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ABSTRACT

In this work we ask the following basic question: assume the ver-
tices of an expander graph are labelled by 0, 1. What “test” functions
£ :{0,1}* — {0, 1} cannot distinguish ¢ independent samples from
those obtained by a random walk? The expander hitting property
due to Ajtai, Komlos and Szemeredi (STOC 1987) is captured by the
AND test function, whereas the fundamental expander Chernoff
bound due to Gillman (SICOMP 1998), Heally (Computational Com-
plexity 2008) is about test functions indicating whether the weight
is close to the mean. In fact, it is known that all threshold functions
are fooled by a random walk (Kipnis and Varadhan, Communica-
tions in Mathematical Physics 1986). Recently, it was shown that
even the highly sensitive PARITY function is fooled by a random
walk Ta-Shma (STOC 2017).

We focus on balanced labels. Our first main result is proving
that all symmetric functions are fooled by a random walk. Put
differently, we prove a central limit theorem (CLT) for expander
random walks with respect to the total variation distance, signifi-
cantly strengthening the classic CLT for Markov Chains that is
established with respect to the Kolmogorov distance (Kipnis and
Varadhan, Communications in Mathematical Physics 1986). Our
approach significantly deviates from prior works. We first study
how well a Fourier character ygs is fooled by a random walk as a
function of S. Then, given a test function f, we expand f in the
Fourier basis and combine the above with known results on the
Fourier spectrum of f.

We also proceed further and consider general test functions -
not necessarily symmetric. As our approach is Fourier analytic, it
is general enough to analyze such versatile test functions. For our
second result, we prove that random walks on sufficiently good
expander graphs fool tests functions computed by AC? circuits,
read-once branching programs, and functions with bounded query
complexity.
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1 INTRODUCTION

Expander graphs are among the most useful combinatorial objects
in theoretical computer science. They are pivotal to fundamental
works in derandomization [22, 38], complexity theory [2, 15, 48] and
coding theory [26, 42, 43] to name a few. Informally, expanders are
sparse undirected graphs that have many desirable pseudorandom
properties. A formal definition can be given in several equivalent
ways,! and here we consider the algebraic definition. An undirected
graph G = (V,E) is a A-spectral expander if the second largest
eigenvalue of its normalized adjacency matrix is bounded above by
A. For simplicity, we only consider d-regular graphs. In this case,
M is also the random walk matrix of G.

In their seminal works, [30, 33] proved the existence of Ramanu-
jan graphs, i.e., an infinite family of d-regular A-spectral expanders

with number of vertices n going to infinity, and 1 < 2%. This
relation between the degree d and A is essentially tight as follows by
the Alon and Boppana bound (see [3, 35]). Explicit constructions of
expander graphs-Ramanujan or otherwise—attracted a significant
attention, e.g., [1, 6-8, 16, 40] and more recently [14] (extending
on [31, 32]) and [34]. Many works in the literature have studied and
utilized the pseudorandom properties of expanders, and we refer
the reader to excellent expositions on expander graphs [20, 46]
and to Chapter 4 of [47]. See also [29] for applications to pure
mathematics.

Expanders can be thought of as spectral sparsifiers of the clique.
Specifically, let J be the normalized adjacency matrix of the n-vertex
complete graph (with self-loops). That is, J is the n X n matrix with
all entries equal to % One can express the normalized adjacency
matrix M of G by M = (1-21)J+AE for some operator E with spectral
norm at most 1. As such, one can hope to substitute a sample of two
independent vertices with the cheaper process of sampling an edge
from an expander and using its two (highly correlated) end-points.

!In certain regime of parameters, the equivalence breaks.
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This is captured, e.g., by the expander mixing lemma [4]. This idea
also appears in many derandomization results, e.g., [5, 10, 22, 37,
38, 41], to name a few.

A natural and useful generalization of the above idea is to con-
sider not just an edge but rather a length ¢ — 1 random walk (where
the length is measured in edges) on the expander as a replacement
to t independent samples of vertices. For concreteness, consider
a labelling val : V. — {0, 1} of the vertices by 0 and 1 with mean
p = E [val(V)]. Indeed, quite a lot is known:

e The basic hitting property of expanders [2, 23] states that
for every set A C V, with |A| = p|V], alength t — 1 random
walk is contained in A with probability at most (u + A)*.
For A < p, this bound is close to u!-the probability of the
event with respect to ¢ independent samples. Note that the
expander hitting property corresponds to a random walk
“fooling” the AND function, that is, for every A-spectral ex-
pander and every labelling val as above, the AND function
cannot distinguish with good probability labels obtained by ¢
independent samples from labels obtained by taking a length
t — 1 random walk.

To give another example, the fundamental expander Cher-
noff bound [2, 17, 19] states that the number of vertices on
a random walk residing in A is highly concentrated around
1. Observe that the expander Chernoff bound corresponds
to fooling functions f; : {0,1}f — {0, 1} indicating whether
the normalized Hamming weight of the input is concentrated
around p, more precisely, fr(x1,...,x;) = 1if and only if
%Zl?:lxi elp—-rpu+r].

In fact, it is also known that all threshold functions are fooled
by a random walk [24, 25, 27] and we explain this in more
detail later.

It was shown that the highly sensitive PARITY function is
fooled by a random walk on expanders (this was noted by
Alon in 1993, Wigderson and Rozenman in 2004 and [43]
where the result appears).

However, it is clear that sometimes a long random walk is not a
good replacement to independent samples. To see this, suppose G
is a A-spectral expander for some constant A, that hasacut A c V
with |A| = % and |E(A, A)| > plA| for p > % +Q(A). Such graphs
exist, e.g., the graph constructed in [18, Section 7] is such. If we
sample t independent vertices (v1, . . ., v;) from the graph, we expect
(vi,vi4+1) to cross the cut about half the time, and by the Chernoff
bound the actual number of cut crossings is highly concentrated
around the mean. In contrast, when we take a random walk on
the graph we expect to cross the cut a p-fraction of the time, and
intuitively the number of cut crossings should be concentrated
around .? Thus, the simple test function that counts the number
of times we cross the cut and apply a threshold at % + 7 for some
7 = ©(2) should distinguish with probability close to 1 between a
random walk and independent samples. This brings to the front a
natural and fundamental question:

What test functions does a random walk on an expander fool?

2To show such a concentration one needs to prove a Chernoff bound for a walk on the
corresponding directed line graph.
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1.1 Our Contribution

To give a formal description of our contribution, we set some nota-
tion. First, we are mainly concerned with balanced labelling func-
tions val : V. — {0, 1}, that is, u = E[val(V)] = %, or equivalently,
with balanced cuts. The reason being is that we are trying to focus
our attention on the dependencies across the vertices of a random
walk. Setting y = % (and working with regular graphs) allows us to
do so as the label of every vertex on a random walk is marginally
unbiased. Of course, the case p # % is very interesting as well
though we leave it for future research.

We compare two distributions on the set {0, 1}. The first “ideal”
distribution is obtained by sampling independently and uniformly
at random t vertices vy, . .., v; and returning (val(vy),. .., val(v;)).
As we assume val is balanced, this is simply the uniform distribution
over {0, 1} which we denote by U;. The second distribution, de-
noted by RWg 4|, is obtained by taking a length ¢ — 1 random walk
on the graph, namely, we sample v uniformly at random from V,
and then for i = 2,3,...,t, we sample v; uniformly at random from
the set of neighbors of v;_1. We then return (val(vy),. .., val(v;)).
Denote

‘SG,va] (f) = |Ef(RWG,va|) - Ef(Ut)l .
Informally, Eg v, (f) measures the distinguishability between these
two distributions as observed by the test function f on the graph
G with respect to the labelling val.

We wish to have a result that holds uniformly on all A-spectral
expanders (on any number of vertices) and for every balanced
labelling. We denote by &, (f) the supremum of Eg v, (f) over all
A-spectral expanders G, on any number of vertices |V| = n, and
all balanced labelling functions val : V. — {0,1}. We say that a
random walk on A-spectral expanders e-fools f if ) (f) < e.

1.1.1  Random Walks Fool All Symmetric Functions. As discussed
above, it is known that several symmetric functions are fooled by a
random walk, and each teaches us a different aspect of the pseudo-
random nature of expander graphs. For example, f; is concerned
with concentration around the mean whereas the majority function
focuses on the symmetry around the mean (recall, val is a balanced
labelling). The fact that PARITY is fooled by a random walk is some-
what surprising as PARITY is as far as can be from being monotone,
put differently, it is highly sensitive.

Our first main result states that all symmetric functions are fooled
by a random walk.

Theorem 1.1. For every symmetric function f : {0,1}' — {0,1},
&2(f) = 02 - log*2(1/)).

We remark that the requirement that f is symmetric is important
as we already saw before that the test that counts the number of
times we cross a cut distinguishes between independent samples
and the random walk samples. Indeed, the number of times we
cross a cut depends on the order of zeroes and ones in the sequence
and is not a symmetric function.

A different perspective one can take on Theorem 1.1 is that it
establishes a central limit theorem for random walks with respect
to the total variation distance. We turn to elaborate on this but
first introduce a convenient notation, specialized to symmetric
test functions. When focusing on symmetric functions it is more
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natural to consider not RWg ,, and U; as above, but rather the
two distributions on {0, 1,...,t} obtained by taking the weights
of the two corresponding bit strings. More explicitly, we define
>Ind; to be the distribution obtained by sampling t independent
vertices vy, . .., v; and returning val(v1) + - - - + val(v;). The distri-
bution XRW; is defined as the sum of val(v1) + - - - + val(v;) where
(v1,...,0t) ~ RWg a1 Note that we suppress the dependence on
G, val from the notation as they will be clear from context. Instead,
we focus our attention on ¢.

What is known about XInd,;? First, the Chernoff bound [13] tells
us that YInd; is highly concentrated around the mean, where the
probability to be ¢ standard deviations away from the mean is about
279(¢") small. This implies that there is very low weight on the
tails, but does not tell us much about the center, where almost all
of the probability mass resides. In particular, the Chernoff bound
does not rule out the possibility that all the weight lies on the mean.
Further, it gives no information about, say, how symmetric is the
distribution around its mean.

The central limit theorem (CLT) guarantees that Ind; converges
to the normal distribution N; (with the same mean ¢/2 and variance
t/4). The convergence of the CLT is with respect to the Kolmogorov
distance (see Definition 3.5). That means that the cumulative distri-
bution function (CDF) of Ind; converges point-wise to the CDF of
the normal distribution. Equivalently, it means that every thresh-
old test function cannot distinguish independent samples from
the normal distribution. The Berry-Esseen Theorem specifies the
rate of convergence, and when, e.g., we sum random variables
with bounded first three moments (as in our case where the values
are Boolean) the distance between t independent samples and the
normal distribution is in the order of +~1/2 with respect to the Kol-
mogorov distance. To summarize, the Chernoff bound guarantees
tails have low-weight, the CLT tells us how the weight is distributed
around the mean, and the Berry-Esseen theorem bounds the rate
of convergence.

We next ask what is known about ¥RW,;? In particular, what can
we say about the weight of tails, and what can we say about the
distribution around its mean. The expander Chernoff bound [17]
states that when the spectral gap 1— A is non-trivial, the probability
to be ¢ standard deviations away from the mean is still about 2~ ()
small. The proof was simplified in [19]. Possibly less known by the
CS community is that the CLT and the Berry-Esseen Theorem were
also shown to hold for random walks on expanders. The CLT was
first shown for expanders by Kipnis and Varadhan [24] and their
work was later vastly generalized (see, e.g., [25, 27]). That work
shows, e.g., that:

Theorem 1.2. (Based on, e.g., [25, Thm C]) Let G = (V,E) be
a A-spectral expander, and assume A is bounded away from 1. Let
val : V — {0, 1} withE[val(V)] = % Then,

V)

We remark that by the Berry-Esseen theorem for independent
random variables we know that

1

| XRW; — XInd; |lxor, = O( (1.1)

1
[| ZInd; — Nt llkoL = O (\/;)
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where N; is the normal distribution with the appropriate mean and
variance (the mean and variance depend on t). It therefore follows
that Equation (1.1) is equivalent to || ZRW; — N |lkoL = O (%)

A natural question is whether the convergence can be strength-
ened to the stronger total variation distance, and this question
applies both to the possible convergence of XInd; to N; and of
YRW; to XInd;.

The first question was heavily studied in Probability. A represen-
tative case is the question on the rate of point-wise convergence of
>Ind; to N;, i.e., how well the appropriate normal distribution N;
approximates the probability ¥Ind; gets a specific outcome m € [¢].
The bottom line is that when val is distributed over {0, 1} the rate
of convergence is o(%) (see, e.g., [45, Theorem 7]). The fact that

the error is o( #) rather than O(lt) is crucial, and, in particular,
implies convergence in the TVD with error o(1) (because the proba-
bility mass outside [—cVZ, cVt] is tiny 22(¢") and therefore almost
all of the action takes place on an interval of length O(v/t)) .

The same question can be asked with respect to the random
variables XRW; and XInd;. The answer in this case is given by
Theorem 1.1 that can be equivalently stated as:

Theorem 1.3 (Theorem 1.1; equivalent statement). Let G = (V, E)
be a A-spectral expander, and assume A is bounded away from 1. Let
val : V — {0,1} withE[val(V)] = % Then,

I SRW; = SInd; || yp = O(A - log®?(1/4)).

This is because the total variation distance between YXRW; and
>Ind; is the same as the best distinguishing probability a test on
Y>RW; and XInd; can achieve, which amounts to the best distin-
guishing probability a symmteric function can achieve on RW; and
Ind;. Thus, while the Kolmogorov distance amounts to fooling all
threshold functions, total variation distance amounts to fooling all
symmetric functions.

To conclude the section we remark that sometimes our results
give better bounds even for threshold functions. For example, from

Theorem 1.2 one can infer than &;(MAJ;) < O (i) with the
constant factor independent of A. However, in Theorem 4.6 we

vt
show a similar result but with the constant going to zero together
with A, namely:

Theorem 1.4. ForeveryA € [0,1] andt € N,
AZ
)
We do not know whether the bound should decay with ¢ for
general symmetric functions and leave this as an open problem.

SAMMﬂsO(

1.1.2  Beyond Symmetric Functions. We proceed even further and
consider general test functions - not necessarily symmetric. We
take a complexity-oriented perspective and instead of analyzing
specific test functions, we consider natural complexity classes. In
particular, we analyze tests that are computable by AC? circuits,
various types of read once branching programs, and functions with
bounded query complexity. As we discuss in Section 2, our approach
for proving Theorem 1.1 is Fourier-analytic. As such it is general
enough to allow us to analyze such versatile tests functions as well,
deviating significantly from prior works both in terms of techniques
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and results. Moreover, it allows us to utilize known results on the
Fourier spectrum of the above-mentioned classes [12, 39, 44]. Our
second main result is summarized in the following theorem.

Theorem 1.5. For every function f : {0,1}¢ — {0, 1} the following
holds.

(1) If f is computable by a size-s depth-d circuit then E,(f) =
O(VI- (logs)*™1).

(2) If f is computable by (any order) width-w ROBP P, then
E(f) = oO(V2 - (log t)2™). Moreover, if P is a permutation
ROBP, E)(f) = O(VA - wH).

3) E (f) = O(V2- DT(f)?), where DT(f) denotes the decision
tree complexity of f.

Theorem 1.5 implies that every test function in AC® cannot
distinguish ¢ independent labels from labels obtained by a random
walk on a A-spectral expander provided A is taken sufficiently small
poly-logarithmic in ¢. This result can be thought of as an analog
of Braverman’s celebrated result [9] (see also [44]) that studies
the pseudorandomness of k-wise independent distributions with
respect to AC? test functions. As an example, the Tribes function
is fooled by a random walk provided A = O((logt)~%). It is well-
known that the decision tree complexity is polynomially-related to
other complexity measures such as the randomized and quantum
decision tree measures, the certificate query complexity, and the
approximate real degree of a function (see, e.g., [11] for further
details). Moreover, in a recent breakthrough, Huang resolved the
sensitivity conjecture to the affirmative, implying that the decision
tree complexity is polynomially-related to the sensitivity of the
function [21]. Thus, by Theorem 1.5, every test function f with a
bound b on any of these measures cannot distinguish independently
sampled labels from labels obtained by a random walk on a A-
spectral expander provided that A < b~¢, where c is some universal
constant.

1.2 Related Work

Very recently, Guruswami and Kumar [18], in an independent
work, studied the following problem. We are given a distribution
Yi,...,Y:, where Y; is uniform over {0, 1}, and Y;41 equals Y; with
probability 1%1 and equals 1 — Y; otherwise. They showed that the
number of times we see a 1 converge in total variation distance
to the independent case. They also showed this distribution can
emerge from a random walk over some A-expander G = (V,E)
and some balanced coloring of the vertices. A major open problem
they raise is whether the same is true for any random walk on a
A-expander, which is answered in the affirmative in this paper.
The techniques Guruswami and Kumar use have a lot in com-
mon with our techniques. They use the Krawchuck polynomials
(that also appear in our study) and analyze the probability the walk
hits the set exactly w times (which corresponds to the weight func-
tion 1,, that we study in Section 4.4). The main difference between
their work and ours is that we study the problem for an arbitrary
A-spectral expander, rather than the specific A-sticky walk they
analyze. Our approach for that is to use the Fourier representation,
and analyze the basis functions (i.e., characters, or equivalently,
parities) using the analysis of parity on random walks. This analy-
sis was first done in the unpublished works by Alon in 1993 and

1646

Gil Cohen, Noam Peri, and Amnon Ta-Shma

Wigderson and Rozenman in 2004, and later in [43]. We explain
our technique in Section 2.

2 PROOF OVERVIEW

As mentioned, our approach for proving Theorem 1.1 and Theo-
rem 1.5 is Fourier analytic. That is, we first analyze &, on Fourier
characters (namely, parity functions). Then, we invoke known re-
sults on the Fourier expansion of the function under consideration.
This leads us to study a new Fourier tail we dub the Random Walk
Fourier tail, or the A-tail. To this end, it is more convenient to dis-
cuss test functions of the form f : {1}’ — {+1}. Parity functions
are then given by ys(x) = [[;cg xi for S C [t]. Before giving the
formal definition and results, in Section 2.1 we consider some exam-
ples to gain intuition. In particular, we find it instructive to proceed
by analyzing parities according to their degree.

2.1 Toy Examples: The First Few Parities

Degree 1. To start with, consider degree 1, namely, a dictator
function Dict;(x) = x; for some i € [t]. As we assume G is regular

th

and val balanced, the marginal distribution of the i vertex on a

random walk is uniform over V, and so &, (Dict;) = 0.

Degree 2. Consider a function that is the parity of two of its input
bits f(x) = x;j,x;, for some iy < iz. We already know that the iit
vertex is uniformly distributed over V. Intuitively, the larger the
distance A = is—ij is, the less correlated is the igd vertex on the path
to the iit vertex. Fully aligned with this intuition, it can be easily
shown that &; (x;,x;,) < A”. Indeed, one can think of a length A
random walk on a A-spectral expander as picking a random edge
(i.e., a random walk of length 1) on a A*-spectral expander.

Degree 3. Moving on to degree 3, consider the test function
f(x) = xj,xi,xi, with i1 < iy < i3. Denote A4 iy — ip and
Ay = i3 — iy. Here one may root for one of several (conflicting)
intuitive arguments. First, one might argue that if one of Ay, Ay
is small then two of the bits are highly correlated. Being cautious
regarding to how correlations behave on a random walk, one might
suspect that this results in an overall high correlation. By that logic,
&, (f) ~ Amin(AA2) Op the other hand, one might argue that if
one of Ay, Ay is large, regardless of the other, then the far away
vertex gained a “large amount of independence”, resulting in an
overall low distinguishability. Thus, &, (f) ~ Amax(Anlz)

Perhaps surprisingly, we show that ,(f) ~ ABi+be = is=iy
That is to say, it is only the “effective” path’s length-the distance
between the first and last observed vertices on the path-that is
taken into account, independent of the location of the middle vertex.
To see why this is the case, recall that for a A-spectral expander
with a random walk matrix M, it holds that M = (1 — A)J + AE.
Thus, one can intuitively think of a step on a A-spectral expander
as follows: With probability 1 — A sample uniformly at random a
vertex, completely ignoring the current vertex we are at and the
edge structure of the graph, and with probability A sample a vertex
adversarially. We stress that this intuition is not accurate as E is
an operator that is not necessarily a random walk matrix of any
graph.

With this in mind, consider the random walk from the first to the
second vertex. With probability 1 —A%1 we completely decouple the
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first vertex from the second, and hence from the entire remaining
part of the path. As the first vertex is marginally uniform (recall
p = 0), the parity of the three bits is unbiased. Similarly, with
probability 1 — 122, the third vertex is independent from the first
two. As we think of these events as independent, it is only with
probability AA1+A2 that (adversarial) correlations may appear.

Degree 4. Generalizing the above notation in the natural way,
for a degree 4 parity test function, our analysis shows that &, (f) <
A21+85 This might be somewhat counter-intuitive. Indeed, one
might expect that y(; 734} will be harder to fool than y (15 1}
as in the latter case, the first pair of vertices is “far away” from the
second pair and so the two pairs should be less correlated compared
to the corresponding pairs in y(; 33 4). This, however, is not how
correlations on a random walk behave.

To intuitively see why &, (f) < A21*%3 note, as in the previous
example, that with probability 1 — A%1 the first vertex is “cut” from
the remaining part of the path. Similarly, with probability 1 — %3
the fourth vertex is independent of the rest, and so it is only with
probability A21*43 that the first and fourth vertices are not inde-
pendent from the other vertices. We turn to give a formal proof of
this fact mainly served as a warm-up for the proof of the general
case (see Section 4.1).

Claim 2.1. Let S = {s1,52,53,54} withs; < s3 < s3 < s4. For
i=1,2,3, denote A; = sir1 — si. Then, &) (xs(x)) < A21%43 syhere
xs(x) = [Ties xi.

PRroOF. Let 1 be the normalized length-n unit vector, that is,
every entry of 1 equals to % Take G to be any regular A-spectral
expander, and val : V' — {+1} balanced. We slightly abuse notation
and denote by G the random walk matrix for G. Let P be the V X V

diagonal matrix with entry (v, v) equals to val(v). We first observe
that

8G,vaI(XS) = |E[XS(RWG,vaI)]|
= [1T(PG) (PG 2) (PGM)P1).

As mentioned, we can write G = (1 — A)J + AE for some bounded
operator ||E|| < 1. More generally, for every i = 1, 2,3 we have that
GAi = (1 — 284)) + ADME; with ||E;|| < 1. Thus, we can express the
right hand side of the above equation as a summation of 8 terms
where in each term, we replace each of G2 by either (1 — A%)J
or A2 E;. Not all 8 summands contribute to the sum. Indeed, if we
replace G21 by (1 — A%1)J then

17 (PG%3)(PG™?)(P(1 - A*)))P1
=17(PG%)(PG*2)(P(1 - 221)117)P1
=17 (PG™)(PG™)P(1 - A*)1(17 P1),

which equals 0 as 17P1=E[val(V)] = 0. Similarly, to get a nonzero
contribution we must take AA3E3 for G23. Thus, there are only two
contributing summands correspond to the sequences we denote by
EJE and EEE. As for the first sequence,

|17 (PA% E3) (P(1 - 2%2)]) (PAM Eq) P1|
< [(PARSEs) (P(1 = 222)]) (PAMEY) Pl

< (1 _ AA2)1A1+A3’
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where we used the fact that ||P||z < 1. Similarly, for the EEE se-
quence we get a bound of 121+42*23_ The proof follows by adding
the bounds corresponding to the two summands. O

For degrees higher than 4, another reason an E/J sequence does
not contribute is the existence of two consecutive ] symbols. This is
the main “saving” one capitalize on in high degrees (see Section 4.1).

2.2 The General Framework

The general framework that we develop for bounding &, (f) for
a given function f (not necessarily symmetric) is as follows. First,
expand f in the Fourier basis and note that

Ecual) < | 3 F(S) ELxs RWg o]

Sclt]

S0
We stress that we do not ignore the cancellations that may oc-
cur, namely, we work with the absolute value of the sum rather
than with the sum of absolute values. This is crucial for our proof
of Theorem 1.1 which, indeed, is very delicate. For each character
xs we follow the steps of Claim 2.1 and express E[ ys(RWg yal)]
algebraically. As in previous works (e.g., [40, 41, 43]), we replace
a step G of the graph with (1 — A)J + AE, and view E as low-order
noise. In previous works one often argues about norms of short
sub-sequences, e.g., [40, 41] look at the norm of two steps while
[43] look at longer length (but still short) sub-sequences. Instead,
here we expand the whole product in full and take into account the
structure of the set S in the parity ys under consideration.

This is the gist of our general Fourier-analytic framework for
analyzing expander random walks. We turn to give some more
details on the proof of Theorems 1.1 and 1.5 which falls into this
framework.

2.3 Analyzing Symmetric Functions

For the proof of Theorem 1.1 we consider all weight-indicating
test functions. For every w € {0,1,...,t} let fi, : {1} — {0,1}
be defined by f,,(x) = 1 if and only if x is of Hamming weight
w. To analyze all symmetric functions, it suffices to analyze the
weight-indicating functions. In fact, note that one is only interested
inw e [% — C\/_, % + C\/?] for some parameter c, as the remaining
weights can be handled via the expander Chernoff bound.

Fix w in this range. For the proof of Theorem 1.1, for each
S C [t] we collect the 215! summands obtained by expanding
E[ xs(RWg yal)], namely, the summands that correspond to the
E/) sequences. We then “switch perspective” and for every fixed
such E/J sequence calculate contributions to it from all sets S, tak-
ing into account the Fourier spectrum of f,,. The analysis is very
delicate. Remarkably, all the pieces fall in place and give the result.
As a warm-up in Section 4.3 we prove that the MAJORITY function
is fooled by a random walk. Although this is a known result, our
proof is based on completely different techniques.

2.4 The A-tail

For sets of size |S| > 5, the bound on E[ ys(RWg y,)] is getting
more and more cumbersome. For symmetric functions, using a very
delicate argument, we are able to work with a very tight bound.
However, for the non-symmetric functions under consideration, it
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is possible and much cleaner to work with a looser bound that is
more amendable for analysis. In the following, for a set A, denote
by (zAk) the set of all subsets of A of size at least k.

Definition 2.2. For an integert > 1 define the map A : (Lt;) - N
as follows. Let S C [t], of size k > 2, and denote S = {s1,..., sk}
where sy < -+ < sg. Fori € [k — 1] write A; = sijy1 —si. Fork =2
we define A(S) = A1, fork =3 define A(S) = A1 + Ao, and fork > 4,
k-2
A(S) = Z min(As, A1) (2.1)
i=1

Using ideas similar to those in Claim 2.1, we prove.

Proposition 2.3. ForeveryA € [0,1],¢t € N and S C [t] a subset
of size |S| > 2, it holds that

& (xs) < 2151 88)/2,

We refer the reader to Proposition 4.2 for a stronger statement.
Proposition 2.3 naturally leads us to the study of what we call the
A-tail.

Definition 2.4 (The A-tail). Let f : {+1}} — {+1}. For 1 € [0,1]
andk € {2,3,...,t}, we define
M) = D IfS)I- 289,
Sclt]
|S|=k
The A-tail of f is defined by Ay (f) = thc:z Ak (f).

In Claim 5.2 we prove that ) (f) < 4A, 7 (f), and so, to analyze
how well random walks fool a given function, it suffices to bound
its A-tail. In Claim 5.3 we bound the A-tail of functions with a

decaying £ tail. This then allows us to invoke [12, 39, 44] and
deduce Theorem 1.5.

(2.2)

2.5 Remarks and Future Work

We conclude this section with several remarks and open problems
that follow from our work.

(1) It is an interesting problem that we leave for future work
to consider also unbalanced labelling. Namely, a labelling
val : V. — {£1} with E[val(V)] = u # 0.
(2) Can the polylog % factor in Theorem 1.1 be improved?
(3) Can one obtain a bound as in Theorem 1.4, namely decaying
ast — oo and A — 0, for all threshold functions? For all
symmetric functions?
Our results on non symmetric functions follow by applying
known bounds on the £ Fourier tail of the function of inter-
est together with Claim 5.3 that relates the £; decay to the
A-tail. Typically, bounds on the £; (and L) tails are obtained
by using random restrictions. An interesting problem is to
prove stronger results than those obtained in Theorem 1.5
by directly analyzing (perhaps suitable variants of) random
restrictions with respect to the A-tail. Indeed, we note that
the £ tail and the A-tail can behave very differently. To see
this, consider any function f : {+1}¥ — {+1} that is deter-
mined by x4, X24, X34, . . . for a parameter a > logt. Then,
Mi(f) < (,i)/l“k < % for a sufficiently small constant A,
and so A (f) < 1. On the other hand, a typical such function
does not have a nontrivial decaying £ Fourier tail.

©
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3 PRELIMINARIES

We let [n] denote the set {1,...,n}. We let 1 € R" denote the
normalized all 1s vector, ie., 1 = % -(1,..., 1)T € R™ We let

J = 117 Throughout the paper, we make use of the following well
known inequalities about binomial coefficients.

Claim 3.1. Let0 < A < 1, and integersr > 0,a > b > 1. Then,
(1) (9P < (§) < ()L,
T
@ ZZ, (A

=

3.1 Fourier Analysis

Consider the space of functions f : {1}’ — R, along with the
inner product {(f,g) =277 3 f(x)g(x).Itis a well-known fact

xe{x1}!
that the set {ys | S C [¢]}, where ys = [] x;, forms an orthonor-
ieS
mal basis with respect to this inner product, which is called the
Fourier basis. Thus every function f : {1}’ — R can be uniquely

represented as f(x) = Y f(S)xs(x), where ]?(S) eR.
Sclt]

A technical tool that we use in our proof is the noise operator.
The definitions and following claims appear in [36].

Definition 3.2. Letp € [—1,1]. For a fixed x € {1}’ we write
y ~ Np(x) to denote the random string y that is drawn as follows:
foreachi € [t] independently,

xi  with probability HTP,
—x; with probability I_Tp.

Yi =
Definition 3.3. Let p € [~1,1]. The noise operator T, is the linear
operator on functions {+1}' — R, defined as:

Tpf(x) E f()

y~Np (x)

The fact that the operator is linear follows directly from the linearity
of the expectation.

Notice that Ty (f) = f whereas To(f) is the constant function
To(f) = E f. We make use of the following lemma.

Lemma 3.4. For every function f : {1}’ — R it holds that:

Tpf(x) D F($)pPlxs ().

Se(t]

3.2 Distances Between Probability Distributions
Definition 3.5. Let P, Q be a pair of (not necessarily discrete) distri-
butions over R. Let B denote the class of Borel sets. We define
drv(P, Q) = supseg (P(A) = Q(4)),
Aol (P, Q) = SUPxeR I=(~oo,x] (P() = QD)) -
We call dtvy the total variation distance and dy,) the Kolmogorov-
Smirnov distance.
Definition 3.6. Let {Pp},cn, Q be distributions over R. Then,

o (Weak convergence) We write P, = Q if
for every xp € R, limp— 00 Pn(x0) = Q(x0).

o (Kolmogorov convergence) We write P, =y Q if
limp— o0 dio1 (Pr, Q) = 0.



Expander Random Walks: A Fourier-Analytic Approach

o (TV convergence) We write P, =Ty Q if
limy, 0 drv (Pn» Q) =0.

We note that the TV convergence implies Kolmogorov conver-
gence which, in turn, implies weak convergence. In this language,
the CLT and the Berry Esseen theorems state the following.

Theorem 3.7 (CLT for independent distributions). Suppose X;
are i.i.d. and marginally uniform on {£1}. Let S, = Y7 X;. Then,
Sn

v = N(0,1). Furthermore, the Berry-Esseen Theorem states that

Sn <3

a G

4 RANDOM WALKS FOOL ALL SYMMETRIC
TEST FUNCTIONS

Let G = (V, E) be a regular A-spectral expander, and let val : V —

{£1} be a balanced labelling of the vertices of G, that is, E[val(V)] =

0. Let t > 1 be a natural number. We recall from the introduction
that we want to compare two distributions on {+1}’.

e Note that U;~the uniform distribution over {+1}!-is the
distribution obtained by sampling ¢ vertices
01, ...,0; uniformly and independently at random from V
and outputting the ordered tuple (val(vy),. .., val(v;)).

e RWg 4 is the distribution obtained by sampling a random
length t — 1 path vy,...,0; over G and outputting the or-
dered tuple (val(v1),...,val(v;)). Equivalently, sample v;
uniformly at random from V. Then, fori = 2,3, ..., t, sample
v; uniformly at random from the neighbors of v;_1.

Let f : {1} — {+1} be any test function. Expand f in the
Fourier basis,

fx) =2 FSxs),

Sclt]
where ys(x) = [];es xi. We have the following easy lemma.
Lemma 4.1. Let G = (V,E) be a regular A-spectral expander, and

letval : V.— {*1} be a balanced labelling of the vertices of G. Then,
for every function f : {1} - R,

Ecual(f) < D 1F(S)IEGal (xs)

SCcT
S#0

Proor. AsE[f(Uy)] =]?(@),

8G,val (f) = |Ef(RWG,vaI) - Ef(Ut)|
= | 3 FS) Elxs (RWg o

SCT
S#0
Since val is balanced, E[ ys(U;)] = 0, and so
Ecval(xs) = | E[ xs(RWg ya1)]l. The proof follows by the trian-
gle inequality. O

Lemma 4.1 motivates us to consider parity test functions. This is
the content of the following section.
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4.1 Parities Test Functions

In this section we analyze to what extent expander random walks
fool parity tests functions. In particular, we prove Proposition 2.3.
In fact, we prove a stronger statement. We start by introducing
some notation. For an integer k > 2, we define the family 7 of
subsets of [k — 1] that, informally, consists of all subsets for which
at least one of every two consecutive elements participate in the
set. We also require the “end points” 1,k — 1 to participate in the
set. Formally, we define

Fr={clk-1]]{Lk-1}CI
and Vje [k-2] {jj+1}nI#0}.

1)

So, for example, F consists of the elements {1,3,5}, {1,2,4,5}
as well as of all subsets of [5] that contain any one of these two
elements, namely, {1,2,3,5}, {1,3,4,5} and {1, 2, 3,4, 5}. We extend
the definition in the natural way to k = 0, 1 by setting Fp = F1 = 0.

Let S C [t] be a set of cardinality |S| = k > 1. Write § =
{s1,...,sg} with sy <s3 <--- < sg.Setsp =0and sg,q =t+1. For
i=0,1,...,k, we denote by A;(S) = sj+1 — si- When the set S is
clear from context, we write A; for short. With these notations, we
prove.

Proposition 4.2. Let G = (V, E) be a regular A-spectral expander,
and let val : V. — {1} be a balanced labelling of the vertices of G,
that is, E[val(V)] = 0. Then, for every integers 1 < k < t and every
subset S C [t] of sizek,

Ecall(xs) < Y, ATt M),
I1€F

For example, for a set S of size |S| = 6,

SG,vaI(XS) S).A1+A3+A5 + AA1+A2+A4+A5 + AA1+A2+A3+A5+

AA1+A3+A4+A5 +AA1+A2+A3+A4+A5

Before proving Proposition 4.2, we remark that for sets of size
|S| = 1, the sum is taken over the empty index set #7 and so, by
the standard convention, the sum equals to 0. We also observe
that Proposition 2.3 follows by Proposition 4.2. To see this, note
that for every I € ¥,

k-2
2 Z A; > Zl min(A;, Ajy1).
i=

iel

(4.2)

Indeed, if we define J; to be the corresponding indicator for i € I,
namely, §; = 1if i € I and §; = 0 otherwise, we see that

k-2
2 Z A; > Z OiAi + Oir1Mit1.
i€l i=1

Equation (4.2) follows since §;A; + di+1Ai+1 > min(A;, Aj1) as
indeed, for every i € [k — 2], at least one of i,i + 1 is in I. Now,
recall that in Equation (2.1), the right hand side of Equation (4.2)
was denoted by A(S). As || < 2K71, Proposition 2.3 follows
by Proposition 4.2. We turn to prove Proposition 4.2.

PROOF OF PrOPOSITION 4.2. Consider any nonempty set
S C [t] of size |S| = k. As E[ xys(U;)] = 0, we have that

SG,vaI (xs) =E[xs (RWG,vaI)] .
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We wish to express the right hand side algebraically. Let n = |V| and
identify V with [n] in an arbitrary way. Let P be a n X n diagonal
matrix with val(v) on the diagonal in row v. We slightly abuse
notation and denote the random walk matrix (that is, the normalized
adjacency matrix) of G also by G. Define §; = 1ifi € Sand §; =0
otherwise. Observe that

t
E[XS(RWG,vaI)] = 1T (l_[ P§iG 1

i=1

Indeed, informally, at the i’th step we take a random step using G
and then, depending on i being an element of I or not, we multiply
by P or by I, respectively. Thus, we can write

k-1
]—[ PGA") P1, (4.3)

i=1

E[xs(RWgya)] =17

where we have used the regularity of G, namely, G1 = 1.

Next, we use the spectral decomposition of the expander graph
G. As G is a A-spectral expander we know that G = J + AE where
|E|l < 13. Similarly, As G is a A’-spectral expander we have that
G! =J+ APE; where || E¢ || < 1. Thus,

k-1 k-1
1_[ PGAi = Z ]—[ PB;(I), (4.4)
i=1

IC[k-1] i=1

where

MEN i€l
Bi(I) = { !

J otherwise.

ForI C [k—1] let

k—1
e = IT (l_[ PB,'(I)) P1.
i=1

Equations (4.3) and (4.4) imply that

E[xs(RWga)] =

Z er. (4.5)

IC[k-1]

Not all subsets I C [k — 1] contribute non-zero values e; to the sum.

Indeed, if k — 1 ¢ I then Bx_;(I) =] and so

k-2 k-2
ep=17" (]_[ PB,-(I)) (PnpP1=17 (]_[ PBl-(I)) (p117)P1
i=1 i=1

k-2
=17 (1_[ PBi(I)) r1(17p1).

i=1

As 17P1 = E[val(V)] = 0, we have that e; = 0. Similarly e; = 0 for
I not containing 1. Moreover, if j, j + 1 are both not contained in I
for some j € [k — 2] then

j—1 k-2
er=17 (1_[ PB; (I)) (PB;(I))(PBjs1(I)) 1—[ PB;(I) | P1

i=j+2

=17 (1_[ PB; (1)) (PJ)(PY) n PB;(I) | P1.

i=j+2

3Note that this is slightly different than the decomposition G = (1 — A)J + AE that
was used in the introduction.

Gil Cohen, Noam Peri, and Amnon Ta-Shma

However,
@en ey = (e11hH)p11") = 11’ ey’ =o.

Thus, any subset I C [k — 1] that may contribute to the sum
in Equation (4.5) is contained in ¥ as defined in Equation (4.1).
Using that ||P|| < 1 and the submultiplicativity of the euclidean
norm, for every I € ¥ we have that

—17 (]‘[ PB; (1)) P1< ]_[ IPB:DIl < | T1B:(DII-

iel

Recall that for every i € I, B;(I) = /IA"EAi and that [|[Ep,|| < 1.

Thus,
[ T1B:on <[ am,
iel i€l
which concludes the proof. O

4.2 Symmetric Test Functions

Given a symmetric function f : {1} — R and k € [t] we slightly

abuse notation and denote by j? (k) = f ([k])|. For analyzing the
random walk with respect to symmetric test functions, we define
for every integer k € {0, 1,...,t},

Be= ) Elxs(RWga)l. (46)
Sct]
|S|=k

Note that . is independent of the choice of test function. However,
for symmetric tests functions, these quantities will appear in the
analysis, and so we begin by analyzing them. Indeed, a straightfor-
ward corollary of Lemma 4.1 is the following

Corollary 4.3. Let G = (V, E) be a regular A-spectral expander, and
letval : V. — {+1} be a balanced labelling of the vertices of G. Then,
for every symmetric function f : {1} — R,

t
Ecal(F) < ). FR)IBl-
k=2
The main technical work in this section is proving the bound on

| Br| as given by the following lemma.

Lemma 4.4. Let G be a regular A-spectral expander. Then, for every
k €{0,1,...,t}, it holds that

B3
1Bl < zk(tL Jl)( A ) 4.7)

To prove Lemma 4.4, we first prove the following claim.

Claim 4.5. Let G be a regular A-spectral expander. Then, for every
k €{0,1,...,t}, it holds that
t—m
AT
( )(k - r%w)

t=15]
Proor or Cramv 4.5. By Proposition 4.2, we have that

Bl <2¢ )
%
1Bel < Z Z 1 Zjer A (S) Z Z AZser A (S)

m=
Sc| t]Ie‘Fk Ie‘FkSC[t
IS|=k IS|=k

1
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Note that for every S C [t] of size |S| = kand every j € {0,1,...,k},
A;j(S) = 1. Moreover, for every such S, Zf:o Aj(S) = t+1. The
encoding S — (Ao, ..., ) is a bijection between cardinality k
subsets of [¢] and partitions of {1,...,¢+ 1} into k + 1 non-empty
intervals. Fix I € Fj and let S (I) denote the contribution of I
to the above sum, that is, B (I) = Xsc[+]:|s|=k 225185 (5) Eyery
cardinality k subset S contributes A" to the sum, where m is the
sum of lengths of the intervals indexed by I € F. To bound S (I)
we find for every m < t the number of cardinality k sets S that
contribute A™. Note that this is precisely the number of ways to
choose positive integers my, ..., my and ny, ..., ngy1_ | such that

Ymj=mand Y, nj =t —m+1, whichis (m:ll) (li:lr?l) Therefore,

wo = S

m=0
Note that S (I) depends only on the cardinality of I and not on
I itself. Moreover, S (I) is monotonically decreasing in |I|. To see
this, notice that when I C I’ then for every S C [¢], 2jerAj(S) <
Y jer Aj(S), and therefore B (I') < fi(I) (because A < 1). Thus,
if I* is a minimal cardinality set ., then

P TUEI e
IeF IeF;
Lim-1 t—m
k - - m
2 A
2l
m=0
The lemma follows by noting that for every I € #; we have |I| >
Eat O

We turn to prove Lemma 4.4.

1Bk

IN

Proor oF LEMMA 4.4. The case k = 1readily follows as, by Propo-
sition 4.2 and the remark following it, f; = 0. By Claim 4.5,

-4 m-—1 t—m
il < 2F ( k )( k )Am
k1 /\k—-r1k
o 51
=15
<k 2 2 (e
2 m:[§'| 2
<2k( -1 )-,1 i ( i )A" (4.8)
S We-rp) & h-) ‘
i=[5]-1
By Claim 3.1,
> ( o )Aiz_m“
K7 - kq”
1571 [71-1 (1-nlzl
Substituting to Equation (4.8) concludes the proof. O

4.3 Warm-up: Analyzing the Majority Function

As a warm-up for the proof of Theorem 1.1, in this section we
use the machinery developed in Section 4, namely, Proposition 4.2,
Corollary 4.3, and Lemma 4.4, to prove that random walks fool
the majority function. Recall that MAJ, : {1}’ — {1} on input
x = (x1,...,x) € {1} is defined by MAJ,(x) = 1if X x; > 0
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and MAJ;(x) = —1 otherwise. When ¢ is clear from context, we
omit it from the subscript. More generally, for w € [t] we define
the w threshold function Th,, : {+1}f — {%1} by Th,,(x) = 1if
| {xilx; = 1} | = w and Th,,(x) = —1 otherwise.

Theorem 4.6. There exists a universal constant cpa such that for

every0 < A < 46%/\] and everyt € N

E1(MA),) < 2¢3 .
< 2c — - —.
AN =M1 VR
As explained in the introduction it is known [24, 27] that the dis-
tribution of the sum when taking ¢ independent distributions and
when taking a random walk, is O( it) close in the Kolmogorov dis-

tance. This means that the two distributions look the same when the
test function can be an arbitrary threshold function. More formally:

Theorem 4.7 (follows, e.g., from [25], Theorem C). For everyt € N
andw € [t],

1
£)(Thy) =0 (%)

Theorem 4.7 from [24] is more general than Theorem 4.6 that we
prove in this section. However, the proof techniques are completely
different. Theorem 4.7 holds only against threshold tests, while
the proof of Theorem 4.6 builds upon the behaviour of the parity
function that is far away from being threshold. We prove Theo-
rem 4.6 as we believe it is a good warm-up exercise towards the
more delicate calculations of Section 4.4. Indeed, in Section 4.4 we
show this allows proving CLT convergence in the stronger total
variation distance, rather than in the weaker Kolmagorov distance
as in Theorem 4.7.

ProOF OF THEOREM 4.6. Let G = (V, E) be a regular A-spectral
expander, and let val : V. — {£1} be a balanced labelling of V. The
Fourier coeflicients of the MA] functions are well-known (see, e.g.,
[36], Theorem 5.19). Let S C [t] with |S| = k. Then, for k even
A?\-KJ(S) = 0; otherwise,

-1

__ L) 5
MAJ(S) = (-1)'F —% %(tﬂl). 49)
(k—l) 2

Using Lemma 4.4, Equation (4.9) and the standard estimates:
k-1

=1 k-l k-1
2 (t-1 c =1\ 2 -1 -1
wlo) < 5 () s (em) and (;7) = (m)
where c; is some absolute constant (see Claim 3.1) we get for every
odd k € [t],

. (1) o /p_ _ PERE =
IMAN(K) - il < —= %(ﬂ_f) : zk(tk_f) (—)

() 2\ = 7 /\1=4

K+l
B I L B I
Vi 1-1
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Corollary 4.3 then implies that

t
Ecyal(MA) < )" IMAJ(K) - il

=3
k odd
ok s
2k (—Aa)
o VeL-
k odd
3 2
o 2
== |— 4.10
i - (4.10)
Set cpma) = max(cp,1). As A < 4621 we have that A < %and so
MAJ
A 4 4 1
2 2 2
ch—A<3 c2/1§§~cMAJ/IS§.

Thus, the sum in Equation (4.10) is bounded by 3 5, and we conclude
that

2¢3 2
MA A
EGval(MA)) < \/;J (m) .
o
4.4 Weight Indicator Functions
For integers t and w € {0,1,...,t} let 1,, : {£1}f — {0, 1} be the

function indicating whether the weight of the input is w. That is,
1y(x1,..,x:) = 1if 3% = 1and 14,(xy, . . .,
In this section we prove

Theorem 4.8. There exists universal constants 0 <y < 1 < ¢ such
that the following holds. Let1 < og € R and0 < b < oo/t an integer.
Setw = t;b. Then, for any A < ;/2 it holds that

0

cA

~1E

We analyze the weight indicator function in a similar way to the
majority function, except that we need to work harder to express the
Fourier coefficients of the weight function, and, more importantly,
the analysis is more delicate as the weight indicator function is not
anti-symmetric and therefore has Fourier mass on even layers. This
section is organized as follows: in Section 4.4.1 we compute the

E1(1y) <

Fourier coefficients of 1,, and in Section 4.4.2 we prove Theorem 4.8.

4.4.1 The Fourier Coefficients of 1,. In this section we compute
the Fourier coefficients of the weight indicator function. While this
calculation is certainly known, and a full proof can be found in the
online version of the paper.

Lemma 4.9.

o L8]
Y S G s
L=y "5

F SR e

Using Lemma 4.9 we turn to bound the magnitude of the weight
indicator Fourier coefficients, the calculation appears in the online
version of the paper.

x¢) = 0 otherwise.
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Claim 4.10. Let1
there is some constant ca > 0 such that forw =

it holds that

< 0o € Rand0 < b < o9Vt an integer. Then
t+b

andw’ =t —w
k- (ca00) (5)’“2
Vit t

4.4.2  Proof of Theorem 4.8. We are now ready to prove Theo-
rem 4.8.

<

(k) 11w ()]

Proor oF THEOREM 4.8. Let G be a regular A-spectral expander
and let val : V' — {+1} be a balanced labelling. By Corollary 4.3,

t
Ecal(1w) < Y 1T (k)Bl.
k=2

Using Claim 4.10 to upper bound |1,,1| and Lemma 4.4 to bound
Pr| we get,

t
Eyal(1w) < D [Tl - Bl

4.5 Proof of Theorem 1.3

For convenience we restate the theorem here.

Theorem (Theorem 1.3; restated). Let G = (V, E) be a A-spectral
expander. Letval : V — {0, 1} with E[val(V)] = % Then,

I SRW; = SInd; || ryp = O(A - log®?(1/4)).

PRroOF. Note that it suffices to prove the theorem only for A < Ao,
where A9 < 1 is some constant. Indeed, this can be incorporated
to the hidden constant factor in the big-O notation that appears in
the bound. We have that,

t
1
ISRW, = ZInd; [lryp = - Z [Pr[SInd; = w]

w=0

—Pr[SRW, = w]]|.

Let 09 € R be a parameter to be chosen later. For the proof, we
split the domain into two different intervals, based on ¢y. The
central interval Ip = {w | |lw— §| < %\ﬁ} and the tails, IT =

{w | lw— %| > %\/f} First notice that both YRW,, XInd; have
a very small probability to enter the tails region. Indeed, by the
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Chernoff bound,
Pr[ZInd; € I7] =

t t

2

00

¥

+Pr

ZIndt < (l -

|

t

6

0o

Pr |21 > |1+ —
r[ ndt>(+\/f)2
_("0

]

By the Chernoff bound for expander walks, and assuming g < 1,

< 2exp

) =2¢79%/6,

00

t
Pr[|SRW, € Ir] = Pr “ZRW ——| > 2
¢ 1= i
(o]

(z_vz)z) =20

Combining those two results we get a bound on the total variation
distance in the tails region.

(1=t

< 2exp (— 1

Z | Pr[SInd; = w] — Pr[SRW, = w]| (4.11)
welr

< Z Pr[3Ind; = w] + Pr[ZRW; = w]|

welr
< 4e7%/32,
In the central interval, we invoke Theorem 4.8 to obtain
Z | Pr[SInd; = w] — Pr[SRW, = w]| < (4.12)
wele
o2

2, &itw) < ) edp =cha,
wele wele ¢

where ¢ is the constant that appears in the statement of Theorem 4.8.
Set op = /321n % Note that by choosing A¢ sufficiently small so

that 3249 In t < y, where y is the constant from Theorem 4.8,
this meets the requirement of Theorem 4.8. Thus, we obtain that
the bound in Equation (4.11) evaluates to 41 and the bound in
Equation (4.12) is O(4 10g3/2 1

7)- Combining both bounds concludes
the proof.

]

5 BEYOND SYMMETRIC FUNCTIONS

Several natural computational classes such as AC? circuits, read-
once branching programs of various forms and functions with
bounded query complexity are known to have bounded Fourier
tails. In many cases, such tails are key to our understanding of these
classes.

Definition 5.1. For an integert > 1 and b > 1, we denote by L (b)
the family of functions f : {1} — {+1} that satisfy

Lic(f) 2 D If(S)] < b
Sct]
|SI=k
When ¢ is clear from context we omit it and write £1(b). Most
works consider the Ly norm. In the following we focus on the L;
norm as it is known that a bound on the Ly norm implies a bound
on the L norm [44]. Thus, the class of functions with L; bounded
Fourier tails is richer. We turn to give some examples.
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Bounded-depth circuits. The class of bounded-depth circuits has
been widely studied. The seminal work by Linial, Mansour and
Nisan [28] gives a bound on the Ly Fourier tail for this class. Tal [44]
obtained an improved result by showing that a function computed
by a depth-d size-s circuit is contained in L1 () for b = O(logd*1 s).

Read-once branching programs. The class of ROBP is of wide
interest, motivated mostly by the study of the BPL vs. L problem.
Reingold, Steinke and Vadhan [39] proved that any function f :
{#1} — {1} computed by a width-w permutation ROBP is in
£1(2w?). They further conjectured a bound for general ROBP. Their
conjecture was settled by Chattopadhyay et al. [12], who proved
that any function f : {1}’ — {+1} computed by a width-w ROBP
isin £1(b) for b = O(log™ n). Both results hold in the more general
setting where the bits can be read in any (predetermined) order.

Query complexity measures. Denote by DT( f) the decision tree
complexity of f.It is easy to show that Ly ; (f) < DT(f)k and so
the class of functions with decision tree complexity d is in £L1(d).
As mentioned in the introduction, it is well-known that the deci-
sion tree complexity is polynomially-related to other complexity
measures such as the randomized and quantum decision tree mea-
sures, the certificate query complexity (namely, nondeterministic
query complexity), the approximate real degree of a function, and
most recently also to the sensitivity of a function [21]. Thus, every
function with a bound b on any one of these measures is in £1(b°)
for some universal constant ¢ > 1.

In this section we prove Theorem 1.5. To start with, we prove

Claim 5.2. Forevery A € [0,1] and function f : {1} — {+1},

E1(f) < 4, 5(f).

Proor. Let G = (V,E) be a regular A-spectral expander, and
val : V — {%1} a balanced function. As E f(U;) = f(0),

EGyal(f) = |Ef(RWGyal) — E f(Ur)]
< D IFSIIE xs(RWG,va)]
0+SC[t]
< Z 1£(S)] - 2151A8)/2,
Sclt]
|S>2

where the last inequality follows by Proposition 2.3. Now, A(S) >
|S| — 2 and so

Ecpal(f) <4 D) IF(S)]- VDAY,
sclt]
|S|>2

proving the corollary. O
The proof of Theorem 1.5 readily follows by the above-mentioned
results [12, 39, 44] and the following claim.

Claim 5.3. There exists a universal constant ¢ > 1 such that the

following holds. For every function f : {+1}! — {*1} in L1(b) and
e >0, it holds that ) (f) < € provided A < £
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Proor. Let G = (V,E) be a regular A-spectral expander, and
val : V. — {+1} a balanced function. By Claim 5.2,

Egal(f) < 47, 5 (f)
=4 Y If(S)]- VDA,

Sclt]
|S|>2

Consider a set S of size |S| = k. Recall that for k = 2,3 we have
that A(S) > k — 1, and that for k > 4, it holds that A(S) > k — 2.
Bounding the above sum according to the set size, we get

t
SG,Va[(f) <4 (Zﬁ)bz + (zﬁ)ZbS +Z (2ﬁ)k72bk
k=4

16Ab*
1-2Vib

It is straightforward to verify that the above is bounded by ¢ for a
sufficiently large constant c. O

< VA% +1646° +

ACKNOWLEDGMENTS

We thank Venkat Guruswami and Vinayak Kumar for discussing
their results with us. We thank Ron Peled for discussions on the
CLT in TVD, and for pointing us to results on local convergence
for independent processes.

REFERENCES

[1] M. Ajtai. 1994. Recursive construction for 3-regular expanders. Combinatorica
14, 4 (1994), 379-416. https://doi.org/10.1007/BF01302963

Miklés Ajtai, Janos Komlos, and Endre Szemerédi. 1987. Deterministic simulation
in LOGSPACE. In Proceedings of the nineteenth annual ACM symposium on Theory
of computing. 132-140.

Noga Alon. 1986. Eigenvalues and expanders. Combinatorica 6, 2 (1986), 83-96.
Noga Alon and Fan RK Chung. 1988. Explicit construction of linear sized tolerant
networks. Discrete Mathematics 72, 1-3 (1988), 15-19.

Noga Alon, Jeff Edmonds, and Michael Luby. 1995. Linear time erasure codes
with nearly optimal recovery. In Proceedings of IEEE 36th Annual Foundations of
Computer Science. IEEE, 512-519.

N. Alon, Z. Galil, and V. D. Milman. 1987. Better expanders and supercon-
centrators. J. Algorithms 8, 3 (1987), 337-347. https://doi.org/10.1016/0196-
6774(87)90014-9

Avraham Ben-Aroya and Amnon Ta-Shma. 2011. A combinatorial construction
of almost-Ramanujan graphs using the zig-zag product. SIAM J. Comput. 40, 2
(2011), 267-290. https://doi.org/10.1137/080732651

Yonatan Bilu and Nathan Linial. 2006. Lifts, discrepancy and nearly optimal
spectral gap. Combinatorica 26, 5 (2006), 495-519. https://doi.org/10.1007/s00493-
006-0029-7

Mark Braverman. 2010. Polylogarithmic independence fools AC? circuits. 7.
ACM 57,5 (2010), Art. 28, 10. https://doi.org/10.1145/1754399.1754401

Mark Braverman, Gil Cohen, and Sumegha Garg. 2020. Pseudorandom Pseudo-
distributions with Near-Optimal Error for Read-Once Branching Programs. SIAM
9. Comput. 49, 5 (2020), STOC18-242-STOC18-299.

Harry Buhrman and Ronald De Wolf. 2002. Complexity measures and decision
tree complexity: a survey. Theoretical Computer Science 288, 1 (2002), 21-43.
Eshan Chattopadhyay, Pooya Hatami, Omer Reingold, and Avishay Tal. 2018.
Improved pseudorandomness for unordered branching programs through local
monotonicity. In STOC’18—Proceedings of the 50th Annual ACM SIGACT Sympo-
sium on Theory of Computing. ACM, New York, 363-375. https://doi.org/10.1145/
3188745.3188800

Herman Chernoff. 1952. A measure of asymptotic efficiency for tests of a hy-
pothesis based on the sum of observations. The Annals of Mathematical Statistics
23, 4 (1952), 493-507.

Michael B. Cohen. 2016. Ramanujan graphs in polynomial time. In 57th Annual
IEEE Symposium on Foundations of Computer Science—FOCS 2016. IEEE Computer
Soc., Los Alamitos, CA, 276-281. https://doi.org/10.1109/FOCS.2016.37

Irit Dinur. 2007. The PCP theorem by gap amplification. . ACM 54, 3 (2007), Art.

12, 44. https://doi.org/10.1145/1236457.1236459
Ofer Gabber and Zvi Galil. 1981. Explicit constructions of linear-sized supercon-

centrators. J. Comput. System Sci. 22, 3 (1981), 407-420. https://doi.org/10.1016/
0022-0000(81)90040-4 Special issued dedicated to Michael Machtey.

[14]

[15

[16]

1654

Gil Cohen, Noam Peri, and Amnon Ta-Shma

[17] David Gillman. 1998. A Chernoff bound for random walks on expander graphs.
SIAM J. Comput. 27, 4 (1998), 1203-1220.

Venkatesan Guruswami and Vinayak Kumar. 2020. Pseudobinomiality of the
Sticky Random Walk. Technical Report. ECCC TR20-151.

Alexander D Healy. 2008. Randomness-efficient sampling within nc. Computa-
tional Complexity 17, 1 (2008), 3-37.

Shlomo Hoory, Nathan Linial, and Avi Wigderson. 2006. Expander graphs and
their applications. Bull. Amer. Math. Soc. (N.S.) 43, 4 (2006), 439-561. https:
//doi.org/10.1090/50273-0979-06-01126-8

Hao Huang. 2019. Induced subgraphs of hypercubes and a proof of the sensitivity
conjecture. Ann. of Math. (2) 190, 3 (2019), 949-955. https://doi.org/10.4007/
annals.2019.190.3.6

Russell Impagliazzo, Noam Nisan, and Avi Wigderson. 1994. Pseudorandomness
for network algorithms. In Proceedings of the twenty-sixth annual ACM symposium
on Theory of computing. 356-364.

Nabil Kahale. 1995. Eigenvalues and expansion of regular graphs. 7. Assoc.
Comput. Mach. 42, 5 (1995), 1091-1106. ~ https://doi.org/10.1145/210118.210136
Claude Kipnis and SR Srinivasa Varadhan. 1986. Central limit theorem for additive
functionals of reversible Markov processes and applications to simple exclusions.
Communications in Mathematical Physics 104, 1 (1986), 1-19.

Benoit Kloeckner. 2017. Effective limit theorems for Markov chains with a spectral
gap. arXiv preprint arXiv:1703.09623 (2017).

Swastik Kopparty, Or Meir, Noga Ron-Zewi, and Shubhangi Saraf. 2017. High-
rate locally correctable and locally testable codes with sub-polynomial query
complexity. J ACM 64, 2 (2017), Art. 11, 42. https://doi.org/10.1145/3051093
Pascal Lezaud. 2001. Chernoff and Berry-Esséen inequalities for Markov processes.
ESAIM: Probability and Statistics 5 (2001), 183-201.

Nathan Linial, Yishay Mansour, and Noam Nisan. 1993. Constant depth circuits,
Fourier transform, and learnability. J. Assoc. Comput. Mach. 40, 3 (1993), 607-620.
https://doi.org/10.1145/174130.174138

Alexander Lubotzky. 2012. Expander graphs in pure and applied mathematics.
Bull. Amer. Math. Soc. (N.S.) 49, 1 (2012), 113-162. https://doi.org/10.1090/S0273-
0979-2011-01359-3

Alexander Lubotzky, Ralph Phillips, and Peter Sarnak. 1988. Ramanujan graphs.
Combinatorica 8, 3 (1988), 261-277.

Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava. 2015. Interlacing
families I: Bipartite Ramanujan graphs of all degrees. Ann. of Math. (2) 182, 1
(2015), 307-325. https://doi.org/10.4007/annals.2015.182.1.7

Adam W. Marcus, Daniel A. Spielman, and Nikhil Srivastava. 2018. Interlacing
families IV: Bipartite Ramanujan graphs of all sizes. SIAM J. Comput. 47, 6 (2018),
2488-2509. https://doi.org/10.1137/16M106176X

Grigorii Aleksandrovich Margulis. 1988. Explicit group-theoretical constructions
of combinatorial schemes and their application to the design of expanders and
concentrators. Problemy peredachi informatsii 24, 1 (1988), 51-60.

Sidhanth Mohanty, Ryan O’Donnell, and Pedro Paredes. 2020. Explicit near-
Ramanujan graphs of every degree. In Proceedings of the 52nd Annual ACM
SIGACT Symposium on Theory of Computing. 510-523.

A.Nilli. 1991. On the second eigenvalue of a graph. Discrete Math. 91, 2 (1991),
207-210. https://doi.org/10.1016/0012-365X(91)90112-F

Ryan O’Donnell. 2014. Analysis of Boolean Functions. Cambridge University
Press. https://doi.org/10.1017/CB0O9781139814782

Ran Raz, Omer Reingold, and Salil Vadhan. 1999. Error reduction for extractors. In
40th Annual Symposium on Foundations of Computer Science (Cat. No. 99CB37039).
IEEE, 191-201.

Omer Reingold. 2005. Undirected ST-connectivity in log-space. In STOC’05:
Proceedings of the 37th Annual ACM Symposium on Theory of Computing. ACM,
New York, 376-385. https://doi.org/10.1145/1060590.1060647

Omer Reingold, Thomas Steinke, and Salil Vadhan. 2013. Pseudorandomness for
regular branching programs via Fourier analysis. In Approximation, randomiza-
tion, and combinatorial optimization. Lecture Notes in Comput. Sci., Vol. 8096.
Springer, Heidelberg, 655-670. https://doi.org/10.1007/978-3-642-40328-6_45
Omer Reingold, Salil Vadhan, and Avi Wigderson. 2000. Entropy waves, the
zig-zag graph product, and new constant-degree expanders and extractors. In
Proceedings 41st Annual Symposium on Foundations of Computer Science. IEEE,
3-13.

Eyal Rozenman and Salil Vadhan. 2005. Derandomized squaring of graphs. In
Approximation, Randomization and Combinatorial Optimization. Algorithms and
Techniques. Springer, 436-447.

Michael Sipser and Daniel A Spielman. 1996. Expander codes. IEEE transactions
on Information Theory 42, 6 (1996), 1710-1722.

Amnon Ta-Shma. 2017. Explicit, almost optimal, epsilon-balanced codes. In
STOC’17—Proceedings of the 49th Annual ACM SIGACT Symposium on Theory of
Computing. ACM, New York, 238-251. https://doi.org/10.1145/3055399.3055408
Avishay Tal. 2017. Tight bounds on the Fourier spectrum of ACO0. In 32nd Com-
putational Complexity Conference (CCC 2017). Schloss Dagstuhl-Leibniz-Zentrum
fuer Informatik.

(18]

[19

[20]

[21]

[22

[23

[24

[25

[26

[27

[28

[29

[30]

(31]

(32]

[33

(34]

[40]

[42

[43]

(44


https://doi.org/10.1007/BF01302963
https://doi.org/10.1016/0196-6774(87)90014-9
https://doi.org/10.1016/0196-6774(87)90014-9
https://doi.org/10.1137/080732651
https://doi.org/10.1007/s00493-006-0029-7
https://doi.org/10.1007/s00493-006-0029-7
https://doi.org/10.1145/1754399.1754401
https://doi.org/10.1145/3188745.3188800
https://doi.org/10.1145/3188745.3188800
https://doi.org/10.1109/FOCS.2016.37
https://doi.org/10.1145/1236457.1236459
https://doi.org/10.1016/0022-0000(81)90040-4
https://doi.org/10.1016/0022-0000(81)90040-4
https://doi.org/10.1090/S0273-0979-06-01126-8
https://doi.org/10.1090/S0273-0979-06-01126-8
https://doi.org/10.4007/annals.2019.190.3.6
https://doi.org/10.4007/annals.2019.190.3.6
https://doi.org/10.1145/210118.210136
https://doi.org/10.1145/3051093
https://doi.org/10.1145/174130.174138
https://doi.org/10.1090/S0273-0979-2011-01359-3
https://doi.org/10.1090/S0273-0979-2011-01359-3
https://doi.org/10.4007/annals.2015.182.1.7
https://doi.org/10.1137/16M106176X
https://doi.org/10.1016/0012-365X(91)90112-F
https://doi.org/10.1017/CBO9781139814782
https://doi.org/10.1145/1060590.1060647
https://doi.org/10.1007/978-3-642-40328-6_45
https://doi.org/10.1145/3055399.3055408

Expander Random Walks: A Fourier-Analytic Approach STOC 21, June 21-25, 2021, Virtual, Italy

[45] Terence Tao. 2015. What’s new: 275A, Notes 5. Variants of the central limit luca/books/expanders-2016. pdf (2017).
theorem. https://terrytao.wordpress.com/2015/11/19/275a-notes-5-variants-of- [47] Salil P Vadhan. 2012. Pseudorandomness. Vol. 7. Now.
the-central-limit-theorem/#more-8566. [48] Leslie G. Valiant. 1976. Graph-theoretic properties in computational complexity.
[46] Luca Trevisan. 2017. Lecture Notes on Graph Partitioning, Expanders and Spectral J. Comput. System Sci. 13, 3 (1976), 278-285.  https://doi.org/10.1016/S0022-
Methods. University of California, Berkeley, https://people. eecs. berkeley. edu/~ 0000(76)80041-4

1655


https://terrytao.wordpress.com/2015/11/19/275a-notes-5-variants-of-the-central-limit-theorem/#more-8566
https://terrytao.wordpress.com/2015/11/19/275a-notes-5-variants-of-the-central-limit-theorem/#more-8566
https://doi.org/10.1016/S0022-0000(76)80041-4
https://doi.org/10.1016/S0022-0000(76)80041-4

	Abstract
	1 Introduction
	1.1 Our Contribution
	1.2 Related Work

	2 Proof overview
	2.1 Toy Examples: The First Few Parities
	2.2 The General Framework
	2.3 Analyzing Symmetric Functions
	2.4 The -tail
	2.5 Remarks and Future Work

	3 Preliminaries
	3.1 Fourier Analysis
	3.2 Distances Between Probability Distributions

	4 Random walks fool all symmetric test functions
	4.1 Parities Test Functions
	4.2 Symmetric Test Functions
	4.3 Warm-up: Analyzing the Majority Function
	4.4 Weight Indicator Functions
	4.5 Proof of thm:CLT:RW:TVD

	5 Beyond symmetric functions
	Acknowledgments
	References

