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Abstract

The [BCG17] paper introduced a new primitive which can be used to derandomize two-sided
error algorithms, Pseudo-random pseudo-distributions(PRPDs). This is a generalization of pseudo-
random generators such that one may assign negative or unbounded weights and not necessarily
work with a probability distribution. In this thesis we aim to simplify and provide new analy-
sis for the [BCG17] paper which shows a construction of a PRPD against (n, w)-ROBP with seed
length O(log?(n) +log(1/€) +log(w) - log(n)). The best known PRG in the general unrestricted case
has seed-length O(log(n) - log("2*)) (INW94] [Nis92]), hence when log(1/¢) > log(n) the [BCG17]
construction is strictly better.
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1 Introduction

Randomized algorithms are algorithms that employ a degree of randomness as part of their logic,
these algorithms are usually modelled as probabilistic turing machines and understanding how
randomness affects computation is a major question in computational complexity theory. The
study of derandomization asks under what circumstances and how could you "derandomize” such
randomized algorithms, that is make equivalent algorithms that use little or no randomness, and
how this derandomization affects the algorithm’s running time or the amount of space it uses.

It is widely believed that randomness does not add significant computational power to space-
bounded or time-bounded machines. In this thesis we focus on the area of space-bounded deran-
domization, meaning that we aim to transform randomized algorithms which have some bound
on the amount of space they use to deterministic (or at least less random) space bounded al-
gorithms. A major open question in this field is whether BPL = L, where L is the set of all
languages decidable by logarithmic space turing machines, and BPL is the set of all languages
decidable by a probabilistic logarithmic space turing machine, note that L C BPL is obvious, in
the other direction [Nis92] proved that BPL C DSpace[log®(n)] and more recently Saks and Zhou
in [SZ99] showed: BPL C DSpace[log!®(n)] which is the strongest inclusion currently known.

1.1 Pseudo-random distributions

The study of derandomizing space bounded algorithms is usually done by considering the non-
uniform model of read once branching programs (ROBP).

Definition 1.1. (ROBP) an (n, w)-ROBP is a directed graph with n + 1 layers, each such layer consists of
w vertices where one of the vertices of the last layer is the “accept” vertex, and one of the vertices of the first
layer is the "start” vertex. Each vertex in the graph, except those in the last layer, has two outgoing edges
to the next layer labeled by 0 and 1.

Given input x € {0,1}" an (n, w)-ROBP computes by starting from the "start” vertex and then proceeding
by following the edges of the ROBP according to the bits of x. For a (n,w)-ROBP B and x € {0,1}" we
define B(x) as the vertex the ROBP ends it’s computation on, if B(x) = accept we say the ROBP accepts
x, otherwise we say it rejects x.

The connection to space bounded random turing machines stems from the fact that a space
s random machine can be simulated by an (n, w)-ROBP with n,w = 29(), Thus derandomizing
ROBPs yields a derandomization for space bounded turing machines.
An approach to derandomizing ROBPs is to find some distribution of small support that “looks
random” to any such ROBP.

Definition 1.2. (Pseudo-random distribution) an (n,w, €)-pseudo-random distribution is a distribution
D over {0,1}" such that for every length n, width w ROBP B, it holds that:

|Pry~u, [B(x) = accept] — Pry.p[B(x) = accept]| < e

Notice that derandomizing space bounded machines using a pseudo-random distribution with
small support is fairly easy, we can just go through any string in the support and simulate the
machine, getting an ¢ approximation of the acceptance probability of the machine given a truly
random string, hence if the machine is a BPL machine (for instance BPL[%, %]) and assuming
e< %0 then this approximation is greater than 3 if and only if the input is in the language.
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1.2 INW generator

Before showing the INW generrator we consider a very naive construction of a pseudo-distribution
to illustrate the intuition behind the INW construction. First we need to define the tensor product
of two distributions:

Definition 1.3. (Tensor product) For two distributions A, B over {0, 1}" we define the distribution A® B.
This is a distribution over {0,1}*" and has support size |support(B)| - |support(A)|, where for every
a; € support(A),b; € support(B) the distribution gives a; o b; (here o stands for concatenation) with
probability «; - 3; where o, B; are the probabilities of a; and bj accordingly.

The construction is then given by using this product inductively, we start from P - the uni-
form distribution over {0,1}, and define: P+ = P @ P, Note that P\ is actually the

uniform distribution over {0, 1}2Z and in particular plog(n) jg an (n,w, e)-pseudo distribution
with e = 0. The idea behind the INW construction is to derandomize this tensor product using
samplers, and then using this derandomized tensoring recursively just as here.

We now show an equivalent variation of the INW generator constructed with samplers, for the
original construction see [INW94]. Throughout this subsection we will assume the reader is fa-
miliar with samplers, for the formal definition see section 3 in this thesis, more on samplers can
be found in [Gol11].

Definition 1.4. (Derandomized tensoring) For two distributions A, B over {0,1}" and a left reqular bi-
partite graph G = ([|Support(A)|], [|Support(B)|], E) with degree D, we define the distribution A og B.
This is a distribution over {0,1}*" and has support size |E| = D - |support(A)|, where for every edge
e = (i, j) the distribution gives a; o b; (here o stands for concatenation) with probability % where «; is the
probability of getting a; from the distribution A. Note that when G is the complete bipartite graph and B is
uniform this is exactly the same as tensor product.

Now we’ll construct the pseudo-random distribution inductively. As earlier define P(*) as the
uniform distribution over {0,1}, and P! = P og P where G is some (g, §)-sampler, note
that P is a distribution over {0, l}ze. The intuition behind the product P) o5 P is that due
to the properties of G this distribution will be very close to PO & PO while having support
D - |Support(PY)| instead of |Support(P®))|2. This allows the resulting distribution have much
smaller support compared to the uniform distribution from earlier, yet still be a pseudo-random
distribution (instead of a completely uniform one).

By theorem 3.3 we know there exists an (¢, §)-sampler with degree d = O(6~1-£72), we will choose
0 = e throughout this construction. Straightforward error analysis shows that the error of this con-
struction at the ¢'th level is £(¢) = O(2°-w - §), hence choosing § = O(%) implies that P1°8(") is an
(n,w,e')-pseudo-random distribution. For the size analysis, denote s(¢) = |Support(P’)|, we get
s(€) = s(¢ — 1) - O(673), hence s(£) = O(6=3), so finally we get: s(log(n)) = O(("2)°e(")) and the
seed length is: O(log(n) - log(™7)).

In fact this is the best known pseudo-random distribution (in terms of seed-length) in the general
case, setting ¢ < £ in this pseudo-random distribution implies BPL C Dspace [log?(n)] via the
naive derandomization method presented earlier.



1.3 Pseudo-random pseudo distributions

One key aspect of the [BCG17] construction is that instead of constructing a pseudo-random dis-
tribution, they relaxed the requirement of being a distribution and introduced a new object called
pseudo-random pseudo-distribution. this construction has some similarities with the INW con-
struction we mentioned but it is much more complex. One of the main ideas in the [BCG17] con-
struction was that instead of recursively using the same “expensive” sampler with low error (like
in INW), they broke it down and used a series of samplers with growing precision G1, Ga, ..., G,
where G}, is the most expansive one. and instead of simply computing P() oi, P they broke it
down to a telescopic sum:

j210) oa, pO) — p oG, p) L p© oG, P _ p) e pO L . pl oa, p _ p oG -1 pO

Here you can think of P() o, P as the first fragment of the distribution serving as a baseline
approximation of )20 e PO And for r > 1, the r'th fragmentis P; og, P; — P; og,—1 Pj serving
as a correcting term bringing the approximation closer to P) og, P(), with each correcting term
getting less and less significant. This allows to store the distribution in fragments such that their
combination gives the distribution but you maintain them ordered by their significance. Note that
in this telescopic representation some distributions come with a minus sign, and this forces us to
deal with distributions that have "negative probabilities” in some sense, That’s where pseudo-
distribution come in and allow to take advantage of this telescopic presentation.

Definition 1.5. ((n, w, €)-pseudo-random pseudo distribution) A pseudo-distribution over A with sup-
port Cis A = {(ac, x¢) }.cc where a. € R and z. € A. We say a pseudo-distribution is (n,w, €)-pseudo-
random if for every (n,w)-ROBP B, it holds:

| Z - 1B(z,) — Pre~uv, [B(z) = accept| < ¢
ceC

Where 1p(,,) is the indicator function to whether B(x.) = accept.

Note that pseudo-random pseudo distributions are as good as classical distributions for the
naive derandomization method. As we may simply sum the weights of the accepted words and
get an ¢ approximation of the probability of the machine accepting given a truly random string.
The main result The [BCG17] paper achieves is:

Theorem 1.6. (Main Result) For every integers n,w > 1 and 0 < ¢ < 1/n, there exists a (n,w,¢)-
Pseudo-random pseudo distribution with seed-length:

O(log?(n) +log(1/€) + log(w) - log(n))
Note that this is strictly better than the [INW] result when log(1) = w(log(n)). The goal in this
thesis is to show the [BCG17] construction in a relatively clean and simple way.

1.4 The BCG construction

In this subsection we will briefly discuss the [BCG17] construction and explain what was done
in this thesis in comparison. this construction is incredibly complicated and we will omit and
over-simplify a lot of details in this subsection. The main object we focus on will be sequences



of A + 1-pseudo distributions indexed by {0, 1,..., A}, the idea is that these pseudo-distributions
will be ordered by decreasing significance to the resulting pseudo-distribution. This construc-
tion will be similar in spirit to INW as we will define some product rule for those sequences of

pseudo-distributions and use it inductively to build P(*) = {Po(e), Pl(e), ce Pf(f) }. The heart of the
construction is how this product was defined, namely how to define P out of PO,

e Assume that for every i,j € {0,1,..., A} we have a sequence of samplers G},j, Gij e ,Gfij
(note that £ might be dependant on i and j) with increasing precision.

) )

e Foreveryi,j € {0,1,..., A} look at the telescopic representation of PZ.(K og, P;’ as men-

tioned earlier. This gives us k pseudo distribution whose union is exactly Pz.(g) oG, PJ.(K), the
first of those is PZ.(E) oG, Pj(g) and for r > 1 the 7’th one is:

P,

r—1 7

Pi(ﬁ) o, Pj(ﬂ) _ Pi(g) oG
Repeating this process for every i, j € [A] we get a large pool of pseudo-distributions, let us
denote them by: F; ;,, we will focus on this set of pseudo-distributions.

e A naive way to define the product is to simply ignore that P(®) is ordered by significance and
group all these pseudo-distributions together. Note that since for every ¢, j the combination

of all the pseudo-distributions created from PZ-(Z) and Pj(z) will be exactly Pi(e) oG, Pj(f), This
will be equivalent to the INW generator.

e Instead we will use the fact that P(¥) is ordered by significance. Moreover for every i < A

we will assume some bound on the significance of Pi(e) which depends on . This means
we would have to order the pseudo distributions P, ;, by their significance in the resulting
distribution. As a result we have to fix a significance function s(4, j,r) > 0 which tells us
how significant P, ;. is.

e This significance function dictates the construction, for every a < A we form piY by
grouping together all the P, ;, such that s(i, j,r) = a. Note that pseudo-distributions P, ; ,
with s(4, j,7) > A are thrown away at this stage as they are too insignificant.

e Note that the significance function s(i, j, ) has to uphold that the significance of P, ;, is
indeed bounded as s(i, j, ) implies it is. Of course this significance heavily depends on the
parameters of the relevant samplers. To prove that this is indeed the case is where we need

()

J

to use that the significance of Pi(g) and P;"’ is bounded.

Actually sequences of pseudo-distributions aren’t subtle enough and the actual objects used in the
construction are sequences of sequences of pseudo-distributions (we will view them as sequences
of distributions over pseudo-distributions - or d.p.ds for short). And in fact we measure the signif-
icance of d.p.d’s and not simply pseudo-distributions. Note that there are many “moving parts”
in this construction, namely the function s(3, j, ) should be chosen as well as the parameters of
the samplers used throughout and the parameter A. These parameters interact and affect each
other in complicated manner making the analysis of the construction fairly lengthy and technical.



1.5 What was done in this thesis

The analysis in [BCG17] goes roughly as follows. First they fix some family of samplers to use
throughout the construction and then determine what should s(i, j, ) be to maintain some bound
on the significance. This leads to a very technical analysis and results in the rather complicated
expression:

i+ J Ifr=0
s(ijr) = max(i,j) + 2" If r > 0and min{i,j} =0
DT TN 2r2 max(i, ) If r > 0 and |logi| = |log ]

max(i,7) + (2"3) - min(i,5) Ifr > 0and [logi] # |logj].

This complicates the [BCG17] paper making it more difficult to follow. Moreover, this hardly tells
anything about how the sampler quality (as measured by ¢ and ) affects the construction.

In this thesis we aim to analyse the construction as cleanly and simply as possible, trying to
illuminate how the different parameters affect each other. Before we begin we:

e We define the significance measure. Conceptually, this is done in an almost identical way
to [BCG17]. For a d.p.d A - a distribution over 2" pseudo-distributions each of them we
identify with their corresponding transition matrix. We define the significance of A as:
Eiepor) || Ai || o- For comparison in [BCG17] the significance measure used is: — log(E;c[or)[|| A (=)

e We choose the function s(3, j, ). We choose what we believe is a natural function:
s(i,g,r) =1i+j+r

As mentioned, the analysis in [BCG17] leads to a function s(i, j, ) that grows exponentially
with r» which might seem quite arbitrary, this is essentially a byproduct of the (¢, §) parmeters
they fixed for the samplers. Note that in both our function and in the [BCG17] paper it holds
that s(i,5,0) =i + j.

As s(i,7,r) is a measure of significance, the above two choices imply constraints on the re-

quired quality (e, d) of the different samplers, so that we indeed have: signi ficance(Py)) < A®
for every ¢, where A < 1 is some parameter we discuss soon. This is where most of the technical
work is done. The constraints we get are roughly:

As(i,j,r)fmax(i,j)
Wi < , .
“007) < P 5 304
and:
As(i,j,r)—max(i,j)
o(i,j,7r) < —— .
(:0:r) S 52 304
We show (in Section 8) that using samplers with parameters within those constraints leads to

getting that PU1°8(")) is a (n, w)-pseudo-random pseudo-distribution with error w?- (A +1)7A18(n) .
AA,
Now, we can determine the value of the mystery parameter A. To get error € we:

e Since A > 1 we get that the error is at least w?® - 274108(")~10g(1/A)-4/4 Thig implies that
log(1/A) = Q(log(n)). More precisely we choose log(1/A) to be O(log(n) - log(log(w/e)) +
log(w)), and,



log(w/¢) ).

e to get error e we choose A = O(log(l/A)

The size analysis now gives that the seed-length of P(1°¢(")) jg:
O(A -log(1/A) +log(n) - log(1/A)) = O(log?(n) + log(1/e) + log(w) - log(n)).

the same as in the [BCG17] paper.

We now explain the relationship between the parameter A we have, and a somewhat mysteri-
ous parameter g in the [BCG17] construction. The main object in our construction is what we call
a cube. A cube is a sequence of A + 1 ”d.p.d”s (distributions over pseudo-distributions) ordered
by decreasing significance with the ith d.p.d. having at most approximately A’ significance. The
main object of the [BCG17] construction is a (k, g, w)-leveled matrix representation (LMR). These
(k, g, w)-LMRs are sequences of k + 1 d.p.ds such that the i'th d.p.d. is zero if i { g, and otherwise
has insignificance at least approximately i.

As explained before, significance k in our measure, translates to about significance — log(k)
insignificance in the [BCG17] measure. Thus, a d.p.d with significance A’ in this thesis translates
roughly to one with insignificance ¢ - log(1/A) and vice versa. The [BCG17] paper insignificance
rises only in jumps of g. Since the i - g’th d.p.d in the (k, g,w)-LMR has insignificance roughly
i - g we essentially see that log(1/A) = g. Thus, we replace the (k, g, w)-LMRs with sequences of
k/g + 1 d.p.ds and we do not need any more the requirement that insignificance rises in jumps of
g.

Thus, the mysterious g is equivalent to the parameter A we have. We need to choose A so
that the error is satisfied, and before we saw that A has to be at least 2(log(n)). This forces the
final output length to be Q(log? n). Finding a way to relax this parameter will probably lead to the
seminal result of an explicit pseudo-random pseudo-distribution with seed length o(log? n).

2 Preliminaries

For a w x w matrix B:
w

1Bl = 1| Bl = max(Y_|Bi;
i€|w] =

),

and || B||maz = max; jep)(|Bij]). All sets are multi-sets, i.e., elements may appear with multiplicity.
For an integer n, [n] = {1,...,n}.
3 Samplers

Definition 3.1. Let 0 < €,0 < 1, A left-reqular bipartite graph G = (L, R, E) is an (e, §)-sampler if for
every f : R — [0, 1] for all but é-fraction of vertices v € L it holds that:

| Everw) f(w) = Everf(w) || <e.

We first check that samplers for functions f : R — [0, 1] give also good samplers for arbitrary
functions f : R — [a, b]:
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Claim 3.2. Leta > b > 0. Let G = (L, R, E) be an (e, 0)-sampler. Then for every function f : R — |a, b]
and for all but §-fraction of vertices v € L, it holds that:

’EwGF(U)f(w) - EwGRf(w)‘ <e- (b - (Z).

Proof: Define a function h : R — [0,1] by h(w) = % As G is an (e, 0)-sampler, for all but
d-fraction of vertices v € L it holds that:

|Ewerw)yh(w) — Ewerh(w)| < e.

Therefore, for all but §-fraction of vertices v € L we have:

fw) —a . fw)-a

|Ewer(v) b—a weRﬁ| <k
as desired. -
Theorem 3.3. ([(GW97]) For every integer nand all €, § > 0, there exists an (e, §)-sampler BSamp(n, €, ) =
(L, R, E), with |L| = |R| = n, having degree d = O(65~ ' - e72).

Theorem 3.4. ([Zuc06]) There exists a universal constant ¢ > 1 such that the following holds. For all
integers l,r and all €,6 > 0 for which | > /&%, there exists an (e, 8)-sampler UBSamp(l,r,€,8) =
([1], [r], E), with degree d = (log(6~1) - e1)c.

4 Pseudo-distributions, d.p.ds and cubes

Definition 4.1. (Pseudo-distribution) A pseudo-distribution over A with support C'is A = {(ac, Tc)} e
where o, € Rand x. € A. The support size is |C|. If o is clear from the context then we omit it. If o, > 0
foreverycc Cand . oc =1, wesay Ais a distribution.

Definition 4.2. (d.p.d) A;,c = {Ai};cppr) is ad.p.d. over A with |27| rows and |C| columns, if each A; is
a pseudo-distribution over A with support C. We denote Rows(A) = |2"| and Col(A) = |C|.
The acronym d.p.d. stands for distribution over pseudo distributions. We adopt the conven-

tion that we denote elements in A by small letters, pseudo-distributions by capital letters and
d.p.d.s by bold capital letters.

4.1 Operations on d.p.ds and pseudo-distributions

Next we define union and tensor of pseudo-distributions over A.

Definition 4.3. (Operations on pseudo-distributions) Suppose b € Rand A, A" are two pseudo-distributions

over A with support C, C’ respectively, i.e.: A = {(ac,x.)} A ={(al,, ) We define:

ce Yoeor

b-A = {(bOéchC)}ceO
A+ A" = {(ac,ze)}ec U {(O/c” :E/CI)}C’GC'

A®A, = {(ac'Oé/c’a'xC'x/c’)}c,C’ECXC/ ’

where - is an associative multiplication (e.g., if A is a set of strings, - may be string concatenation). Notice
that b - A is a pseudo-distribution over A with support C, A+ A’ over A with support C UC" and A @ A’
over A+ A ={z-2' |z, 2’ € A} with support C x C’.
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We also let A — A" denote A + ((—1) - A’). Notice that the tensor of two distributions is, again,
a distribution, but this is not the case with addition or subtraction.

Definition 4.4. (Operations on d.p.ds) Suppose A, c = {Ai}iE[Qr] and B, v = {B;}
d.p.d.s over A and b € R. Define:

ic[2r’] are two

o (bA)rc ={b- Ai}icppn-
* (A®B)ryroxer = {4 ® Birticior e

o Whenr =1', (A+cos B)rcucr = {Ai + Bi}icpr)- If it is clear from the context we denote +o15 by
+. If we add several d.p.ds we use the ¥ symbol.

Definition 4.5. (Row summation) Let {A;},_, be T d.p.ds, where A; has 2" rows and C columns. Sup-
pose
Tmax = MaAXT;.

We define ), A; to be a d.p.d. with T - 2"m= yrows and C columns, where each d.p.d. A; is repeated
2"maz Vi times (thus each d.p.d. A, is allocated 2"™+* rows).

4.2 Derandomized Tensoring

Definition 4.6. Suppose A, ¢ and B, cv are two d.p.d.s. Let G = ([2], 2" ], E) be a bipartite graph. We
let AogB be the d.p.d. Cig) ¢ xcr where for e = (i,i') € E we have C. = A; ® By.

Definition 4.7. Suppose A, c and B,/ ¢/ are two d.p.d.s. with r > r'. Let G = ([27],[2"],E) be a
bipartite graph with left reqular degree D where I'(i, d) is the d neighbour of i in E. We let AegB be the
dp.d. C,.oxcrx (D] where C; = % . Zde[D} A; ® Br,q)- The sum here is many 4+, operations.

Definition 4.8. Suppose A, c and B,/ ¢/ are two d.p.d.s. withr < r'. Let G = ([27],[2"],E) be a
bipartite graph with right reqular degree D' where T'(r’, d') is the d’ neighbour of v’ in E. We let AeB be
the dpd CT’,CXC’X[D’] Where Ci’ = ﬁ . Zd’E[D’} Al"(i/7dl) &® Bz‘/.

We assume for every two d.p.d.s A and B and every £’,4" > 0, we fixed a sampler G = (L =
Rows(A), R = Rows(B), E) that is an (¢/,¢") sampler over M. We let A o/ 5 B denote A o B,
similarly A e./ 5 B denotes A o B.

4.3 Telescopic tensoring

Definition 4.9. Suppose A,.c and B, cr are two d.p.d.s. Let Gy = ([27],[2"'], E1), G2 = ([27], [2"'], E2)
be two bipartite graphs on 2" x 2", G, with reqular left-degree Dy (for b = 1,2). Notice that (A eg,
B)T’,CXC’X[Dﬂ and (A o, B)T’,CXC’X[DQ]' We d@ﬁ?’le the dpd (A.G1702B)T,CXC’X(D1UD2) by

A.G1*G2B =A °c, B +cos (_A LJeN B)

Remark. Suppose A, ¢ is a d.p.d — note that by definition this d.p.d has 2" rows — but for every r' > r
we may assume, without loss of generality, that it has 2" rows. This is because we may duplicate each
row 27 =" times. We will do this transformation implicitly throughout the thesis (for instance, when doing
derandomized tensoring we might use graphs with more vertices on each side than rows in the d.p.d).
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4.4 Derandomized product of Cubes

Definition 4.10. (Cube) A cube is a sequence of d.p.ds and positive real coefficients. We denote it by
C = (o, Cz‘);A:o where each C; is a d.p.d. and o; > 0 is a real number, in which case we say that the cube C
has A + 1 layers.

Given two cubes: A = (aq, Aa)éf‘:0 and B = (B, Bb)?:o,
, two functions:
8,5 : [A]3 — RZO.

We define the cube:
A e,0 B = (’707 Cc)cA:()

So that their derandomized product is as follows:
e We define s : [A]*> — Nby:

s(a,b,k) = a+b+k

o Given 0 < ¢ < A we define:

Ne = {(a,b,k)|a,b,k >0,5(a,b,k) = c},
o. = {(a,b,k) € N.|k=0and min{a,b} =0},
{(a,b,k) € N.| k> 0or min{a,b} > 0}.

o, =
Definition 4.11. For every a,b € [A] we denote K, = max{k|s(a,b,k) < A}.
e For every (a,b, k) € N, define:

A O (a,,k),5(ab,k) Bb If (a,b, k) € o
Copr = Ay o (a,bk),5(abk) Bb If (a,b,k) € 0., k=0
Ay o (0 k),5(abk) Bb —cols Aa 9c(apk—1)5(abk—1) By If(a,0,k) €oc k> 1.

With this notation, for ¢ € [A] we let m, = max(,  1yen. (0 - By) and define

Qa - Bp
Cc = Z N 'Ca,b,kv
(a,b,k)EN, ¢
Ye = |Ne|-me

Where the sum here is row summation

5 Value, Average-norm and Max-norm

We fix a (possibly) non-commutative ring M over R equipped with a sub-multiplicative norm || - ||,
and a mapping val : A — M. We assume max,ey ||val(a) | = 1. Note that after fixing some
(n,w)-ROBP B we can for every o € X! (for i < n) think of the w x w transition matrix which
corresponds to o with regard to B and the norm will be the infinity norm.
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5.1 Value
Definition 5.1. (Value) The value of a pseudo-distribution A = {(cw, ¢) }oec 18
val(A) = Z ac - val(xe).
ceC

The value of ad.p.d. A = {Ai};cpor is

val(A) = ]EiE[QT] UCLZ(AZ)

Also define sum(A) =",

(2

val(4;), i.e., sum(A) = Rows(A) - val(A).
Claim 5.2. Let A, B be two pseudo-distributions. Then:

val(cA) = c-wval(A),

val(A+ B) = wal(A) + val(B),and,
val(A® B) = wal(A) - val(B).
Claim 5.3. Let A, ¢, By, ¢, be two d.p.d’s, we have:
val(cA) = c-val(A),

val(A®@B) = wval(A) - val(B),

U(Il(A +cols B) E; [Ual(Al + Bl)]

T | I
Ual(z A;) = T Zval(Ai).
i=1 i=1

Proof: We prove the last item. Let R; = Rows(A;) and Ry,q, = max; R;. Then, Rows(} , A;) =
T - Ripae and

val(A) + val(B),

T
Ual(z; A)= = Rows(lzi Tk i jox sum(A;) = % . ;val(Ai).
]
Claim 5.4.
val(AogB) = wval(A eg B) = E(; )cplval(A;) - val(By)]
val(A eg,_g, B) = wval(A e, B) —val(A eg, B).
Proof: We have
val(A og B) = Eqiepval(A; ® By) = Egiepval(4;) - val(By)]
val(A og B) — Eiev% val(Ugeip)Ai ® Bri.a) = Egoyeslval(A;) - val(By)]
]
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Definition 5.5. Let C = (v,, Ca)L, be a cube. The value of the cube is val(C) = ZaA:o Yaval(Cy).

Lemma 5.6. Let A = (a4, Ay)2_y, B = (B, Bb)?:() be cubes. Let C = A -. 5 B = (7., C.)A . Then,

val(C) = Z Qg+ By val(Ag ek, , Bp).
a,b:a+b<A

Proof: Keeping in mind that:

c. - ¥ “lho,,

(a,b,k)EN. ¢

Note that the sum here stands for row summation, and hence by definition each d.p.d in this sum
is duplicated such that every one of them has the same amount of rows,

hence we get by Claim 5.3:
1 o
val(C.) = . Z Qa P ~val(Cqgp i)
| Nel (a,b,k)EN, Me
And we continue:
1 Qg * /Bb
val(C.) = 1A . Z - ~val(Cqpk)
(a,b,k)EN.
= . ( Z Qe -val(Ag oo Bp) + Z %a By -val(Ag o0 By) +
‘Nc| me me
(a,b,0)€0c (a,b,0)ce,
S % (A, e By) — 2 al(A, e BY)).
me me
(a,bk)c0c,k>0
It therefore follows that
A
val(C) = Z’yc -val(C.) = Z aq - By - val(Ag ek, , Bp),
c=0 a,b:a+b<A
where we have used that val(A, o By) = val(A, e; By). ]

5.2 Max norm

Definition 5.7. The max norm of ad.p.d. A = {A;};cpr is

mn(A) = max || val(A,) || .
1€[27]
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Claim 5.8. (Max norm and basic d.p.d operations) Let A,., ¢, , By, ¢, be two d.p.d’s. We have:

mn(cA) = c-mn(A),
mn(A®B) = mn(A)-mn(B),
mn(A +es B) < mn(A) +mn(B),
mn(A +rows B) = max{mn(A),mn(B)},
mn(AogB) < mn(A)-mn(B),
mn(Ae;B) < mn(A)-mn(B)
mn(Aeg,_g, B) < 2-mn(A)-mn(B).

Proof: The first claims are almost immediate. For the last two claims:

mn(AogB) = max |val(4;)-val(By) || < mn(A) - mn(B)

e=(i,4’

Similarly, mn(A e¢ B) = max,

% -val(A,) - >orer(r) val(By) ‘ < mn(A)-mn(B).
For the last claim denote C = A e, _g, B, since the norm is sub-multiplicative we have for every
i € Rows(C):

[val(Cy) || [ val(A) || [ Ejnr,val(Bj) — Ejaryval(Bj) ||

< A
< Jval(A) | (| Ejur,val(By) || + || Ejur,val(By) |)
< mn(A)-2-mn(B)

5.3 Average Norm
Definition 5.9. (Average) The average norm of ad.p.d. A = {Ai};cor i
an(A) = Eicpor) || val(As) || -
By the triangle inequality:
Fact 5.10. Let A = {A;};cpor bead.p.d. Then, ||val(A) || = | Ejval(Ay) || < E; [|val(4;) || = an(A).
Claim 5.11. Let A, ¢, By, ¢, be two d.p.d’s. We have:

an(cA) = c-an(A),

an(A ®B) < an(A)-an(B),
an(A +.5s B) < an(A) + an(B),
T 1 T
A) = — A,
an(; ) T ; an(A;)
Proof: For the second item:
an(A®@B) = E;; (A® B) 1,1 E; i [ val(A;) - val(By )H

IN

Eszal( i) || - Ee Hval( Bir) || = an(A) - an(B).
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For the third line,
an(A +cos B) = E;||val(A;i + B;) || < E;||val(A;) || + ||val(B;) || = an(A) + an(B).

For the last item:

E;icr.2rmas

[ val(A:) ||

Eicrr[Ejeperman) | val((A:);) |I]

1 T
- > an(Aj)
i=1

Claim 5.12. Let A, ¢, B, ¢, be two d.p.d’s and €,6 > 0. Then,
an(Ae.;B) < an(A)-an(B)+6-mn(A) - mn(B)+e-mn(B)-an(A).

The same holds for an(A o, 5 B).

Proof: First note that:

cm(A L) B) = Ez

1
D
i €T (3)

The same also holds for A o, 5 B as:

an(A oz 5 B) = E(iinep || val(4i) - val(By) || < Ei[|val(A) || - Eyerg) || val(By) |

Z val(Ai & Bi/)

< Ei[[val(4) || - Everg) | val(Bi) ||

Define f : [2"'] = [0,mn(B)] by f(i') = || val(By) ||. Since G is an (e, §) sampler we get that except
for a set V of size at most § - 2", for every vertex i € [2"] \ V:

Ever (') ~ Euepr f(@)] < ¢ - mn(B).
For i € V we have the trivial bound [Eycr() f(i')] < mn(B). Altogether,

E; [|val(A:) || - Eyere f(i') <

<

Vi

— -mn

27‘

§-mn(A)-mn(B) +E; i

(A) - mn(B) + 5 3 [ val(A0) ||+ By F() + - mn(B))

gV
|val(A;) || - | val(By) || + & - mn(B) - E; [[val(4;) |

an(A) -an(B) + 0 -mn(A) - mn(B) + - mn(B) - an(A).

Lemma 5.13. Let A, B be two d.p.d’s, let 7 € (0, 1] and:

then:

€

<

<

an(B) - T

8mn(B)

an(A) -an(B) - T

8mn(A) -

an(A e, 5B) < an(A o.; B)

17
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Proof: Substituting € and 4 in the previous lemma we get:

an(Ae.sB) <an(Ao.;B) < an(A)-an(B)+6-mn(A) -mn(B)+e-mn(B)-an(A)
< an(A)-an(B)(1+27/8) < an(A) - an(B) - *™/®
< an(A)-an(B)-27
|
Lemma 5.14. Let A, B be two d.p.d’s such that Col(B) = 1 and all of his coefficients are 1 then:
an(A o5 B) < an(A)
Proof:
an(Ao.sB) = E;yl|val(A; ® By) | < E;||val(A;) || = an(A)
|

Lemma 5.15. Let A, B be two d.p.d’s and G1, Go be (e1,01), (€2, d2)-samplers correspondingly, such that
€1 < €9 and 51 < (52 then:

an(A g, g, B) < 4w? - mn(B)(ez - an(A) + mn(A) - &)
This is done assuming that the value function gives for every o € X a real w x w stochastic matrix.
Proof: First, note that for r € [Rows(A)]:
lval((A ocy—c, B)r) || < [lval(Ar) || || Ejury () [val(B;)] — Ejury(rlval (B;)] ||

now note that:

| Ejur,(r [val(B))] = Ejurymval(B)] || < w || Ejr, (ry[val(B))] — Ejurymylval(B)] ||,
< w(||Ejur, o [val(B))] — val(B) || ..
+ H EJNF2(T’) [,Ua’l(BJ)} - UGZ(B) Hma:p)

now for every «, 8 € [w],i € {1,2},r € [Rows(A)] define:
(1) = [Bjer,(y[val(By)la s — val(B)al

and also: €;(r) = maxa,ﬁ(ef’ﬁ(r))
so by the previous inequality we get:

| Ejmry () [val(B;)] = Ejury(nlval(By)] || < wlei(r) + ex(r))
now we define the function f, g : Rows(B) — [mn(B)], in the following way:

fap(r") = val(By)a,s

18



now since G, is an (¢, §;)-sampler there exists a set S™° C [Rows(A)] of size [S™°| > (1 —
8;) Rows(A) such that for every r € 5™ it holds that:

[, () [0al(By)a 5] = Eje rows(®)[val(Bj)a,sl| = € (r) < € - mn(B)
now we'll define the set S = ) 5_, (527 1 $5°%), note that:
IS| > (1 — (61 + d2)w?)Rows(A) > (1 — 25,w?)Rows(A)

and for every r € S:
61(7’) + 62(7“) < (61 + 62) . mn(B)

combining we get:

an(A oG, —c, B)

E,eRows(a) | val((A o, -G, B):) ||
Ererows(a)lll val(Ar) || - w(er(r) 4 €2(r))]

w(Ererows(a)lll val(Ar) || - (e1(r) + €2(r))|r € ST+ 2mn(A) - mn(B) - Prir ¢ 5])
w((ep + €2) - mn(B) - 2 an(A) + 2mn(A) - mn(B) - (20,w?))

4w? - mn(B)(ez - an(A) + -mn(A) - 53)

(VAN VAN VAN VAN

5.4 Error in one derandomization step

Lemma 5.16. Let A, ¢, and B,, ¢, be two d.p.d’s over A and let G = (R1, Ra, E) be an (e, §)-sampler
over M, then:

| val(A eg B) — val(A) - val(B) || < w - (¢ - mn(B) - an(A) 4 26 - w? - mn(A) - mn(B))

Proof: val(A og B) = val(A eg B) = E(; y1\cpval(A;) - val(By) = Eicprijval(A;) - Eyergyval (By).
Thus,

|val(A e B) —val(A)val(B) || = H Eicprval (Ai)Eyeryval (By) — Bicporyval (A;) - Eyepgrayval (Byr)
S Eie[QTl] H val(Al) || . H Ei/ep(i)val(Bi/) — Ei/e[Qm]val(Bi/) }

now note that for every i € [2"]:
H Ejr@[val(B))] — Ejnpzre) [val (B;)] H w H Ejr[val(B))] = Ejwpzra)[val(B;)] H

w(H ijl“(i) [Ual(BJ)] - Ual(B) Hmam

max

IN N

now we define the function f, g : Rows(B) — [mn(B)], in the following way:

fa,8 (2/) = Ual(Bi’)aﬂ

now since G'is an (e, §)-sampler there exists a set S*? C [Rows(A)] of size [S*?| > (1—J) Rows(A)
such that for every i € 5% it holds that:

IEjr@)[val(B))a,s] — Ejcrows®)[val(Bj)a,s]| < € - mn(B)
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. now we'll define the set S =, 5_; S8, note that:
1S| > (1 — sw?)Rows(A)

Combining everything we get:

| val(A g B) —val(A)val(B) || < E;e 2r1][|| val(A;) || - w H ijp(i)[val(B-)] —val(B) Hmm]
< Z |val(A;) || - € - mn(B Zmn -2mn(B))
i€S €S
< w-(e-mn(B)-an(A) + 20 - w? - mn(A) - mn(B))

Lemma 5.17. Let A = (g, Au)2y, B = (Ba, Ba)_, be two cubes , €,6 : {0,...,A}> — Rsq. Then:

|val(A .5 B) —val(A) -val(B) || < Z g - By w? - 26(a,b, Kop) - mn(A,) - mn(By)
a,b:a+b<A

+ Z g By w - 5(aa b, Ka,b) ’ mn(Bb) ) an(Aa)
a,b:a+b<A

+ Z aq - By - an(Ay) - an(Byp).

a,b:a,b<Aa+b>A

Proof: By Lemma 5.6

val(A-B)= Y g B-val(Ag ek, , By)

a,b:a+b<A

Hence:

val(A - B) — Z ag - By - val(Ay) - val(Byp)

a,b:a+b<A
< Z H g Bp-val(Ag er, , By) — aq - By - val(Ag) - val(By) H
a,b:a+b<A
< Z Qg Bp - w? - 26(a, b, Ka,b) -mn(Ag) - mn(Bp)
a,b:a+b<A
+ Z Qq - 51} Cw - E(CL, b7 Ka,b) ’ mn(Bb) ' (I’R(Aa)
a,b:a+b<A

where we have used Lemma 5.16. Also, by definition, val(A) = Eﬁzo aq - val(Ay,) and val(B) =
Sk o By - val(By) so

val(A) - val(B Z aq - By - val(Ayg) - val(Byp).
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So:

val(A) -val(B) = Y aa-By-val(Ag) -val(By) || < > aa - By || val(Ag) | - || val(By) ||
a,b:a+b<A a,b:a,b<A,a+b>A
< Z g - By - an(Ay) - an(By)

a,b:a,b<A,a+b>A

where we have used Fact 5.10 in the last inequality. ]

6 The Pseudo-random Pseudo-distribution (PRPD)

In this section, using the notion of derandomized cube tensoring, we will state the construction of
a PRPD over X" given ¥ and n as inputs. Throughout said construction we will make use of the
parameters A and A which we will fix explicitly only at the end of the thesis.

o We define A
€,0: UNC%RZO’
as follows: B
e(a,b,k) = { A9~(mﬁ(i,b)+k) g mgiﬁefi;sf -
R R

This somewhat arbitrary choice is justified by the bounds in claim 8.4.

e Given ¢ we construct the cube P with A layers where the a’th layer (for 0 < a < A)isa
d.p.d denoted (Pg))R@) o over Ay = {0, 1}2Z with R\ = Rows(Pg)) rows and Cols =

C (P,(f)) columns. We construct it inductively on ¢

e In the base case ¢ = 0. P is the following cube with A layers:

— For a = 0, the layer (P(()O))log(z),l is the d.p.d having ¥ rows, where row ¢ € X has a
single column (1, b).

— Foralla > 0, P is empty with no rows or columns.
Thus,

(4:0) . by IfCLZO
B {O Ifa>0

and

(E:O) _ 1 IfCLZO
Ca {0 Ifa>0
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e Now assume we have constructed Pg) for 0 < a < A. PELE) has R,(f) rows and Cols((f)
columns.
We let:
pU+1) — po) b 2108

and our desired pseudo-random pseudo-distribution will be P(1°8(") where the graphs we
use are taken from the family G, 5 1, which we will fix next.

e We define the graph family G, 1 which is used throughout the construction. This family

will be composed of (¢(a, b, k), d(a, b, k))-samplers of two types, balanced and unbalanced

10A-|loga]

samplers. In the next section we will prove that Rgf) < Al +0 for some constant

¢ > 2, keeping that in mind we will choose the samplers accordingly:

— When |loga| = [logb| we will use the balanced samplers from Theorem 3.3, namely
Goapre will be BSamp(A=¢(10Alogal+0) (g b k), 5(a,b, k)).

— Otherwise (assuming W.L.O.G |loga| > |logb]) we will use the unbalanced samplers
from theorem 3.4, namely G 1., will be:

UBSamp(Afc-(loA-Llog aJ+E)7 Afc-(loA-Llog bJH),g(a, b, k), (S(CL, b, k))

It’s important to note that these samplers come with a condition, it needs to hold that:

A—c-(lOA{logaj-M) > A—c'(10A~|_log l)J-i-f)/(é(a7 b, k)2>

This indeed holds as:

Afc-(loA-UongJrZ) . (1/5((17 b, k)Q) Afc-(loA-Llog b|+£)—20A
Afc-(loA-Llog b]+10A+2¢)

Afc-(loA- [log a]+¢)

ININ A

We denote the degree of G 1 ¢ by Deg,p 1 — we omit the £ since in both cases the degree
depends only on ¢(a, b, k) and d(a, b, k)

e From the construction we have the following recursions:

[ _ € ) )
R+ — Z Rydtany - DEGypy + Z R tan)
(a,bk)eoc (a,b,k)E0,

and

(+1) . 00 o0 O]
Cy max{(a’rl){l]géoc {Ca C, },(afgéoc {2 C,’ -Gy DEGa’b’k}}.

Using this we will analyze now the size of the construction.

22



7 Size analysis

To bound R((f) and Cc(f) we first need to bound the degrees of the samplers used in this construc-
tion, these bounds follow the choices we made for (a, b, k) and d(a, b, k).

Lemma 7.1. There exists a constant ¢, such that for every (a,b, k) € |J-, N. it holds that:

log(1/6(a,b,k)) < 1

()
e(a, b, k) ~ ‘e(a, b, k)
Proof: Firstly note that for every a, b, k € [A] we have:
1/6(a,b, k) < ATI0A
and on the other hand:
1/e(a,b,k) > A7
hence we get:
log(1/(a,b,k)) < log(A™%)

10A -log(1/A)
1/A <1/e(a,b, k)

ININ TN

Claim 7.2. There exists a constant cqey > 1 such that for all (i, j, k) € U?:o Ne:

. A9Cdeg Ifmin(a,b) =k =0
DEG(i.5:k) = { A9 (min(a,b)+k)-Caeq Otherwise.
Proof: First note that we chose:
A? If min(a,b) =k =0
e(a,b,k) = { A9 (min(a,b)+k) Otherwise.

By theorem 3.3 we know that the balanced samplers we used throughout the construction have
degree O((a, b, k)~3) since we chose in those cases §(a, b, k) = (a, b, k), hence there exists such a
constant c4., for the degrees of the balanced samplers.

For the unbalanced samplers we know by theorem 3.4 that their degree is bounded by (W )¢

for some constant ¢ > 1, hence by lemma 7.1 we get that the claim is true. 0
Now we move to bounding pr and Cg).

Claim 7.3. For every ¢ > 0 we have C’(()Z) =1.

Proof: We prove the claim by induction on ¢. The case ¢ = 0 is clear. Assume for ¢ we prove for
¢ + 1. For accuracy a = 0 the only suitable 4, j,r € Ny are those such that ¢ = j = r = 0. Clearly,

(0,0,0) € op. Hence, by induction, C’égﬂ) = C(ge) . Céﬁ) =1 ]
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Claim 7.4. There exist constants c,cy > 20¢geq, such that for every £ > 0 and 0 < a < A we have

C < (A)yTerelosl@) - gng,
RO < 3. AcCRA logal+0) _ 5 A—c(10A-loga) +0)

a

Proof: We prove by induction on /. Assume for ¢, let us prove for ¢ + 1.
For CC(LKH) let us divide for four cases:

1. First we consider the case where (i, j, k) € o4, i.e., k = min {i,j} = 0. Wl.o.g. assume i = 0.
Then O\ - €\ < €Y < A-erslos),

2. Next we consider the case where (i,7,k) € o, and k = 0 (this implies 7, j > 0), W.L.O.G
assume j > ¢ and we get:

Ci(ﬁ) . Cj(!) . DEG, ;1 < A—crilog(i) | A—e1j1og(i) | A—9edeqi < A—c1a-log(a)
Note that for the last inequality to hold it suffices to show:
c1-i-log(i) +c1 - j-10g(j) + 9I¢ieqg - < 1 - (i 4 7) - log(i + 7)
Re-arranging we get:

9deg -1 < 1 - (1 -log(1 + %) + 7 -log(1+ 3))

which holds for ¢; > 20ce4

3. Next we consider the case where (i, j,k) € o, and ¢ = j = 0 (this implies £ > 0), assuming
Jj = twe get:
2.0\ DEG, ;) < 2. A™%tesk < Ameralogla),

Note that for the last inequality to hold it suffices to show:

deg -k +1 < c1 - klog(k)

4. Next we consider the case where (i, j, k) € o, and only min(i, j) = 0. W.Lo.g. assume i = 0.
Then we get

2.0 CJ(.K) .DEGj, < 2+ A=cr10800) . A=9¢aegh < p—eralog(a)
Note that for the last inequality to hold it suffices to show:
c1-7-1og(j) +9cqeg -k +1<c1-(j+k)log(j+ k)
Re-arranging we get:
9deg -k + 1 Scl-(j-log(l—i—?)—i—k-log(j—i—k))

which holds for ¢; > 20cgeq
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5. Finally, consider the case where (i,j,k) € o, and all ¢, j and k are not equal to 0. W.lo.g.
assume j > i, hence we get:

9. C](K) ) CZ'(E) . DEGi,j,k < 2. A—cl-j-log(j) . A—cl-i-log(i) . A—9cdeg~(i+k)
< qu-a-log(a).
Note that for the last inequality to hold it suffices to show:
c1-7-log(j) +c1-i-10g(i) +9¢cieg - (i + k) +1 <ci-(i+j+k)log(i +j+ k)

Re-arranging we get:
. , Jt+k ) i+ k .
Ocieg (i K) +1 < ex- (i log(1+777) 4 j - log(1 + =) £ -log(i + + )

which holds for ¢; > 20cgeq

Hence in conclusion we get:

For Rg) we have that:
RMY =2 N RO42 N RY.DEG

(4.3,k)€0a,i>] (4,5,k)E0q ,i>j
< APy ACCTRRGTRR losaltl) o s A—e(CRGEAR llogal+0) | A ~9c4cqa/2
< 3.3 A—c.(%[logaﬁ%) ) A*gcdeg'a/Q
log(1/8min
< 5 A CHA ol
because A~%des > A3, and ¢ > 20cgeg. .

8 Error Analysis

8.1 Max-norm

Claim 8.1. For every ¢, mn(P((f)) <1.

Proof: We prove by induction. For ¢ = 0, we have mn(PéO)) < 1. Assume for /, and let us prove

for £ + 1. We have P(Hl) = P(e) 0§ P(e) and by what we have proved before mn P(ZH) <
0 0 %6 Fo y p 0
mn(Pée)) . mn(Pée)) <1 [ ]

Claim 8.2. Forevery 0 <c < A, mn(Pg)) < 2¢

Proof: For / = 0, we have mn(PgO)) < 1and mn(P((;O)) = 0 for ¢ > 0. Assume for ¢ and let us

prove for £+ 1. Fix ¢ > 0. We examine the pieces of mn(PgH)) one by one. The pieces are indexed

by a, b, k such that s(a, b, k) = c.
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e First, if kK = min {a, b} = 0. W.l.o.g. assume that @ = cand b = 0. Then,

(= B0 o, PY) < mn(PO) - mn(PY)) < 2
e Next we consider the case where k = 0and a + b = cand a,b > 1. Then:

(2B po) e s PY)

a
me

IN

mn(PY) . mn(Pl(f))

< 2(1'2():20

e Next we consider k > 1, note that herec > a + b + 1:

Qg -
(2o p® o, B — PO oy PL))

a a
me

IN

mn 2. mn(PY) - mn(Pl(f))

< 2a+b+l < 9¢

8.2 Average norm

We now want to bound an(Pg)). Throughout this subsection we will show bounds on the ¢, 6
parameters of the samplers, these bounds are the reason (or justification) for the choices we made
for these parameters in section 6.

Claim 8.3. For every ¢, cm(P((f)) < 1.

IN

Proof: We prove this directly, note that an(A) < mn(A) for every d.p.d A, hence we get: cm(P((f))
mn(P(()Z)) <1. -

Claim 8.4. Forevery 0 < c < A, an(Pg)) < Ac. 2(e=1)/20A

Proof: For ¢ = 0, we have cm(PE)O)) <1and an(Pgo)) = 0 for ¢ > 0. Assume for ¢ and let us prove

for ¢ + 1. Fix ¢ > 0. We examine the pieces of an(PgH)) one by one. The pieces are indexed by
a, b, k such that s(a, b, k) = c.

e First, if £ = min {a, b} = 0. W.Lo.g. assume that « = cand b = 0. Then by lemma 5.14 we get:

an(aa - By .pO 0e.s P(()é)) < an(P((f)) < AC.9(e=1)/20A

¢
me

e Next we consider the case where k = 0 and ¢ + b = cand a,b > 1, we would like to use
lemma 5.13 with 7 = ﬁ and get:

an(®= PO o P < an(PL) - an(P) 27
‘ < A®.9@=1)/20A Ab 9(b=1)/20A 91/20A

— A°. 2(072)/20A . 21/20A — AC. 2(071)/20A
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Now we need to verify we can use this lemma: First we need:

an(Pl(f))-T B Ab . 9(b—1)/20A

b < =
e(a, 70) = 8~mn(P(€)) 160A-Zb

Our choice of € holds (assuming 555 > A) as:
AP
N
e(a,b,0) = A" < T60A 3
now for the § we need:

5(@ ; 0) _ an(A) . an(B) T Aa+b . 9(a+b—1)/20A
T 8mn(A) -mn(B) 160A - 2a-+b

and by our choice of §, if [loga| = [logb| then:

A% < AGHHL < Aa+b . 9(a+b—1)/20A
- - 160A - 20-+b

Otherwise:
Aatb . 9(a+b—1)/20A

- - 160A - 2a-+b

Next we consider the cases where k > 1, by using lemma 5.15 we know that:

an(P

a

Vo~ P) < 4w?  mn(P) (cqpit - an(PL) + mn(PO) - 60 pp1)

c—a

&4, note that we have (assuming A < 13):

Assuming a > b we’ll use this lemma with 7 =

e(a, bk — 1) = AHR=D < Ai—Te
4w? - mn(Pl(7 ))

and for ¢ assuming |loga| = [logb]:

0(a,bk —1) = Ad(0+k-1) < AGOHRH2 < AT
aw? - mn(PY) - mn(P})

now assuming otherwise:

5(a,b,k—1):A10A§A2A+2§ AE‘T ;
4w? - mn(P((I )) : mn(P,() ))

Thus we get:

CLTl(Pg) G, Gy, B) < A°. 2(a71)/20A . 2(cfa)/20A — A€. 2(071)/20A
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8.3 Cube Coefficients
we’ll denote by wéz) as the coefficient of the ¢’th d.p.d in P(®)

Claim 8.5.
WO < (e+1)%t
Proof:
Y <IN max(789 4 la+ b < )

(c+1)® max((a+ 1>+ (b+1)*"a+b< )
(c4+1)2 (c+1)3ct
(C—l— 1)3-0-(€+1)

VAN VAN VANRRVAN

8.4 Putting it together

Let us denote:

an® = an(PY)
mn® = mnPY).

Then,
Lemma 8.6.
H val (P .5 PY) — val(P*) - val(P) H < 12-wd - (A4 1)TAC AAM
Proof: by lemma 5.17 we know that:

H val (P! - s PY) — val(PY) - val(P") H

IN

Z 70 -71(,@ w® - 28(a, b, K, p) - mn?) -mn,(f)

a
a,b:a+b<A

+ Z 7 '%EE) ~w-e(a,b,Kqp) - mnl(f) can®
a,b:a+b<A

l L
+ Z ’yc(f) -’ylg ). angf) . anl() ),
a,b:a,b<A,a+b>A

we’ll go through these sums one by one, starting with the third one:

> A el an? < 3T (@t )M @) anf?) - amy
a,b:a,b<A,a+b>A a,b:a,b<A,a+b>A
< Z (A+1)6A£'4Aa'Ab

a,b:a,b<A,a+b>A
4- (A1) A0

IN
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now the second sum in the case b # 0:

(a+ 13 b+ 1)% - w-e(a, b, Kop) - 20 - 2A°

’7((16) : ’Ylse) Tw - 5(0“7 b7 Ka,b) : mnl(f) ! an((f) <

where we used £(a, b, K,p) - 2° - A% < A?/2 which holds as by our choice of €(a, b, k) we get:

E(CL,b, K, b) < AQ(min(a,b)JrKa,b) — A9(A7max(a,b)) < AA/27maX(a,b)+min(a,b)

now the second sum in the case b = 0:

’Y(Z) ‘vée) cw-e(a, b, Kap) - mnl(f) can®

a a

(a+ 1) (b+1)% - w-e(a,0, Kqp) - 2A°
(A +1)040 .. 2AN/2

IN N

where we used £(a, 0, K,) - A < A2, which again holds by our choice of ¢(a, b, k):
E(a, 0, Ka,O) — A9Ka,b — AQ(Afa) < AA/Zfa
and for the first sum:

S A0 0w 26(a,b, Kayp) - mn®) - mng) S (A DA w2 5(K,y) 20
a,b:a+b<A a,b:a+b<A
2. (A+ 1) w3s(K,,) - 28

2w3 . (A + 1)7Af . AA/4

IN

<
<

where in the last inequality we used: §(K,p) - 28 < AM4 which holds by our choice of 9, firstly
when |loga]| = [logb]|:

§(a,b,Kap) = AVBTEaD) — A9A—a) < AT < AA+A/A

and otherwise: d(a, b, K, ;) = A10A < AA+A/4
hence in conclusion we get that:

‘ val(Pt o 5 PY) — val(P) - val(P) H < 12-wd - (A4 1)TAL AR
|

Lemma 8.7. Let R\ be the d.p.d with %2 rows, where row o € X2 has a single column (1,0). and we
define e(¢) = || val(P¥) — val(R®)) ||, Then:

(t) = || val(P) — val(RO) | < wh - (A 4+ 1)7A - AN

Proof: We prove by induction. It is clear that for the base case ¢ = 0 there is an equality. Assume
for ¢ and let us prove for £ + 1. We have PU+1) = PO ._ s PO Also, RIHD) = RO @ R and
val(RUD) = val(RY) - val(RW). Hence,
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H val (P — pal(RED) H

H val(PY s PY) —val(RY) - val(R

< H val (P ‘e POy — pal (P )) -val(PY) H

+ [ vatP®) vt (PO) ~ val(RO) - var(RO) .

We bound the first term using Lemma 8.

and for the second:

H val(PY) - val(PY) — val(RY) - val(RY) H

now for the first summand here:

H val(PY) H . H val(PY) — val(RY) H

IN

IN

and for the second summand:

H val(RY) H : H val(PY) — val(RY) H

hence in conclusion we have:

el +1)

IAIA A A
—_
[\

5 8 8

which together concludes the proof.
note that for the last inequality we need tha

6
< (
+ ||val(PY)
< || val(P®)
+ (

val(RWY) — val(R(Z)) -val(RY) H

H . H val(PY) — val(R

val(RY) H . H val(PY) — val(R

val(PY) - val(PY) — val(PW) - val(RY) H

gl
il

| vat(P9) + val(R) = vat(RO) | - || vat(PO) — val(RY) |

(
(e(0)+1)-€(0)

t15 < (A+1)™

note that by the previous claim we have:

H val(PY) = val(RY)

Claim 8.8. Denote B = 8log(w?/e), if we'll take log(1/A) = 56log(n) - log(B) + 8log(w) and A =

ﬁ then.’

H val(PUoe™)

— val(RU18™) )

|

max

max
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val(P®) — val(RY

, which holds for A > 1

< wg-(A+1)7AZ-AA/4

< €

) H + H val(RY) H) : H val(PY) —

RO



Proof: First note that:
(A + 1)7A10g(n) < A_A/B
By the previous claim:

H val(PY) — val(RY) ‘

max

and because of our choices for A and g we have: AY/8 = —3,50 we'll get:

Claim 8.9. The seed-length of the resulting pseudo-distribution P& is: O (log?(n)+log(w/€)+log(w)-
log(n))

Proof: The support size is bounded by:

< €

val(PY) — val(RY) ‘

max

A A log(1/6ymin)
S RO < S A@ . 5. Ao ey o al Hos()
a=0 a=0

< A. A—01~A10g(A) .Y A—c-(lOA-\_logAJ-‘rlog(n))

hence the seed length is bounded by:

O(Alog(1/A)log(A) + A -log(A) -log(1/A) + log(n) - log(1/A)) =
= O(log(w/e) - log(A) + log?(n) - loglog(w/¢) + log(w) log(n))
= O(log?(n) +log(w/e) + log(w) - log(n))

9 Further Discussion

9.1 Why we have to use o

Throughout this thesis, we defined and used two slightly different notions for derandomized
tensoring of d.p.ds, we named these og and eg.
In almost every instance we’ve preferred e over o and opted to use og only in the case where
min(a,b) = k = 0, we will now show why we had to use it in this case and could not use only ¢
in every case.
Assume we only used e throughout the construction, note that this only affects the size-analysis
section of the construction.
We'll analyze first c" in this new setting, note that there is a change only in the case where
(1,7,k) € oq, and we get that:

cil = oW .DEG;

a

< C 0) A79cd€g

a
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Hence we must have C\" < (A)~(F(a)+9(6))
On the other hand, in the case where (i, j, k) € o, and k£ = 0 we would’ve liked to get:

cit = .0\ . DEG,
< AU (1) +2:9(0) AYaeqi < A= (F@)kg(E+1))

Note that for the last inequality to hold, we have to show that:

F@) + f(5) + deg i +29(£) < f(a) +g(€+1)
which implies that g has to grow rapidly, but note that if g is even quadratic then the seed length
will be:
Q(log(1/A) - g(log(n))) = Q(log*(n))

So essentially, we’re using o, to make sure cff

crease the size of the construction.

won’t be dependant on ¢ which will majorly in-

9.2 Why the seed-length of the construction can’t be lower then Q(log*(n))

In Lemma 8.7, we showed that our construction yields an (n,w,e)— pseudo random pseudo-
distribution with & = w? - (A + 1)7A108(") . AA/4 note that since A > 1 we must have log(1/A) >
log(n) in order to keep ¢ < 1.

Now as mentioned earlier, in the cases when min(i, j) = k = 0 we must use o, this implies:

Rt(erl) > ROU)S(P(Z) P( )) R(Z) A79cdeg

©G(a,0,0,0)

Hence R = Q(A~91), it follows that for our (n,w,e)— PRPD, the seed length cannot go under
Q(log(n) - log(1/A)) = Q(log*(n))

9.3 Why we have to use o

We saw that we have to use o¢ in this construction and using e instead worsens the seed-length,
this raises the question, could we use only o throughout the thesis, it turns out that the biggest
barrier towards this goal is to bound the average norm of telescopic tensoring.
For that purpose we have to define A og,_g, B = A og, B —, A og, B, thus:

a’n(A OG1—G2 B) = II:ﬂ(i,d)ERows( A)xDeg(G1) H UCLl A; ) Ual(Bl"l(z d)) Ual(A ) Ua’l(BFQ(’L d mod Deg(G2 ))) H]
E (i 4 e Rows(A)x Deg(G) [l val (Ai) || - || val(Br, (i,a) — val(Bry(id mod Deg(Ga)) ||]

IN

= ]EiGRows(A)[H val(Az) H ’ EdGDeg(Gl) H val(Bfl(i,d)) val(BFg(z d mod Deg(G2)) H
Note that here the expectation over the neighbours of i is outside of || - || which prevents us from
using the properties of the samplers to bound this average norm, compared to the A og,_g, B
case where:

an(A eg,—q, B) = Eicpowsa)l|| val(A:) - Egepegcy)val (Br (,a) — val(A;) - Egepeg(ca)val(Bryia) ||]
< Eicrowsa)lll val(4:) || - || Eae peg(cryval (Br, ,a)) — EdGDeg(Gg)val(Bl"g il
< Eicrowsa)lll val(4i) | (|| Eae peg(cy)val(Br, (i.d)) — Eirc rows(m)val(By) ||
+ ||Ey '€ Rows(B)VU (Bir) — Eqe peg(Go)val (Bryid)) ) D]
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Here in comparison the expectation is inside the || - || which allows us to bound this average norm
as shown in lemma 5.15.
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