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ABSTRACT
We study economic incentives for influencing selfish behavior in
networks. We consider a model of selfish routing in which the la-
tency experienced by network traffic on an edge of the network is
a function of the edge congestion, and network users are assumed
to selfishly route traffic on minimum-latency paths. The quality of
a routing of traffic is historically measured by the sum of all travel
times, also called the total latency.

It is well known that the outcome of selfish routing (a Nash equilib-
rium) does not minimize the total latency and can be improved upon
with coordination, and that marginal cost pricing—charging each
network user for the congestion effects caused by its presence—
eliminates the inefficiency of selfish routing. However, the princi-
ple of marginal cost pricing assumes that (possibly very large) taxes
cause no disutility to network users; this is only appropriate when
collected taxes can be feasibly returned (directly or indirectly) to
the users, for example via a lump-sum refund. If this assumption
does not hold and we wish to minimize the total user disutility (la-
tency plus taxes paid)—the total cost—how should we price the
network edges? Intuition may suggest that taxes should never be
able to improve the cost of a Nash equilibrium, but the famous
Braess’s Paradox shows this intuition to be incorrect.

We consider strategies for pricing network edges to reduce the cost
of a Nash equilibrium. Since levying a sufficiently large tax on an
edge effectively removes it from the network, our study generalizes
previous work on network design [22]. In this paper, we prove the
following results.

• In a large class of networks—including all networks with lin-
ear latency functions—marginal cost taxes do not improve
the cost of the Nash equilibrium.
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• The best-possible benefit from arbitrary taxes does not ex-
ceed that of edge removal. In every network with linear la-
tency functions, taxes cannot improve over removing edges.
There are networks with nonlinear latency functions, how-
ever, in which taxes are radically more powerful than edge
removal.

• Strong inapproximability results known for network design [22]
carry over to the problem of computing optimal taxes, prov-
ing this problem computationally intractable.

1. INTRODUCTION

Selfish Routing and Marginal Cost Pricing

We study economic incentives for influencing selfish behavior in
networks. We focus on a simple model of selfish routing, defined
by Wardrop [28] and first studied in the theoretical computer sci-
ence literature by Roughgarden and Tardos [26]. In this model, we
are given a directed network in which each edge possesses a latency
function describing the common delay experienced by all traffic on
the edge as a function of the edge congestion. There is a fixed
amount of traffic wishing to travel from a source vertex s to a sink
vertex t; as in earlier works, we assume that the traffic comprises
a very large population of users, so that the actions of a single in-
dividual have negligible effect on network congestion. The quality
of an assignment of traffic to s-t paths is historically measured by
the resulting sum of all travel times—the total latency. We assume
that each network user, when left to its own devices, acts selfishly
and routes itself on a minimum-latency path, given the network
congestion due to the other users. In general such a “selfishly moti-
vated” assignment of traffic to paths (a Nash equilibrium) does not
minimize the total latency; put differently, the outcome of selfish
behavior can be improved upon with coordination.

The inefficiency of selfish routing motivates the introduction of
economic incentives to ensure that selfish behavior results in a so-
cially desirable routing of traffic. An ancient idea—discussed infor-
mally as early as 1920 [20]—is to use marginal cost pricing. The
principle of marginal cost pricing asserts that on each edge, each
network user on the edge should pay a tax equal to the additional
delay its presence causes for the other users on the edge. Assuming
that all network users choose routes to minimize the sum of the la-
tency experienced and the taxes paid, this principle ensures that the
resulting Nash equilibrium achieves the minimum-possible total la-
tency [3]. Briefly, the inefficiency of selfish routing can always be
eradicated by pricing network edges appropriately.
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Figure 1: Braess’s Paradox

The following observation motivates our work: the principle of
marginal cost pricing is single-minded in its pursuit of a minimum-
latency flow, and ignores the disutility to network users due to (pos-
sibly very large) taxes. This assumption is only appropriate when
collected taxes can be feasibly returned (directly or indirectly) to
the network users, for example by refunding taxes equally to all
users (a “lump-sum refund”). In this paper, we are interested in
settings where this assumption is not reasonable. For example, re-
funding the collected taxes to network users could be logistically
or economically infeasible, or taxes could represent quantities of a
non-monetary, non-refundable good such as time delays.

If we wish to minimize the total user disutility (latency plus taxes
paid)—a quantity we call cost—rather than merely the total latency,
how should we price the network edges?

Braess’s Paradox and the Power of Taxes

Intuition may suggest that taxes, which can only increase the disu-
tility incurred by users along an s-t path, could never improve the
cost of a Nash equilibrium. A famous example that we describe
next, called Braess’s Paradox and shown in Figure 1, shows this
intuition to be incorrect [5].

Each edge of the network in Figure 1 is labeled with its latency
function, giving the delay incurred by traffic on the link as a func-
tion of the fraction of the traffic that uses the link. In the (unique)
Nash equilibrium, all traffic uses route s → v → w → t and expe-
riences two units of latency. On the other hand, if half a unit of tax
is levied on edge (v, w), then in the Nash equilibrium half of the
traffic uses each of the routes s → v → t and s → w → t. In this
Nash equilibrium, everyone experiences latency 3

2
and no taxes are

paid; this outcome has cost 3

2
and is clearly superior to the original

Nash equilibrium in the absence of taxes.

It is illuminating to study the edge taxes that are dictated by the
principle of marginal cost pricing for the network of Figure 1. As
it turns out, these taxes are 1

2
on edges (s, v) and (w, t) and 0 on

the other three edges. With these taxes, we obtain the same Nash
equilibrium as in our previous solution with taxes (and thus all traf-
fic experiences latency 3

2
); however, all traffic must also pay 1

2
unit

of tax. This solution thus has a cost of 2, and it seems evident that
the previous solution should be preferred over marginal cost taxes
in this example.

The potential power of taxes in decreasing the disutility experi-
enced by selfish network users, together with the failure of marginal

cost pricing to minimize this disutility, motivate the central ques-
tions that we study in this paper:

(1) Are marginal cost taxes ever a good idea for minimizing the
cost of a Nash equilibrium?

(2) A sufficiently large edge tax effectively removes the edge
from the network, and the power of removing edges to im-
prove a Nash equilibrium is well understood in the context
of network design [22]. Taxation is thus at least as powerful
as edge removal; when it is strictly more powerful?

(3) Can we compute or approximate optimal taxes efficiently?

Our Results

Our contributions on these three questions are as follows.

• While marginal cost taxes can dramatically improve the cost
of a Nash equilibrium in specific examples, we show that in
a large class of networks—including all networks with linear
latency functions—such taxes do not improve the cost of the
Nash equilibrium.

• We prove that the maximum-possible benefit due to edge tax-
ation is no more than what can be achieved, in the best case,
via edge removal.

• For networks with linear latency functions, we show the fol-
lowing stronger statement: in every such network—not merely
worst-case examples—taxes cannot decrease the cost of a
Nash equilibrium beyond what can be achieved by removing
edges from the network. By contrast, we show that in general
there are networks in which taxes can radically improve over
the best subgraph solution.

• We show that most of the very strong inapproximability re-
sults known for network design [22] carry over to the prob-
lem of computing optimal taxes. As a consequence, essen-
tially the best-possible polynomial-time heuristic for the prob-
lem, unless P = NP , is to assign no taxes at all.

These results are summarized in Table 1. Determining the maximum-
possible benefit of taxes and the (in)approximability of the prob-
lem of computing optimal taxes requires only reasonably straight-
forward extensions of previous work on network design [22]; all
other results of this paper require new constructions and proof ap-
proaches.

Related Work

The model of selfish routing studied in this paper was first defined
in the 1950’s by Wardrop [28], and has been extensively studied
ever since. It has been generalized in multiple directions that we do
not explore here, such as in the literature on congestion games [21,
25], potential games [17], and summarization games [14]. In addi-
tion, several recent papers have proposed new game-theoretic ideas
to better model distributed and asynchronous networks in which
players have little information about their strategic environment,
such as the Internet [10, 18, 27]. For further discussion and refer-
ences on these topics, see [24].

We make no attempt at a detailed survey of previous work on the
optimal pricing of resources, and instead refer the reader to [6, 13]
for recent collections of surveys on pricing by the transportation



Problem Studied Linear General
Can marginal cost taxes help? no yes
Maximum benefit of taxes 4/3 n/2
Taxes better than network design? no yes
Approximability of optimal taxes 4/3 [ω(n1−ε), n/2]

Table 1: Contributions of this paper. All results depend on
the class of allowable edge latency functions; for simplicity, we
list only our results for networks with linear latency functions
and for networks with general latency functions. The benefit of
taxes is measured by the ratio in Nash flow cost before and after
taxes are levied. Approximability refers to the best-possible ap-
proximation ratio achievable by a polynomial-time algorithm,
assuming P 6= NP .

science literature, and to [16] for an overview on approaches to
optimal pricing in welfare economics. The transportation science
community has long realized that marginal cost taxes may cause
users to pay more than is necessary (see e.g. [4, 12]), but has appar-
ently neglected the idea of incorporating the amount of taxes paid
into the definition of social welfare. The more general problem of
using taxation to optimize the sum of user utilities has been ex-
tensively studied by economists (see e.g. [16]), although not with
the same emphasis on worst- and best-case performance guarantees
and on computational efficiency that characterizes our work here.
In the networking literature there are numerous papers on pricing
networks (see e.g. [15]), but this body of work has not studied the
model of selfish routing considered in this paper. Finally, our ap-
proach is similar in spirit to work of Archer and Tardos [1, 2] on
“frugal mechanisms”—mechanisms (such as auctions) that solve
an optimization problem in an incentive-compatible way, and also
make use of only moderate incentives.

The paper closest to the present work is that of Roughgarden on
designing networks for selfish users [22]. Indeed, the central ques-
tions of [22], which concern the maximum-possible benefit from
and the algorithmic complexity of removing edges from a network
with selfish routing, can be viewed as a special case of some of
the problems considered here (with edge taxes restricted to be ei-
ther 0 or +∞). Our work in this paper extends some of the results
from [22] to the setting of more general taxes, and in addition tack-
les some problems that have not been previously considered, such
as determining the benefits of marginal cost taxes and separating
the power of taxes from that of edge removal.

Organization

In Section 2 we formally define our traffic routing model and re-
view useful results from past works. In Section 3 we ask if marginal
cost pricing can improve the cost of selfish routing; we resolve this
question in the negative for networks with linear latency functions,
and in the affirmative for general networks. In Sections 4 and 5 we
ask if the power of taxes exceeds that of edge removal. In Section 4
we adapt previous work on network design [22] to show that the
best-possible improvement due to taxes cannot exceed that of edge
removal. In Section 5 we show that taxes never improve over the
best solution achievable by removing edges in networks with lin-
ear latency functions, but can be radically more powerful in general
networks. Finally, in Section 6 we ask whether optimal taxes can
be efficiently computed; we answer this question in the negative by
extending known inapproximability results for network design [22]
to the problem of computing optimal taxes.

2. PRELIMINARIES

2.1 The Model

We follow the notation and conventions of Roughgarden and Tar-
dos [26]. We study a single-commodity flow network, described by
a directed graph G = (V, E) with source vertex s and sink vertex
t. We allow parallel edges but have no use for self-loops. We de-
note the set of simple s-t paths by P , and we assume that this set is
nonempty. A flow is a function f : P → R+; for a fixed flow f we
define fe =

�
P :e∈P

fP as the amount of traffic using edge e en
route from s to t. With respect to a finite and positive traffic rate r,
a flow f is said to be feasible if

�
P∈P

fP = r.

The network G suffers from congestion effects; to model this, we
assume each edge e possesses a nonnegative, continuous, nonde-
creasing latency function `e that describes the delay incurred by
traffic on e as a function of the edge congestion fe. The latency of
a path P in G with respect to a flow f is then given by `P (f) =�

e∈P
`e(fe). The quality of a flow is historically measured by its

total latency L(f), defined by

L(f) ≡ �
P∈P

`P (f)fP = �
e∈E

`e(fe)fe,

with the equality proved by writing `P (f) as a sum over edges and
reversing the order of summation. We will call a flow minimizing
L(·) optimal or minimum-latency.

Finally, we will allow a set of nonnegative taxes {τe}e∈E to be
placed on the edges of a network G. We will write τP =

�
e∈P

τe

for the total taxes on a path P . The cost C(f, τ ) of a flow f in a
network with taxes τ is the total disutility caused to network users,
accounting for disutility due to both latency and taxes:

C(f, τ ) ≡ �
P∈P

[`P (f) + τP ]fP = �
e∈E

[`e(fe) + τe]fe.

The functions L(·) and C(·, τ ) coincide if and only if τ = 0.1

We will call a triple (G, r, `) an instance, and will use the notation
(G, r, `+τ ) to denote an instance in which taxes τ have been levied
on the edges of G.

2.2 Flows at Nash Equilibrium

We assume that noncooperative behavior results in a Nash equili-
brium—a “stable point” in which no traffic has an incentive to uni-
laterally alter its strategy (i.e., its route from s to t). We also assume
that all agents seek to minimize the sum of the latency experienced
and the tax paid.2 We therefore expect that, in a flow at Nash equi-
librium, all traffic is routed on paths with minimum-possible la-
tency plus tax. Formally, we have the following definition.

Definition 2.1 A flow f feasible for (G, r, ` + τ ) is at Nash equi-
librium or is a Nash flow if for all P1, P2 ∈ P with fP1

> 0,

`P1
(f) + τP1

≤ `P2
(f) + τP2

.

1In several previous papers on selfish routing (without taxes), such
as [23, 26], the terms total latency and cost were used synony-
mously.
2This assumption, while classical, is obviously quite strong. In
general, we expect different agents to have different objective func-
tions and to trade off time and money in different ways; this ob-
jection raises several interesting issues that are the subject of our
ongoing work [7].



In Section 5, we will make use of the following alternative defini-
tion of Nash flows.

Proposition 2.2 ([22, 24]) Let f be a flow feasible for (G, r, `+τ ).
For a vertex v in G, let d(v) denote the length, with respect to edge
lengths `e(fe) + τe, of a shortest s-v path in G. Then f is at Nash
equilibrium if and only if, for all edges e = (v, w), either fe = 0
or d(w) − d(v) = `e(fe) + τe.

An immediate consequence of Proposition 2.2 is that the property
of being at Nash equilibrium is a property only of the flow vector
on edges {fe} induced by a flow f , rather than on the particular
path decomposition.

Corollary 2.3 Suppose f, f̃ are flows for (G, r, ` + τ ) with fe =

f̃e for all edges e. Then f is at Nash equilibrium if and only if f̃ is
at Nash equilibrium.

Flows at Nash equilibrium enjoy several nice properties. We first
consider the existence and uniqueness of Nash flows.

Proposition 2.4 ([3, 9, 26]) Every instance (G, r, ` + τ ) admits a
flow at Nash equilibrium.

Proposition 2.5 ([3, 9, 26]) If f, f̃ are flows at Nash equilibrium
for (G, r, ` + τ ), then:

(a) `e(fe) = `e(f̃e) for all edges e;

(b) C(f, τ ) = C(f̃ , τ ).

The next proposition states that all paths used by a Nash flow have
the same combined latency and tax (this is immediate from Defini-
tion 2.1), and that the cost of a Nash flow is therefore expressible
in a very simple form.

Proposition 2.6 If f is at Nash equilibrium for (G, r, ` + τ ), then
there is a constant c ≥ 0 with `P (f) + τP = c whenever fP > 0.
Moreover, C(f, τ ) = r · c.

We adopt the notation c(G, r, `+τ ) for the value of the constant c in
Proposition 2.6 for instance (G, r, `+τ ), which is uniquely defined
by Propositions 2.4 and 2.5. Our final proposition states that, for
fixed G, `, and τ , the value of c(G, r, ` + τ ) is nondecreasing in r;
this fact was proved by Hall [11] and we will use it in Section 3.

Proposition 2.7 ([11]) The value c(G, r, ` + τ ) is nondecreasing
in r.

3. WHEN DO MARGINAL COST TAXES
HELP?

In this section we study the cost of applying the principle of marginal
cost pricing. Recall that this principle posits that each user should
pay a tax equal to the additional delay other users experience be-
cause of its presence. Mathematically, this principle asserts that in
a flow f feasible for instance (G, r, `), the tax τe assigned to edge
e should be τe = fe · `′e(fe) where `′e denotes the derivative of `e

(assume for simplicity that the latency functions are differentiable).

The term `′e(fe) corresponds to the marginal increase in latency
caused by one user on the edge, and the term fe is the amount of
traffic that suffers from this increase. Marginal cost taxes come
with the following guarantee, which is classical (see [3, 9, 24] for
proofs).

Proposition 3.1 Let (G, r, `) be an instance with differentiable la-
tency functions admitting minimum-latency flow f∗. Let τe =
f∗

e · `′e(f
∗
e ) denote the marginal cost tax for edge e. Then f∗ is

at Nash equilibrium for (G, r, ` + τ ).

In words, marginal cost taxes induce the minimum-latency flow as
a flow at Nash equilibrium.

Proposition 3.1 gives an effective way to minimize the total latency
of a Nash flow with edge taxes. But how effective are marginal cost
taxes when we also account for the disutility to traffic due to taxes?
Our next theorem identifies a reasonably large class of networks—
networks in which all latency functions are linear, with the form
`(x) = ax + b—in which marginal cost taxes are guaranteed to be
unnecessary, if not detrimental. While the theorem does not hold in
general networks (see Remark 3.4 below), we trust that it illustrates
the dangers of marginal cost pricing in settings where minimizing
the total latency is not the sole goal of taxation.

Theorem 3.2 Let (G, r, `) be an instance with linear latency func-
tions and τ the corresponding marginal cost taxes. Let f and f τ

be Nash flows for (G, r, `) and (G, r, ` + τ ), respectively. Then,

C(f, 0) ≤ C(fτ , τ ).

PROOF. Let (G, r, `) be an instance with linear latency func-
tions, admitting minimum-latency flow f∗ and Nash flow f . Write
`e(x) = aex + be for each edge e. The principle of marginal cost
pricing dictates that τe = f∗

e · `′e(f
∗
e ) = aef

∗
e .

Define the modified latency function `∗e by `∗e(x) = 2aex+be. The
functions ` + τ and `∗ are not identically equal, but the identity
`∗e(f

∗
e ) = 2aef

∗
e + be = `e(f

∗
e ) + τe holds on every edge. It

follows that fτ is at Nash equilibrium not only for the instance
(G, r, ` + τ ), but also for the instance (G, r, `∗). Moreover, in the
notation of Proposition 2.6, c(G, r, `∗) = c(G, r, ` + τ ).

We next claim that f/2 is at Nash equilibrium for (G, r/2, `∗)
with c(G, r/2, `∗) = c(G, r, `).3 To see why, we note that since
`e(x) = aex + be and `∗e(x) = 2aex + be, edge and path la-
tencies with respect to f/2 in (G, r/2, `∗) and with respect to
f in (G, r, `) are identical. That f is a Nash flow for (G, r, `)
then implies that f/2 is at Nash equilibrium for (G, r/2, `∗), with
c(G, r/2, `∗) = c(G, r, `).

Combining the two equalities of the previous paragraphs with an
application of Proposition 2.7, we obtain

c(G, r, `) = c(G, r/2, `∗) ≤ c(G, r, `∗) = c(G, r, ` + τ );

the theorem now follows from Proposition 2.6.

Remark 3.3 Theorem 3.2 concerns only networks with linear la-
tency functions, but it is easily extended to networks in which, for
some fixed p ≥ 0, every edge e has a latency function of the form

3This claim was in essence proved in [26].



aex
p + be with ae, be ≥ 0. It is not clear if Theorem 3.2 extends

to networks with arbitrary polynomial latency functions.

Remark 3.4 There are n-node networks with more exotic latency
functions in which marginal cost taxes decrease the cost of a Nash
flow by as much as an n/2 − ε factor, for arbitrary ε > 0. This
construction makes use of the Braess graphs of [22] (see also Sub-
section 5.2), and is omitted.

4. HOW POWERFUL ARE ARBITRARY
TAXES?

In this section we study the following question: how much can the
cost of a Nash flow improve after levying taxes on the edges? As
we will see, a precise answer to this question follows easily from
previous work on network design with selfish routing [22].

The maximum-possible benefit from taxes will depend crucially on
the type of network latency functions that we allow. This depen-
dence is characteristic of much of the work on selfish routing [24];
indeed, we have already seen a glimpse of such a dependence in the
previous section, where marginal cost pricing can help in general,
but not in networks with linear latency functions.

We will give two types of upper bounds on the maximum-possible
reduction in cost due to taxes, depending on the generality of the
network latency functions. The first two upper bounds are corollar-
ies of previous work bounding the price of anarchy [19], defined as
the largest possible ratio between the total latency of a Nash flow
and of a minimum-latency flow. The price of anarchy is a function
of the class of allowable latency functions, and this dependence is
by now well understood. For example, the following statements are
known (see e.g. [23] for further examples).

Proposition 4.1 ([26]) The price of anarchy in networks with lin-
ear latency functions is 4/3.

Proposition 4.2 ([23]) The price of anarchy in networks with la-
tency functions that are polynomials with degree at most p and
nonnegative coefficients is asymptotically Θ(p/ log p) as p → ∞.

Upper bounds on the price of anarchy translate directly to upper
bounds on the largest decrease in cost achievable with taxes: at
best, taxes replace the Nash flow in the original network with the
minimum-latency flow, while causing no additional disutility to
network users. We therefore have the following corollaries.

Corollary 4.3 Let (G, r, `) be an instance with linear latency func-
tions and τ a tax on edges. Let f and fτ be Nash flows for (G, r, `)
and (G, r, ` + τ ), respectively. Then L(f) ≤ 4

3
· C(fτ , τ ).

Corollary 4.4 For some constant c1 > 0 the following statement
holds for p ≥ 2: If (G, r, `) is an instance with polynomial latency
functions with degree at most p and nonnegative coefficients, τ is
a tax on edges, and f and fτ are Nash flows for (G, r, `) and
(G, r, ` + τ ), respectively, then L(f) ≤ c1

p

log p
· C(fτ , τ ).

Roughgarden [22] gave a family of networks in which deleting
edges can dramatically improve the total latency of a Nash flow.
As we have noted, sufficiently large taxes can always simulate edge
deletions and the examples of [22] thus translate directly into our

setting. In particular, these examples imply that the bound of Corol-
lary 4.3 is best possible, and that Corollary 4.4 is sharp up to a
constant factor.

In networks with more general latency functions, the price of anar-
chy is unbounded, even restricting attention to two-node, two-link
networks. However, while a bounded price of anarchy is sufficient
for a bound on the largest-possible benefit of taxes, it is not neces-
sary. Indeed, with no assumptions whatsoever on network latency
functions (other than continuity and monotonicity), we can still ob-
tain an upper bound that is a function of the network size.

Theorem 4.5 Let (G, r, `) be an instance with n vertices and τ
a tax on edges. Let f and fτ be Nash flows for (G, r, `) and
(G, r, ` + τ ), respectively. Then

L(f) ≤ � n

2 � · C(fτ , τ ).

The proof of Theorem 4.5 is a straightforward extension of an argu-
ment from [22, Thm 4.1] proving the weaker statement that deleting
edges from a network can improve the total latency of a Nash flow
by at most an bn/2c factor, and we omit it. Examples from [22]
again show that the bound of Theorem 4.5 is best possible.

5. ARE TAXES MORE POWERFUL THAN
EDGE REMOVAL?

In Section 4, we saw that there is a strong connection between the
power of taxation and the power of edge removal. Specifically,
we found that for several natural classes of networks (with poly-
nomial latency functions, or with general latency functions), the
maximum-possible reduction in cost achievable by levying taxes
on edges is the same as that from removing edges from the net-
work. We have therefore resolved in the negative, for these classes
of networks, the “extremal” version of the following question: are
taxes strictly more powerful than edge removal? However, we have
not resolved whether taxes can ever improve over solutions obtain-
able by removing edges. We study this issue in this section. In
Subsection 5.1 we show that in every network with linear latency
functions, taxes cannot improve the Nash flow more than the re-
moval of some set of edges. By contrast, in Subsection 5.2 we
show that in general networks, taxes can improve the Nash flow
far beyond what is achievable by merely deleting edges from the
network.

5.1 The Power of Edge Removal for Networks
with Linear Latency Functions

In this subsection we consider only networks with linear latency
functions (latency functions of the form `(x) = ax + b), and show
that taxes are never more powerful than edge removal for these net-
works. To state this formally, we will say that a set τ of taxes
for the instance (G, r, `) is 0/∞ if, for some Nash flow f τ for
(G, r, `+τ ), τe = 0 or fτ

e = 0 for each edge e. We note that 0/∞
taxes are no more powerful than removing edges from the network,
since if τ is 0/∞ then c(G, r, ` + τ ) = c(H, r, `), where H is
the subgraph of G consisting of the edges with zero tax. A tax is
optimal for an instance (G, r, `) if it minimizes c(G, r, ` + τ ) over
all nonnegative tax vectors τ .

Theorem 5.1 An instance with linear latency functions admits an
optimal set of taxes that is 0/∞.



PROOF. The proof of this result is somewhat involved. To avoid
considering an arbitrary network with linear latency functions, our
proof argues by contradiction and studies a minimal counterexam-
ple; as we will see, the minimal counterexample must possess sev-
eral convenient properties that facilitate the argument.

Suppose the theorem is false, and choose a counterexample in-
stance (G, r, `+τ ) having as few edges as possible, admitting Nash
flow fτ with C(fτ , τ ) smaller than the cost of any Nash flow with
a set of 0/∞ taxes. We next claim that this minimal counterexam-
ple must possess several nice properties.

Claim: The following properties hold for the minimal counterex-
ample (G, r, ` + τ ):

(1) fτ
e > 0 for all edges e ∈ E.

(2) There is a constant cτ such that `P (fτ ) + τP = cτ for all
s-t paths P of G.

(3) A flow f is at Nash equilibrium for (G, r, ` + τ ) if and only
if fτ

e = fe for all edges e.

(4) The graph G is directed acyclic.

(5) For every pair v, w of vertices in G, there is at most one
v-w path of G comprising only edges with constant latency
functions.

Proof Sketch of Claim:

(1) If fτ
e = 0, then deleting e from G yields a counterexample

with fewer edges.

(2) By property (1), we can choose a path decomposition f of
{fτ

e } with fP > 0 for all paths P ∈ P; the claim now
follows from Corollary 2.3 and Proposition 2.6.

(3) The “if” direction is Corollary 2.3. For the “only if” di-
rection, suppose f is another Nash flow for (G, r, `) with
{fτ

e } 6= {fe}. Since all latency functions are linear, Propo-
sition 2.5(a) implies that fτ and f differ only on edges with
a constant latency function. By Proposition 2.2, every affine
combination of {fτ

e } and {fe} that yields a nonnegative vec-
tor on edges corresponds (after a path decomposition) to some
Nash flow for (G, r, `). An appropriate affine combination
yields a Nash flow f̃ with f̃e = 0 for some edge e; as in (1),
this contradicts the minimality of (G, r, `).

(4) Since every instance admits an acyclic Nash flow [22], this
follows immediately from properties (1) and (3).

(5) If there are two v-w paths P1 and P2 containing only edges
with constant latency functions, then by property (1) and
Proposition 2.2 we can transfer flow from one to the other
to obtain a Nash flow f̂ with {f̂e} 6= {fτ

e }; this contradicts
property (3).�

We now return to the proof of Theorem 5.1. Among all optimal
taxes for the minimal counterexample (G, r, `), choose a tax τ
minimizing

�
e∈E

τe. It is not obvious that such a minimum ex-
ists; this requires a technical argument, making use of properties

(1)–(5), that we defer to Appendix A (see Proposition A.1). Since
(G, r, `) is a counterexample instance,

�
e τe > 0; we will show

that this leads to a contradiction by a perturbation argument.

Write `e(x) = aex + be for each edge e of G. The equations

�
e∈P

[aefe + be + τe] = c

for all P ∈ P , together with the standard flow conservation con-
straints for f , form a system of equations linear in the m + 1
variables {fe} and c (where m is the number of edges in G). By
property (3) of (G, r, `), ({fτ

e }, c
τ ) is the unique solution to this

system, with flow nonnegativity constraints automatically satisfied
(indeed, strictly). Choosing m+1 linearly independent constraints
with at least one constraint corresponding to a path with nonzero
tax, there is a square linear system

A

�
f
c � = d

for which {fτ
e }, c

τ is the unique solution, namely A−1d.

Let τẽ > 0 be a positive edge tax appearing in this linear system
(necessarily as part of the right-hand side d). Consider perturbing
this tax by subtracting a small number ε > 0. This translates to
a perturbation of adding ε to the right-hand side of all constraints
corresponding to paths that include the edge ẽ. Since f τ

e > 0 for all
edges e, for perturbations sufficiently close to 0 the new Nash flow
is given by ({f̃e}, c̃) = A−1d̃, where d̃ is the old right-hand side
d following the perturbation. Since τ is an optimal tax minimizing�

e
τe, subtracting ε > 0 from τẽ must produce a non-optimal tax.

By Proposition 2.6, it follows that cτ < c̃. By linearity, however,
the opposite perturbation of adding ε to τẽ has the opposite effect,
producing a tax τ̂ inducing a solution ({f̂e}, ĉ) with ĉ < cτ . This
contradicts the optimality of cτ , and the proof is complete.

5.2 The Power of Taxes in General Networks

In the previous subsection we saw that, in networks with linear la-
tency functions, taxes never improve over the best solution attain-
able by removing edges from the network. In this subsection we
will demonstrate that this fails in general: in fact, for each value
of n ≥ 2, there is an n-node network in which general taxes can
improve upon 0/∞ taxes by an bn/2c factor. With this result, we
will have a good understanding of the relationship between taxes
and edge removal in general networks. Briefly, removing edges
can improve the Nash flow by an bn/2c factor [22, Prop 4.2], taxes
can improve a Nash flow by an bn/2c factor beyond what is achiev-
able by removing edges (Theorem 5.2 below), but their combined
power (or equivalently, the power of taxes) cannot improve a Nash
flow by more than an bn/2c factor (Theorem 4.5).

Theorem 5.2 For each integer n ≥ 2, there is an instance (G, r, `)
with c(H, r, `) = bn/2c for all subgraphs H of G but c(G, r, ` +
τ ) = 1 for some tax τ ≥ 0.

PROOF. The construction is similar to that in an inapproxima-
bility result for network design [22, Thm 4.3]. We can assume that
n is even (for n odd, add an isolated vertex or subdivide an edge)
and at least 4. We will make use of the Braess graphs, introduced
in [22, §4.2]. The kth Braess graph Bk = (V k, Ek) is defined as
follows: start with a set V k = {s, v1, . . . , vk, w1, . . . , wk, t} of
2k + 2 vertices and define Ek by {(s, vi), (vi, wi), (wi, t) : 1 ≤
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Figure 2: The second and third Braess graphs

i ≤ k} ∪ {(vi, wi−1) : 2 ≤ i ≤ k} ∪ {(v1, t)} ∪ {(s, wk)}
(see Figure 2). We will work with the Braess graph Bk for which
2k + 2 = n.

We define latency functions ` on the graph Bk as follows.

(A) Edges of the form (vi, wi) receive the latency function `(x) =
0.

(B) Edges of the form (vi, wi−1), (v1, t), (s,wk) receive a la-
tency function ` satisfying `(x) = 1 for x ≤ 1/(k + 1)
and `(x) = n/2 for x ≥ 1/(k + 1) + ε, where ε > 0 is a
sufficiently small constant.

(C) Edges of the form (wi, t) or (s, vk−i+1) receive a latency
function ` satisfying `(x) = 0 for x ≤ 1 + 1/(k + 1),
`(1 + 1/k) = i, and `(x) = n/2 for x ≥ 1 + 1/k + ε.

We will call edges of the form (vi, wi) type A edges, and so forth.
If a type B edge carries at least 1/(k+1)+ε units of flow or a type
C edge carries at least 1+1/k+ε units of flow, we will say that the
edge is oversaturated. A simple but important observation is that if
a Nash flow oversaturates an edge in (H, r, `) for some traffic rate
r and subgraph H of Bk, then c(H, r, `) ≥ n/2.

To describe flows in Bk in a convenient way, we require further
notation. For i = 1, . . . , k, let Pi denote the path s → vi →
wi → t. For i = 2, . . . , k, let Qi denote the path s → vi →
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Figure 3: Proof of Theorem 5.2 when k = 3. Solid edges
carry flow in the flow at Nash equilibrium, dashed edges do
not. Edges are labeled with their cost (sum of latency and tax),
where latencies are with respect to flows at Nash equilibrium.

wi−1 → t; define Q1 to be the path s → v1 → t and Qk+1 the
path s → wk → t.

If we put a tax τ of 1 on each edge of the form (vi, wi) and 0 else-
where, then the following flow is at Nash equilibrium for (Bk, k +
1, `+ τ ): 1 unit of flow is assigned to each of P1, P2, . . . , Pk, and

1

k+1
units of flow are assigned to each of Q1, Q2, . . . , Qk+1 (see

Figure 3(a)). This Nash flow proves that c(Bk, k + 1, ` + τ ) = 1.

To finish the proof, we must show that c(H,k + 1, `) ≥ n/2 for
every subgraph H of Bk; this requires a bit of case analysis. If H
is all of Bk, then c(H,k + 1, `) = n/2 because routing 1 + 1/k
units of traffic on each of P1, P2, . . . , Pk provides a flow at Nash
equilibrium (see Figure 3(b)). This is equally true if H only omits
edges eschewed by this Nash flow—the type B edges.

So suppose H omits some type C edge. If edge (s, vi) is not in
H , then any flow in H must oversaturate some edge incident to s,
provided ε > 0 is sufficiently small. Thus c(H, k + 1, `) ≥ n/2 if
H omits a type C edge incident to s. A symmetric argument applies
to subgraphs H that omit a type C edge incident to t.



Finally, suppose H omits some type A arc, say (vi, wi). The vertex
vi then has at most one outgoing edge in H , which must be a type B
edge. If this edge is not oversaturated, then the edge (s, vi) carries
at most 1/(k + 1) + ε units of flow; as in the previous paragraph,
this implies that some edge incident to s is oversaturated. In either
case, c(H, k + 1, `) ≥ n/2 and the proof is complete.

6. THE COMPLEXITY OF COMPUTING OP-
TIMAL TAXES

In this section, we study the optimization problem of computing the
optimal taxes for a network—taxes that minimize the cost of the en-
suing Nash flow. We will see that, as in Section 4, the (in)approximability
of this problem is easily resolved by extending previous work on
network design [22]. Unfortunately, we will discover that this op-
timization problem is intractable in a strong sense.

The maximum-possible benefit achievable with taxes, as determined
in Section 4, has immediate consequences for the performance guar-
antee of the trivial algorithm—the algorithm that assigns all edges
zero tax.

Corollary 6.1 The trivial algorithm is a:

• 4

3
-approximation algorithm for the problem of computing the

optimal tax in networks with linear latency functions

• Θ(p/ log p)-approximation algorithm for the problem of com-
puting the optimal tax in networks with latency functions that
are polynomials with degree p and nonnegative coefficients

• bn/2c-approximation algorithm for the problem of comput-
ing the optimal tax in n-node networks with arbitrary latency
functions.

Roughgarden [22] gave several inapproximability results for the
problem of computing the best 0/∞ taxes (equivalently, computing
the subgraph admitting the best Nash flow). Using the same con-
structions of [22] and somewhat more involved arguments, most of
these inapproximability results can be extended to the problem of
computing optimal taxes.

Theorem 6.2 Unless P = NP , for ε > 0 there is no

• ( 4

3
− ε)-approximation algorithm for the problem of comput-

ing the optimal tax in networks with linear latency functions

• o(p/ log p)-approximation algorithm for the problem of com-
puting the optimal tax in networks with latency functions that
are polynomials with degree p and nonnegative coefficients

• O(n1−ε)-approximation algorithm for the problem of com-
puting the optimal tax in n-node networks with arbitrary la-
tency functions.

Remark 6.3 It is interesting to note that the construction of the
strongest inapproximability result known for network design [22,
Thm 4.3], stating that optimal 0/∞ taxes are hard to approximate
to within an bn/2c − ε factor in networks with general latency
functions, cannot be used to prove negative results for computing
more general taxes. We leave open the question of whether some
variant of this construction, or some other proof approach, can be
used to prove a lower bound of bn/2c on the approximability of
computing optimal taxes in general networks.
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APPENDIX

A. PROOF OF THEOREM 5.1

In this appendix we complete the proof of Theorem 5.1. It will
be convenient to abuse notation and, with respect to an instance
(G, r, `), to write C(τ ) for C(fτ , τ ), where fτ is at Nash equi-
librium for (G, r, ` + τ ). We note that C(τ ) is well defined by
Proposition 2.5(b).

To complete the proof of Theorem 5.1, it suffices to prove the fol-
lowing proposition. By the minimal instance, we mean the minimal
counterexample from the proof of Theorem 5.1. Recall that an op-
timal tax is one that minimizes C(τ ).

Proposition A.1 Let O denote the set of optimal taxes for the min-
imal instance. Then the infimum infτ∈O

�
e τe is attained by some

tax τ .

To prove Proposition A.1, we require two technical lemmas. The
first states that bounded taxes suffice to minimize the cost of a Nash
flow.

Lemma A.2 Let (G, r, `) be the minimal instance. Let G have n
vertices and define `max = maxe∈E `e(r). If τ ≥ 0 is a tax, then
there is a tax τ̃ with maxe τ̃e ≤ n`max and C(τ̃) ≤ C(τ ).

PROOF. Let τ be any tax for (G, r, `), with f τ at Nash equilib-
rium for (G, r, ` + τ ). We next show how to decrease taxes while
leaving fτ at Nash equilibrium.

By property (4) of the minimal instance, G is directed acyclic and
we can therefore topologically sort the vertices of G so that all
edges of G travel forward. Since f τ

e > 0 on all edges of G (prop-
erty (1) of the minimal instance), s is the first vertex in the ordering
and t is the last. Beginning with the penultimate vertex and pro-
ceeding backwards in the vertex ordering, we perform the follow-
ing operation for each vertex v 6= s: if τv ≥ 0 is the minimum
tax on any edge with tail v, subtract τv from the tax on each edge
with tail v and add τv to the tax on each edge with head v. This
operation does not affect the total tax on any s-t path nor the cost
of any flow and leaves fτ at Nash equilibrium. When the source
s is reached, subtract τs from the tax on all edges with tail s; fτ

remains at Nash equilibrium and its cost can only decrease. Call
the new set of taxes τ̃ . We have already argued that C(τ̃) ≤ C(τ );
it remains to show that maxe τe ≤ n`max.

We first observe that the tax-reducing operations ensure the follow-
ing property: every vertex other than t has an outgoing edge with
zero τ̃ -tax. From this, it follows that an entire s-t path, say P0, has
zero τ̃ -tax. By property (2) of the minimal instance,

`P (fτ ) + τ̃P = `P0
(fτ )

for all paths P ∈ P . Since `P0
(fτ ) ≤ n`max, no edge tax in τ̃

can exceed n`max, and the proof in complete.

The second technical lemma asserts continuity of the map τ 7→
C(τ ).

Lemma A.3 The map τ 7→ C(τ ), with respect to the minimal in-
stance (G, r, `), is continuous.

PROOF. Property (3) of the minimal instance ensures that the
map τ 7→ {fτ

e } is uniquely defined. Property (5) and a result of
Dafermos and Nagurney [8, Thm 3.1] imply that this map is con-
tinuous. The lemma then follows easily.

Proof of Proposition A.1. We first claim that O, the set of optimal
taxes for the minimal instance, is not empty. This is tantamount
to showing that the infimum infτ≥0 C(τ ) is attained. Let B de-
note the taxes with all components bounded by n`max, where n
is the number of vertices of G and `max = maxe∈E `e(r). By
Lemma A.2, infτ∈B C(τ ) = infτ≥0 C(τ ). Since B is a compact
subset of RE and C is continuous by Lemma A.3, the infimum in
infτ∈B C(τ ), and hence in infτ≥0 C(τ ), is attained.



It remains to show that the infimum infτ∈O

�
e
τe is attained. By

Lemma A.2, there is some optimal tax τ ∈ O with
�

e∈E τe ≤
mn`max where m is the number of edges of G. Since O is the
inverse image of a closed set under a continuous map (write O =
C−1(C(τ )) for some τ ∈ O), it is a closed subset of RE . Re-
stricting O to taxes with sum of all components at most mn`max,
we obtain a nonempty compact subset S of optimal taxes. Since
τ 7→

�
e τe is a continuous function, its attains a minimum on S;

this must also be its minimum on O, and the proof is complete.


