.8, assuming n > 72s, such a graph has
an induced subgraph on more than n — s vertices which is |n/(72s) |-rigid. It may be of interest
to study the rigidity of f-connected graphs (as a function of f(1)) for more general values of f,
potentially interpolating between our results here and Villanyi’s vertex-connectivity condition
[32].
Remark. A graph G = (V, E) is called generically globally rigid in R? if, for a generic embedding
p: V — R? every embedding q : V — R? satisfying ||q(u) — q(v)| = ||p(v) — p(v)|| for all
{u,v} € E satisfies in fact ||q(u)—q(v)|| = ||p(u)—p(v)|| for all u,v € V. It was shown by Jordén
[12], relying on a theorem of Tanigawa [28], that every (d+ 1)-rigid graph is generically globally
rigid in RY. Using this fact, one may immediately strengthen the conclusions in Theorem 1.2
and Theorem 1.4 from rigidity to generic global rigidity (changing the bound |C/8] to |C/8]—1
in the case of Theorem 1.2).

The paper is organized as follows. In Section 2 we collect preliminaries on pseudorandom
graphs and rigidity. In Section 3 we prove Theorem 1.2. In Section 4 we develop random-
partition estimates for jumbled graphs, which are used in the following section. In Section 5 we
prove Theorems 1.4 and 1.6. Finally, in Section 6 we prove Corollaries 1.7 to 1.9. Throughout
the paper, all logarithms are in the natural base.

2 Preliminaries

For a graph G = (V, E) and sets A, B C V, write e¢(4,B) = [{(u,v) € Ax B: {u,v} € E}|.
For disjoint sets X, Y C V, write Eg(X,Y) ={e € E: |en X| = |lenY| = 1}; we suppress
the subscript when G is clear from context. For an integer m, let [m] = {1,2,...,m} and
([TS]) ={{i,7}: 1 <i < j<m}. For a finite set V, we say that Vi,...,V,, is a partition of
ViEV=VU---UV,, VinV;=gforalll1 <i<j<m,and V; # @ for all 1 <¢ < m. If,
in addition, the sizes |Vi|,...,|Vi,| differ by at most 1, we call this partition an equipartition.
For convenience, whenever we write an equipartition Vi,...,V,,, we assume |[Vi| > -+ > |V,]|.
Equivalently, if h = |V|—m/[|V|/m], then |V;| = [|V|/m] for 1 <i < h, and |V;| = [|V|/m] for
h < i < m. A uniformly random labelled equipartition is a partition chosen uniformly
among all labelled partitions with these prescribed part sizes. Let G = (V| E) be a graph, let
Vi,...,Vm be a partition of V', and let K be a positive integer. A pair {i,j} € ([7;1}) is K-good
if, for every X C V; and Y C V; with | X| = |Y| = K, we have Eg(X,Y) # @. Otherwise, {4, j}
is K-bad. The K-reduced graph associated with G and the partition Vi,...,V,, is the graph
R = ([m], E’) with

E = {{i,j} € <[7;1]> : {i,5} s K—good}.
We will use the following simple observation to clean a sparse graph by discarding high-

degree vertices.

Lemma 2.1. Let p € [0,1/9]. Let G = (V, E) be an n-vertex graph with |E| < pn®. Then there
exists S €V with |S| > (1 — 2/p)n satisfying A(G[S]) < 3,/p|S].



Proof. 1If p =10, then £ = &, and we may take S = V. Assume then that p > 0. Let
S={veV:degg(v) <pn}.

Then |V \ S|+ /pn < 2|E| < 2pn?, so |S]| > (1 —2,/p)n. For every v € S, we have deggg(v) <

degg(v) < \/pn. Since \/p < 1/3 and [S| > (1-2,/p)n, we have A(G[S]) < /pn < 3,/p|S|. O

2.1 (n,r,\)-graphs

The Expander Mixing Lemma goes back to Alon and Chung [1]. We use the version for two
arbitrary vertex subsets stated in [10, Lemma 2.5].

Theorem 2.2 (Expander Mixing Lemma). Let G = (V, E) be an (n,r, \)-graph. Then, for all
A,BCV,
-
e(4, B) - - |A|IB| < M\/IATBI.

Given a graph G = (V, E) and a vertex set U C V, denote by OU = E(U,V ~\ U) the edge
boundary of U. Let

oU
©= mr g
1<|U|V/2

be the isoperimetric number of G. We use the following standard spectral expansion bound
due to Alon and Milman [2]; see also [10, Theorem 4.11].

Lemma 2.3. Let G = (V, E) be an (n,r,\)-graph. Then i(G) > (r — \)/2.

2.2 Rigidity

Lemma 2.4 (0-extension; e.g., [29]). Let G = (V, E) be a d-rigid graph, and let G' be obtained
from G by adding a new vertex v adjacent to at least d vertices from V. Then G’ is d-rigid.

The following absorption lemma, which follows easily from Lemma 2.4, is the case k = 1
of [19, Lemma 3.3].

Lemma 2.5 (Absorption). Let d > 1 and let G = (V, E) be a graph with i(G) > d. Let W CV
be such that |W| > |V|/2 and G[W] is d-rigid. Then G is d-rigid.

Finally, we need the following result from [19], which is a main ingredient in our proofs of
Theorem 1.2 and Theorem 1.4.

Theorem 2.6 ([19, Theorem 1.5]). Let G = (V, E) be a graph, let K, m be positive integers,
and let 1/2 < n < 1. Let Vi,...,Vy, be a partition of V satisfying |V;| > TK — 3 for all
1 <i<m. Let Gy be the K-reduced graph associated with G and this partition. Assume that
3(Go) > nm — 1. Then there exists W C V' such that GIW] is d-rigid for d = [(n—1/2)m|,
and |V; N\ W| < 4K for all1 <i<m.

3 (-expanders

Proof of Theorem 1.2. Let G = (V, E) be an n-vertex C-expander, where C' > 8 and n > 9C.
Put

d=|C/8],  K=[n/2C)], m=][C/4].
Then |m/2| = |C/8] =d. Let Vi,...,V,, be an arbitrary equipartition of V. Set z = n/(2C)
and k = [z] = K, so that z > 9/2 and k > 5. Since m < C/4, every part satisfies |V;| > |8z].
If k=5, then [8z] > 36 > 7k — 3. If k > 6, then =z > k — 1, and hence [8z] > 8k —7 > 7k — 3.
Hence every part satisfies |V;| > 7K — 3.



Let Go be the K-reduced graph associated with G and the partition Vi,...,V,,. Since
K > n/(2C), the second condition in Definition 1.1 gives Gy = K,,. Applying Theorem 2.6
with n = 1, we obtain a set Wy C V such that G[Wp] is |m/2]-rigid, and

Vi~ Wp| <4K forall 1 <i<m.

In particular,

2
|WO|2n—4mK2n<1—gL)—élmZZ—C. (1)
Since |m/2] > d, the graph G[W] is d-rigid.
Extend W) to an inclusion-maximal set W C V such that G[W] is d-rigid, and put U =
V N~ W. We claim that U = @. By maximality and Lemma 2.4, every vertex of U has at most
d — 1 neighbours in W. Consequently,

[Ec(U,W)| < (d=1|U|. (2)

Suppose first that 0 < |U| < K. Then |U| < n/(2C), so Definition 1.1 gives |[N(U)| > C|U/|.
Since U =V \. W, we have N(U) C W. Therefore,

ClU| < INU)| < [Ec(U,W)| < (d - D|U| < C|UJ,

a contradiction. Hence either U = @ or |U| > K.

Suppose, for contradiction, that |[U| > K. For every K-element set A C U, we have
[W N N(A)| < K. Indeed, otherwise there would be a set B C W ~ N(A) with |B| = K,
and then A and B would be disjoint sets of size at least n/(2C") with no edge between them,
contradicting Definition 1.1. Thus every such set A sends more than |[W|— K edges to W. Since
Wo C W, (1) gives |W| >n/2 — C. Also, since d < C/8, K <n/(2C)+ 1, and n > 3C,

k<t 9cn
16 8 16

By averaging over all K-element subsets of U, and using dK < |W|, we obtain

L (W-K)u]

B
(B (U, W) -

(d-1)u],

contradicting (2). Therefore U = &, and so G = G[W] is d-rigid. O

4 Pseudorandom properties of jumbled graphs

Fix p € (0,1). For an n-vertex graph G = (V, E) and a set U C V, write

B(U):{UEV: IN(v)NU| <p\2U|},

the set of bad vertices with respect to U.
The following simple lemma is a mild variation of [17, Corollary 2.2].

Lemma 4.1. Let G = (V,E) be an n-vertex (p,)-jumbled graph. Write ¢ = [3/(np). Let
a € (0,1), and let U CV satisfy [U| > an. Then

|IB(U)| < (4¢2/a)n.



Proof. Let B = B(U), and write b = |B|. If b = 0, there is nothing to prove. Hence assume
b > 1. By the definition of B(U),

:Zu\r( NU| <pb|2U’
vEB

On the other hand, by the definition of (p, 5)-jumbledness,
e(B,U) > pbU| — B+/0]U].

Therefore,
phlU|/2 < B\/BIU].

Squaring gives

432

p*|U] ~

as required. O

b < < (4¢*/a)n,

For an n-vertex graph G = (V, E), a number « € (0,1), and a set X C V', we say that X
is a-poor if its closed neighbourhood misses at least an a-fraction of the vertices, namely if
VN (XUN(X))| > an.

The proof of the next lemma is based on the same ordered-exposure counting strategy
as [6, Lemma 2.4].

Lemma 4.2. Let G = (V,E) be an n-vertex (p,)-jumbled graph. Write ¢ = [/(np). Let
€ (0,1), and let K > 3log(1/a)/p be an integer. Put i = 4¢?/a. Then the number of a-poor

K -sets is at most K
26u1/4n
I )

Proof. If K > n, then there are no K-sets, so we may assume that K <n. If y > 1, then the
number of a-poor K-sets is at most

()= = (=)’

<(=) < ,

K) ~\K - K

so the result follows. Hence assume that p < 1. Take an ordered K-tuple of distinct vertices
(x1,...,2x). For 1 <t < K, let S = {z1,...,2¢} and Uy =V ~ (S; UN(S;)). In addition, let
Uy=1V.

Suppose that Sk is a-poor. Then |Ug| > an. Since Uy 2 Uy D --- D Uk, we have
|Ui—1| > an for every 1 <t < K. For 1 <t < K, call time ¢ exceptional if z; € B(U;—1). By
Lemma 4.1, for fixed z1,...,xs_1, there are at most un possible values of z; that make time ¢
exceptional.

We claim that every a-poor K-tuple (that is, every ordering of every a-poor K-set) has at
least K /4 exceptional times. Indeed, assume for contradiction that fewer than K/4 times are
exceptional. Then at least 3K /4 times are non-exceptional. At every non-exceptional time t,

p|Us—1]
—

|N(£L’t) N Ut_1| >

Hence
|Ut| < |Ug—1] = |N(x¢) NUp—1| < (1 = p/2)|Us—1].

At exceptional times, we still have Uy C U;_1. Therefore,
3pK 9
Uk] < (1 — p/2)*/ < nexp<—p8) < nexp (—8 log<1/a>) <an,

7



a contradiction.

Next, we count a-poor K-tuples in the following way. Let ¢ = [K/4]. First, we choose ¢
times in which the K-tuple is required to be exceptional. Then, for each chosen time ¢, once
x1,...,Ts—1 have been fixed, there are at most un choices for z;. For every other time ¢, we use
the trivial bound of n choices for x;. Note that every a-poor K-tuple is counted at least once
in this way. Hence, the number of a-poor K-tuples is at most

<[z) (Iun)énK—Z — <I;> MénK < 2K/LK/4TZK,

where the last inequality uses p < 1. Each a-poor K-set has K! orderings. Since K! > (K/e)X,
the number of a-poor K-sets is at most

K
9K | K /4K . <2€M1/4n) | -

K! K

Lemma 4.3. Let G = (V, E) be an n-vertex (p,)-jumbled graph. Write ¢ = B/(np). Let
a € (0,1) and C > 1. Let n > m > np/(C — 1) and K € [3log(1/a)/p,n/4] be integers. Put
p=4e%/a and = C?/log?(1/c), and assume that u < 1. Let V = Vi U---UV, be a uniformly
random labelled equipartition. Then, for every fized {i,j} € ([7;]),

2 K 2 K
4
P({i, j} is K-bad) < <8§9u1/4> + <S€a> .
Proof. Fix i # j, and let ny = |V;| for s € [m]. Since p < 1, for every s € [m] we have
Cc-1y 1 ¢C

n n
o e e e
m m p p p

Now fix two disjoint K-sets X,Y C V. Viewing the equipartition as a uniformly random
assignment to labelled slots, the 2K vertices of X UY have (n)2x equally likely placements, of
which (n;)k(n;)k place X in V; and Y in Vj. Therefore, using K < n/4, we have

where, for non-negative integers a,b, (a)p = a(a —1)---(a — b+ 1). Let P be the family of
a-poor K-sets. By Lemma 4.2,
2eu1/4n K
< .
Pl < (2
Let Nz be the set of ordered pairs (X, Y) of disjoint K-subsets of V' with Eg(X,Y) = @. Note
that, for a K-set X ¢ P, if (X,Y) € Ny for some K-set Y, then Y C V N (X UN(X)). As

[V (XUN(X))| < an, we obtain that there are at most (L‘}?J) K-sets Y such that (X,Y) € Ng.
Hence, using (1) < (en/K)X, we obtain

n n\ (|an]
Ngl| <
=) + () ()
2\ K 2\ K
< 2 1/4( 1 2 (T
= (26 a (K) T a(K)
Also, by the definition of § and the lower bound on K, we have (C/(pK))? < /9. By the union
bound and (3),

20\ 20\2\ " 202\ "
P({i,j} is K-bad) < |NQ,|<np> < (262“1/4<pz(> ) . <e2a<pK) )
8e? K 4e? K
< [ Z—gu'/* — :
< ( 5 Ou > —|—< 5 0a)

8




This is the required bound. O

5 Proof of Theorems 1.4 and 1.6

Proof of Theorem 1.6. Let ¢; = 1072! and ca = 107%. Let G be an n-vertex (p,3)-jumbled
graph with 5 < ¢ynp. Let d = |conp]. If d = 0, there is nothing to prove. Hence, we assume
d > 1. That is, np > ¢; ' = 10°. Let

m = |np-107%]

and
K = [100/p].

Note that 100 < m < n/10000.

The proof has four steps. First, we sample a uniformly random labelled equipartition of
V into m parts, and consider its bad-pair graph (that is, the complement of its K-reduced
graph). Lemma 4.3 says that, for each fixed pair of parts, the probability that this pair is bad is
small; hence some equipartition has a sparse bad-pair graph. Then, Lemma 2.1 lets us delete a
small set of indices and obtain an induced subgraph Ry of the corresponding K-reduced graph
with minimum degree slightly larger than half its order. Second, we apply Theorem 2.6 to
the subgraph of G induced by the parts whose indices survive this deletion, obtaining a d-rigid
subgraph G[W]. Third, we show that this rigid subgraph contains more than 90% of the vertices
of GG: the cleanup step deletes few parts, and the set W obtained from Theorem 2.6 contains

almost all vertices from each surviving part. Finally, we use Lemma 2.4 to extend d-rigidity
from G[W] to a set S of size |S| > (1 — 2(8/(np))*)n.

Step 1: A random partition. For an equipartition p = (Ui,...,Upy) of V, let B, be the
graph on [m] whose edges are the pairs {4, j} that are K-bad with respect to U;,U;. Let R, be
the K-reduced graph associated with G' and p. Thus R, is the complement of B,.

Let 7 be a uniformly random labelled equipartition of V' into m parts. For Lemma 4.3, take
C =3-10* and a = 10714, Then, we have m > np- 1074 -1 > np/(C — 1). Also,

3log (1/a)/p < 100/p < K <100/p+1 < n/10* +1 < n/4.
Write e = 3/(np) < c1, and let u = 42 /a. Note that u < 4c?/a =4-10728 < 1. Using
C2
0= —5 "7
log(1/a)

we obtain, by Lemma 4.3, that for every fixed pair {i,j} € (["21]),

<9-10°

4e?

P({i,j} € E(By)) < (fa;ﬂﬂ)l{ + <90a>K <1077,

Thus, setting v = 1077, we obtain
E|E(By)| < 7(?) < ym?®.

Hence there exists an equipartition o = (Vi,...,V,,) for which |E(B,)| < ym?. Fix such a o.
By Lemma 2.1, there exists I C [m] such that, setting Ry = R, [I] and m' = |I|,

m' > (1-2,~7)m and A(B,[I]) <3/ym'. (4)
Since R, is the complement of B, we have

§(Ro) > m' —1— A(By[I]) > (1 —3y4)m' —1 > 0.999m’ — 1.



Step 2: Application of Theorem 2.6. Since the partition ¢ is an equipartition and m <
np - 1074, we have |V;| > [n/m]| > 10*/p — 1 > TK — 3. Write

w:Uw

1€l

Choose a bijection ¢ : [m'] — I, and write V; = V,(4) for a € [m/]. The sets V/,...,V, form
a partition of V7, satisfying |V/| > 7K — 3 for every a € [m/]. The K-reduced graph associated
with G[V7] and this partition is isomorphic to Ry. Taking n = 0.999 and applying Theorem 2.6,
we obtain a set W C V7 such that G[W] is do-rigid, where dy = [0.499m/]. Since v = 1077,
m' > (1 —2y7)m, m > 107%np — 1, and np > 10°%, we have dy > d. Thus G[W] is d-rigid.
Moreover,

Vi~ W| < 4K for every i € I. (5)

Step 3: The rigid set is large. We next show that |W| > 0.9n. By (4), the discarded index
set [m] \ I has size at most 2,/ym. Since each part has size at most n/m + 1,

\V\VH§2¢%nG3+1):2¢ﬂn+n032¢ﬂ1+urﬂn<1oﬁn (6)
m
Also, by (5), and using m’ < m, K < 100/p+ 1 < 200/p and m < np-10™%, we get

D Vi W] < 4Km < 4(200/p)np - 10~ = 0.08n. (7)
el

Since W C Vi, we have [W|=n— |V V| = >
and (7), we get [W| > 0.9n.

ier |Vi ~ W|. Combining this identity with (6)

Step 4: Absorption. Let S O W be a maximal set such that G[S] is d-rigid. Then [S| >
[W|>09n. Put U =V~S. If U = @, there is nothing to prove. Otherwise, by the maximality

of S and the 0-extension property (Lemma 2.4), each vertex in U has less than d neighbours in
S. Hence, e(U, S)/|U| < d. On the other hand, since G is a (p, §)-jumbled graph, we have

_ e(U, S S n
10 %p >d > (|U’)2p\5\—ﬂ ||U|’20.9np—6 m
We obtain )
s 2
< < .
1= (g = o7 ) < 26/
So |S| > (1 —2(B/(np))?)n, as wanted. O

The proof of Theorem 1.4 follows as a simple corollary of Theorem 1.6.

Proof of Theorem 1./. We may assume that » > 1, as otherwise the statement is trivial. Let
c1 = 10721 and ¢y = 1079, as in the proof of Theorem 1.6. Let G = (V, E) be an (n,r, \)-graph
with A < ¢17, and put p = r/n and § = A. By Theorem 2.2, G is (p, 5)-jumbled with 5 < ¢inp.
Thus, by Theorem 1.6, there is S C V such that |S| > (1 — 2¢?)n > n/2 and G[S] is d-rigid for
d = |canp| = |cor]. If d = 0, there is nothing to prove. By Lemma 2.3,

(G) > (r—N)/2> (1—ci)r/2 > d.

Therefore, by Lemma 2.5, G is d-rigid, as wanted.

10



6 Applications

6.1 Random regular graphs

We use the following spectral estimate for random regular graphs. Here A(G) denotes the
maximum absolute value of the non-trivial adjacency eigenvalues of G.

Theorem 6.1. Let 1 < r = r(n) < n satisfy nr even, and let G ~ Gy, ,. Then A\(G) = O(\/r)
whp.

For an asymptotically sharp estimate in the range 1 < r < ~yn, for some absolute constant
v > 0, see Sarid [27].

Proof. For 1 <r <mn/2, the estimate is recorded after Theorem A of Tikhomirov—Youssef [31],
where it follows by combining their theorem with the earlier sparse estimates cited there. For
r>n/2,put s=n—1—r<n/2. If s =0, then G = K,, and A\(G) = 1. Otherwise, let H be
the complement of G, so that H ~ G, 5, and let x be an eigenvector of G with eigenvalue p # r.
Since G is regular, x is orthogonal to the all-ones vector. Writing Aq, Ay for the adjacency
matrices of G, H and J for the all-ones matrix, we have Ay = J — I — Ag, and hence

Apgr=(J —1—-Ag)r = (—1—p)x.

Thus «x is an eigenvector of H with eigenvalue —1 — pu. Therefore A(G) < 1+ A(H). Applying
the case s < n/2 to H gives A\(H) = O(y/s) whp, and since s < r, we get \(G) = O(\/r)
whp. O

Proof of Corollary 1.7. Let c1,co > 0 be the constants from Theorem 1.4. By Theorem 6.1,
there is an absolute constant Cy such that A(G) < Cy/r whp. Choose R so large that Cy/+/r <
1 for every r > R. Choose ¢ > 0 such that ¢ < ¢y and ¢cR < 1. If r < R, then [cr| = 0, and
the assertion is vacuous. If r > R, then Theorem 6.1 gives \(G) < ¢1r whp, so Theorem 1.4
gives that G is whp |cor|-rigid, and hence also |cr]-rigid. O

6.2 Further applications

Proof of Corollary 1.8. Put C = n/(9s). Starting with V(G), repeatedly delete a nonempty set
A of at most s vertices whose external neighbourhood in the current graph has size less than
C|A|. Fewer than s vertices are deleted: otherwise, when the deleted set D first has size at
least s, we have s < |D| < 2s, and summing the corresponding inequalities gives |[Ng(D)| <
C|D| < 2n/9. But the s-connector property gives |[Ng(D)| > n — |D| —s >n—3s > 2n/9, a
contradiction.

Let U be the set left by the process, and write H = G[U]| and N = |U|. Thus |U| > n—s, and
N (A)| > C|A| whenever |A| < s. If s < |A] < N/(2C), then the s-connector property gives
INp(A)| > N —|A|—s> N/2 > C|A|; here we used N >n—s > 7ls and N/(2C) <n/(2C) =
9s/2. Moreover, N/(2C) > 4s > s, so the s-connector property also gives an edge between
every two disjoint sets of size at least N/(2C). Hence H is a C-expander. Finally, C' > 8 and
N>n—s+1>n/s=9C, so Theorem 1.2 shows that H is |[C/8] = [n/(72s)]-rigid. O

Proof of Corollary 1.9. Let G = (V, E) be an n-vertex f-connected graph. We first show that

G is a C/2-expander. Let @ # X C V satisty | X| < n/C. If N(X) =V ~ X, then |[N(X)| >

n/2 > (C/2)|X|. Otherwise, applying f-connectedness to A = X UN(X) and B =V \ X gives
IN(X)| = Cmin{|X|,n — [X] - [N(X)]}.

If the minimum is | X |, then |N(X)| > C|X]|. Otherwise, |N(X)| > n—2|X| > n/2 > (C/2)|X]|.
Thus the first condition in Definition 1.1 holds with expansion parameter C'/2.
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Now let X,Y C V be disjoint sets with | X|,|Y| > n/C, and suppose that there is no edge
between them. Set Z =V (X UY), A=XUZ, and B=Y UZ. Then f-connectedness gives

2] > Cmin{|X],[Y} > n,

a contradiction. Hence G is a C'/2-expander. Since C'/2 > 8 and n > 9C > 9(C/2), Theorem 1.2
shows that G is |C/16]-rigid. O

Acknowledgements. We thank Sahar Diskin for helpful discussions about this work.
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