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Abstract
The paper presents an image denoising algorithm by combining a method that is based
on directional quasi-analytic wavelet packets (qWPs) with the popular BM3D algorithm.
The qWP-based denoising algorithm (qWPdn) consists of decomposition of the degraded
image, application of adaptive localized soft thresholding to the transform coefficients using
the Bivariate Shrinkage methodology, and restoration of the image from the thresholded
coefficients from several decomposition levels. The combined method consists of several
iterations of qWPdn and BM3D algorithms, where at each iteration the output from one
algorithm updates the input to the other. The proposed methodology couples the qWPdn
capabilities to capture edges and fine texture patterns even in the severely corrupted images
with utilizing the sparsity in real images and self-similarity of patches in the image that is
inherent in the BM3D. Multiple experiments, which compared the proposed methodology
performance with the performance of six state-of-the-art denoising algorithms, confirmed
that the combined algorithm was quite competitive.
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1 Introduction

High quality denoising is one of the main challenges in image processing. It tries to achieve
suppression of noise while capturing and preserving edges and fine structures in the image.
A huge number of publications related to a variety of denoising methods (see, for example
the reviews Goyal et al., 2020; Ilesanmi & Ilesanmi, 2021; Tian et al., 2020) exist.

Currently, two main groups of image denoising methods exist:

1. “Classical” schemes, which operate on single images;
2. Methodologies based on Deep Learning.

In turn, most up to date “classical” schemes, where the proposed algorithm belongs to, are
based on one of two approaches.

Utilization of non-local self-similarity (NLSM) in images: Starting from the introduction of
the Non-local mean (NLM) filter in Buades et al. (2005), which is based on the similarity
between pixels in different parts of the image, the exploitation of various forms of the non-
local self-similarity in images has resulted in a remarkable progress in image denoising. It
is reflected in multiple publications (Dabov et al., 2007; 2009; Dong et al., 2013; Gu et al.,
2014, Hou & Shen 2018; Liu & Osher, 2019, Zhou et al., 2021, to name a very few). The
non-local self-similarity is explored in some denoising schemes based on Deep Learning
(Chen & Pock, 2017; Zhang et al., 2017, for example).

A kind of benchmark in image denoising remains the BM3D algorithm (Dabov et al.,
2007), which was presented as far as 2007. The algorithm exploits the self-similarity of
patches and sparsity of the image in a transform domain. It collects similar patches in the
image into a 3D array, which is subjected to a decorrelating 3D transform followed by either
hard thresholding or Wiener filtering. After the inverse transforms, the processed patches
are returned to their original locations with corresponding weights. This method is highly
efficient in restoration of moderately noised images. However, the BM3D tends to over-
smooth and smear the image fine structure and edges when noise is strong. Also, the BM3D
is not successful when the image contains many edges oriented in multiple directions.

Some improvement of the original BM3D algorithm was achieved by using shape adap-
tive neighborhoods and the inclusion of the PCA into the 3D transform (BM3D-SAPCA
algorithm, Dabov et al. 2009). Even better results compared to BM3D and BM3D-SAPCA
are demonstrated by the so-called WNNM method (Gu et al., 2014), which is based on the
assumption that, by stacking the nonlocal similar patch vectors into a matrix, this matrix
should be a low rank matrix and, as such, must have sparse singular values. The low rank
matrix approximation in Gu et al. (2014) is achieved by an adaptive weighted thresholding
SVD values of such matrices. Many denoising algorithms presented in recent years, which
are based on the NLSM concept, report results close to the results produced by BM3D-
SAPCA and WNNM. At the same time, they share, to some extent, the shortcomings of the
BM3D algorithm, especially blurring the fine structure of images restored from the severely
degraded inputs.

Transform domain filtering using directional filters:Away to capture lines, edges and texture
pattern while restoring degraded images is to use directionional filters and, respectively, dic-
tionaries of waveforms oriented in multiple directions. A number of dictionaries are reported
in the literature and applied to image processing. We mention contourlets (Do & Vetterli,
2008), curvelets (Candés & Donoho, 2004; Candés et al., 2006), pseudo-polar Fourier trans-
forms (Averbuch et al., 2008a, b) and related to them shearlets (Kutyniok & Labate, 2012;
Lim et al., 2012). However, while these transforms successfully capture edges in images,
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these dictionaries did not demonstrate a satisfactory texture restoration due to the shortage
of oscillating waveforms in the dictionaries.

A number of publications (Bayram & Selesnick, 2008; Han & Zhao, 2014; Han et al.,
2019, 2016; Jalobeanu et al., 2000; Ji et al., 2017, 2018), to name a few, present directional
dictionaries by the tensor multiplication of complex wavelets (Kingsbury, 1999; Selesnick
et al., 2005), wavelet frames and wavelet packets (WPs). The tight tensor-product complex
wavelet frames (TP_CTFn)1 with different numbers of directions, are designed in Han and
Zhao (2014), Han et al. (2016, 2019) and some of them, in particular cptTP_CTF6, TP_CTF6
and TP_CTF↓

6 , demonstrate impressive performance for image denoising and inpainting. The
waveforms in these frames are oriented in 14 directions and, due to the 2-layer structure of
their spectra, they possess certain, although limited, oscillatory properties.

In Che and Zhuang (2018) [algorithm Digital Affine Shear Filter Transform with 2-Layer
Structure (DAS-2)] the two-layer structure, which is inherent in the TP_CTF6 frames, is
incorporated into shearlet-based directional filter banks introduced in Zhuang (2016). This
improves the performance of DAS-2 in comparison to TP_CTF6 on texture-rich images such
as “Barbara”, which is not the case for smoother images like “Lena”.

Recently, we designed a family of complex WPs (Averbuch et al., 2020, brief outline
of the design is in Averbuch et al., 2021), which are referred to as quasi-analytic WPs
(qWPs). As a base for the design, the family of WPs originated from polynomial splines
of different orders, which are described in Averbuch et al. (2019) (Chapter 4), is used. The
two-dimensional (2D) qWPs are derived by a standard tensor products of 1D qWPs. The real
parts of the 2D qWPs possess a combination of properties valuable for image processing:
They are oriented in multiple directions (see Table 1). The waveforms are close to directional
cosines with multiple frequencies modulated by localized low-frequency 2D signals. Their
DFT spectra form a refined split of the frequency domain. Both one- and two-dimensional
qWP transforms are implemented in a very fast ways by using the Fast Fourier transform
(FFT). The directional qWPs are successfully applied to image inpainting (Averbuch et al.,
2021).

Due to the above properties, a qWP-based denoising algorithm (qWPdn), which utilizes a
version of the Bivariate Shrinkage algorithm (BSA Şendur and Selesnick 2002b, a), proved
to be efficient for image denoising. Experiments with the qWPdn demonstrate its ability to
restore edges and texture details even from severely degraded images. In most experiments,
the qWPdn to be described in Sect. 3.1 provides better resolution of edges and fine structures
compared to the cptTP-CTF6, DAS-2 and NLSM-based algorithms, which is reflected in
getting higher SSIM (Wang et al., 2004; Wang & Bovik, 2009) values. On the other hand, the
NLSM-based algorithms proved to be superior in the noise suppression, especially in smooth
regions of images, thus producing the highest PSNR values in almost all the experiments.
However, some over-smoothing effect on the edges and fine texture persisted under the
BM3D, BM3D-SAPCA, NCSR (Dong et al., 2013) and WNNM algorithms. Especially, this
is the case for severely degraded images.

Therefore, we propose to combine the qWPdn and BM3D algorithms in order to retain
strong features of both algorithms and to get rid of their drawbacks. The combined qWPdn–
BM3D algorithms presented in the paper consists of the iterated execution of the qWPdn and
BM3D algorithms in a way that at each iteration, the output from one algorithm updates the
input to the other. Typically, 2–3 (rarely more than 4) iterations are needed to get an excellent
result. In multiple experiments, part of which is reported in Sect. 3.3, the qWPdn–BM3D

1 The index n refers to the number of filters in the underlying one-dimensional complex tight framelet filter
bank.
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algorithms performance is compared with the performance of the NLSM-based algorithms
BM3D, BM3D-SAPCA, NCSR andWNNM algorithms and the algorithms cptTP-CTF6 and
DAS-2 using directional waveforms. The hybrid qWPdn–BM3D algorithms demonstrated
noise suppression efficiency that is quite competitive with BM3D. Thus, it produces PSNR
values higher than or very close to the values BM3D produces. On the other hand, its perfor-
mance related to the edge and fine structures resolution is much better than the performance
of the NLSM-based algorithms, thus, producing significantly higher SSIM values. In almost
all the experiments the performance of the cptTP-CTF6 and DAS-2 algorithms were inferior
to that of the qWPdn–BM3D algorithms.

Contribution of the paper:

• Development of fast image denoising algorithm qWPdn based on recently designed
directional quasi-analytic wavelet packets.

• Design of the fast iterative hybrid qWPdn–BM3D algorithms, which are highly efficient
in capturing edges and fine structures even in severely degraded images.

• Experimental comparison of the hybrid qWPdn–BM3D algorithms performance with
the performance of multiple state-of-the-art algorithms, which demonstrated a decisive
advantage of the hybrid algorithms in a SSIM sense and visual perception.

The paper is organized as follows: Sect. 2 briefly outlines properties of the qWP trans-
forms in one and two dimensions. Section 3.1 describes the qWPdn algorithm. Section 3.2
presents the combined qWPdn–BM3D algorithms. In the multiple experiments in Sect. 3.3,
the performance of these algorithms is compared with the performance of the cptTP-CTF6,
DAS-2, BM3D, BM3D-SAPCA, NCSR and WNNM algorithms. Section 3.4 briefly dis-
cusses the relation of the proposed methodology to the recently published Deep Learning
denoising methods. Section 4 provides an overview of the achieved results. The Matlab code
which counts the directions number of 2D qWPs for different decomposition levels is placed
in “Appendix”.

Notation and abbreviations: N = 2 j , ω
def= e2π i/N and �[N ] is a space of real-valued N -

periodic signals.�[N , N ] is the space of two-dimensional N -periodic arrays in both vertical
and horizontal directions.

The abbreviations WP, dWP and qWP mean wavelet packet, orthonormal spline-based
wavelet packet ψ p

[m],l and quasi-analytic wavelet packets �
p
±[m],l , respectively, in a 1D case,

and wavelet packet ψ p
[m], j,l and quasi-analytic wavelet packets �

p
+±[m],l, j , respectively, in a

2D case.
qWPdn designates the qWP-based image denoising algorithm. qWPdn–BM3D means an

hybrid image denoising algorithm combining the qWPdn with the BM3D.
PSNR means Peak Signal-to-Noise ratio in decibels (dB). SSIM means Structural Sim-

ilarity Index (Wang et al., 2004). BSA stands for Bivariate Shrinkage algorithm (Şendur &
Selesnick, 2002a, b).

BM3D stands for Block-matching and 3D filtering (Dabov et al., 2007), SAPCA means
Shape-Adaptive Principal Component Analysis (Dabov et al., 2009), NCSR means Non-
locally Centralized Sparse Representation (Dong et al., 2013), WNNM means Weighted
Nuclear Norm Minimization (Gu et al., 2014), cptTP-CTF stands for Compactly Supported
Tensor Product Complex Tight Framelets with Directionality (Zhuang & Han, 2019) and
DAS-2 stands for Digital Affine Shear Filter Transform with 2-Layer Structure (Che &
Zhuang, 2018).
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2 Preliminaries: quasi-analytic directional wavelet packets

Recently we designed a family of wavelet packets (qWPs), which possess a collection of
properties indispensable for image processing. A brief outline of the qWPs design and the
implementation of corresponding transforms is provided in the paper Averbuch et al. (2021),
which describes successful application of qWPs to image inpainting. A detailed description
of the design and implementation is given in Averbuch et al. (2020). In this section we list
properties of qWPs and present some illustrations.

2.1 Properties of qWPs

One-dimentional qWPs The qWPs are derived from the periodic WPs originating from
orthonormal discretized polynomial splines of different orders (dWPs), which are described
in Chapter 4 in Averbuch et al. (2019) (a brief outline is given in Averbuch et al. 2020). The
dWPs are denoted byψ

p
[m],l , where pmeans the generating spline’s order,m is the decompo-

sition level and l = 0, . . . 2m − 1, is the index of an m-level wavelet packets. The 2m-sample

shifts
{
ψ

p
[m],l(· − 2m k)

}
, l = 0, . . . , 2m − 1, k = 0, . . . , N/2m − 1, of the m-level dWPs

form an orthonormal basis of the space �[N ] of N -periodic discrete-time signals. Surely,
other orthonormal bases using the wavelet packets ψ

p
[m],l are possible, for example, wavelet

and Best bases (Coifman & Wickerhauser, 1992).
The waveforms ψ

p
[m],l [k] are symmetric, well localized in the spatial domain and have

oscillatory structure, their DFT spectra form a refined split of the frequency domain. The
shapes of magnitude spectra tend to rectangular as the spline’s order p grows. A common
way to extend 1DWP transforms to multiple dimensions is by the tensor-product extension.

The 2D dWPs from the level m are: ψ
p
[m], j,l [k, n] def= ψ

p
[m], j [k]ψ p

[m],l [n]. Their 2m-sample
shifts along vertical and horizontal directions form orthonormal bases of the space �[N , N ]
of 2D signals N−periodic in both directions. The drawback is the lack of directionality. The
directionality can be achieved by switching to complex wavelet packets.

For this, we start with application of the Hilbert transform (HT) to the dWPs ψ
p
[m],l ,

thus getting the signals τ
p
[m],l = H(ψ

p
[m],l), m = 1, . . . , M, l = 0, . . . , 2m − 1. A slight

correction of those signals’ DFT:

φ̂
p
[m],l [n] def= ψ̂

p
[m],l [0] + ψ̂

p
[m],l [N/2] + τ̂

p
[m],l [n]. (2.1)

provides us with a set of signals from the space �[N ], whose properties are similar to the
properties of the dWPs ψ

p
[m],l . In particular, their shifts form orthonormal bases in �[N ]

and the magnitude spectra of φ
p
[m],l coincide with the magnitude spectra of the dWPs ψ

p
[m],l .

However, unlike the symmetric dWPs ψ
p
[m],l , the signals φ

p
[m],l are antisymmetric for all l

except for l0 = 0 and lm = 2m − 1. We refer to the signals φ
p
[m],l as the complementary

orthonormal WPs (cWPs).
The sets of complex-valued WPs, which we refer to as the quasi-analytic wavelet packets

(qWP), are defined as� p
±[m],l

def= ψ
p
[m],l±iφ p

[m],l , m = 1, . . . , M, l = 0, . . . , 2m−1,where

φ
p
[m],l are the cWPs defined by Eq. (2.1). The qWPs �

p
±[m],l differ from the analytic WPs

by adding two values ±i ψ̂
p
[m],l [0] and ±i ψ̂ p

[m],l [N/2] into their DFT spectra, respectively.

The DFT spectra of the qWPs �
p
+[m],l are located within positive half-band of the frequency

domain and vice versa for the qWPs �
p
−[m],l .
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Fig. 1 Top to bottom: signals ψ9[3],l ; signals φ9[3],l , l = 0, . . . , 7: their magnitude DFT spectrum (right

half-band); magnitude DFT spectra of complex qWPs �9+[3],l ; same for �9−[3],l , l = 0, . . . , 7

Figure 1 displays the signals ψ9[3],l and φ9[3],l , l = 0, . . . , 7 derived from ninth-order
splines, from the third decomposition level and their magnitude spectra (right half-band),
that coincide with each other. Addition of ψ̂9[3],l [0] and ψ̂9[3],l [N/2] to the spectra of

φ9[3],l , l = 0, 7, results in an antisymmetry distortion. These WPs provide a collection of
diverse symmetric and antisymmetric well localized waveforms, which range from smooth
wavelets for l = 0, 1 to fast oscillating transients for l = 5, 6, 7. Thus, this collection is well
suited to catching smooth as well as oscillating local patterns in signals.

In the 2D case, these valuable properties of the spline-basedwavelet packets are completed
by the directionality of the tensor-product waveforms.

Two-dimensional qWPs Similarly to the 2D dWPs ψ
p
[m], j,l [k, n], the 2D cWPs are defined as

the tensor products of 1DWPs such that φ p
[m], j,l [k, n] def= φ

p
[m], j [k]φ p

[m],l [n]. The 2m-sample

shifts of the WPs
{
φ
p
[m], j,l

}
, j, l = 0, . . . , 2m − 1, in both directions form an orthonormal

basis for the space �[N , N ] of arrays that are N -periodic in both directions.

2D qWPs and their spectra The 2D dWPs
{
ψ

p
[m], j,l

}
as well as the cWPs

{
φ
p
[m], j,l

}
lack the

directionality property which is needed in many applications that process 2D data. However,
real-valued 2D wavelet packets oriented in multiple directions can be derived from tensor
products of complex quasi-analytic qWPs �

p
±[m],ρ . The complex 2D qWPs are defined as

follows:

�
p
++[m], j,l [k, n] def= �

p
+[m], j [k]� p

+[m],l [n],
�

p
+−[m], j,l [k, n] def= �

p
+[m], j [k]� p

−[m],l [n],

where m = 1, . . . , M, j, l = 0, . . . , 2m − 1, and k, n = 0, . . . , N − 1. The real parts of
these 2D qWPs are
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Fig. 2 Diagram of the qWP design (left) and quadrants of frequency domain (right)

Fig. 3 Magnitude spectra of 2D qWPs�9++[2], j ,l (left) and�9+−[2], j,l (right) from the second decomposition
level

θ
p
+[m], j,l [k, n] def= Re(�

p
++[m], j,l [k, n]) = ψ

p
[m], j,l [k, n] − φ

p
[m], j,l [k, n],

θ
p
−[m], j,l [k, n] def= Re(�

p
+−[m], j,l [k, n]) = ψ

p
[m], j,l [k, n] + φ

p
[m], j,l [k, n],

The diagram in Fig. 2 illustrates the design of qWPs. The DFT spectra of the 2D qWPs
�

p
++[m], j,l , j, l = 0, . . . , 2m − 1, are tensor products of the one-sided spectra of the qWPs

�̂
p
++[m], j,l [p, q] = �̂

p
+[m], j [p] �̂ p

+[m],l [q] and, as such, they fill the quadrant q0 of the

frequency domain, while the spectra of �
p
+−[m], j,l , j, l = 0, . . . , 2m − 1, fill the quadrant

q1 (see Fig. 2). Figure 3 displays magnitude spectra of the ninth-order 2D qWPs �9++[2], j,l
and �9+−[2], j,l from the second decomposition level. Figure 3 shows that the DFT spectra of

the qWPs �9+±[m], j,l effectively occupy relatively small squares in the frequency domain.
For deeper decomposition levels, sizes of the corresponding squares decrease as geometric
progression. Such configuration of the spectra leads to the directionality of the real-valued
2D WPs θ

p
±[m], j,l . The directionality of the WPs θ

p
±[m], j,l is discussed in Averbuch et al.

(2020). It is established that if the spectrum of a WP �
p
+±[m], j,l occupies a square whose
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Fig. 4 Left: magnitude spectra of 2D qWP �
p
++[3],2,5[k, n]. Right WP θ

p
++[3],2,5 = Re(�

p
++[3],2,5)

Fig. 5 WPs θ9+[2], j,l from the second decomposition level and their magnitude spectra

center lies in the point [κ0, ν0], then the respective real-valuedWP θ
p
±[m], j,l is represented by

θ
p
±[m], j,l [k, n] ≈ cos 2π(κ0k+ν0n)

N θ [k, n],where θ [k, n] is a spatially localized low-frequency
waveformwhich does not have a directionality. But the 2D signal cos 2π(κ0k+ν0n)

N is oscillating

in the direction D, which is orthogonal to the vector �V = κ0�i + ν0 �j . Therefore, WP θ
p
±[m], j,l

can be regarded as the directional cosine modulated by the localized low-frequency signal θ .
The cosine frequencies in the vertical and horizontal directions are determined by the indices
j and l, respectively, of the WP θ

p
±[m], j,l . The bigger is the index, the higher is frequency

in the respective direction. The situation is illustrated in Fig. 4. The imaginary parts of the
qWPs �

p
+±[m], j,l have a similar structure.

Figure 5 displays WPs θ9+[2], j,l , j, l = 0, 1, 2, 3, from the second decomposition level
and their magnitude spectra.

Figure 6 displays WPs θ9−[2], j,l , j, l = 0, . . . , 7, from the second decomposition level
and their magnitude spectra.

123



Multidimensional Systems and Signal Processing

Fig. 6 WPs θ9−[2], j,l from the second decomposition level and their magnitude spectra

Fig. 7 WPs θ9+[3], j,l (left) and θ9−[3], j ,l (right) from the third decomposition level

Figure 7 displays WPs θ9+[3], j,l and θ9−[3], j,l , j, l = 0, 1, 2, 3, from the third decomposi-
tion level.

Remark 2.1 Note that all the WPs θ
p
+[m], j,l whose spectra are located along a vector �V

have approximately the same orientation. It is seen in Figs. 6, 5 and 7. Consequently, the
number of different orientations of the m-th level WPs is less than the number of WPs,

which is 2 · 4m . For example, all the “diagonal” qWPs
{
θ
p
±[m], j, j

}
, j = 0, . . . , 2m − 1, are

oscillating with different frequencies in the directions of either 135◦ (for θ+) or 45◦ (for θ−).
These orientation numbers are given in Table 1. The Matlab code for the calculation of these
numbers is contained in “Appendix”.
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Table 1 Numbers of different
orientations of qWPs{
θ
p
±[m], j,l

}
, j, l =

0, . . . , 2m − 1, for different
decomposition levels

Level m 1 2 3 4 5 6 …

# of directions 6 22 86 318 1290 5030 …

2.2 Outline of the implementation scheme for 2D qWP transforms

The spectra of 2D qWPs
{
�

p
++[m], j,l

}
, j, l = 0, . . . , 2m − 1 fill the quadrant q0 of the

frequency domain (see Fig. 2), while the spectra of 2D qWPs
{
�

p
+−[m], j,l

}
fill the quadrant

q1. Consequently, the spectra of the real-valued 2DWPs
{
θ
p
+[m], j,l

}
, j, l = 0, . . . , 2m − 1,

and
{
θ
p
−[m], j,l

}
fill the pairs of quadrant q+ = q0

⋃
q2 and q− = q1

⋃
q3, respectively.

By this reason, none linear combination of the WPs
{
θ
p
+[m], j,l

}
and their shifts can serve

as a basis in the signal space �[N , N ]. The same is true for WPs
{
θ
p
−[m], j,l

}
. However,

combinations of the WPs
{
θ
p
±[m], j,l

}
provide frames of the space �[N , N ].

The transforms are implemented in the frequency domain using modulation matrices of
the filter banks, which are built from the corresponding wavelet packets. It is important to
mention that the structure of the filter banks Q+ and Q− for the first decomposition level
is different for the transforms with the “positive” �

p
+[m],l and “negative” �

p
−[m],l qWPs,

respectively. However, the transforms from the first to the second and further decomposition
levels are executed using the same filter bank Hm for the “positive” and “negative” qWPs.
This fact makes it possible a parallel implementation of the transforms.

The one-level 2D qWP transforms of a signalX = {X [k, n]} ∈ �[N , N ] are implemented
by a tensor-product scheme. To be specific, for the transform with �

p
++[1], the 1D transform

of columns from the signal X is executed using the filter bank Q+, which is followed by the
1D transform of rows of the produced coefficient arrays using the same filter bankQ+. These
operation results in the transform coefficient array Z+[1] = ⋃1

J,l=0 Z
j,l
+[1] comprising of four

blocks.
The transform with �

p
+−[1] is implemented by the subsequent application of the filter

banksQ+ andQ− to columns from the signalX and rows of the produced coefficient arrays,
respectively. This results in the coefficient array Z−[1] = ⋃1

J,l=0 Z
j,l
−[1].

The further transforms starting from the arrays Z+[1] and Z−[1] produce two sets of the

coefficients
{
Z+[m] = ⋃2m−1

J,l=0 Z
j,l
+[m]

}
and

{
Z−[m] = ⋃2m−1

J,l=0 Z
j,l
−[m]

}
, m = 2, . . . , M . The

transforms are implemented by application of the same filter banks Hm, m = 2, . . . , M to
rows and columns of the “positive” and “negative” coefficient arrays. The coefficients from

a level m comprise of 4m “positive” blocks of coefficients
{
Z j,l

+[m]
}

, l, j = 0, . . . ,2
m−1 ,

and the same number of “negative” blocks
{
Z j,l

−[m]
}
.

Coefficients from a block are inner products of the signalX = {X [k, n]} ∈ �[N , N ] with
the shifts of the corresponding wavelet packet:

Z j,l
±[m][k, n] =

N−1∑
λ,μ=0

X [λ,μ]� p
+±[m], j,l [λ − 2mk, μ − 2mn],
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Fig. 8 Left to right: 1. Image Re(X+). 2. Its magnitude DFT spectrum. 3. Image Re(X−). 4. Its magnitude
DFT spectrum

Y j,l
±[m][k, n] def= Re(Z j,l

±[m][k, n])

=
N−1∑

λ,μ=0

X [λ,μ] θ p
±[m], j,l [λ − 2mk, μ − 2mn]. (2.2)

The inverse transforms are implemented accordingly. Prior to the reconstruction, some

structures, possibly different, are defined in the sets
{
Z j,l

+[m]
}
and

{
Z j,l

−[m]
}

, m = 1, . . . M,

(for example, 2D wavelet, Best Basis or single-level structures) and some manipulations
on the coefficients, (for example, thresholding, shrinkage, l1 minimization) are executed.
The reconstruction produces two complex arrays X+ and X−. The signal X is restored by
X̃ = Re(X+ + X−)/8.

Figure 8 illustrates the image “Fingerprint” restoration by the 2D signals Re(X±). The
signal Re(X−) captures oscillations oriented to north-east, while Re(X+) captures oscilla-
tions oriented to north-west. The signal X̃ = Re(X+ + X−)/8 perfectly restores the image
achieving PSNR = 312.3538dB.

3 Image denoising

In this section, we describe application of the directional qWP transforms presented in Sect. 2
to the restoration of an imageX from the data X̌ = X+E, whereE is the Gaussian zero-mean
noise whose STD = σ .

3.1 Denoising scheme for 2D qWPs

The degraded image X̌ is decomposed into two sets
{
Ž j,l

+[m]
}

and
{
Ž j,l

−[m]
}

, m =
1, . . . , M, j, l = 0, 2m − 1, of the qWP transform coefficients, then a version of the
Bivariate Shrinkage algorithm (BSA) (Şendur & Selesnick, 2002a, b) is implemented and
the image X̃ ≈ X is restored from the shrunken coefficients. The restoration is executed
separately from the sets of coefficients belonging to several decomposition levels and the
results are averaged with some weights.

3.1.1 Image restoration from a single-level transform coefficients

Consider the estimation of an image X ∈ �[N , N ] from the fourth-level transform coeffi-
cients of the degraded array X̌ of size N × N .
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The denoising algorithm, which we refer to as qWPdn, is implemented by the following
steps:

1. In order to eliminate boundary effects, the degraded image X̌ is symmetrically extended to
image X̌T of size N1×N1, where N1 = N +2T . Typically, either T = N/4 or T = N/8.

2. The Bivariate Shrinkage (BSA) utilizes the interscale dependency of the transform coef-
ficients. Therefore, the direct 2D transforms of the image X̌T with the complex qWPs
�

p
++ and �

p
+− are executed down to the fifth decomposition level. As a result, two

sets Ž j,l
+[m] =

{
Ž j,l

+[m][k, n]
}
and Ž j,l

−[m] =
{
Ž j,l

+[m][k, n]
}

, m = 1, . . . , 5, j, l =
0, . . . , 2m−1, k, n = 0, . . . , N1/2m−1, of the qWP transform coefficients are produced.

3. The noise variance is estimated by σ̃ 2
e = median(abs(Ž1,1

+[1][k,n]))
0.6745 .

4. Let č4[k, n] def= Ž j,l
+[4][k, n] denote a coefficient from a block Ž j,l

+[4] at the fourth decom-
position level. The following operations are applied to the coefficient č4[k, n]:
(a) The averaged variance σ̄c[k, n]2 = 1

W 2
4

∑W4/2−1
κ,ν=−W4/2

č4[k + κ, n + ν]2 is calculated.
The integer W4 determines the neighborhood of č4[k, n] size.

(b) The marginal variance for č4[k, n] is estimated by σ̃ [k, n]2 = (σ̄c[k, n]2 − σ̃ 2
e )+.2

(c) In order to estimate the clean transform coefficients from the fourth decomposition
level, it is needed to utilize coefficients from the fifth level. The size of the coefficient
block Ž j,l

+[4] is N1/16×N1/16. The coefficients from that block are related to the qWP

�
p
++[4], j,l , whose spectrumoccupies, approximately, the squareS j,l

+[4] of size N1/32×
N1/32 within the quadrant q0 (see Fig. 2). The spectrum’s location determines the
directionality of the waveform �

p
++[4], j,l . On the other hand, four coefficient blocks{

Ž2 j+ι,2l+λ

+[5]
}

, ι, λ = 0, 1, of size N1/32× N1/32 are derived by filtering the block

Ž j,l
+[4] coefficients followed by downsampling. The coefficients from those blocks

are related to the qWPs �
p
++[5],2 j+ι,2l+λ, whose spectra occupy, approximately, the

squares S2 j+ι,2l+λ

+[5] of size N1/64 × N1/64, which fill the square S j,l
+[4]. Therefore,

the orientations of the waveforms �
p
++[5],2 j+ι,2l+λ are close to the orientation of

�
p
++[4], j,l .Keeping this inmind,we form the joint fifth-level array c j,l5 of size N1/16×

N1/16 by interleaving the coefficients from the arrays
{
Ž2 j+ι,2l+λ

+[5]
}
. To be specific,

the joint array c j,l5 consists of the quadruples:

c j,l5 =
{[

Ž2 j,2l
+[5] [κ, ν] Ž2 j,2l+1

+[5] [κ, ν]
Ž2 j+1,2l

+[5] [κ, ν] Ž2 j+1,2l+1
+[5] [κ, ν]

]}
, κ, ν = 0, . . . N1/32 − 1.

(d) Let c̆5[k, n] denote a coefficient from the joint array c j,l5 . Then, the transform coef-

ficient Z j,l
+[4][k, n] from the fourth decomposition level is estimated by the bivariate

shrinkage of the coefficients Ž j,l
+[4][k, n]:

Z j,l
+[4][k, n] ≈ Z̃ j,l

+[4][k, n] =
(√

č4[k, n]2 + c̆5[k, n]2 −
√
3 σ̃ 2

e
σ̃ [k,n]

)
+√

č4[k, n]2 + c̆5[k, n]2 č4[k, n].

2 s+
def= max{s, 0}.
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5. As a result of the above operations, the fourth-level coefficient array Z̃+[4] ={
Z̃+[4], j,l

}
, j, l = 0, . . . , 15, is estimated, where Z̃+[4], j,l =

{
Z̃ j,l

+[4][k, n]
}

, k, n =
0, . . . N1/16 − 1.

6. The inverse qWP transform is applied to the coefficient array Z̃+[4] and the result shrinks
to the original image size N × N . Thus, the sub-image X̃4+ is obtained.

7. The same operations are applied to Ž j,l
−[m], m = 4, 5, thus resulting in the sub-image X̃4−.

8. The clean image is estimated by X ≈ X̃4 = Re(X̃4++X̃4−)

8 .

3.1.2 Image restoration from several decomposition levels

More stable estimation of the image X is derived by the weighted average of several single-

level estimations
{
X̃m

}
. In most cases, the estimations from the second, third and fourth

levels are combined, so that m = 2, 3, 4.
The approximated image X̃3 is derived from the third-level coefficients Ž j,l

±[3]. The fourth-
level coefficients that are needed for the Bivariate Shrinkage of the coefficients Ž j,l

±[3] are
taken from the “cleaned” arrays Z̃±[4], j,l rather than from the “raw” ones Ž±[4], j,l .

Similarly, the image X̃2, is derived from the coefficient arrays Ž j,l
±[2] and Z̃

j,l
±[3]. The final

operation is the weighted averaging such as

X̃ = α2X̃2 + α3X̃3 + α4X̃4

α2 + α3 + α4
. (3.1)

Remark 3.1 Matlab implementation of all the operations needed to transform the degraded
array X̌ of size 512 × 512 into the estimation X̃ given by Eq. (3.1) takes 1 s. Note that the
noise STD is not a part of the input. It is evaluated as indicated in Item 3.

Remark 3.2 In some cases, restoration from third, fourth and fifth levels is preferable. Then,
the degraded array X̌T is decomposed down to the sixth level.

Remark 3.3 The algorithm comprises a number of free parameters which enable a flexible
adaptation to the processed object. These parameters are the order “p” of the generating
spline, integersW4,W3 andW2, which determine the sizes of neighborhoods for the averaged
variances calculation, and the weights α2, α3 and α4.

Remark 3.4 Fragments of the Matlab functions denoising_dwt.m and bishrink.m
from the websites http://eeweb.poly.edu/iselesni/WaveletSoftware/denoising_dwt.html and
http://eeweb.poly.edu/iselesni/WaveletSoftware/denoise2.html, respectively, were used as
patterns while compiling our own denoising software.

3.2 qWPdn–BM3D: hybrid algorithm

Equation (2.2) imply that the coefficients of the qWP transforms reflect the correlation of the
image under processing with the collection of waveforms, which are well localized in the
spatial domain and are oscillating in multiple directions with multiple frequencies. By this
reason, these transforms are well suited for capturing edges and texture patterns oriented in
different directions. Experiments with the qWPdn image denoising demonstrate its ability
to restore edges and texture details even from severely degraded images. In most conducted
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experiments, the qWPdn provides better resolution of edges and fine structures compared
to the most state-of-the-art algorithms including the BM3D algorithm, which is reflected
in higher SSIM values. On the other hand, the BM3D algorithm proved to be superior in
noise suppression especially in smooth regions in images, thus producing high PSNR values
in almost all the experiments. However, some over-smoothing effect on the edges and fine
texture persisted with the application of the BM3D algorithm. Especially, this was the case
for severely degraded images.

In this section, we propose to combine qWPdn with BM3D algorithms to benefit from the
strong features of both algorithms.

Denote by W and B the operators of application of the qWPdn , which is described in
Sect. 3, and BM3D denoising algorithms, respectively, to a degraded array A: WA = DW

and BA = DB .
Assume that we have an array X̌0 = X + E, which represents an image X degraded by

additive Gaussian noise E whose STD is σ. The denoising processing is implemented along
the following boosting scheme.

First step Apply the operatorsW and B to the input array X̌0: Y1
W = WX̌0 and Y1

B = B X̌0.
Iterations i = 1, . . . , I − 1

1. Form new input arrays X̌i
W = X̌0+Yi

W
2 , X̌i

B = X̌0+Yi
B

2 .

2. Apply the operatorsW and B to the new input arrays: Yi+1
W = WX̌i

B , Yi+1
B = B X̌i

W .

Estimations of the clean image Three estimations are used:

1. The updated BM3D estimation X̃uB
def= YI

B (upBM3D).

2. The updated qWPdn estimation X̃uW
def= YI

W (upqWP).

3. The hybrid estimation X̃H
def= (YI

B + YI
W )/2 (hybrid).

3.3 Experimental results

In this section, we compare the performance of our denoising schemes designated as
upBM3D, upqWP and hybrid on the restoration of degraded images with the perfor-
mances of the state-of-the-art algorithms such as BM3D (Dabov et al., 2007), BM3D-SAPCA
(Dabov et al., 2009), WNNM (Gu et al., 2014), NCSR (Dong et al., 2013), cptTP-CTF6
(Zhuang & Han, 2019) and DAS-2 (Che & Zhuang, 2018). To produce results for the
comparison, we used the software available at the websites http://www.cs.tut.fi/~foi/GCF-
BM3D/index.html#ref_software (BM3D and BM3D-SAPCA), http://staffweb1.cityu.edu.
hk/xzhuang7/softs/index.html#bdTPCTF (cptTP-CT F6 and DAS-2), https://github.com/
csjunxu/WNNM_CVPR2014 (WNNM), and https://www4.comp.polyu.edu.hk/~cslzhang/
NCSR.htm (NCSR).

The restored images were evaluated by the visual perception, by Peak Signal-to-Noise
ratio (PSNR) [see Eq. (3.2)]3 and by the Structural Similarity Index (SSIM) (Wang et al.
2004, ssim.m Matlab 2020b function). SSIM measures the structural similarity of small
moving windows in two images. It varies from 1 for fully identical windows to −1 for
completely dissimilar ones. The global index is the average of local indices. Currently, SSIM

3
PSNR(x, x̃)

def= 10 log10

(
K 2552∑K

k=1(xk − x̃k )2

)
dB. (3.2)
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Fig. 9 Clean images: “Lena”, “Boat”, “Hill”, “Barbara”, “Mandrill”, “Bridge”, “Man”, “Fabric”, “Fingerprint”
and “Seismic”

is regarded as more informative characteristics of the image quality compared to PSNR and
Mean Square Error (MSE) (see discussion in Wang and Bovik 2009).

For the experiments, we used a standard set of benchmark images: “Lena”, “Boat”, “Hill”,
“Barbara”, “Mandrill”, “Bridge”, “Man”, “Fabric” and “Fingerprint”. One image that repre-
sents a stacked seismic section is designated as “Seismic”. The ”clean” images are displayed
in Fig. 9.

The images were corrupted by Gaussian zero-mean noise whose STD was σ = 5, 10, 25,
40, 50, 80 and100dB.Then, theBM3D,BM3D-SAPCA,NCSR,WNNM,upBM3D,upqWP,
hybrid, cptTP-CT F6 and DAS-2 denoising algorithms were applied to restore the images. In
most experiments the algorithm upBM3D performed better than upqWP. However, this was
not the case in experiments with the “Seismic” image. Therefore, in the “Seismic” block in
Table 3 and pictures in Fig. 16 we provide results from experiments with the upqWP rather
than with upBM3D algorithm.

Table 2 summarizes experimental results from the restoration of the “Barbara”, “Boat”,
“Fingerprint”, “Lena” and “Mandrill” images corrupted by additive Gaussian noise. PSNR
and SSIM values for each experiment are given.

Table 3 summarizes experimental results on the restoration of the “Hill”, “Seismic”,
“Fabric”, “Bridge” and“Man” images corrupted by additive Gaussian noise. The PSNR and
SSIM values for each experiment are given.

It is seen from Tables 2 and 3 that, while our methods upBM3D and hybrid produce
PSNR values close to those produced by other methods, in the overwhelming majority of
cases the SSIMvalues produced byupBM3D and hybrid significantly exceed the SSIM from
all other methods. Especially it is true for the restoration of images in presence of a strong
noise. This observation reflects the fact that directional qWPs have exceptional capabilities
to capture fine structures even in severely degraded images.

Diagrams in Fig. 10 illustrate the results reported in Tables 2 and 3. Top frame in Fig. 10
shows PSNR values for restoration of images degraded by Gaussian noise with STD σ = 5,
10, 25, 40 50, 80 and 100 dB, by all eight methods. The PSNR values are averaged over ten
images participated in the experiments (see Fig. 9). Bottom frame in Fig. 10 does the same for
the SSIM values. We can observe that the averaged PSNR values for our methods upBM3D
and hybrid practically coincide with each other and are very close to the values produced by
BM3D and NCSR. The averaged PSNR values for the methods BM3D-SAPCA andWNNM
exceed the values produced by all other methods. They practically coincide with each other
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Fig. 10 Diagrams of PSNR (top frame) and SSIM (bottom frame) values averaged over ten images for
restoration of the images by eight different methods. Labels on x-axes indicate STD = σ values of the
additive noise (logarithmic scale)

for σ ≤ 40dB, but for σ > 40dB, WNNM produces significantly higher PSNR values. The
values from the methods cptTP-CTF6 and DAS-2 are inferior.

A different situation we see in the bottom frame, which displays averaged SSIM values.
Again, the averaged values for our methods upBM3D and hybrid practically coincide with
each other but they strongly override the values produced by all other methods. BM3D-
SAPCA demonstrates some advantage over the rest of the methods. It is worth mentioning
relatively good results by DAS-2, which are better than those by NCSR.

Figures 11, 12, 13, 14, 15 and 16 display results of restoration of several images corrupted
by strong Gaussian noise. In all those cases the SSIM values from the upBM3D or/and
hybrid algorithms significantly exceed values from all other algorithms. Respectively, the
restoration of the images’ fine structure by the upBM3D or/and hybrid algorithms is much
better compared to the restoration by other algorithms.
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Fig. 11 Restoration of the “Hill” image corrupted by Gaussian noise with STD σ = 50dB. PSNR/SSIM
for BM3D—27.19/0.3825; for WNNM—27.34/0.3711; for BM3D-SAPCA—27.2/0.3815; for upBM3D—
27.2/0.4161; for hybrid—27.1/0.4181

Each of the mentioned figures comprises 12 frames, which are arranged in a 4× 3 order:⎛
⎜⎜⎝

f11 f12 f13
f21 f22 f23
f31 f32 f33
f41 f42 f43

⎞
⎟⎟⎠ . Here frame f11 displays noised image; frame f21—image restored by
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Fig. 12 Restoration of “Boat” image corrupted by Gaussian noise with STD σ = 50dB. PSNR/SSIM
for BM3D—26.77/0.3899; for WNNM—26.98/0.3807; for BM3D-SAPCA—26.89/0.3931; for upBM3D—
26.66/0.4223; for hybrid—26.49/0.4217

BM3D; f12—image restored by BM3D-SAPCA; f22—image restored by WNNM; f13—
image restored byupBM3D4; f23—image restored byhybrid. Frame f31 displays a fragment
of the original image. The remaining frames { f32, f33, f41, f42, f43} display the fragments

4 For the “Seismic” image upqWP instead of upBM3D
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Fig. 13 Restoration of “Fingerprint” image corrupted by Gaussian noise with STD σ = 80dB. PSNR/SSIM
for BM3D—22.2/0.7165; for WNNM—22.75/0.7238; for BM3D-SAPCA—22.3/0.7068; for upBM3D—
22.5/0.7326; for hybrid—22.59/0.7341

of the restored images shown in frames { f12, f13, f21, f22, f23}, which are arranged in the
same order.
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Fig. 14 Restoration of “Mandrill” image corrupted by Gaussian noise with STD σ = 80dB. PSNR/SSIM
for BM3D—20.9/0.2439; for WNNM—21.1/0.2656; for BM3D-SAPCA—20.92/0.2649; for upBM3D—
20.85/0.3205; for hybrid—20.56/0.3402

3.4 Relation of the proposed algorithms to the deep learningmethods

In recent years, the focus of the image denoising research shifted to the Deep Learning
methods, which resulted in a huge amount of publications. We mention a few of them: Chen
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Fig. 15 Restoration of “Bridge” image corrupted by Gaussian noise with STD σ = 40dB. PSNR/SSIM
for BM3D—24.3/0.5007; for WNNM—24.49/0.505; for BM3D-SAPCA—24.5/0.5152; for upBM3D—
24.22/0.5712; for hybrid—24.04/0.5669

and Pock (2017); Zhang et al. (2017); Cruz et al. (2018); Fang and Zeng (2020); Shi et al.
(2019); Li et al. (2020); Quan et al. (2021); Binh et al. (2021). Much more references can be
found in the reviews (Tian et al., 2020; Ilesanmi & Ilesanmi, 2021). One of advantages of the
Deep Learning methods is that, once the Neural Net is trained (which can involve extended
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Fig. 16 Restoration of “Seismic” image corrupted by Gaussian noise with STD σ = 25dB. PSNR/SSIM
for BM3D—30.8/0.4984; for WNNM—30.59/0.4473; for BM3D-SAPCA—30.8/0.5016; for upqWP—
30.8/0.5903; for hybrid—30.88/0.5836

datasets and take several days), its application to test images is very fast. Therefore, the
experimental results in most related publications are presented via the PSNR and, sometimes,
the SSIM values averaged over some test datasets such as, for example, Set12 introduced in
Zhang et al. (2017).
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Set12 partially overlap with the set of 10 (Set10) images that we used in our experiments.
Namely the images “Barbara”, Boat”, “Fingerprint”, “Hill”, “Lena” and “Man” participate
in both sets. The structure of the remaining images “Seismic”, “Fabric”, “Mandrill” and
“Bridge” from Set10 is more complicated compared to the images “Camera”, “Couple”,
“House”, “Monarch”, “Pepper” and “Straw” from Set12. Therefore, the averaged results
comparison from these two datasets is quite justified. For even better compatibility, we
compare the gains of results from different methods over the corresponding results from

BM3D: Pmethod
def= PSNRmethod

PSNRBM3D
and Smethod

def= SSIMmethod
SSIMBM3D

. Recall that for the calculation of
SSIM we use the function ssim from Matlab 2020b, whereas in most publications SSIM is
computed by some other schemes.

We compare results from the recent state-of-the-art algorithms Cola_Net (Mou et al.,
2022), CDNet (Quan et al., 2021), FLCNN (Binh et al., 2021), DRCNN (Li et al., 2020), and
the non-DeepLearning algorithmpresented inZhou et al. (2021),whichwemark as SRENSS,
averaged over Set12 with the results fromWNNM (Gu et al., 2014) and the proposed hybrid
algorithm averaged over Set10.5 The PSNR and SSIM values for all methods except for
WNNM and hybrid are taken from the corresponding publications. Table 4 shows the results
of this comparison.

We can observe from the table that all participated up-to-date schemes, including the
non-Deep Learning algorithm SRENSS, demonstrate a moderate gain over BM3D in both
PSNR and SSIM values averaged over Set12 (far from being a breakthrough). The values
from WNNM averaged over Set10 are very close to those from BM3D averaged over the
same set. The same can be said for the PSNR values from the hybrid algorithm. However,
the SSIM values from the hybrid algorithm demonstrate a strong gain over BM3D, which
is clearly seen in Fig. 10. Especially it is true for a strong Gaussian noise with σ = 80, 100
dB. This fact highlights the ability of the qWP-based algorithms to restore edges and fine
structures even in severely damaged images.

Note that denoising results presented in the overwhelming majority of the Deep Learning
publications deal with the noise level not exceeding 50dB.

4 Discussion

Wepresented adenoising scheme that combines the qWPdnalgorithmbasedon the directional
quasi-analyticwavelet packets, which are designed inAverbuch et al. (2020), with the popular
BM3D algorithm (Dabov et al., 2007) considered to be one of the best in the field. The qWPdn
and BM3D methods complement each other. Therefore, the idea to combine these methods
is natural. In the iterative hybrid scheme qWPdn–BM3D, which is proposed in Sect. 3.2, the
output from one algorithm updates the input to the other. The scheme proved to be highly
efficient. It is confirmed by a series of experiments on restoration of 10 multimedia images
of various structure, which were degraded by Gaussian noise of various intensity. In the
experiments, the performance of two combined qWPdn–BM3D algorithms was compared
with the performance of six advanced denoising algorithms BM3D, BM3D-SAPCA (Dabov
et al., 2009), WNNM (Gu et al., 2014), NCSR (Dong et al., 2013), cptTP-CTF6 (Zhuang
& Han, 2019) and DAS-2 (Che & Zhuang, 2018). In the overwhelming majority of the
experiments reported in Sect. 3.3, the two combined algorithms produce PSNR value, which
are very close to the values produced by BM3D but give in to the values from WNNM and
BM3D-SAPCA. Their noise suppression efficiency is competitive with that of the BM3D.

5 Averaged results from upBM3D are almost identical to those from hybrid algorithm.

123



Multidimensional Systems and Signal Processing

Ta
bl
e
4

P m
et
ho
d
/
S m

et
ho
d
,w

he
re

th
e
PS

N
R
an
d
SS

IM
va
lu
es

ar
e
av
er
ag
ed

ov
er

ei
th
er

Se
t1
2
or

Se
t1
0.

N
oi
se

ST
D

=
σ

σ
10

15
25

50
70

80
10

0

C
ol
a_
N
et

–
1.
02

8/
1.
01

6
1.
03

1/
1.
02

5
1.
04

/1
.0
46

v
1.
04

1/
1.
06

–
–

C
D
N
et

–
1.
01

9/
1.
01

6
1.
01

6/
1.
01

1.
02

5/
1.
07

4
1.
02

7/
1.
05

7
1.
02

7/
1.
06

5
–

FL
C
N
N

–
1.
02

2/
1.
02

1.
01

7/
1.
01

1
1.
02

8/
1.
03

9
–

–
–

D
R
C
N
N

–
1.
01

6/
1.
03

6
1.
02

/1
.0
33

1.
02

/1
.0
39

–
–

–

SR
E
N
SS

1.
04

4/
1.
01

1
–

–
1.
02

/1
.0
28

1.
01

1/
1.
02

8
–

1.
00

6/
1.
00

38

W
N
N
M

1.
00

7/
1.
00

4
–

1.
00

6/
0.
99

7
1.
00

7/
0.
99

8
–

1.
01

/0
.9
92

1.
01

8/
0.
97

4

hy
br
id

0.
99

9/
1.
02

6
–

0.
99

7/
1.
05

1
0.
99

4/
1.
09

9
–

0.
99

1/
1.
12

2
1.
00

1/
1.
13

6

123



Multidimensional Systems and Signal Processing

On the other hand, their results in the resolution of edges and fine structures are much better
than the results from all other algorithms participating in the experiments. This is seen in
the images presented in Sect. 3.3. Consequently, the SSIM values produced by the combined
algorithms qWPdn–BM3D are significantly higher than the values produced by BM3D and
exceed the values produced by all other participated algorithms. The combined algorithm
runs fast. In most cases, it is sufficient to conduct two to three iterations (very rarely five to
six iterations) in order to get an excellent result. For example, the Matlab implementation of
three-iterations processing of a 512×512 image takes about 20 s, where 11s are consumed by
theBM3D(MEX-files) and3s are consumedby anon-compiled version of the qWPdenoising
algorithm. For comparison, processing of the same image by the WMMN algorithm takes
470s and BM3D-SAPCA processing may take from 3min to several hours.

The discussion in Sect. 3.4 shows that the qWPdn–BM3D algorithm can compete, in
some aspects, with denoising methods based on Deep Learning. Especially it is true for the
restoration of images contaminated by strong noise.

It is worth noting that our combined methods have some distant relation to the SOS
boosting scheme presented in Romano and Elad (2015). The main distinction between the
qWPdn–BM3D and the SOS boosting is that each of the qWPdn and BM3D algorithms
is “boosted” by the output from the other algorithm. Such a scheme can be regarded as a
CrossBoosting.

Summarizing, having such a versatile and flexible tool as the directional qWPs that proved
to be highly efficient in image inpainting and denoising, we are in a position to address data
processing problems such as deblurring, superresolution, segmentation and classification,
target detection (here the directionality is of utmost importance). Another potential applica-
tion to be addressed is the extraction of characteristic features in multidimensional data in the
deep learning framework. The 3D directional wavelet packets, whose design is underway,
will be beneficial for seismic and hyper-spectral processing.

Acknowledgements This research was partially supported by the Israel Science Foundation (ISF, 1556/17),
Blavatnik Computer Science Research Fund Israel Ministry of Science and Technology 3-13601 and 3-14481.

Appendix: Matlab code for calculation of number of different orienta-
tions of real qWPs

function D=dir_count(m)
% m -- decomposition level
% D -- number of different orientations of real qWPs from level ‘‘m"
%P(m)--prime numbers;P(3)=2;P(4)=3;P(5)=5;P(6)=7;P(7)=11;...
N=2ˆm;
M=N/2;
R=N-1;
for kk=1:(M-1)

for nn=(kk+1):M
for ll=2:M

if nn*ll<N+1&&(rem(kk,2)˜=0|| rem(nn,2)˜=0)...
&&(rem(kk,3)˜=0|| rem(nn,3)˜=0)...
&&(rem(kk,5)˜=0|| rem(nn,5)˜=0) &&(rem(kk,7)˜=0|| rem(nn,7)˜=0)
%&&(rem(kk,11)˜=0|| rem(nn,11)˜=0)...
%&&(rem(kk,P(m))˜=0|| rem(nn,P(m))˜=0)

R=R+2;
end
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end
end

end
D=(Nˆ2-R)*2;
end
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