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Abstract

We combine the concepts of modal logics and many-valued logics in a general and
comprehensive way. Namely, given any finite linearly ordered set of truth values and
any set of propositional connectives defined by truth tables, we define two kinds of
many-valued modal logics.

One is the many-valued pure logic of necessitation, which is a counterpart of the two-
valued subnormal modal logic of pure necessitation N. The other, that is an extension
of the first one, is the many-valued minimal normal modal logic, which is a counterpart
of the two-valued minimal normal modal logic K.

Both are presented as a Gentzen-like sequent calculus. We prove their soundness
and strong completeness with respect to many-valued Kripke structures (for the first
logic) or models (for the second logic).

Both logics treat necessitation and possibility independently, i.e., they are not de-
fined by each other, so that the duality between them is reflected in the proof systems
themselves.

We also prove the finite model property (that implies strong decidability) of these
logics and consider some of their extensions, e.g., counterparts of the two-valued logics
T, S4, and S5.

In addition, we show that there is exactly one way to define negation such that De
Morgan’s duality between necessitation and possibility holds in the normal logic.

We also prove that many-valued intuitionistic logic is a fragment of the S4 extension
of our normal logic.

Finally, we consider the case where the set of truth values is a certain four-valued

(non-linear) lattice, and generalize all of the above results to this case as well.






Notation and Abbreviations

By4-D

By-1L

By-K

B4-K4

By4-55

By4-54

By4-T

muv-B
muv-D
muv-1L
muv-K
muv-K/,
muv-N
muv-S5
mv-S4

muv-T

the many-valued counterpart of B based on the Dunn-Belnap
lattice of truth values

the many-valued counterpart of D based on the Dunn-Belnap
lattice of truth values

the many-valued counterpart of intuitionistic logic based on
the Dunn-Belnap lattice of truth values

the many-valued counterpart of K based on the Dunn-Belnap
lattice of truth values

the many-valued counterpart of K4 based on the Dunn-
Belnap lattice of truth values

the many-valued counterpart of N based on the Dunn-Belnap
lattice of truth values

the many-valued counterpart of S5 based on the Dunn-
Belnap lattice of truth values

the many-valued counterpart of S4 based on the Dunn-
Belnap lattice of truth values

the many-valued counterpart of T based on the Dunn-Belnap
lattice of truth values

the many-valued counterpart of B

the many-valued counterpart of D

the many-valued counterpart of intuitionistic logic

the many-valued counterpart of K

the many-valued counterpart of K4

the many-valued counterpart of N

the many-valued counterpart of S5

the many-valued counterpart of S4

the many-valued counterpart of T






Chapter 1

Introduction

Modal logic is a kind of logic used to represent statements about necessity and pos-
sibility. It is used in computer science to reason about concepts such as uncertainty
and time-dependent properties, for example in formal verification and in knowledge
representation.

Many-valued logic is a logic in which there are more than two truth values. It is
used, for example, to represent partial or inconsistent information in databases and in
information retrieval systems.

The (two-valued) logic N of pure necessitation [FMT92] is a subnormal modal logic
that extends classical propositional calculus with the modal connective O and the rule

of inference

. (1.1)
Do

but contains no axioms for manipulating modalities. Semantically, N is characterized

by a generalization of Kripke models (called Kripke structures), in which each formula

has its own accessibility relation. The theory of normal modal logics, i.e., extensions

of N containing the axiom scheme

D(p D 9) > (Op O OY) (1.2)

is characterized by Kripke models [Kri59; Kri63] and can be developed from the theory
of N.! The main motivation for dealing with N comes from the area of nonmonotonic
reasoning, because the nonmonotonic logic of N seems to be particularly useful in
investigations of knowledge sets based on partial information, see [MT93]. The minimal
normal modal logic, i.e., the one that is obtained from N by adding (1.2), is denoted
by K.

In our thesis we define many-valued counterparts mv-N and mwv-K of N and K,
respectively, in which the necessity connective is interpreted as the infimum of all

relevant values and the possibility connective is interpreted as their supremum, and

! As we show in this thesis, many-valued normal modal logics can be developed from many-valued N.



nothing is assumed about the underlying propositional connectives.

Syntactically, our proof systems are extensions of that in [KF21] to the modal case.
The possibility connective < is treated explicitly. The reason for such a treatment is
that, in mv-K, O and < are not necessarily interdefinable. This is because our set
of connectives does not necessarily contain negation, and even if it does, nothing is
assumed about its truth table. Moreover, in mwv-N, they are not interdefinable even
in the presence of any kind of negation, because they depend on the same accessibility
relation (see Chapter 11).

We also show extensions of our logics, which are counterparts of some well-known
extensions of K. We prove the finite model property of mwv-N,mv-K and their exten-
sions. We then show the unique definition of negation such that De Morgan’s duality
between O and < holds in mv-K. We also prove that many-valued intuitionistic logic,
as defined in [Tak86], is a fragment of one of the extensions of mwv-K. Finally, we deal
with a specific case where the set of truth values in not linearly ordered. We consider
the case in which the partially ordered set is the Dunn-Belnap lattice [Dun76; Bel75;
Bel77], and show that all of the above results hold in this case as well (apart from the
uniqueness of the definition of negation).

A number of many-valued normal modal logics is known from the literature. In
[Ost88], an n-valued modal logic is based on the Lukasiewicz classical n-valued connec-
tives. The paper contains Hilbert-style calculi for the generalizations of the two-valued
normal modal logics T, S4, and S5, and the author notes that other generalizations are
also possible. This work seems to generalize [SJLM78], in which three-valued modal
FLukasiewicz logics are considered. Three-valued modal logics with different connectives
are considered in [Seg67].

In [Tho78] and [Mor79], general notions of many-valued modal logics are suggested,
using designated values and a rather general interpretation of the modal connective.

In [Mor89], proof systems relying on matrices are presented for normal three-valued
modal logics based on any arbitrary set of propositional connectives. Among other
logics, the three-valued counterparts of the two-valued T, S4, and S5 are presented.

In [Fit91], the author presents a sequent calculus for modal logics based on any
finite lattice of truth values. These logics, in addition to all propositional constants,
have all classical propositional connectives. The semantics relies on a many-valued
accessibility relation, that is further discussed in [Fit92]. This paper also addresses the
possibility connective & that is treated explicitly, because, in general, ¢ and O are
not interdefinable.? In addition, some extensions of the many-valued modal logics are
mentioned at the end of [Fit92].

The most general approach (for our purposes) was, probably, taken in [Tak94],
where a proof system, relying on matrices of labelled formulas, is presented for many-

valued normal modal logics with an arbitrary set of propositional connectives. The

2 As noted above, these connectives are not interdefinable in our thesis either, but for a different

reason.



system is appropriate for any semantic interpretation of the necessity connective sat-
isfying certain conditions — not only for its interpretation as the infimum. The system
is weakly complete and possesses the subformula property (that implies weak decid-
ability). However, the possibility connective is not addressed in [Tak94] at all, and
extensions of the logic are not presented there.

Another general approach is taken in [FL98], where proof systems using tableaux
are suggested for a variety of finite-valued modal logics with generalized modalities.

In [BEGR11], counterparts of K, using Hilbert-style proof systems, are presented for
any finite residuated lattice of truth values, allowing many-valued accessibility relations.
The logics address only the necessity operator (it is only mentioned that the possibility
operator should, in general, be addressed separately and not as an abbreviation of
—0-), and they are based on a fixed set of propositional connectives. The semantics
use designated values to interpret validity of formulas.

In [MOGO8, Chapter 9.1], many-valued modal logics are discussed, referring also to
Gentzen systems, logic extensions and logic embeddings. Again, a fixed set of connec-
tives is assumed and the semantic interpretation is algebraic.

Our research introduces a novel and comprehensive framework for many-valued
modal logics that stands out by integrating several key features simultaneously: the
use of an arbitrary “base logic”, the use of Gentzen-like sequents of labelled formulas,
the independent treatment of both necessity and possibility modalities, the demon-
stration of strong completeness and strong decidability, and addressing all basic logic
extensions. While each of these elements has been explored individually in previous
studies, our work combines them into a single coherent system. This combination al-
lows for a more robust and flexible logical framework that can handle a wider variety
of logical scenarios and applications. By employing labeled formulas (discussed, e.g.,
in [BFSZ98] and [KF21]), we can address any truth value rather than being limited to
designated ones, providing a significant advantage in terms of expressive power. The
motivation behind this research lies in the importance of many-valued modal logics in
contexts with inherent uncertainty or gradations of truth, such as fuzzy logic systems
and multi-agent systems. Additionally, extending these logics to include features like
transitive accessibility relations is crucial for modeling more complex systems. Our
results include the finite model property, ensuring the logics’ strong decidability, and
embedding many-valued intuitionistic logic within our framework, thus offering a com-
prehensive and robust tool for logical analysis. Moreover, we develop the theory of
muv-K (the definitions and many of the results) from the theory of mv-N. mv-N
itself does not have counterparts in any previous paper.

The thesis is organized as follows. In Chapter 2 we introduce a many-valued logic
muv-N of pure necessitation and present a sound and strongly complete® proof system

for it. Chapter 3 contains the proof of the strong completeness of mwv-N. In Chapter 4

3 That is, complete with respect to the consequence relation.



we consider some extensions of mwv-IN and prove their soundness and completeness with
respect to certain classes of Kripke structures. In Chapter 5 we show that mwv-N and
its extensions from Chapter 4 possess the finite model property*. Then in Chapter 6 we
generalize the results regarding mwv-IN to the case of a certain lattice of truth values.
In Chapter 7, we introduce a many-valued modal logic mv-K and present a sound
and strongly complete proof system for it. Chapter 8 contains the proof of the strong
completeness of mv-K. Chapter 9 contains some extensions of mwv-K and the proof
of their soundness and completeness with respect to certain classes of Kripke models
and, in Chapter 10, we show that mwv-K and its extensions from Chapter 9 possess
the finite model property. Then, in Chapter 11, we present the appropriate definition
of negation so that O and < are interdefinable. In Chapter 12, we embed many-valued
intuitionistic logic in our many-valued counterpart of S4. Finally, in Chapter 13 we

generalize the results regarding mwv-K to the case of a certain lattice of truth values.

4 Thus, they are strongly decidable.



Chapter 2

Many-valued logic of pure

necessitation muv-N

In this chapter we define a many-valued logic, mwv-N, assuming a linear order on the
set of truth values.

In what follows, V' = {wv1,...,v,}, n > 2, is a set of truth values ordered by
V1 <2< < vy

Formulas of mw-IN are built from propositional variables by means of propositional
connectives (of arbitrary arities) and the modal connectives O and <. The set of all mv-
N formulas will be denoted by F. The semantics of propositional connectives is given
by truth tables, where, as usual, the truth table of an f-ary propositional connective *
is a function = : V¥ — V and the semantics of the modal connectives is given below.

A labelled formula is a pair (¢, k), where ¢ is a formula and & = 1,...,n. The
intended meaning of such a labelled formula is that vy is the truth value associated
with ¢.

Define (¢, k)t = {¢o} x {k,...,n} and (¢, k)™ = {¢} x {1,...,k}.

Sequents are expressions of the form I' — A, where I" and A are finite (possibly
empty) sets of labelled formulas and — is not a symbol of the underlying language.

The mwv-N semantics is as follows.

A many-valued Kripke structure (or many-valued N-structure or just Kripke struc-
ture) is a triple M = (W, {Ry,},er, I), where

o W is a nonempty set (of possible worlds),
o {R,}yer is a family of binary (accessibility) relations on W, and

o I:W xP — V, where P is the set of propositional variables, is a (valuation)

function.

For a world u € W and a formula ¢ € F, we define the set of R-successors of u,



denoted by S,(u), as
So(u) ={veW:uR,v}

and extend I to W x F, recursively, as follows.

o I(u,x(p1,...,00) = *L(u, 1), .., I(u, ¢r)),
o I(u,0¢) =inf({I(v,¢) : v € Sy(u)}), where inf(0) is vy, and

o I(u,Op) =sup({I(v,¢) : v € Sy(u)}), where sup() is v;.

Note that, if S,(u) # 0, then, since V' is finite and linearly ordered, inf({I(v, ) :
v € Sy(u)}) and sup({I(v,¢) : v € Sy(u)}) are, actually, min({I(v,¢) : v € Sy(u)})
and max({I(v, ) : v € Sy(u)}), respectively.

Remark 2.1. Note that satisfiability of a formula ¢ depends only on the set of relations

{Rap’}ap’ is a subformula of ¢-

We also write M, u = (¢, k), if I(u, p) = vg.

The satisfiability relation = between worlds of W and sequents of labelled formulas
is defined as follows.

A world u satisfies a sequent I' — A, denoted M, u =T — A, if the following holds.

o If for each (¢, k) € T, I(u, ) = vy, then for some (p, k) € A, I(u, ) = vg.!

A Kripke structure M satisfies a sequent I' — A if each world in W satisfies ' — A
and M satisfies a set of sequents X, if it satisfies each sequent in X. Finally, a set
of sequents ¥ semantically entails a sequent I' — A, denoted ¥ = T' — A, if each
many-valued Kripke structure satisfying all sequents from 3 also satisfies I' — A.

We define next the proof system of mwv-N.

The axioms are:

(b k) = (s k) (2.1)
(Solakl)?‘-'a(goéaké) — (*(9017"'7905)7]{:) (22)
for each table entry wvy,, ..., vy, such that *(vg,,...,vg,) = vg,
(Op, k) = (Op, k)T k#n (2.3)
and
(Op,n) = (O, 1), (Cp,n) (2.4)

and the logical rules are

! In other words, v satisfies a sequent I' — A, if the metavalue of the classical metasequent {I(u, ) =
v (p, k) €T} = {I(u,p) = v : (p, k) € A} is “true”

10



O-introduction:

m k#n (2.5)
O-introduction: (o.k)
W k#1 (2.6)
and the structural rules below.
k-left-shift: I (k) = A
(2.7)

I — A {p} x {k}
k', K"-right-shift:

I'—= A, (g, k) / 7
— 7 kK A£Ek 2.
L, (g, k") = A 7 (23)
k-left-weakening:
r—-A
_— 2.
L (g, k) = A 29)
k-right-weakening:
r—-A
—_ 2.1
T A (k) (210
k-cut:
I — A (p, k) " (p, k) = A"
F/ F// N A/ A// (211)
k', k"-resolution:
/ / / /" " "

F/,F” N A/,AH

In fact, cut and resolution are derivable from each other, see [KF21, Proposition 3.3].

We shall also need the two following derivable rules. One is “multi-cut”

{Tk, (0, k) > A ke {l.....,n}}

Ukettmy Tk = Ukeqr....ny Dk (2.13)
that is derivable by cuts from the sequent
—{¢} x{1,2,...,n} (2.14)
see [KF21, Proposition 3.4], and the other is “multi-shift”
{Tk, (p, k) > A : ke K} (2.15)

Uker Tk = Urer Ak, {0} x K

for K C {1,...,n} and K ={1,...,n}\ K, see [KF21, Remark 3.5].

Theorem 2.2. Let X and I' — A be a set of sequents and a sequent, respectively.
Then X FT — A if and only if X =T — A.

11



The proof of the “only if” part of theorem (soundness) is standard and is presented
below. The proof of the “if” part of theorem (strong completeness) is rather involved

and is presented in the next chapter.

Proof of the “only if” part of Theorem 2.2 The proof is by induction on the derivation
length of I' — A from ¥. For the case of sequents from ¥, axioms (2.1) and (2.2), and
the structural rules of inference we refer the reader to [KF21, Section 3.2].

For the case of axioms and rules of inference involving modal connectives, the in-
duction step is as follows.

Let M = (W,{Ry},er,I) be a Kripke structure satisfying 3.

Let I' — A be an instance of (2.3) and assume M,u = (Op,k). Since k # n,

Sy (u) # 0, implying
o = E({I(0, ) : v € Sp(w)}) < sp({T(v, @)lo € Sp(w)}) = I(u, )

Thus, M,u = (Cp, k).
Let I' = A be an instance of (2.4) and assume M, u |= (Op,n). If S,(u) is empty,
M,u = (Cp, 1), implying M,u =T — A. Otherwise,

{(v,9) v € Sp(u)} = {vn}

implying M, u = (O, n). Thus, M,u =T — A.

Let I' — A be the conclusion of (2.5) and assume to the contrary that, for some
uwe W, M,u = (Op,k). Since k # n, Sy(u) # 0, implying v, € {I(v,9) : v € Sy(u)}.
In particular there exists a world v € W such that M,v = (¢,k), contradicting the
induction hypothesis M = (p, k) —.

The case of (2.6) is dual to that of (2.5). [ |

We conclude this chapter with examples of mv-IN derivability.

Ezample 2.3. The rule
—{p} x K

— {Op} x K, (Op,n)

(2.16)

is derivable in mwv-IN as follows.

1. - {p}xK assumption

2. {(p,k) > ke K} follows from 1 by a number of (2.8)
3. {(Op, k) =: k€ KU{n}} follows from 2 by (2.5)

4. — {O¢} x K, (Op,n) follows from 3 by (2.15)

The dual rule
—{¢} x K

— {Op} x K, (Op, 1)

can be derived in a similar manner.

12



Ezample 2.4. For n = 3, the rule

— (¢,2), (¢,3)
2.17
(6.2) = (0.2 247
is derivable in mwv-N as follows.
1. = (p,2),(v,3) assumption
2. — (0p,2),(0p,3) follows from 1 by (2.16)
3. (©9,2) = (Op,1),(0¢,2) (2.13)
4. (O¢,2) — (Op,2) follows from 2 and 3 by (2.12).
FEzample 2.5. The sequent
(09, k) = (Op, k)~ k1 (2.18)
is mwv-N derivable.
If k = n, then (2.18) follows from (2.14) by (2.9).
If k=n—1, then
(Cp,n—1) = (Op,n—1)",(0p,n) follows from (2.14) by (2.9)
(Co,m—1) = (Dp,n —1)7,(Cp, 1), (Cp,n) follows from 1 and (2.4) by (2.11)
(Cp,n—1) = (Op,n—1)" follows from 2 by (2.8),
because k # 1
Otherwise,
L {(@p,j) = (C9,5)" 1 j >k, j#n} axiom (2.3)
2. {(Oy,7),(Cp,k) = :5>k,j#n}  follows from 1 by (2.8)
3. (Cp, k) — (Op, k), (Op,n) follows from 2 by (2.15)
4. (Op, k) — (Op, k)=, (Cp, 1), (Cp,n) follows from 3 and (2.4) by (2.11)
5. (Cp, k) — (Op, k)~ follows from 4 by (2.8),
because k # 1,n
In a similar fashion, it can be shown that the sequent
(Cp,1) = (O, 1), (B¢, n) (2.19)

is derivable as well and that each of the following modifications of the given proof

system results in an equivalent system:?
» Replacing (2.3) by (2.18).

» Replacing (2.4) by (2.19).

2 That is, the set of provable sequents from a given set of assumptions remains the same.

13



» Replacing (2.3) and (2.4) by (2.18) and (2.19), respectively.
» Replacing (2.4) by (2.18).

We omit the proofs.

14



Chapter 3

The proof of the “if” part of
Theorem 2.2

For the proof of the strong completeness of mv-N, we extend the definition of prov-
ability to infinite sets of labeled formulas.

For a set of sequents X, a (not necessarily finite) set of labeled formulas I', and a
finite set of labeled formulas A, we write X F I" — A, if there exists a finite subset I"
of " such that X TV — A.

A set of labeled formulas I' is called X-consistent, if X H T —.

A set of sequents X is called consistent, if X [/—.!

Lemma 3.1. If ¥ /T — A, then there exists a mazximal (with respect to inclusion)
X -consistent set I including T’ such that X T — A.

The proof is straightforward, by Zorn’s lemma, and is omitted.

Lemma 3.2. ([KF21, Lemma 3.12 and the following observation]) If I' is a mazimal
set for which X ¥ I' — A, then for every formula ¢ € F there exists a unique
ke{l,...,n} such that (¢, k) €T

For a consistent set of sequents 3, the X-canonical structure My, = (Ws, {Rx , }peF, Ix)

is defined as follows.

o Wy is the set of all maximal 3-consistent sets. Since X is consistent, by Lemma 3.1,

Wy is nonempty.

o For a formula ¢ € F and worlds I'",T” € Wx, I"Rs ,I'” if and only if for the
unique i,7, and k such that (Op,i),(Cp,j) € TV and (¢, k) € T, provided by
Lemma 3.2, i < k < j.2

o For w € Wx, and p € P, Ix(u,p) is the unique value vy such that (p, k) € u.

! Equivalently, ¥ is consistent, if there exists a X-consistent set of formulas T'.
21f i > j, then S,(I") is empty.

15



Theorem 3.3. For all labelled formulas (¢, k) and all u € Wy, (¢, k) € u if and only
if Ms,u = (¢, k).

Proof Tt is sufficient to show the “only if” part of the theorem, i.e., that (¢, k) € u
implies Mx,u = (¢, k). This is because, if (¢, k) ¢ u, then, by Lemma 3.2, (¢, k') € u
for k' # k. Therefore by the “only if” part of the theorem, Ms,u = (¢, k'), implying
Ms,u ¥ (¢, k).

The proof is by induction on the complexity of ¢. For the cases of an atomic formula
and a propositional principal connective, see [KF21, Proposition 3.13].

Let ¢ be of the form O¢' and assume (O¢’, 1), (O¢', j) € u for some j (and i = k,
of course). We distinguish between the cases of i # n and i = n.
e Let i # n. By the induction hypothesis and the definition of Ry ./, for each world
v € Sy (u), vi < Is(v,¢'). Therefore, for the proof of

v, = min({Ix(v,¢’) : v € Sy(u)}) = In(u, )

it suffices to show that
v; € {Is(v,¢) v € Sy (u)} (3.1)

Since (O¢',i) € u, it follows from (2.3) that ¥ F u — (O¢',i)*. Thus, i < j,
because, otherwise, by i, j-right-shifts (2.8), we obtain a contradiction.

Note that X t/ (¢',i) —. Were X F (¢',i) —, by (2.5), we would have ¥ +
(O¢', i) —, in contradiction with 3-consistency of w.

Since X t/ (¢',4) —, by Lemma 3.1, there exists a world w € Wy containing (¢', 1),
which, together with ¢ < ¢ < j and the definition of Ry ./, implies uRx ,w. By the
induction hypothesis, Ms,w [ (¢',7) and (3.1) follows.

o Let i = n. If S,y (u) =0, then, trivially, Mx,u |= (¢, k). Otherwise, by the induction
hypothesis and the definition of Ry ., all worlds v € Sy/(u) satisfy v, < Is(v,¢’),

implying Is;(v,¢’) = v,. Thus,
min({Ix(v,¢’) : v € S (w)}) = min({v,}) = v,

and Ms,u = (p, k) follows.

The case of < is dual to that of O. We just replace O with &, & with O, min with
max, n with 1, and < with >. We omit the details. |

Corollary 3.4. We have Ms; = X.

Proof Let u € W and let I' - A € . Assume that u satisfies all labelled formulas in I"
and assume to the contrary that u satisfies no labelled formula in A. By Theorem 3.3,
[' C u, and for all (p,ky,) € A there is ki, # k, such that (p,k;,) € u. By definition,
3 T — A. Therefore, by k,, kfp—right—shifts (2.8),

Yk I‘,{(cp,k‘(’p) (o, kp) € A} —
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implying 3 - u —, because I, {(¢, k(,) : (¢,k,) € A} C u. This, however, contradicts

X-consistency of u. n

Proof of the “if” part of Theorem 2.2 Assume X I/ ' — A. By Lemma 3.1, there exists
a maximal set I” including T" such that 3 I/ TV — A. By the definition of M, I € Wx.
We contend that My = T' — A. Namely, Mx, IV ET — A.

Since I' C I, by Theorem 3.3, IV satisfies all labelled formulas in I'. However, it
satisfies no labelled formula in A, because, otherwise, by Theorem 3.3, such a formula
would belong to I, implying 3 + I” — A, in contradiction with the definition of I".
Thus, Ms, = T' — A, which completes the proof of our contention and, together with
Corollary 3.4, completes the proof of the “if” part of the theorem. |
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Chapter 4

Two extensions of mv-N

In this chapter, L is an extension of mwv-N with additional axioms or rules. The
axioms we shall discuss here are many-valued counterparts of axioms D, see [HC84,
p. 29], and T, see [HC84, p. 10].

We write X -7 I' — A if 3 proves I' = A in L (and we keep writing X - T' — A,
if L is mwv-N itself). We generalize this notation to sequents I' — A with an infinite
antecedent I'; like in the previous chapter.

Clearly, the results of the previous chapter apply also to any extension L. Below,

we just rewrite them with respect to L.

Definition 4.1. A set of labeled formulas I' is called L-3-consistent, if ¥ I/p I' —.

Definition 4.2. A set of sequents 3 is called L-consistent, if 3 Y/ —, or, equivalently,

if there exists an L-X-consistent set, cf. footnote 1.

Lemma 4.3. (Cf. Lemma 3.1.) If ¥ /L I' — A, then there exists a mazimal L-%-
consistent set T including T’ such that Xt TV — A.

Lemma 4.4. (Cf. Lemma 3.2.) IfT' is a mazimal set for which ¥ t/r, ' — A, then
for every formula ¢ € F there exists a unique k € {1,...,n} such that (¢, k) € T.

For an L-consistent set of sequents 3, we define the L-X-canonical structure My, s =
(Wi, {RL,3,0}per, ILx) just like the X-canonical structure My in Chapter 3, except
that Wr, s is the set of all maximal L-X-consistent sets. Note that W, s is nonempty,

because ¥ is L-consistent.
Corollary 4.5. For an L-consistent set of sequents X the following holds.

(i) (Cf. Theorem 3.3.) For all labelled formulas (o, k) and all w € Wi s, (p, k) € u
if and only if Mp s, u = (o, k).

(17) (Cf. Corollary 3.4.) Mp s = 3.

(73i) (Cf. the “if” part of Theorem 2.2.) If Xt/ I' = A, then M s =T — A.
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We proceed with two extensions of mwv-N which are sound and strongly complete

for the many-valued Kripke structures defined below.

Definition 4.6. A many-valued Kripke structure M = (W, {R,},cF, I) is called serial
(or with no dead-ends), if for all formulas ¢ € F, R, is a serial relation, i.e., for all

we W, Sp(u) # 0.

Theorem 4.7. If L contains the axioms

(p,n) = (Gp,n) (4.1)
then My, = is serial.

Proof By Remark 4.8 below, we may remove the restriction on n in axiom (2.3) and
in rule (2.5). Then, we are, actually, in the argument of the case of i # n in the proof
of Theorem 3.3, where, in particular, we have shown that for each formula ¢ and each

world u, S, (u) is nonempty. [ |

Remark 4.8. Axiom (4.1) is, actually, removing the requirement “k # n” from (2.3). In
addition, axiom (2.4) becomes redundant. Also, the requirement “k # n” in rule (2.5)

is redundant as well, which can be shown as follows.

1. (o, assumption

2. (Cp n) — follows from 1 by (2.6)

3. (Op,n) = (Op,n) axiom (4.1)

4. (Qp,n) — follows from 2 and 3 by n-cut (2.11)

Dually, it can be shown that the requirement “k # 1” in rule (2.6) is also redundant.

Definition 4.9. A many-valued Kripke structure M = (W, {R,},cr,I) is called re-

flezive, if for all formulas ¢ € F, R, is a reflexive relation.

Theorem 4.10. If L contains the axioms

(O, k) = (0, k)" (4.2)

and
(0 k) = (Op, k)T (4.3)

then My 5 is reflexive.!

Proof For a formula ¢ and a world v € Wg s, we have to show that uRp ,u. Let
i,J, and k be such that (Og, i), (Cy, ), (¢, k) € u. By axiom (4.2), X b u — (p,4)",

! The classical axiom Oy D ¢ is replaced with axioms (4.2) and (4.3), because, in mv—N, O and ¢

are not interdefinable.
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implying ¢ < k, because, otherwise, like in the proof of Theorem 3.3, by right-shifts we
arrive at a contradiction. Similarly, by axiom (4.3), k < j. Thus, by definition of R,

we have uRp, ,u. |

Remark 4.11. Axioms (4.2) and (4.3), with k being n, imply (4.1), by n-cut (2.11), and
also imply axioms (2.3) by a number of cuts. In addition, by Remark 4.8, these axioms

also imply (2.4) and make redundant the restrictions on k in rules (2.5), and (2.6).

Theorem 4.12. The extension of mv-N with (4.1) is sound and strongly complete

with respect to serial Kripke structures.

Theorem 4.13. The extension of mv-N with (4.2) and (4.3) is sound and strongly

complete with respect to reflexive Kripke structures.

The completeness of each logic follows immediately from Corollary 4.5 (7i7) and
Theorems 4.7 and 4.10. It remains to show soundness. In view of the “only if” part
of Theorem 2.2, we only have to check that every world u € W satisfies the respective

axioms.

Proof of the soundness part of Theorem 4.12If u |= (Og, n), then
vn = b ({T(0,0) : v € Sp()}) < sup({I(0,0) : v € Sp(w)}) = T(u, Op)
because S, (u) # 0, Thus, I(u, Oy) = v, follows. [ |
Proof of the soundness part of Theorem 4.13 Since u € S,(u),
I(u,B0¢) < I(u, ) < I(u, Op)
both (4.2) and (4.3) are satisfied by wu. [ |

Remark 4.14. For a set of mv-N formulas ®, the proofs in this chapter are easily
modified to show that if we add to mwv-N only the ®-instances of (4.1), i.e., the set of

sequents
{(@p,n) = (Cp,n) : p € D}

then we obtain a sound and complete logic with respect to Kripke structures in which
R, is serial for all ¢ € ®.
Similarly, adding only the ®-instances of (4.2) and (4.3) results in a sound and

complete logic with respect to Kripke structures in which R, is reflexive for all ¢ € ®.
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Chapter 5

Decidability of mv-N and its

extensions

In what follows, L can be any of the logics mv-N, mv-N+(4.1), or mv-N+(4.2),(4.3)
and Cy, is the class of the respective Kripke structures.!

We show that it possesses the finite model property. The proof is based on the
filtration technique, cf. [Seg71, Chapter I, Section 7], where this technique is applied
to some two-valued modal logics.

Let ® be a subformula-closed set of formulas® and let M = (W, {Ry}secr,I) be a

Kripke structure. The equivalence relation =¢ on W is defined as follows.
u =¢ v if and only if I(u, ) = I(v,¢) for all ¢ € ®.

The L-filtration of M through ® is the Kripke structure

Mp o= WL o ARL e oloer IT.0)
where?

o Wi g is the set of all equivalence classes of =¢. That is, W 4 = {[u] : u € W}

where [u] is the =4 equivalence class of .
o [ulR} ¢ ,[v] if and only if there exist «’ € [u] and v’ € [v] such that u'R,v’.

o For [u] € W* and a propositional variable p € ®, I 4([u],p) = I(u,p). By the
definition of =¢, I} 4 is well defined and the value of I 4 for p ¢ ® does not

matter for our purposes.

! That is, Cr, consists of all Kripke structures, if L is mwv-N, consists of all serial Kripke structures,
if L is mv-N+(4.1), and consists of all reflexive Kripke structures, if L is mv-N+(4.2),(4.3).

2 That is, if ¢ € ®, then each subformula of ¢ also belongs to ®.

3 For the three logics considered here, the filtration does not, actually, depend on L. However, in
Chapter 10, the accessibility relation of the filtration is going to depend on the underlying logic, hence

we indicate the logic in the subscript.
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Theorem 5.1. Forall p € ® and u e W,

I(u, ) = It p([ul], ¢) (5.1)

Proof The proof is by induction on the complexity of .

If ¢ is a propositional variable, the equality immediately follows from the definition
of I o

If  is of the form *(¢1, ..., @), then ¢1, ..., pr € ®, because @ is subformula closed.
Therefore, by the induction hypothesis, for all i = 1,2,..., ¢, I(u,¢i) = I} 4([ul, i),
implying

I(u,) = *(I(u,1),...,1(u,pp))
= *([po(u), 1), ILa([ul,00) = If o([u],¥)

Let ¢ be of the form O¢' and let I(u,p) = v;. Let [v] € W} 4 be such that
[ulR%, g ,[v]. By the definition of R} 4 ./, there exist v’ € [u] and v € [v] such that
u'Ryv'. Since ' =g wand ¢ € @, I(v, ) = v; and since ' Ryv', vy < I(v', ¢"). Thus,
by the induction hypothesis (because ¢’ € ®),

I(’Ulv 90/) = Iz,cb([vl]v 90/) = Iz,cb([v]a QDI)

implying v; < I7 4([v], ¢'), that, in turn, implies

v; <inf({If o([v],¢') : [ulRE o o [0]}) = IF o ([ul, ©) (5.2)

If i = n, then we have (5.1).

Assume i # n. Since I(u, ¢) = v;, there exists v € W such that uRv and I (v, ¢’) =
v;. By the induction hypothesis, I7 ([v], ¢') = vi and, since uRyv, [u]R} ¢ [v], by
the definition of Rzﬁb,sﬁ“ Therefore,

v; € {1} o([v],¢) : [u|RE g o [v]}

implying
v; > inf({If o([v],¢') : [ulRL ¢ o [V]}) = I o ([u], ©)

which, together with (5.2), implies (5.1).
The case in which ¢ is of the form ¢’ is dual to the above and is omitted. |

Proposition 5.2. If a Kripke structure M is serial, then ME<I> s also serial.

Proof Let [u] € W} 4 and let ¢ € F. Since M is serial, there exists v € W such that
uR,v. By the definition of R}, ¢ ,, [u|R] ¢ ,[v]- |

Proposition 5.3. If a Kripke structure M is reflexive, then ME@ s also reflexive.
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Proof Let [u] € Wi o and let ¢ € F. Since M is reflexive, uR,u. By the definition of
Riqwj, [U]Riq),w[u]. m

Definition 5.4. We say that a logic L possesses the finite model property, if for each
finite set of sequents 3 and each sequent I' — A such that 3 F/y, I' = A, there exists a
finite Kripke structure M € Cp, (i.e. the set of worlds of M is finite) such that M = 3,
but M T — A.

Theorem 5.5. Each of the logics mv-N, mv-N+(4.1), or mv-N+(4.2)+(4.3) pos-

sesses the finite model property.

Proof Let L be any of the logics mv-N, mv-N+(4.1), or mv-N+(4.2)+(4.3), and
let X and I' = A be a finite set of sequents and a sequent, respectively, such that
Y i/ T' = A. By Theorems 2.2,4.12, and 4.13, there exist a respective (“general,”
serial, or reflexive) Kripke structure M = (W,{R,},cr,I) such that M = X, but
MET — A.

Let ® be the subformula-closure of the formulas appearing in 3 and in I' — A%
Then @ is finite because X is finite, there are finitely many formulas in a sequent, and
there are finitely many subformulas of each given formula.

Let M* = (W} o, AR} per, 1T o) Where RY is Ry 4 ,, if ¢ € © and is total®,
otherwise.

The set of worlds W* is finite, because an equivalence class of =¢ is characterized
by a choice of values from V to each element of ® (that is finite) and there are finitely
many such choices (at most nl®l).

It immediately follows from Theorem 5.1 that for a sequent X consisting only of
formulas from ®, M = ¥ if and only if M* | X, implying M* = 3 and M* £ T — A.
Since, by Propositions 5.2 and 5.3, Rf is serial or reflexive, respectively, for ¢ € @,

and, obviously, total relations are both serial and reflexive, the proof is complete. W

Corollary 5.6. Each of the logics mv-N, mv-N+(4.1), and mv-N+(4.2)+(4.3) is
strongly decidable. That is, if X and I' = A are a finite set of sequents and a sequent,
respectively, then there is a procedure deciding whether 3+ I' — A.

Proof The decision procedure is standard. We in parallel search for a proof of I' = A
from 3 and for a finite Kripke structure provided by Theorem 5.5 that satisfies 3,
but does not satisfy I' — A. Note that, by Remark 2.1, the above satisfiability and
unsatisfibility involve only (finitely many) relations R} ¢, Where ¢ € ®. [ |

4 That is, ® is the minimal set containing all formulas appearing in ¥ and in I' — A together with

all of their subformulas.
® That is, R, = Wi o x Wi 5.
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Chapter 6

Dunn-Belnap logic of pure

necessitation B4-IN

The four-valued logic By [Dun76; Bel75; Bel77] was suggested as the logic that a
question-answering machine should use. The logic consists of four truth values, f,n,b
and t. Its truth tables constitute a lattice, which the author called “the logical lattice”
and denoted it by L4, see Figure 6.1. Namely, the conjunction of two values is their

infimum and the disjunction is their supremum.

Figure 6.1: Dunn-Belnap’s logical lattice L4

In this chapter we briefly discuss a four-valued logic of pure necesstation, B4-IN,
with the By truth values. Again, the necessity connective is interpreted as the infimum
of all relevant values and the possibility connective is interpreted as their supremum,
and nothing is assumed about the underlying propositional connectives. That is, the
By propositional connectives are not assumed, and the lattice L4 is only used for
interpreting the modal connectives O and <.

In what follows, V' = {f,n,b,t} is a set of truth values ordered by
f<n f<bf<tn<tb<t

(see Figure 6.1). In particular, n and b are incomparable.
The set of formulas F is defined as in mwv-N, but a (Dunn-Belnap) labelled formula

is now a pair (¢, v), where ¢ is a formula and v € V. The intended meaning of such a
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labelled formula is that v is the truth value associated with .

A B4 Kripke structure (or By N-structure or just Kripke structure) is defined
exactly like mv-N-structures, with the same extension of I to W x F (with inf(0) =t
and sup(P) = f), but note that now inf({I(v,p) : v € Sy(u)}) and sup({I(v,p) : v €
Sy (u)}) might not be min({/(v,¢) : v € Sy(u)}) and max({I(v,¢) : v € Sy(u)}), even
if Sy(u) # 0.

Naturally, we write M, u = (¢, v), if I(u,p) = v.

Let u,v € V. We denote the set of values between u and v by [u, v]:
[u,w={veV: :iu<v<w}

That is, [v,v] = {v}, for all v € V, [f,n] = {f,n}, [f,b] = {f, b}, [f,t]=V,
[n,t] = {n,t}, [b,t] = {b,t}, and the other intervals [n,b] and [b, n] are empty.

As usual, [u,w] is the complement of [u, w]:
[u, w] = V'\ [u, w]

We also define
(p,0)" = {} x [v,]

and

(0, 0)" ={e} < [f, 0]

The proof system of B4-IN is presented below. It is similar to that of mwv-IN, the

most important difference being the rules involving modal connectives.

The axioms are:

(p,v) = (o, v) (6.1)
(Splavl)a”'v(spfavf) — (*(@17”'7Q0K)7v) (62)
for each table entry vy, ..., vy such that x(vy,...,vy) = v,
(Op,v) = (Cp,v)T  w#t (6.3)
and
(B, 1) = (Cp, 1), (O, f) (6.4)
and the logical rules are
(p,v) =
— b .
0 venb) (6:5)
B2 by (6.6)
(Cp,v) — ’
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. f)=  (pv)=

ve{n,b 6.7
O f) > {n. 8} (6.7)
(¢, ) — (p,v) —
b 6.8
N v e {n,b} (68)
(o, F) — (6.9)
(T, f) = (O, 1)
(o, t) =
6.10
(Gprt) — (Op, ) (6.10)
and the structural rules below.
v-left-shift:
L (pv) 2 A (6.11)
I'— A {p} x {v}
v’ v"-right-shift:
F — A’ (SD? UI) !/ 1
_ 12
P, (Q@,’U”) N A v #IU (6 )
v-left-weakening;:
r—=A
_ 6.1
T (e S A (6.13)
v-right-weakening:
r—=A
= 6.14
T A (p0) (6.14)
v-eut: "= A (p,v) I (p,v) = A"
I‘V 1’\// N A/ AII (615)
v’, v"-resolution:
/ / / 7 /i 1
r —>A,(4p,v) r %A,(g@,v) 1},75’1)// (6.16)

FI’F// N A/’A//

Again, cut and resolution are derivable from each other, see [KF21, Proposition 3.3].

We shall also need the two following derivable rules. One is “multi-cut”

{Ty, (p,v) > Ay :vEV}

Uvev Tv = Unev Ao (6.17)
that is derivable by cuts from the derivable sequent
—{p}xV (6.18)
see [KF21, Proposition 3.4], and the other is “multi-shift”
{Ty, (p,v) = Ay :v € W} (6.19)

Uvew T'v = Upew Ao, {¢} X w
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for W CVand W =V \ W, see [KF21, Remark 3.5].

In the current chapter, we write F for a proof in B4-IN.

Theorem 6.1. Let X and I' — A be a set of sequents and a sequent, respectively.
Then X T — A if and only if X =T — A.

6.1 Soundness of B4-IN

The proof of soundness is very similar to the “only if” part of Theorem 2.2, and we
shall only show the most “interesting” parts of the proof.

Let I' — A be the conclusion of (6.7) and assume to the contrary that, for some
ue W, M,u k= (Op, f).

If fe{I(v,p)lve Sy(u)}, there exists a world v € W such that M,v = (¢, f),
contradicting the induction hypothesis M |= (¢, f) —-.

Therefore, M, u |= (O, f) implies n,b € {I(v,¢) : v € Sy(u)}. In particular, there
exist worlds v, w € W such that M, v = (¢, n) and M, w = (¢,b). One of these worlds
contradicts the induction hypothesis M = (¢, v) —.

Now let I' — A be the conclusion of (6.9). Assume a world u satisfies (D, f).
If fe{l(v,p):ve Sy(u)}, then there exists v € W satisfying (¢, f) contradicting
M E (¢, f) —. Therefore, M,u |= (O, f) implies b,n € {I(v,p) : v € Sy(u)}, that,
in turn, implies M, u = (Oy, t), as desired.

6.2 Completeness of B4;-IN

Consistency and 3-consistency are defined exactly as in Chapter 3. Lemma 3.1 and
Lemma 3.2 (with obvious syntactic modifications, such as replacing k € {1,...,n} by
v € V, that we shall ignore in the future) are proved in the same way.

A B4-N-X-canonical structure is defined the same as well.

The proof of Theorem 3.3 for By4-IN is very similar. Again, we shall focus on a
specific case that is new to B4-N. Namely, let the labelled formula be (3¢, f) € u.

If ¥ ¥ (¢, f) —, then, by Lemma 3.1, there exists v € Wx such that (¢, f) € v.
The label of G¢ in w is clearly at least f, so, by definition of Ry ./, uRs v. By the
induction hypothesis, M, v = (¢', f). Thus Mx,u = (O¢/, f) as desired.

Now assume X F (¢, f) —.

If there exists v € {n, b} such that ¥ I (¢’,v) —, then, by (6.7), X F (O¢/, f) —,
contradicting the X-consistency of w.

Therefore, we have both X ¥ (¢/,n) — and X ¥ (¢/,b) —. By Lemma 3.1, there
exist v,w € Wy such that (¢/,n) € v and (¢',b) € w.

Since we assumed X F (¢, f) —, by (6.9), X F (3¢, f) — (O¢,t), implying
Y Fu— (O, t). By maximal X-consistency of u, (O¢',t) € u. Therefore, since
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n,b € [f,t], we have both uRx, v and uRyx ,w. By the induction hypothesis, Mx, v |=
(¢',m) and Mx,w E (¢',b). Thus My, u = (O¢, f) as desired.
The rest of the proof of completeness — that is, Corollary 3.4 and the proof of the

7if” part of Theorem 2.2 — is identical.

6.3 Two extensions of Bs-IN

All of the results and proofs in Chapter 4 are applicable for B4-IN in a straightforward
manner (taking ¢ for n in axiom (4.1), of course). The only proof that is slightly
modified is the one of Remark 4.8:

o, t) — assumption

(Op, f) follows from 1 by (6.10)

(Cp,t) axiom (4.1)

(Oy, f) follows from 2 and 3 by t-cut (6.15)
follows from 4 by right-shift (6.12)

UL = W N =
~~ N /N~
O
5

So, B4-N+(4.1) and B4-N+(4.2),(4.3) are sound and strongly complete with respect

to serial and reflexive By-structures, respectively.

6.4 Decidability of B4-IN and its extensions

Filtrations are defined in the same manner. Again, we shall focus on one case in the
proof of Theorem 5.1: ¢ is of the form O¢" and I(u,¢) = f.

If there exists v € W such that uRyv and I(v,¢") = f, then, by the induction
hypothesis, I7 ([v], ¢') = f and, since uR,v, [u] R} 4 [v], by the definition of R} 4 .
Therefore I 4([u], p) = f as desired.

Otherwise, there exist v,w € W such that uRy v, uRyw, I(v,¢') = nand I(w,¢') =
b. The rest is similar to the previous argument.

We conclude, like in Chapter 5, that B4-IN and its extensions possess the finite
model property and thus strongly decidable
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Chapter 7

Many-valued normal modal logic

muv-K

We shall develop mwv-K, the many valued counterpart of the normal modal logic K,
taking a similar approach to that presented in [MT93], where K is developed from N.

Let 4,5 € {1,...,n}. We denote the set of integers between i and j by [i,j]. That
is

5] ={k € {l,...,n} i <k < j}

By definition,

[i,7] ={1,...,n}\ [i,7] = [1,i — 1JU[j + 1,n]
In particular, we define
(0, k)" = {p} x [k, n]

and
(. k)™ = {p} x [1,k]

Definition 7.1. For a set of labelled formulas I', the set of labelled formulas I'* is

defined as follows.

D= U} x fig, do] = (O, 1y), (00, jy) € T}

That is, for all ¢ such that (0, iy), (O, jy) € T', T includes the set {1} X [iy, jy]

and nothing else.

Remark 7.2. In the above definition, it may be safely assumed that for all ¢ € F, there
exist at most one iy and one jy such that (O, iy), (O, jy) € I'. In other cases, the

definition of I'* does not matter for our purposes.

The idea lying behind the definition of I'* is, that in a Kripke model (as will soon
be defined), if uRv and u satisfies every element of I', then v satisfies no element of I'*,

see Lemma 7.5.
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Many-Valued K, or mv-K, is the extension of mwv-N (whose proof system was

presented above) with the following rules:

(o, k) — T
RN =
(o, k) = T
(Cp, k), T — Bl (72)

A many-valued normal modal logic is any extension of mv-K.

In the case of normal modal logics, simpler interpretations than the ones presented
in Chapter 2 can be used to semantically characterize the provability relation. We used
the term Kripke structure to refer to interpretations with separate accessibility relations
for different formulas. From now on, we will use the term Kripke model when referring
to interpretations with one accessibility relation for all formulas. The terminology is
adapted from [MT93; FMT92].

Definition 7.3. A many-valued Kripke structure M = (W,{R,},cr,I) is called a
many-valued Kripke model (or many-valued K-model or just Kripke model) if there

exists a relation R on W such that R, = R for all ¢ € F. In this case we denote it by
M= (W,R,I).

Kripke models are a particular case of Kripke structures. In particular, the se-
mantics given in Chapter 2 applies to models as well, but note that S,(u) no longer
depends on ¢. Therefore, for models, it will be simply denoted by S(u). That is,
S(u) ={v € W|uRv}.

Theorem 7.4. mv-K is sound and strongly complete with respect to Kripke models.

The proof of the soundness is standard and is presented below. The proof of the

strong completeness is rather involved and is presented in the next chapter.

Lemma 7.5. Let M = (W, R, I) be a Kripke model, let u,v € W and let T be a set of
labelled formulas. If uRv and u satisfies every element of I', then v satisfies no element
of T*.

Proof Assume to the contrary that v satisfies an element of I'*. That is, v satisfies a

labelled formula in {¢} X [iy, jy], for some ¢ such that

(Dwa id})v (Owajw) el

However, u satisfies both (O,4,) and (1, jy) which, together with wRv, implies
v, < I(v,9) < wj,. Thus, v cannot satisfy an element of {1/} X [iy, jy], and we have

arrived at a contradiction. [ |

34



Proof of the soundness part of Theorem 7.4 A Kripke model is a Kripke structure.
Thus, following the proof of soundness for mwv-N, it is sufficient to consider the cases
of (7.1),(7.2) for a Kripke model M.

Let M = (W, R, I) be a Kripke model satisfying 3.

Let (Oyp, k),I' — be the conclusion of (7.1) and assume to the contrary that there
exists a world u satisfying (O, k) and every labelled formula in I'. Since k # n,
S(u) # 0. Thus, there exists v € S(u) satisfying (¢, k).!

By Lemma 7.5, v satisfies no element of I'*. Therefore (and by the definition of the
satisfiability relation |=, of course), M,v [~ (p,k) — I'*, contradicting the induction
hypothesis M = (¢, k) — I'*.

The case of (7.2) is dual to that of (7.1). [

We conclude this chapter with examples of mv-K derivability, some of which will

be used in the proof of the completeness theorem.

Ezample 7.6. Apply (7.1) with T' = () to obtain (2.5). Apply (7.2) with ' = @) to obtain
(2.6). Thus rules (2.5), (2.6) are redundant in mv-K.

Ezxzample 7.7. The sequents
(Op, k) = (Op, k)T k#n (7.3)

and
(O, k) — (Op, k)~ k#1 (7.4)

are muv-K-derivable. In particular, axiom (2.3) is redundant in mv-K.

The derivation of (7.3) is as follows, where, in steps 2; and 3;, j < k.

1. (o, k) = (o, k) axiom (2.1)

2. (o, k) = {p} x[1,n] follows from 1 by n — 1 right weakenings (2.10)

2. (p,k) = {¢} x [k,j] follows from 2, because, for j < k, [k,j] =0

3;. (Op,k),(Cp,j) =  follows from 2; by (7.1) with I" being {(Dp, k), (Cp, )}
4. (Op, k) = (Op, k)T follows from all 3;, j < k, by multi-shift (2.15)

The derivation of (7.4) is dual to that of (7.3) and is omitted.
Now, for k # 1,n, by k n, j-right-shifts (2.8), j < k, on (7.4), we obtain

(O@ak)a(m<pan)—> k=2,3,...,n—1
from which, by multi-shift (2.15), we obtain

(Op,n) = (9, 1), (Op,n) (7.5)

! Actually, the existence of such a world v is all we need from the satisfiability of (O, k).
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That is, axiom (2.4) is redundant as well.

Dually, one can derive
(©p,1) = (B¢, 1), (B, n) (7.6)
Ezample 7.8. The sequent

(D@a TL), (<>907 1) — (Dd}u n) (77)
is mwv-K-derivable.? The derivation is as follows, where, in steps 2; and 3;, i # n.

— {p} x [1,n] derivable sequent (2.14)
2i. (¥,1) = {p} x[1,n] follows from 1 by i-left-weakening (2.9)
3i. (O%,1), (Op,n), (Gp,1) —  follows from 2; by (7.1), with I" being

{(@p,n), (O, 1)}, because [n, 1] = [1,n]
4. (de,n), (e, 1) — (OY,n) follows from all 3;, i # n, by multi-shift (2.15)

Dually, one can derive
(Op,n), (Cp,1) = (O, 1) (7.8)

Ezample 7.9. The rule

{((p,ﬁ) — (l/J,k‘g,iJrl) = Z,Z+ 1,...,j}
(D% Z)a (0907]) — (D¢7 kl): (D¢; kQ)a (KRN (Dwv kj—i—i—l)

is mv-K-derivable.? The derivation is as follows.

We contend that sequent

(Dgp, Z), (<>g0,j) — (D¢, kil), (D’(ﬁ, l{?g), ey (DQ)Z)7 k‘j,iJrl), (Dw, n) (710)

is derivable from the premises of this rule.

If {k1,...,kj—ix1,n} = [1,n], then it is derivable from (2.14), with ¢ being O, by
two left-weakenings (2.9).

Otherwise, let k # ki, ko, ..., kj—it1,n.

Applying right-shift (2.8) on each assumption, we obtain the sequents

(0, 0), (W, k) = L=i,it+1,...,]

2 Semantically, this sequent is valid, because, if a world u satisfies both (Op,n) and (Og, 1), then
S(u) = 0. Therefore u satisfies (O, n) for every .

3 Semantically, this rule is valid, because, if a world u satisfies (Qy,) and (O, j), for i < j,
then for all v € S(u), vi < I(v,¢) < w;. Therefore, by the premises of the rule, I(v,¥) €
{Vky Vkyy -+ o, Uk, _ip ), implying I(u, Otp) = min{I(v,9) : v € S(u)} € {Vky, Vkgy- -+, Vk;_; 4y }-
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from which, by multi-shift (2.15) (or multi-cut (2.13) if ¢ = 1 and j = n), we obtain
(¥,k) = {p} x [i.5]
Since k # n, we may apply rule (7.1) to this sequent, which results in
(O, k), (O, i), (O, j) =

Since the latter is derivable for all k& # ki, k1,...,kj—i+1,n, by multi-shift (2.15),
we obtain (7.10), which proves our contention.

Ifn € {ki,k2,...,kj—it1} we are done. Therefore, we assume that n # ki, ko, ..., kj_it1.
From (7.5), and (7.10), by cut, we derive
(D(p’ Z)? (<>S07.7) — (Dd)a kl)a ceey (51/17 kj*iJrl)’ (<>¢a TL), (O@Z), 1) (711)

To proceed, we observe that, dually, to the derivation of (7.10), from the assump-
tions of (7.9), one can derive

(O, 1), (O, 4) = (O, k1), -, (O, kjmin), (O, 1)
from which, since n # ki, ks, ..., kj_iy1, by right-shifts (2.8), we obtain
(O, n), (O, i), (O, j) = (7.12)
From (7.11) and (7.12), by cut, we derive
(O, 1), (O, 4) = (O, k1), .., (B, kjit), (O, 1) (7.13)

Since ¢ < j, either ¢ # n or j # 1.
Assume i # n. Interchanging ¢ and ¢ in (7.7), we obtain

(O, n), (1, 1) = (Op,n)
from which, by i-right-shift (2.8), we derive
(O, n), (O, 1), (O, 1) — (7.14)
Similarly, if 7 # 1, then, interchanging ¢ and v in (7.8), we obtain
(O, n), (O, 1) = (O, 1)
from which, by j-right-shift (2.8), we derive
(O, n), (Oh,1), (O, j) — (7.15)
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From either (7.14), if i # n, or (7.15), if j # 1, and (7.10), by cut, we have

(Dgov i)’ (<><ij)’ (Owa 1) — (D¢7 kl)v cey (D¢, kj—i—i—l)

from which and (7.13), by cut, we obtain the desired conclusion

(D907 ) (<>907 ) (Dw7k1) (Dw7kj—i+1)

of (7.9).
The dual rule of (7.16)

{(p,0) = (W, kp_is1): b=14d,i+1,...,5} o
(©.), (09, 1) = (O, k), (Ot ko) (kg ) (7.16)

is derivable as well.

Example 7.10. The rule

(psn) = (¥,n)
(©, ) > (O0,1) (10
is mwv-K-derivable.

This rule can be thought of as a generalization of the rule

=P
Op — Oy

from [OM57].
The derivation of (7.17) is as follows.

1. (¢,n) = (Y,n) assumption

2. (de,n), (Cp,n) — (Oy,n) follows from 1, by (7.9) withi =j=n =k
3. (Op,n) = (©p,1),(Op,n)  (7.5)

4. (Ogp,n) — (OY,n), (Op,1) follows from 2 and 3 by n-cut (2.11)

5. (Og,n), (Op,1) = (O¢,n) (7.7)

6. (Op,n) — (Op,n) follows from 4 and 5 by 1-cut (2.11)

We shall also need the following generalization of multi-shift (2.15).
Proposition 7.11. The following generalization of multi-shift (2.15)

Lok (01, k1), oy (o ke) = Diy ey 2 k1 € Ky oo ke € Ky}

I — (7.18)
Ukierr,koerco Dkroke = Ukiern, koeic, Dkakes {1} x Ky, {we} x Ky

is mv-K-derivable.

Proof Derivability of (7.18) can be shown as follows. Fix ko € Ks,...,k € K, and
apply multi-shift (2.15), (or multi-cut (2.13), if K1 = [1,n]) to the set of sequents

{Fk1,...,kga (901, kl)a ) (@Za ké) — Akl,...,k,‘g : kl € Kl}
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to obtain

ki1€Ky k1€K,

Then, fix k3 € Ks,...,k; € K; and apply multi-shift (2.15), (or multi-cut (2.13), if
K5 = [1,n]) to the set of sequents

{ U Thrkes (02,k2) s (0o ko) & | Dby {01} X K1t kg € K3}
ki1€eK1 kieK,

to obtain

U Fkl,...,kga (@3, kS)’ sy (SDE’ kf) — U Ak:l,...,kga {‘101} X Ea {902} X YZ
k1€K1,ko€K2 k1€Ky,ko€K2

and so on (¢ times in total).* [ |

4 The proof is, actually, by induction on £ that is omitted.

39



40



Chapter 8

The canonical model theorem
and the proof of the completeness

part of Theorem 7.4

Like in [MT93], to every structure we assign a model. Namely, for a structure M =
(W, AR} per, I) we define M™ = (W, (N ecr Ry, I). Recall that I is originally defined
only on W x P; its extensions to W x F on M and on M" may, in general, differ from
each other. We denote these extensions by Iy, Iy respectively.

Let 3 be mv-K-consistent and let My,,.x s be the mv-K-X-canonical structure
(recall the discussion at Chapter 4, with mv-K as L). We call M} s, the 3-canonical
model.

From now on, we enumerate F as ¥, s, .. ..

Remark 8.1. The accessibility relation R = [\ ¢ R, of the canonical model can be
explicitly defined as follows.

For worlds IV, T € Wi,k 5, IV RI" if and only if for the unique i1, 2, . . ., j1, 2, - - -,
and ki, ko, ... such that

(D1, 41), (Y1, 51), (Otha, ia), (Oha, j2), ... € T

and

(Y1, k1), (2, k2),...€T”

provided by Lemma 4.4, 4., < kpp < jm for all m =1,2,...1
Lemma 8.2. Let I' be a 3-consistent set of formulas and let
(O, k) (D9, i), (O, j) €T (8.1)

where k #n. Then i < j.
! Equivalently, IT'RT" if and only if (I')* N T = §.
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Proof Assume to the contrary that i > j. We distinguish among the cases of, i # n,
j#1l,and i =nand j = 1.

If i # n, then

1. T'— (Ov,q) follows from axiom (2.1), with ¢ being Ot and
k being i, and (8.1)

2. T — (0, )) follows from axiom (2.1), with ¢ being ¢ and
k being j, and (8.1)

3. (O%,i) — (O,i)"  (7.3) with ¢ being ¥ and k being i

4. T — (O,i)* follows from 1 and 3 by cut

5. I'— follows from 2 and 4 by n — i resolutions (2.12)

However, X FI' — contradicts the 3-consistency of I'.
The case of j # 1 is dual to that of ¢ # n and is omitted.
Let i =n and j = 1. Then

1. T — (0¢,k) follows from axiom (2.1), with ¢ being O¢'

2. T — (O¢Y,n) follows from axiom (2.1), with ¢ being O and
k being n, and (8.1)

3. T'— (Y, 1) follows from axiom (2.1), with ¢ being ¢t and

k being 1, and (8.1)
(O, n), (O, 1) — (B¢',n) (7.7) with ¢ being 1) and 1) being ¢’

' — (O¢',n) follows from 2,3, and 4 by two cuts
r— follows from 1 and 5 by resolution (2.12)
Again, X F I — contradicts the X-consistency of I. |

Lemma 8.3. Let (¢, k) be a labelled formula and let i1, j1,42, j2, ... € {1,...,n} such
that ipm < Jm, for all m = 1,2,.... If for all k1 € [i1,j1], k2 € [i2,j2],..., the set
{(¢', k), (V1,k1), (a2, ka), ...} is L-X-inconsistent, then there exists a non-negative in-
teger L such that

Bp (¢ k) = ) x [in, 1], {2} x iz, gl - {¥n} % [ir, ji
Proof We contend that there exists a non-negative integer L such that

YtL (90,7 k)? (¢17 kl)v (1/127 k2)7 B (wln kL) -

o o o (8.2)
ki € [i1,j1), k2 € [i2, g2], ..., kL € [ir, jL]

For the proof of our contention, we consider a tree T" whose nodes are sets of labelled

formulas of the form

{(¢1v kl)v (¢2’ k2)7 RR) (wma km)}

L y o (8.3)
kl € [’Ll,jl],kQ (S [22,]2],.. .,km (S [Zm,]m],
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m = 0,1,..., such that each node (8.3) is L-X-consistent, when (¢, k) is added to it

as an element; and the successors of a node (8.3) are nodes of the form

{(1#1, kl)v (¢27 kQ)v SRR (Qbmy km)? (¢m+17 km—i—l)}

where kp 1 € [im11, fmr1]-

Thus, nodes (8.3) are of height m. In particular, the root of T is 0, if {(¢/,k)} is
L-3¥-consistent. Otherwise, T is empty.

This tree T is of a finite branching degree, because a node of height m has at
most jm41 — tme1 + 1 successors. Also, T has no infinite paths. Indeed, an infinite
path would correspond to a choice of k1 € [i1,j1], k2 € [i2, jo|,.... However, the set of
labelled formulas {(¢’, k), (¢1, k1), (Y2, k2), ...} is L-X-inconsistent. Thus, it includes a
node that becomes L-3-inconsistent, when (¢, k) is added to it, which contradicts the
definition of T'. Therefore, by the contraposition of the Konig infinite lemma [Kén26],
T is finite.

Let H be the height of 7.2 Then, for L = H + 1, we have (8.2), which proves our
contention.

Now, from (8.2), by (7.18) we obtain

Sbp (¢ k) = {1} x [in, 1], {2} x [i2, j2], - .-, {¥r} X lir, ji

as desired. [ ]

Theorem 8.4. Let ¥ be mv-K-consistent and let M = Myyvx s = (W, {Rs}poer, I)
be the mv-K-3-canonical structure. Then for all ¢ € F and w € W, Iyn(u,p) =

Ing(u, p).

Proof The proof is by induction on the complexity of .
For ¢ € P, this is clear since Iy (u, @) = I(u, ) = Inr(u, ).
If ¢ = %(o1,...,9¢), then by the induction hypothesis,

Iy (u, 1) = Ing(u, 1), -, Ingo (w, 00) = Tng (u, @)
Therefore,
Iy (u, 90) = ”‘(IMm (u, 301)7 N (uv 90()) = *(IM(uv 901)’ sy IM(“? 905)) = IM(“? 4,0)

Now assume ¢ = O¢'. Since R = N ex Ry C Ry, we know S(u) C Syr(u) (where
S(u) = {v € W|uRv}). Thus,

o (u, @) = inf{Iyn (v, )|v € S(u)} > inf{lyn(v,¢') | v eE Ser(u)}

2 We put H = —1, if T is empty.

43



= inf{In(v,¢")|v € Sp(u)} = Inr(u, p)

(we used the induction hypothesis to see Inn(v,¢') = Iy(v,¢’)). If In(u, ) = vy,
then Ipmn(u,¢) > vy, implying Iy (u, ) = v, and we are done. Therefore assume
In(u, p) # v, and denote it by vg. It is sufficient to prove Ipn(u,p) < vg. For this,
it is sufficient to show that there exists v € S(u) such that Inn(v,¢’) = vg.

Assume (O, 41), (OY1,71), (O, i2), (Othe, j2), ... € u. We claim that it is suf-
ficient to show that there exist v € W and ki € [i1,j1], k2 € [i2,j2],... such that
(¢ k), (Y1.k1), (¥2.k2),... € v. Indeed, uRv by definition of R, and, by part (i) of
Corollary 4.5, Ip(v, ') = v, so by the induction hypothesis Iy (v, ') = vi as de-
sired.

By Lemma 4.3, for existence of such k1, ko, . . . and v, it suffices to show that there ex-
ist k1 € [i1, 1], k2 € [i2, j2], . . . such that the set of labelled formulas {(¢’, k), (¢1, k1), (2, k2), ...}
is mwv-K-3i-consistent.

For the proof, assume to the contrary that for all k1 € [i1, ji1], k2 € [i2, jo2], ..., the
set {(¢', k), (¥1,k1), (2, ka), ...} is mv-K-3-inconsistent.

Note that, by Lemma 8.2, ¢, < ji, forallm =1,2,....

By Lemma 8.3, there exists a non-negative integer L such that

2 bmo-x (¢, k) = {1} x [in, g1, {2} X [i2, 52], -, {¥z} x [ir, jL]

from which, by (7.1), we obtain

Y bmo-k (0@, k), (OY1,41), (O, 1), (D2, d2), (Cta, j2), - - ., (D, 41), (O, jr) —

that contradicts the muv-K-X-consistency of u (note that indeed (O¢’, k) € u, since
In(u, 0¢") = vy, and by part (¢) of Corollary 4.5).
The case of ¢ = O’ is dual, using (7.2), and is omitted. [

An immediate consequence of Theorem 8.4 is that for every sequent I' - A, M |=
' - A if and only if M" =T — A. Thus, we also see that for every set of sequents
3, M E X if and only if M" E 3.

Proof of the completeness part of Theorem 7.4 Assume X ¥ . g I' — A and let M be
the mwv-K-¥-canonical structure. By parts (i) and (iii) of Corollary 4.5, M = ¥ but
M ¥ T — A. Thus, by Theorem 8.4, M™ =¥ but M7 ¥ T' — A. Since M" is a Kripke

model, the proof of completeness of mwv-K is complete. |
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Chapter 9

Extensions of mv-K

Like in Chapter 4, we observe that the proof of Theorem 8.4 and its consequences apply

for any extension L of mwv-K over the same language. We state it formally.

Corollary 9.1. Let L be an extension of mv-K, let 3 be L-consistent and let M =
Mrs = (W, {R,}per,I) be the L-3-canonical structure, defined in Chapter 4. (We
call M" = M}y, the L-%-canonical model.)

(1) (Cf. Theorem 8.4.) For ally € F and uw € W, Ipn(u,¢) = Ips(u,v).
(it) (Cf. Corollary 3.4.) M" = X.

(#74) (Cf. the completeness part of Theorem 7.4.) If Xt/ T' — A, then M" T — A.

We proceed with some extensions of mwv-K which are sound and strongly complete

for the many-valued Kripke models defined below.

Definition 9.2. A binary relation R C W xW is called Fucledian, if for all u, v,w € W,
uRv and uRw imply vRw.

Definition 9.3. A many-valued Kripke model M = (W, R, I) is called serial/ reflex-
ive/ transitive/ symmetric/ Euclidean, if the accessibility relation R is serial/ reflexive/

transitive/ symmetric/ Euclidean, respectively.

In this chapter, the many-valued modal logics, we shall deal with, result from muv-K

by adding some subsets of the following axioms, as well as axioms (4.1), (4.2) and (4.3).

(D, k) — (O0p, k)* (9.1)
(OO0, k) = (O, k)T (9.2)
(0, k) = (OCp, k)T (9.3)
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(OO, k) = (¢, k)" (9-4)

(Cp, k) — (OCp, k)T (9.5)

(COp, k) — (Op, k)T (9.6)

Theorem 9.4. Let L be an extension of mv-K, X be an L-consistent set of sequents

and My, s be the L-X-canonical structure.

(i) If (4.1) is an aziom of L, then My s, is serial.

(#) If (4.2) and (4.3) are azioms of L, then M} s, is reflexive.
(#1) If (9.1) and (9.2) are axioms of L, then My, is transitive.
(iv) If (9.3) and (9.4) are azioms of L, then M[ s, is symmetric.

(v) If (9.5) and (9.6) are awioms of L, then My's, is Buclidean.
Proof Denote the relation of the canonical model ME,E by R .

(1) Note that the restriction k # n of rule (7.1) may be removed:

1. (¢,n) =T assumption

2. (Cp,n),I' = follows from 1 by (7.2)

3. (Op,n) = (Cp,n) axiom (4.1)

4. (Op,n),I' — follows from 2 and 3 by cut

Also, in the proof of Lemma 8.2, it cannot be the case that i = n and j = 1,
because ¢ = n implies j = n. Therefore, in the proof of Theorem 8.4, in the case
where @ is of the form O¢’ and k # n, the argument applies for k = n as well.

Thus, S(u) is nonempty.

(it) By Theorem 4.10, Mg 5 is reflexive (recall that it means each Rp s, ¢ € F, is

reflexive). Since an intersection of reflexive relations is reflexive, M. is reflexive.
bl

(73i) Assume uRp v and vRp yw and let
(O, 1), (O, 7), (OO, iy), (OOY, ju) € u

(D% iv)a (Owajv) cv
and

(Y, k) € w
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(v)

for some Z” j’ iu?ju? iv?j’u? k'
We contend that ¢ < i,. For the proof, assume to the contrary that ¢ > 4,,. Then
1. (O%,4) — (OO0, 7)t  axiom (9.1)
2. (Ov,i),(00%,4,) — follows from 1 by 4’ i,-right-shifts (2.8), ¢/ >
3. u— follows from 2, because (O, 14), (OO, iy,) € u
Thus, the assumption i > 7,, contradicts the L-3-consistency of u.
Dually, j, < j.

By the definition of Ry s, uRp sv implies 7, < i, and j, > j,, and vRf sw
implies 7, < k < j,, which, together with ¢ <14, and 5, < 7, in turn, imply

1<y iy Sk <jJoy < Ju<

Thus, k € [i,j]. Since this holds for every formula ¢ € F, by the definition of
RL,ZL URL,E’LU.

Assume uRy xv and let

(1, k), (B9, iu), (CTY, ju) € u
and
(O9,14), (O, j) € v
for some %, j, k, iy, ju-
By the definition of Ry s, uRg sv implies both ¢, < j and j, > i.

We contend that k& < i,. For the proof, assume to the contrary that k& > i,. Then

1. (i, k) — (OO, k)T  axiom (9.3)
2. (¢,k), (00, 1,,) — follows from 1 by ', 4,-right-shifts (2.8), ' > k
U — follows from 2, because (¢, k), (OO, 4y,) € u

Thus, the assumption k > i, contradicts the L-X-consistency of u.

Dually, j, < k, implying

1< Ju<k<iy<j

Thus, k € [i,j]. Since this holds for every formula ¢ € F, by the definition of
Rp s, vRr su.

Assume uRp sv and uRp s;w and let, for some 4, j, k, iy, ju, 1), ji,s
(0%, d0), (O, ju), (OO, &y,), (OO, Ji,) € u
(O, i), (O, j) € v
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and

(k) € w

/
w*

We contend that j, < i/,. For the proof, assume to the contrary that j, > i
Then

1. (O, y) — (OO, j,)T  axiom (9.5)
2. (Y, gu), (OO, i) —  follows from 1, by i, 4, -right-shifts (2.8), i’ > j,
3. u— follows from 2, because (O, jy,), (BCY, i) € u
Thus, the assumption i/, < j, contradicts the L-X-consistency of w.
Dually, j!, < iy.

Since uRp xw, i, < k < j, and, since uRp, v, i, < j and ji, > i, which, together
with j, <! and j! <i,, imply

Thus, k € [i,j]. Since this holds for every formula ¢ € F, by the definition of
Rr s, vRL sw. [ |

Next we define the the many-valued counterparts of the two-valued modal logics
D, T,K4,54,B, and S5.

Definition 9.5.

o The many-valued modal logic mwv-D is obtained from mwv-K by adding to it (4.1).

o The many-valued modal logic mw-T is obtained from mwv-K by adding to it (4.2)
and (4.3).

o The many-valued modal logic mwv-K/ is obtained from mwv-K by adding to it (9.1)
and (9.2).

o The many-valued modal logic mwv-S4 is obtained from mwv-T by adding to it (9.1)
and (9.2).

o The many-valued modal logic mwv-B is obtained from mwv-K by adding to it (9.3)
and (9.4).

o The many-valued modal logic mwv-S5 is obtained from mwv-T by adding to it (9.5)
and (9.6).

The above many-valued logics, but mwv-D are defined by pairs of axioms - the
many valued counterpart of the two-valued one and its dual, because the logics under

consideration do not necessarily have negation. Thus, unlike in the two-valued case, O
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and < are not interdefinable. We address the extension of these logics with negation
in Chapter 11.

The above axioms are many-valued counterparts of axioms D, see [HC84, p. 29], T, 4, B,
see [HC84, p. 10|, and E, see [HC84, p. 11].

Theorem 9.6.
(1) mw-D is sound and (strongly) complete with respect to serial Kripke models.
(ii) mv-T is sound and (strongly) complete with respect to reflexive Kripke models.
(ii1) mwv-K4 is sound and (strongly) complete with respect to transitive Kripke models.

(iv) mwv-S4 is sound and (strongly) complete with respect to reflexive and transitive

(preordered) Kripke models.
(v) mw-B is sound and (strongly) complete with respect to symmetric Kripke models.

(vi) mv-S5 is sound and (strongly) complete with respect to reflexive and FEuclidean

Kripke models."

Proof The completeness of each logic follows immediately from parts (i) and (iii) of

Corollary 9.1 and Theorem 9.4. It remains to show soundness.

(i) We just need to show that serial models M = (W, R, I) satisfy (4.1), but since a

serial model is a serial structure, this follows immediately from Theorem 4.12.

(77) We just need to show that reflexive models M = (W, R, I) satisfy (4.2) and (4.3),
but since a reflexive model is a reflexive structure, this follows immediately from
Theorem 4.13.

(7i7) We just need to show that transitive models satisfy (9.1) and (9.2). Let M =
(W, R, I) be a transitive model and let u € W. For every v € S(u), by transitivity,
S(v) C S(u). Therefore, I(v,0p) > I(u,Op), implying

inf{I(v,0¢p) : v € S(u)} > I(u,Oyp)

that, in turn, implies I(u,0¢p) < I(u,00¢). Thus (9.1) is satisfied. The case
of (9.2) is dual.
(iv) Follows from (ii) and (ii).

(v) We just need to show that symmetric models satisfy (9.3) and (9.4). Let M =
(W, R, I) be a symmetric model and let w € W. For every v € S(u), by symmetry,
u € S(v). Therefore, I(u,¢) < I(v,Op), implying

I(u, ) < inf{I(v,O¢) :v e S(u)}

! This is the class of all Kripke models whose accessibility relation is an equivalence relation.
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that, in turn, implies I(u, ) < I(u,00¢). Thus (9.3) is satisfied. The case of
(9.4) is dual.

(vi) It is sufficient to show that Euclidean models satisfy (9.5) and (9.6). Let M =
(W,R,I) be an Euclidean model and let w € W . For every v € S(u), by the
Euclidean property, S(u) C S(v) (if uRw then vRw, since uRv). Therefore,
I(u,Op) < I(v,Op), implying

I(u, ©p) < inf{I(v,0p) : v € S(u)}

that, in turn, implies I(u, @) < I(u,0Cp). Thus (9.5) is satisfied. The case
of (9.6) is dual. [
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Chapter 10

Decidability of mv-K and its

extensions

Recall the definition of an L-filtration of a structure M through ®, given in Chapter 5
for L that is one of mv-N,mv-N+(4.1) or mv-N—+(4.2),(4.3).

We extend this definition to the new logics we defined. That is, L can be any of
the logics mv-K, mv-D, mv-T, mv-Kj,mv-S4,mv-B and mv-S5, and Cf, is the class
of the respective Kripke models, see Theorem 9.6. M = (W, R, I) is now assumed to
be a model, and so will be its filtration. The definition of Wz@ and Iz@ is the same
for all logics (same as in Chapter 5). The definition of the accessibility relation R} 4
depends on L.

o For mv-K,mv-D and mv-T, [u]R} 4[v] if and only if there exist v’ € [u] and
v" € [v] such that «'Rv'.

o For mv-K4, [u] R} 4[v] if and only if

— for all Oy’ € @, I(u,O¢’) (v,0¢") and I(u,0¢") < I(v,¢’); and

< I(v,
— for all Oy’ € @, I(u,O¢') > I(v,O¢") and I(u, Op') > I(v,¢').

o For mv-§4, [u]R}, [v] if and only if

— for all Oy’ € @, I(u, O¢’) (v,0¢"); and

< I(v,
> I(v, Oy').

— for all Oy’ € @, I(u, Op’)

o For mv-B, [u]R} 4[v] if and only if

(v

— for all Oy’ € &, I(u,Oy’) ¢!
(v,¢') and I(v, O@) > I(u,¢').

< I(0,¢/) and I(v,0') < I(u,¢/); and
— for all O¢' € @, I(u,Op') > 1
e For mv-S5, [U]RE’(D[U] if and only if

— for all Oy’ € @, I(u,3¢") = I(v,3¢’) and
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— for all ¢’ € @, I(u, O¢') = I(v,O¢’).

Lemma 10.1. Let M be in Cr and let M} ¢ be its L-filtration through ®. If uRv,
then
[u] R, o[v] (10.1)

Proof For L being mwv-K,mv-D or mv-T, since uRv, (10.1) follows from the definition
of R, .

For L being mv-K4 or mv-S4, since uRv, I(u,0¢") < I(v,¢’) and I(u, O¢’) >
I(v,¢"). Moreover, since M is transitive, S(v) C S(u), implying I(u, O¢') < I(v,O¢’)
and I(u, O¢') > I(v,O¢’). Since this holds for all formulas in the forms D¢’ or G¢ in
®, (10.1) follows from the definition of R} 4.

For L being mv-B, since uRv, I(u,0¢") < I(v,¢’) and I(u, O¢") > I(v,¢"). More-
over, since M is symmetric, I(v,0¢") < I(u,¢") and I(v,O¢") > I(u,¢’). Since this
holds for all formulas in the forms O¢" or G¢' in @, (10.1) follows from the definition

of RE,@-

Finally, for L being mwv-S5, since uRv and R is an equivalence relation, I(u, O¢') =
I(v,0¢) and I(u,O¢’) = I(v,O¢’). Since this holds for all formulas in the forms Og’
or O¢' in @, (10.1) follows from the definition of R} 4.

This completes the proof of (10.1). [

Theorem 10.2. Let M be in Cr and let My 4 be its L-filtration through ®. Then
o Forallpe® andueW, I(u,p) = Ij 4([ul,¢) and
. Mz@ is in CL,.

Proof We do not need to consider the cases of L being mv-K,mv-D, or mv-T, since
they follow from Theorem 5.1. Indeed, the L-filtration (for any of the above three
logics) of a model M is the same as its mwv-N-filtration. Also, a model is serial/
reflexive as a model if and only if it is serial/ reflexive as a structure, respectively.

For the other logics, the proof of the first part of the theorem is by induction on
the complexity of .

The cases where ¢ € P or ¢ = *(¢1,. .., @) are handled like in the proof of Theorem
5.1.

Let ¢ be of the form Oy’ and let I(u,p) = vg. Let [v] € Wf 4 be such that
[u] R}, g[v]. We contend that

vp < Inf({If o([v], ') : [URE o [v]}) = 1T o([ul. @) (10.2)
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For L being mv-K4 or mv-B, by the definition of R} &, I(u,0¢") < I(v,¢'). By
the induction hypothesis, I(v,¢') = I ([v],¢'), implying vy < IT 4([v], '), which, in
turn, implies (10.2).

For L being mv-S4 or mv-S5, by the definition of R} &, I(u,0¢") < I(v,0¢’). In
addition, by reflexivity of M, I(v, O¢’) < I(v,¢’), implying I(u, O¢’) < I(v,¢"). From

this point, the proof of vy < I} 4([v], ¢') is the same as in the previous case.

This proves our contention (10.2). To complete the proof of the first part of the

theorem, we have to show that

vp = inf({If p([v], ') : [ulRE o[v]}) = IF o ([ul, ) (10.3)

If k =n, (10.3) follows from (10.2).

Assume k # n. Since I(u, ) = vy, there exists v € W such that uRv and I (v, ¢') =
vg. By Lemma 10.1, [u] R} 4[v].
By the induction hypothesis, 7 4([v], ¢") = v, implying

vp € {I1 o([v], ¢') : [ulRE 5 [v]}

implying
vp 2 inf({I7 o([v], ¢') : [u]RE o [v]}) = TF o ([ul, )

which, together with (10.2), provides the desired equality (10.3).
The case in which ¢ is of the form ©¢' is dual to the above and is omitted.

It remains to show that M7 4 is in Cp.

For L being mv-K4, the transitivity of M} 4 can be shown as follows. Let [u] R}, 4[v]
and [v] R}, o[w] and let O¢’ € @. Then, by the definition of R 4, we have

I(u,8¢") < I(v,0¢") < I(w, 0¢')
implying I(u, d¢’) < I(w,0¢’). Also,
I(u,0¢") < I(v,0¢") < I(w,¢")

implying I(u,0¢') < I(w,¢’). Dually, one can show I(u,<¢’) > I(w,<¢") and
I(u, ©¢') > I(w, ¢'). Then, by the definition of R} g, [u] R} 5[w] as desired.

For L being mwv-S4, reflexivity and transitivity of R}J’@ follow from reflexivity and

transitivity of <, respectively.

For L being mv-B, R} 4 is symmetric, because it is defined by a symmetric relation.

For L being mv-55, R} 4 is an equivalence relation, because so is equality =. W

53



Now, the finite model property of each of the logics, and their strong decidability,
follow immediately by the same arguments as in Chapter 5 (Theorem 5.5 and Corollary
5.6).

Theorem 10.3. Fach of the logics considered above possesses the finite model property.

Corollary 10.4. Each of the logics considered above is strongly decidable.
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Chapter 11
Duality of O and < via negation

In [MT93], the logic contains negation = (=t = f,—~f = t), and the modal operator < is
defined as the De Morgan dual —0O- of O. Consequently, the satisfiability of formulas
of the form ¢ in the logic N depends merely on the relation R-,, which, in general,
has no connection to the relation R, and, thus, to the satisfiability of Oy (it is only
related to the satisfiability of O—p).

On the other hand, in mv-N and mwv-K, we do not assume the existence of any
specific connective, and we define ¢ independently (not as an abbreviation), both
semantically and syntactically via the proof system. In mwv-N, the satisfiability of G
depends on the relation R, just like the satisfiability of O¢p, and there is no relation
to R—,. This is a main difference between N and mwv-N.

In particular, this means that there is no hope to find a definition for the unary
connective — such that the sequent (=O-¢, k) — (O, k) is derivable in mv-N. Indeed,
take any structure M with W = {u}, R, = {(u,u)}, R-p, = 0 and I(u,p) = vj, for some
k.

Then M,u = (O-p,n), implying M,u = (-O-p,—n)'. Thus (by the assumed
sequent), M,u = (Op,—-n), so M,u = (p,~n) 2. So vy = =(v,). However, we chose k
arbitrarily. That is, —(v,) cannot be uniquely defined.

In mwv-K, however, we can define the truth table for negation — in such a way that

O and © become the De Morgan dual. That is, the sequents
(Cp, k) = (=B, k) (11.1)

and
(Dgp, ]{:) — (—|<>—\<,D, k‘) (11.2)

are provable in mw-K.> We shall show that this is the only appropriate definition of

"We write -k for the index of —(vy).
2The last step is the one that is not valid in N, i.e., if we defined ¢ as an abbreviation. (As noted

above, the value of ¢p in u would have no connection to the value of p in the elements of Sp(u), only
of S-p(u).)

3 In particular, in the three-valued logics of Fukasiewicz [L.uk20] and Kleene [Kle38], these connec-
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negation, for which (11.1) and (11.2) are derivable in mv-K.
The truth table of — is

“(vg) =Vp—p+1 k=1,2,...,n (11.3)
That is,
—(v1) = vy, (v2) =Vp-1, ..., 7(Vp_1) = v2, and —(v,) = v;
Therefore, axioms (2.2) for — are
(0, k) = (mp,n =k +1)

Ezxample 11.1. Sequents
(mp,n—k+1)— (¢, k) (11.4)

are mv-N derivable (with negation defined as in (11.3)).

The derivation is as follows.

2jzk. (¢.4),(~g,n—k+1)— follows from 1; by
n —j+1,n — k + 1-right-shift (2.8)
3. (mp,n—k+1) = (o, k) follows from 2;;, by multi-shift (2.15)

Remark 11.2. Sequents (11.1) and (11.2) immediately imply their reversals. For (11.1),

since each sequent in the set
{(Op, k) = (-O-p, k) : k' # k}
is derivable, by right shifts, we derive
{(Cp, k), (-0, k) —: k' # k}
from which, by multi-shift, we obtain
(=8¢, k) = (O, k)

and, dually, for (11.2).

Theorem 11.3. Let — be a unary connective. Then, sequents (11.1) and (11.2) are

derivable in mv-K if and only if, for allk =1,2,...,n, =(vg) = Vp_k11-

tives are interdefinable.
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Proof For the “only if” part of the theorem, we show first that, for all kK =1,2,...,n,

~(=(vk)) = vy (11.5)

Indeed, let M = (W, R, I) be a Kripke model such that, for some v € W, S(u) = {u}
and I(u,p) = vg. Then I(u,Op) = vy, and, by (11.1),

I(u,—0O-p) = vy (11.6)

Since I(u, —p) = =(vy) and S(u) = {u}, I(u, O-p) = =(vg), implying I (u, =O-p) =
—(—(vg)), which, together with (11.6), in turn, implies (11.5).

In particular, = : V' — V is an invertible function.

Next, we shall prove that — is an order-reversing function. For the proof, assume to
the contrary that v; < vj, but =(v;) < —(v;). Let M = (W, R, I) be a Kripke model
such that, for some u,v,w € W, S(u) = {v,w}, I(v,p) = v;, and I(w,p) = v;. Then,
I(u,©p) = vj, implying, by (11.1), I(u,~0O-p) = v;. However, I(u,0-p) = —(v;),
implying

I(u, =8-p) = =(=(vi)) = v
Thus, v; = v;, contradicting our assumption v; < v;.

Clearly, the only order-reversing invertible function from V' to V is (11.3).

It remains to prove the “if” part of the theorem. We prove it semantically.

Let M = (W, R, I) be a Kripke model, u € W, and let ¢ € F. Then, it follows
from (11.3) that

sup{I(v,p):v € S(u)} = ~(inf{I(v, ) : v € S(u)})

implying the validity of (11.1).
The proof of (11.2) is dual. [ |

Remark 11.4. If we define negation as above, then rule (7.2) becomes redundant, which

can be shown as follows.

(p, k) =T, kE#£1 assumption of (7.2)
(~o,n—k+1) = (k) (11.4)
(mp,n—k+1) =T n—k+1#n follows from 1 and 2 by cut
(O-p,n—k+1),I' -, n—k+1#mn follows from 3 by (7.1)
(
(
(

]

—O=p, k) - (D_'90>n_k+1) (114)
—O0-p,k), ' =, k#1 follows from 4 and 5 by cut
7.2) because, by (11.1), -O-is &

NS U w =

Also, it can be shown that (4.3), (9.2), (9.4), and (9.6) follow from (4.2), (9.1),
(9.3), and (9.5), respectively, and vice-versa.
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We conclude this chapter by showing what is obtained by adding (11.1) and (11.2)
(which, as noted above, are not theorems of mwv-N) to mv-N (with negation defined
as in (11.3)).

Theorem 11.5. Adding (11.1),(11.2) as azioms to mv-N results in a logic (mv-
N+(11.1),(11.2) ) that is sound and (strongly) complete with respect to Kripke structures
satisfying R, = R—, for all o € F. (In particular, R, = R-p, = R, = R, =....)

Proof For soundness. observe that the semantic proofs of (11.1),(11.2) above use only
the fact that S,(u) = S-,(u).

For completeness, consider the mwv-N+(11.1),(11.2) -X-canonical structure. As-
sume uR,v, (Op, 1), (Cp, j) € u, (¢, k) € v.

By (11.1), B Fppp- N (11.1),11.2) & — (70, j), thus, by (11.4), B b N (11.1),11.2)
u — (O, 7j).

Similarly, by (11.2), ¥ F - Nt(11.1),(11.2) © — (O, —d).

Also, X Fppy-Nt(11.1),(11.2) ¥ — (29, =k). Therefore (since u and v are maximal
consistent) (d-p, —1j), (O, —i) € u, (—p, 0k) € v.

Since uR,v, i < k < j, implying —j < =k < —i, thus uR-,v. We thus proved
R, C R-,. Similarly, using the reversals of (11.1),(11.2), we can prove R, 2 R—,. So,

the canonical structure satisfies R, = R-, and the proof is complete. |

We thereby obtained a logic strictly between mwv-N and mwv-K, and it is the weakest
one satisfying the equivalences ¢ <> 0= and O > ~O—%,

4Note, however, that it does not mean we can replace & by =O- inside any formula in this logic.
For example, the value of OOy in a world might differ from the value of O—-0O-¢p in the same world,
since Ro, may differ from R-g-, = Ro-,. (In mv-K, however, it is possible to replace subformulas

by equivalent subformulas.)
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Chapter 12

Embedding many-valued

intuitionistic logic into mwv-S5/

In [Tak86], following [Rou70], Takano defined a quite general notion of many-valued
intuitionistic logic, that we shall denote by mwv-IL. We focus on the semantics, because
we embed mwv-IL into mwv-S4 semantically. Also, we restrict ourselves to the case of
linearly ordered set of truth values V' in which mw-IL-interpretations may be defined,
recursively, as follows.

The language of mwv-IL is that of many-valued propositional logic, i.e., it does not
contain the modal connectives O or <.

An mu-IL-interpretation M = (W, R, I) is a preordered (reflexive and transitive)
many-valued Kripke model satisfying the (monotonic valuation) requirement below.

For all propositional variables p € P and for all u,v € W such that uRv,
I(u,p) < I(v,p)

The definition of I extends to formulas of the form *(p1,...,pp) as

I(u, %(@1,...,00)) = inf{x(I(v,01),...,I(v,00)) : v € S(u)} (12.1)

A straightforward induction on the formula complexity shows that I is monotonic
not only on W x P, but on the whole W x F.

We write M,u Emp1z (0, k), if I(u,p) = vi. For a sequent I' — A and a set
of sequents X, we define the relations M,u Epmprp I' = A, M Eppar T — A,
M Epmp-1z 2, and X Epp.rr I — A like in the beginning of Chapter 2.

Our translation of mwv-IL to mwv-S4, is a generalization of the two-valued case (first
suggested in [G6d33)).

Definition 12.1. Let ¢ be a formula in the language of mw-IL. The translation ¢! of
an muv-IL formula ¢ is obtained from ¢ by inserting O before each of its subformulas.

That is, ¢! is defined recursively as follows.
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« For a propositional variable p, p! is Op, and
o if p is of the form (1, ..., ¢r), then @' is Ox* (o, ..., ¢h).

Lemma 12.2. Let M = (W, R, I) be a preordered Kripke model and let M = (W, R, I)
be such that, for all u € W and all p € P, f(u,p) = I(u,0p). Then M is an mo-
IL-interpretation, and, for all w € W and all formulas ¢ in the language of muv-IL,

I(u, @) = I(u, ") (12.2)

Proof To show M is an mu-IL-interpretation, we need to show that, for all u,v € W
such that vRv and for all p € P, f(u,p) < f(v,p), i.e., by the definition of I, we need
to show I(u,Op) < I(v,Op), which is clear, because M is transitive.

The proof of (12.2) is by induction on the complexity of ¢ (extending I to an
intuitionistic valuation).

The basis, i.e., the case of ¢ being a propositional variable, is by the definition of

f, and, for the induction step, if ¢ is of the form *(¢1,..., @), then

~

I(u,p) = if{x(I(v,¢1),....1(
= inf{x( (
= inf{I(v,*(¢}, ..., ) :
= I(u, 0% (o4, ..., 0h))

= I(u,¢")

v,0)) v € S(u)}
I(v,04),.... I(v,¢}) s v e S(u)}

€ 5(u)}

where the first equality is by (12.1), the second equality is by the induction hypothesis,
the third and the fourth equalities are by the definition of the extension of I onto W x F,
and the last equality is by the definition of translation *. |

It follows from (12.2) that M Emv1p I — A if and only if M =T — A?, where I
and A? are obtained from I' and A, respectively, by translating every formula appearing
in them. Similarly, M Eme-rz 2 if and only if M = Z! where X! is obtained from X

by translating every sequent appearing in it.

Theorem 12.3. ¥ .1z I — A if and only if X' = Tt — A, where C is the class
of preordered Kripke models.

Proof If B! £c Tt — Al there exists a preordered Kripke model M such that M = ¢,
but M [~ It — Al. By Lemma 12.2, M Eme-1z 2, but M Emvrr T — A. Thus,
Y Fmpar T — A

Conversely, if ¥ -1 I' — A, there exists an mwv-IL interpretation M such that
M E X, but M £ T — A. By definition, M is also a preordered Kripke model and
M defined in Lemma 12.2 is M itself, because by the definition of an intuitionistic

valuation, the value of a propositional variable p in a world u is already the minimum
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of the values of p in S(u). Therefore M, as an mwv-S4 model, satisfies ' but not
I't — Al [ ]

It follows that strong decidability (and completeness) of mwv-S4 implies strong
decidability of muv-IL.

Remark 12.4. If the principal connective * of a formula is monotonic,! then there is
no need to insert O before * in the translation. This is because I is “local” on this

connective, like in modal logic.

! That is, if vg, < Vgt yoey Vky < I then *(vi,,...,v%,) < *(vk,/l, .. .,v%). For example, in the
three-valued logics of Lukasiewicz [Luk20] and Kleene [Kle38], disjunction V and conjunction A are

monotonic.
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Chapter 13

Dunn-Belnap normal modal logic
Bs-K

In this chapter we briefly discuss a four-valued counterpart of K, B4-K, assuming the
set of truth values is ordered as in Figure 6.1.

By4-K can be thought of as an extension of B4-IN (see Chapter 6), just like mv-K
is an extension of mwv-N.

A B4 Kripke model (or By K-model or just Kripke model) is a B4-Kripke structure
whose all relations are the same.

The following is a straightforward analogue of Definition 7.1.

Definition 13.1. For a set of labelled formulas I', the set of labelled formulas I'* is

defined as follows.

I = [ J{{e} x [ug, wy] : (B0, uy), (OY, wy) € T}

That is, for all ¢ such that (O, uy), (O, wy) € I', T includes the set {1} x [uy, wy)]

and nothing else.

The proof system of B4-K is obtained from the one of B4-IN by adding the following

rules:

(p,v) = T

oo TS v e {n,b} (13.1)
W v € {n,b} (13.2)
P vt (133)
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Theorem 13.2. B4-K is sound and strongly complete with respect to By-Kripke mod-

els.

Like in Chapter 6, we shall not get into details that are similar to what we showed

for mv-K.

13.1 Soundness of Bs-K

Lemma 7.5 has exactly the same proof in B4-K.

Thus, the proof of soundness is similar to that of the “only if” part of Theorem 7.4.
We treat, for example, the case of rule (13.3). let M satisfy both its premises (¢, f) —
' and (¢,v) — I'* and assume to the contrary that there exists a world v € W not
satisfying the conclusion (O, f),I' — of this rule. That is, u satisfies (Oyp, f) and

every labelled formula in I'. Since

inf{I(v,p):veSu)}=7f

either there exists v € S(u) satisfying (¢, f), or there exist v, w € S(u) satisfying (¢, n)
and (¢, b), respectively.

In the former case, by Lemma 7.5, M,v [~ (¢, f) — ', contradicting satisfiability
of premise (¢, f) — I'* of (13.3).

In the latter case, by Lemma 7.5, M,v ~= (p,n) — I’ and M,w (= (p,b) — IT'*.
Since v € {n, b}, one of these conclusions contradicts satisfiablility of premise (¢, v) —
T* of (13.3).

13.2 Derivability in B4s-K

Ezample 15.3. (6.5),(6.6),(6.7) and (6.8) follow immediately from (13.1),(13.2),(13.3)
and (13.4). Thus they are redundant in By-K.

Example 13.4. The sequents
(Op,v) = (Cp,v)"  w#t (13.5)

and
(Cp,v) = (Op,v)” v#f (13.6)

are B4-K-derivable. In particular, (6.3) is redundant in By-K.
If v = f, (13.5) follows from (6.18) by left-weakening (6.13).

Otherwise, the derivation of (13.5) is as follows, where, in steps 2,, and 3., w ? v
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(ie, if v=mn, we {f,b}, and, if v = b, w € {f,n}).

1. (p,v) = (p,v) axiom (6.1)

2. (p,v) = {p} xV follows from 1 by three right-weakenings (6.14)

2. (0,v) = {¢} x [v,w] follows from 2, because, for w # v, [v, w] =0

3w- (Op,v), (Cp,w) —  follows from 2,, by (13.1) with I" being {(Og,v), (Cp,w)}
4. (Op,v) = (Op,v)t  follows from all 3., w # v, by multi-shift (6.19)

The derivation of (13.6) is dual to that of (13.5) and is omitted.

Now, for v € {n, b}, by two w, t-right-shifts (6.12), w < v, on (13.6), we obtain
(Cp,v), (Op,t) - v e {n,b}
from which, by multi-shift (6.19), we obtain
(Op,t) = (9, £), (Cp,1) (13.7)
So, (6.4) is redundant as well. Dually, one can derive

(Cp, f) = (Op, f), (Dp, t) (13.8)

Ezample 13.5. The sequent
(B, t), (O, f) — (O, t) (13.9)

is B4-K-derivable.

The derivation of (13.9) is as follows, where, in step 2, uw # ¢, and, in step 3.,

w € {n,b}.

1. —={p}xV derivable sequent (6.18)
uw (,u) = {p} xV follows from 1 by wu-left-weakening (6.13)
3w- (O, w), (Op,t), (Cp, f) — follows from 2,, by (13.1), with ' being
{(Op,t), (Op, F)}, because [t, f]=V
4. (O, f), (e, t), (Cp, f) — follows from 2f and 2,, by (13.3), with I" being
{(Op,t), (Op, F)}, because [t, f]=V
5. (Op,t), (Cp, f) = (Oy,t)  follows from all 3., w € {n,b}, and 4,

by multi-shift (6.19)

Dually, one can derive

(O, 1), (¢, f) = (0¥, f) (13.10)
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Ezample 13.6. The rule
(¢, 8) = T

(O, 1), = (B, f)
is B4-K-derivable. In particular, (6.10) is redundant in By4-K. This rule is valid,
which can be shown as follows. Assume M | (p,t) — I'* and let a world u satisfy
(Cp,t) and every element of I'. If t € {I(v,p) : v € S(u)}, then there exists v € S(u)
satisfying (¢, t). However, by Lemma 7.5, v satisfies no element of I'*, in contradiction
with M | (p,t) — I'*. Therefore, M, u = (G, t) implies byn € {I(v,) : v € S(u)},
that, in turn, implies M, u = (O, f), as desired.

The derivation of the conclusion of (13.11) from its premise is presented below,

(13.11)

where, in step 24, u # f, and, in step 34, w € {n,b}.

1 (p,t) = I'* assumption
2u. (p,t) = T, {p} x [u,t] follows from 1 by right-weakenings (6.14)
3w (v, w) = (p,w) axiom (6.1)
4. (o,m) =T {p} x [b,t] follows from 3, by right-weakening (6.14)
5. (¢,b) = T* {p} x [n,t] follows from 3 by right-weakening (6.14)

6. (p,m) = T* {p} x]t,t] follows from 3,, by right-weakenings (6.14)
(Op,n), (Cp,t), I’ — follows from 2,, and 5 by (13.4), with I" being

Fu{(0p,n), (e, t)} and v being b

8. (Op,b), (Cp,t),I' — follows from 2 and 4 by (13.4), with I" being
Fu{(0p,b), (O, t)} and v being n

9. (Op,t), (Cp,t),I' — follows from 2; and 6 by (13.4), with I" being
Fu{(Op,t), (O, t)} and v being n

10. (Cp,t),I' = (Op, f) follows from 7, 8 and 9 by multi-shift (6.19)

Dually, one can derive
(¢, f) = T~

(Op, £),T = (O, )

(13.12)

So, (6.9) is redundant as well.

Allin all, we see B4-K can be built by replacing (7.1) and (7.2) by (13.1),(13.2),(13.3)
and (13.4) in the proof system of mwv-K; instead of as an extension of B4-IN.

13.3 Completeness of B4;-K

A B4-K-X-canonical model is defined the same as in Chapter 8. Lemmas 8.2 and 8.3
are proved the same way in By-K (again, we ignore syntactic modifications such as
using v € V instead of k € {1,...,n} and t instead of n).

Thus, the proof of Theorem 8.4 for By4-K is very similar. Again, we shall focus
on a specific case that is new to B4-K. Namely, let the formula ¢ be O¢’ and let

IM(U, D(p/) = f
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Assume that for some ui,us,... and wy,wo,...,
(Ov1, 1), (C1,wi), (O, ug), (Ohy, wa),... € u
For the proof of
f=inf{Iyn(v,¢) v e S(u)} = Iyn(u, )

it suffices to prove that we have one of the following containments:

Fe{lyn(v,¢):ve S} (13.13)
or
n,be {Iyn(v,¢'):ve S} (13.14)
Containment (13.13) means that there exist a world v € Wg, ks and v; €
[ug, wi],v2 € [ug, ws],... such that

(¢, f), (1,v1), (Y2,02),... €0

This is because, by the definition of Ry (the accessibility relation of M), uRsv and,
by the induction hypothesis (and part (i) of Corollary 4.5), Iy (v,¢") = f.
Thus, by Lemma 4.3, for the proof of (13.13), it suffices to show that

(%) there exist v; € [u1,wi],va € [ug, wa,... such that the set of labelled formulas
{(¢, F), (W1,v1), (Y2,v2), ...} is Bg-K-3-consistent.

Similarly, containment (13.14) means that

(xx) there exist v] € [ui, w1],vh € [u2, wq],... and v] € [u1, w1], vy € [ug,wsl,...
such that the sets of labelled formulas {(¢’, n), (¢1,v}), (12,v)),...} and
{(¢',b), (¢1,v)), (Y2,vh), ...} are By4-K-X-consistent.

So, the proof of (13.13) or (13.14), assume to the contrary that neither of (%) or
(#x) hold. That is,
- forall vg € [ug, w1],v2 € [ug, wal, ..., theset {(¢, f), (¥1,v1), (Y2,v2),...} is B4-K-
3 -inconsistent, and
- there exists v/ € {n,b} such that for all v1 € [uj,w1],v2 € [ug,ws],..., the set
{(¢', "), (Y1,v1), (2, v32),...} is B4-K-Y-inconsistent.

Note that, by Lemma 8.2, u,, < wy,, forallm=1,2,....

By Lemma 8.3, there exist non-negative integers L' and L” such that

Y bk (¢, F) = {1} X [ug, wi], {12} X [ug, wal, ..., {0} ¥ [up, wr]
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and

> I_B4—K (QO/,’U,) — {77[)1} X [ul,wl], {’Lﬁg} X [’UQ,’(UQ], ey {TZJL//} X [uLn,wLu]
Let L = max({L', L"}). By right-weakenings,
S bpyk (¢ F) = {1} x [ur, wi], {Ya} X [ug, wal,... . {¢r} x [ur, wr]

and

Y ek (¢, 0) = {1} x [ur, wi], {12} X [ug, wal,... . {¢r} X [ur, wi]
from which, by (13.3), we obtain

D) |_B4-K (Dsola f)v (lea u1)7 (lea wl)) (Dd)% u2)a (<>77Z}27 wQ)a SRR (DUJL’ uL)7 (<>"7Z}La wL) —

that contradicts the B4-K-X-consistency of .

The rest of the proof of completeness is the same.

13.4 Extensions of Bs,-K

The results of Chapter 9 pass almost verbatim to B4-K (the proof of part (i) of
Theorem 9.4 is very similar to the one we showed for the analogue of Remark 4.8
in Chapter 6, using (13.11)). We state the main result (again, we ignore syntactic

modifications such as using v € V instead of k € {1,...,n} and t instead of n).

Definition 13.7.

o The many-valued modal logic B4-D is obtained from By-K by adding to it (4.1).

o The many-valued modal logic B4-T is obtained from B4-K by adding to it (4.2)
and (4.3).

o The many-valued modal logic B4-K4 is obtained from By-K by adding to it (9.1)
and (9.2).

o The many-valued modal logic B4-S4 is obtained from By4-T by adding to it (9.1)
and (9.2).

o The many-valued modal logic B4-B is obtained from By4-K by adding to it (9.3)
and (9.4).

o The many-valued modal logic B4-S5 is obtained from By4-T by adding to it (9.5)
and (9.6).
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Theorem 13.8.
(1

) By4-D is sound and (strongly) complete with respect to serial Kripke models.
(19) B4-T is sound and (strongly) complete with respect to reflexive Kripke models.
)

)

(ii7) By-K4 is sound and (strongly) complete with respect to transitive Kripke models.

(iv) By4-S4 is sound and (strongly) complete with respect to reflexive and transitive

(preordered) Kripke models.
(v) Bgy-B is sound and (strongly) complete with respect to symmetric Kripke models.

(vi) By4-S5 is sound and (strongly) complete with respect to reflexive and Fuclidean

Kripke models.!

13.5 Decidability of B4-K and its extensions

Filtrations are defined in the same manner. Lemma 10.1 is proved in the same way, so
the adaption of the proof of Theorem 10.2 to B4-K is clear and similar to arguments
we have already shown, therefore we omit it.

Thus, B4-K and all of its extensions possess the finite model property and are thus

strongly decidable.

13.6 Duality of O and < via negation in B4-K

Unlike in Chapter 11, where the truth table of negation was determined uniquely by De
Morgan duality, in B4-K we may define the truth table for negation — in two different
ways, so that O and & become the De Morgan dual, that is, the sequents

(Op,v) = (=0, v) (13.15)

and
(O, v) = (=O—p,v) (13.16)

are provable in B4-K.? We shall show that these are the only appropriate definitions
of negation, for which (13.15) and (13.16) are derivable in By-K.
The truth table of — is either

(13.17)

ﬂ@@%‘J
\@:«*\

! This is the class of all Kripke models whose accessibility relation is an equivalence relation.
2 In particular, in By (with Belnap’s original definition of negation, see [Bel75; Bel77]), these modal

connectives are interdefinable.
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or

Flt
n|b (13.18)
bln
t|f
Ezample 13.9. (Cf. Example 11.1.) Sequents
(=@, 2(v)) = (@, v)
are B4-K derivable.
The derivation is as follows.
Llwto.- (p,w) = (m@,~(w)), w#v axiom (6.2)
2wtv- (P w), (mp, = (v)) = follows from 1,, by =(w), =(v)-right-shift (6.12)

3. (=, = (v)) = (p,v follows from 24, by multi-shift (6.19)

Theorem 13.10. Let — be a unary connective. Then, sequents (13.15) and (13.16)
are derivable in B4-K if and only if the truth table is either (13.17) or (13.18).

Proof For the “only if” part of the theorem, we show first that, for all v € V,
—(—(v)) =wv (13.19)

Indeed, let M = (W, R, I) be a Kripke model such that, for some u € W, S(u) = {u}
and I(u,p) = v. Then I(u, Op) = v and, by (13.15),

I(u,—\D—'p) = (1320)

Since I(u,—p) = ~(v) and S(u) = {u}, I(u,O-p) = =(v), implying I(u, ~0O-p) =
—(=(v)), which, together with (13.20), in turn, implies (13.19).

In particular, = : V' — V is an invertible function.

Next, we shall prove that —(t) = f. For the proof, let M = (W, R, I) be a Kripke
model such that, for some u € W, S(u) = (. Then, I(u,Op) = f, implying, by (13.15),
I(u,—~0-p) = f. However, I(u,d-p) = t, implying

I(u, ~0-p) = (1)

Thus, —(t) = f. We also have =(f) = —(=(t)) = t.

Clearly, the only invertible functions from V' to V satisfying —(¢t) = f and —~(f) = ¢
are (13.17) and (13.18).

It remains to prove the “if” part of the theorem. We prove it semantically.

Let M = (W, R, I) be a Kripke model, u € W, and let ¢ € F. Then, it follows from
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either (13.17) or (13.18) that
sup{I(v,p) :v € S(u)} = ~inf{I(v,-p) :v e S(u)}

implying the validity of (13.15).
The proof of (13.16) is dual. [ |

Remark 13.11. (Cf. Remark 11.4.) If we define negation as either (13.17) or (13.18),

then rule (13.2) becomes redundant, which can be shown as follows.

(p,v) =T, ve{n,b} assumption of (13.2)

(=, 2(v)) = (¢, v) Example 13.9

( ) = I, =(v) € {n,b} follows from 1 and 2 by cut
(D¢, =(v)),I' =, —(v) € {n,b} follows from 3 by (13.1)
(=O0=p,v) = (O-p, =(v)) Example 13.9

(=O0-p,v),I' =, ve{n,b} follows from 4 and 5 by cut
(13.2) because, by (13.15), =0 is <&

NS U W=

It can be shown that rule (13.4) becomes redundant as well. Also, it can be shown
that (4.3), (9.2), (9.4), and (9.6) follow from (4.2), (9.1), (9.3), and (9.5), respectively,

and vice-versa.

13.7 Embedding B, intuitionistic logic into B4-54

We consider an instance of the many-valued intuitionistic logic presented in [Tak86],
that we shall denote by By4-IL, and is based on the Dunn-Belnap lattice (Figure 6.1)
of truth values. Its semantic definition is identical to the one given in Chapter 12. The

results and their proofs are also identical. We only state the main results.

Definition 13.12. Let ¢ be a formula in the language of B4-IL. The translation ¢
of a B4-IL formula ¢ is obtained from ¢ by inserting O before each of its subformulas.

That is, ¢! is defined recursively as follows.
« For a propositional variable p, p* is Op, and

o if o is of the form *(p1,...,¢p), then ¢ is Ox (o, ..., ¢h).

Theorem 13.13. ¥ =g, 11 I — A if and only if B! |=c I'* — A!, where C is the

class of preordered Kripke models.

It follows that strong decidability (and completeness) of B4-S4 implies strong de-
cidability of B4-IL.
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Remark 13.14. (Cf. Remark 12.4.) If the principal connective * of a formula is mono-
tonic,? then there is no need to insert O before  in the translation. This is because I

is “local” on this connective, like in modal logic.

3 That is, if v1 < v),...,v¢ < v), then *(v1,...,ve) < *(v},...,v})). For example, the standard

connectives A and V of By (see [Bel75; Bel77]) are monotonic.

72



Chapter 14
Conclusion and open questions

In this thesis we considered two main families of many-valued modal logics, mv-N and
muv-K, assuming a finite linearly ordered set of truth values and an arbitrary set of
propositional connectives defined by truth tables.

We defined appropriate semantics for these logics and constructed sound and strongly
complete proof systems for them. We explored some of their extensions, finding coun-
terparts for several well-known two-valued modal logics. We proved that all of our
logics are strongly decidable by proving their finite model property. We also discussed
the connection between many-valued intuitionistic logics and our many-valued modal
logics.

In fact, we presented mwv-K as an extension of mv-N, so that the theory of mv-N
underlies the theories of all other logics presented in this thesis.

Throughout the thesis we emphasized our separate treatment of the two modal
connectives, "neccessary” and ”possible”. They are not interdefinable, so they are
treated independently and their duality is reflected in the proof systems, as well as in
the pairs of axioms needed for most of the extensions. If one wants to add negation in
order to make the modal connectives interdefinable (so that only one of them is needed
for the definition of the logic), then, as we have shown, there is only one way to do so
for our normal modal logics.

In addition, we treated a specific case of a non-linear lattice of truth values, and
studied the corresponding results in this case.

Some questions, for further research, naturally arise from our thesis.

e How can one use mwv-N in the area of many-valued nonmonotonic reasoning?
It seems that, similarly to the logic N, mwv-N can be useful in investigations of

knowledge sets based on partial information in the many-valued case.

e How can one generalize both mwv-N and mwv-K, and all of the results regarding
them, to the case of a general finite lattice of truth values? It seems reasonable
that the step we took from linear sets to the Dunn-Belnap lattice L4 can be taken

further and be applied to the more general case.
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e How can one generalize mv-N and mwv-K to the case of non-deterministic valu-
ations, as discussed in [ALO05]?

e How can one develop hypersequent calculi for these logics and establish the results

of [Lah13] for many-valued modal logics?

o Do our proof systems (or any equivalent formulations of them) possess the cut-
elimination property? One can try to establish it either syntactically, like in
[KF21], or semantically, like in [LA13].
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