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Abstract

This thesis contains algebraic and algorithmic results in sparse linear

algebra.

All these results make use of support theory. Though the tools

of support theory were originally designed in order to bound the condition
numbers of preconditioned systems, we show here that these tools have
a variety of other uses. The results given in this work have applications
in support theory, but they can also be viewed as independent algebraic

results.

For instance, we show how support theory can be used in order

to obtain new bounds on the 2-norm of any rectangular real matrix. We
also show new applications of support theory in computer graphics and in
solving singular linear systems.

This thesis consists of four main themes:

(1)

Factor Width: We define a matrix concept called factor width,
a measure for the combinatorial complexity of symmetric positive
semidefinite (SPSD) matrices. This gives a hierarchy of matrix
classes for SPSD matrices. Factor-width-2 matrices are matrices
that can be represented as graphs. Factor-width-3 matrices are
matrices that can be represented as hypergraphs, such that each
hyperedge connects three vertices. In general, factor-width-k ma-
trices are matrices that can be represented as hypergraphs, such
that each hyperedge connects k vertices. We prove that the set
of symmetric matrices with factor width at most two is exactly
the class of symmetric H-matrices with non-negative diagonals.
We prove bounds on the factor width, including one that is tight
for factor widths up to two. These results were published in “On
Factor Width and Symmetric H-matrices”, Linear Algebra and its
Applications 405: 239-248 (2005) by Erik G. Boman, Doron Chen,
Ojas Parekh and Sivan Toledo.

Null Spaces of Symmetric H-matrices: We characterize the
structure of null spaces of factor-width-2 matrices. We show that
the structure of the null space of a factor-width-2 matrix depends
on the structure of the connected components of its underlying
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graphs. Each connected component contributes at most one vec-
tor to the null space. We provide a combinatorial characteriza-
tion of the rank of each connected component, and a combinato-
rial characterization of a null vector if one exists. For symmetric
diagonally-dominant (SDD) matrices, we also present an efficient
combinatorial algorithm for constructing an orthonormal basis for
the null space. We show a close connection between gain graphs
and symmetric H-matrices with non-negative diagonals, which ex-
tends known results regarding the connection between undirected
graphs and Laplacian matrices, and between signed graphs and
SDD matrices. We show how to exploit these combinatorial al-
gorithms to reliably solve certain singular linear systems in finite-
precision arithmetic. These results were published in “Combinato-
rial Characterization of the Null Spaces of Symmetric H-Matrices”,
Linear Algebra and its Applications 392: 71-90 (2004) by Doron
Chen and Sivan Toledo.

Obtaining Bounds on the Two Norm of a Matrix: We
show how two support theory tools, the splitting lemma and the
symmetric-product-support lemma, can be used to obtain new
bounds on the 2-norm of a real matrix. We derive six separate
algebraic bounds and analyze the combinatorial interpretations of
these bounds. These results were accepted for publication in Elec-
tronic Transactions on Numerical Analysis, “Obtaining Bounds on
the Two Norm of a Matrix from the Splitting Lemma” by Doron
Chen, John R. Gilbert and Sivan Toledo.

Applications of Support Theory in Computer Graphics:
We introduce new applications of support theory in computer
graphics. In most support theory applications we are given a ma-
trix, and we then represent it as a graph in order to analyze or
precondition it. In this new application, however, the process is
reversed. We are given a graph which we want to compress. The
compression involves the use a Laplacian-like matrix which is ob-
tained from the connectivity graph.

We present an algebraic analysis of a mesh-compression technique
called high-pass quantization. In high-pass quantization, a rectan-
gular matrix based on the mesh topological Laplacian is applied to
the vectors of the Cartesian coordinates of a polygonal mesh. The
resulting vectors, called d-coordinates, are then quantized. The
applied matrix is a function of the topology of the mesh and the
indices of a small set of mesh vertices (anchors), but not of the
location of the vertices. An approximation of the geometry can
be reconstructed from the quantized d-coordinates and the spatial
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locations of the anchors. We show how to algebraically bound the
reconstruction error that this method generates. We show that the
small singular value of the transformation matrix can be used to
bound both the quantization error and the rounding error, which is
due to the use of floating-point arithmetic. Furthermore, we prove
a bound on this singular value. The bound is a function of the
topology of the mesh and of the selected anchors. We also propose
a new anchor-selection algorithm, inspired by this bound. We show
experimentally that the method is effective and that the computed
upper bound on the error is not too pessimistic. These results were
accepted for publication in ACM Transactions on Graphics, “Alge-
braic Analysis of High-Pass Quantization” by Doron Chen, Daniel
Cohen-Or, Olga Sorkine, and Sivan Toledo.
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CHAPTER 1

Introduction

This chapter informally illustrates the main results of the thesis. The
aim of this chapter is to explain what the results are, rather than to explain
how we prove them. We use many small examples for clarification. Each
section describes the main results in one chapter of the thesis.

1.1. Factor Width

In Chapter 2 we define a matrix concept called factor width, a mea-
sure for the combinatorial complexity of symmetric positive semidefinite
(SPSD) matrices. This gives a hierarchy of matrix classes for SPSD ma-
trices. Factor-width-2 matrices are matrices that can be represented as
graphs. Factor-width-3 matrices are matrices that can be represented as
hypergraphs, such that each hyperedge connects three vertices. In general,
factor-width-k matrices are matrices that can be represented as hyper-
graphs, such that each hyperedge connects k vertices. This correspondence
between SPSD matrices and hypergraphs extends the well-known corre-
spondence between weighted graphs and symmetric diagonally-dominant
matrices, which has been exploited in many ways in the past.

A real symmetric diagonally-dominant (SDD) matrix A can always be
decomposed into a symmetric factorization A = UU?, where U has at most
two nonzeros per column (and in particular, all the nonzeros in a column
of U have the same absolute value) [13]. For example, consider the matrix

13
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This decomposition is obtained in the following way:

[ 2 -1 0
0 4 4
1 00] [ 1 —-10
= |04 4|+|-1 1 0
(044 [0 00
1 00] [ 1
= 04 4|+ -1]|-[1 -10]
044] |0
(1 00] [oo0oO 1
= [000|+]|044|+]-1[-[1 -10]
000 |044 0
1 00] O 1
= (000 +|2|-[02 2]+ —1 [1 -1 0]
00 0] |2
1 1
= [0]-[100]+ (002 2]+ | -1 ]-[1 -1 0]
K 0
(1 0 1 01T
— _120-—120
| 0 20 0 20

Note that at each step of the decomposition we handle one off-diagonal
nonzero or the diagonal entry of a strictly diagonally-dominant row.

The nonzero structure of U is that of a vertex-edge incidence matrix
of the underlying graph! of A; the nonzero structure of A itself is that of
a vertex-vertex adjacency matrix of the same graph. Figure 1.1.1 shows a
matrix A, its rectangular factor U and its underlying graph.

This relationship between symmetric diagonally-dominant matrices and
weighted graphs has been exploited in the past, among other things, to

e characterize graph properties, such as the size of balanced vertex
separators, by eigenvalues of the corresponding matrix {17, 31,
33, 34, 35, 47, 48, 54, 76, 77, 87|,

e to bound the smallest nonzero eigenvalue of A using structures in
the graph [30, 34, 35, 49, 50, 62, 83];

IThe underlying graph G4 of an n-by-n symmetric matrix A is a weighted graph
Ga = (Va,Ea,w), where V4 = {1,2,...,n}, Ea = {(4,7): Aij # 0}, and the weight of
an edge (4,7) is w(i, j) = —Ayj.
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FIGURE 1.1.1. An SDD matrix A (top), its rectangular fac-
tor U (middle) and the graph G4 of A (bottom). The vertices
are ordered top to bottom, left to right.

e to bound the generalized spectral condition number of a matrix
pencil in terms of embeddings of the corresponding graphs [9, 16,
42];

e to design preconditioners by sparsifying the corresponding
graph [9, 13, 93] or by constructing a related graph [42];

e to obtain combinatorial graph algorithms for computing the null
space of symmetric diagonally-dominant matrices [22].

We define the factor width of a matrix A as the smallest integer k& such
that A has a symmetric factorization A = UUT with at most k nonzeros in
each column of U. We argue that the factor width is a good measure of the
“combinatorial complexity” of a matrix. A symmetric diagonally-dominant
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matrix is combinatorially simple in the sense that it has an incidence fac-
tor U that corresponds to a weighted undirected graph. A factor-width-3
matrix does not have such a factor, but it does have an incidence factor
that corresponds to a hypergraph with at most 3 vertices per edge.
Clearly, not all factor-width-2 matrices are diagonally dominant. For

instance [;}[1 2}_[;‘21}

is not diagonally dominant.
Also, it is clear that not all symmetric positive semi-definite matrices
have factor width 2. Let

1 11
A=1|1 11
1 11
Matrix A can be represented as
1
A=|1|[111],
1

so its factor width is at most 3. Also, A cannot have a factor-width-2
representation: matrix A has rank-1, so any representation of A as A =
UUT must have the property that the columns of U are identical up to a
multiplicative constant. Therefore, without loss of generality U must have
a single column, and it is trivial to show that this column is the vector of
ones.

The main results of Chapter 2 are:

THEOREM. A matrix has factor width at most two if and only if it
is a symmetric H-matriz. We use H' to denote H-matrices that have
non-negative diagonal.

DEFINITION. Let dn(A) denote the symmetric scaling of A so that
the diagonal elements of the scaled matrix are all 1’s (except for diagonal
elements in zero rows of A, which remain zero).

THEOREM. For any SPSD matrix A, the factor width of A is bounded
from below by [||dn(A)],].

We also proved a tighter lower bound (illustrated in figure 1.1.2):

THEOREM. For any SPSD matrix A, the factor width of A is bounded
from below by [|ldn(|A])|l,]. |A| denotes the matriz whose (i,j) entry is
| Al
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FIGURE 1.1.2. An example of a lower bound on the width factor.

THEOREM. Matrix A has factor-width at most 2 if and only if it is
symmetric with non-negative diagonals, and satisfies ||dn (|A])||, < 2.

The beauty of these bounds lies in that they link a discrete combinato-
rial measurement, namely the factor width of a matrix, with the norm of a
matrix, which is a continuous measurement. The results in Chapter 2 were
published in “On Factor Width and Symmetric H-matrices”, Linear Algebra
and its Applications 405: 239-248 (2005) by Erik G. Boman, Doron Chen,
Ojas Parekh and Sivan Toledo.

1.2. Null Spaces of Symmetric H-matrices

In Chapter 3 we characterize the structure of a basis for the null spaces
of factor-width-2 matrices (which we have shown to be the class of symmet-
ric H-matrices with non-negative diagonals, or symmetric H*-matrices).
The characterization relies on combinatorial properties of a graphs associ-
ated with these factor-width-2 matrices. We present combinatorial algo-
rithms for determining the rank and constructing an orthonormal basis for
the null space of a factor-width-2 matrix, given its factor-width-2 factor-
ization.

We investigate the close connection between symmetric H-matrices with
non-negative diagonals and gain graphs |79, 96| (previously called voltage
graphs |43, 44]). A gain graph is an undirected graph such that each edge e
can be viewed as two edges, one in each direction, with a different weight in
each direction. These weights are called gain, and they have the following
property: Let e be an edge connecting vertex ¢ and vertex j. Then e has
two gains: a gain ¢ from vertex i to vertex j, and a gain 1/¢ from vertex
7 to vertex 1.

The class of factor-width-2 matrices includes all the matrices that can be
factored into A = UU?T | such that U has at most two nonzeros per column.
The graph associated with A is constructed as follows: we represent each
row of A as a vertex; each column u of U is represented by an edge. If u
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has a two nonzeros, « in the i-th position and 3 in the j-th position, then
we represent it as an edge connecting vertices ¢ and j; the gain of this edge
is —(/a between i and j, and —«a/( between j and i. For columns with a
single nonzero, we attach a half-arc, which is an edge with a single endpoint
and no gain; if v has a single nonzero in position 4, then we represent it as
a half arc incident to vertex 1.

As an example, consider A = UU7, where

Note that the nonzero structure of U can be viewed as the incidence
matrix of the underlying graph of A.

In Chapter 3 we show that the structure of the null space of a symmetric
H-matrix depends on the structure of the connected components of its
underlying graph. Each connected component contributes at most one
vector to the null space.

Whether or not a connected component contributes a vector to the null
space, depends on its balance. In order to define the balance of a connected
component, we need the following definitions: The gain of a directed path
or cycle is the product of the gains of the edges along the path or cycle. A
cycle is balanced if its gain is exactly +1. A connected component is called
balanced if it contains no half arcs and no unbalanced cycles. We have
shown that each balanced component contributes one vector to the null
space, whereas each unbalanced component has full rank. In our example,
the left connected component contains one cycle which is balanced and
contains no half arcs. As a result, the left component is balanced and
contributes one vector to the null space. The right component is unbalanced
and therefore has full-rank.
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We provide a combinatorial characterization of the null vectors of each
balanced connected component. It turns out that in order to construct
a null vector of a balanced component, we need to choose some arbitrary
vertex in the component. We call that vertex a root. Let v be the null
vector associated with the component. Then v; = 0 if and only if vertex j
is not in the component. For every vertex j in the connected component,
v; is the gain of a path between j and the root. This gain is well-defined,
because in a balanced connected component it does not matter which path
we choose between vertex j and the root; all paths must have the same
gain.

In our example, let us choose vertex 2 to be the root of the left connected
component. Then this component contributes the following vector to the
null space:

[ 0.25 7

—0.125

o O OO

The number of cycles in a graph is typically great; nevertheless, we
present an efficient combinatorial algorithm for determining the rank and
constructing an orthonormal basis for the null space of an factor-width-2
matrix, given its factor-width-2 factorization. We show how to exploit this
combinatorial algorithm to reliably solve certain singular linear systems in
finite-precision arithmetic. The results in this chapter 3 were published
in “Combinatorial Characterization of the Null Spaces of Symmetric H-
Matrices”, Linear Algebra and its Applications 392: 71-90 (2004 ) by Doron
Chen and Sivan Toledo.

1.3. Obtaining Bounds on the Two Norm of a Matrix

In Chapter 4, we prove several new bounds on the 2-norm of a general
rectangular real matrix. The bounds exploit the sparsity of W, and are
often tighter than other well-known bounds such as the Frobenius norm.
Let W be a k-by-m real matrix. We show that:
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FIGURE 1.3.1. An illustration of the bound |W]; <
max; >y, o [|[Wi ||§ The X-s in this figure denote nonze-
ros of W. The bound states that ||| is bounded by the
maximum, over all the columns j of W, of the sum of the
squares of the 2-norms of all the rows in W which contain a
nonzero in the j-th column.

m
W[5 < max > [Wilp=max Y > W2
J i WZ"j#O J i WZ"j#O c=1
k
2 2
Wl < max Y [Wylli=max > Y W}
j: Wi7j7£0 ] Wi,j;ﬁo r=1
m
2
W5 < max > IWi,jI-<ZIWi,c|>
! i: Wi j7#0 c=1
k
2
W], < max > |Wi,j|'<Z|Wr,j|>
j: Wi ;70 r=1
Wi < [ww,

Wi < [wrw,

The first bound states that the 2-norm of W squared, is bounded by
the maximum, over all the columns j of W, of the sum of the squares
of the 2-norms of all the rows in W which contain a nonzero in the j-th
column. Figure 1.3.1 illustrates this bound. This bound is clearly no worse
(and often much better) than the Frobenius bound which is the sum of the
square of the 2-norms of all the rows.

Although these bounds are general and apply to any matrix, the moti-
vation for the analysis that yielded them came from support theory. The
proofs of these bounds also use support-theory tools.

How are are norm bounds connected with support theory? Boman and
Hendrickson [16] and Boman, Chen, Hendrickson and Toledo [13]| showed
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that when an SDD matrix A is preconditioned by another SDD matrix B,
the convergence of the preconditioned iterative method can be bounded by
the product of the 2-norms of two matrices, W and Z. These matrices
are not uniquely defined, but an embedding of the edges of the graph of A
into paths in the graph of B defines a W, and an embedding of the edges
of Gp in paths in G4 defines a Z. When W is defined by an embedding,
well-known bounds on ||W{|2 can be interpreted as combinatorial measures
of the quality of the embedding. For example, the Frobenius norm, which
bounds the 2-norm, is proportional to the average stretch of edges in the
embedding, for an appropriate definition of stretch [14].

When W is defined by an embedding, our new bounds on the 2-norm
can be interpreted as new combinatorial measures of the embedding. In
fact, the analysis that led to these new norm bounds was motivated by a
new combinatorial measure of embeddings that was used by Spielman and
Teng to bound convergence rates of a preconditioned iterative method.

The results in chapter 4 were accepted for publication in Flectronic
Transactions on Numerical Analysis, “Obtaining Bounds on the Two Norm
of a Matrix from the Splitting Lemma” by Doron Chen, John R. Gilbert
and Sivan Toledo.

1.4. Applications of Support Theory in Computer Graphics

In Chapter 5 we use support theory tools to analyze a mesh-compression
technique called high-pass quantization |[85]. In computer graphics, objects
are often represented as a three-dimensional mesh: a set of triangles that
share edges and vertices. Except on the boundary of the mesh, each edge
is shared by two triangles. The mesh is represented by a finite set of ver-
tices, a finite set of triangles, and geometrical information. The geometrical
information usually consists of Cartesian coordinates for each vertex. Ab-
stractly, we can view the mesh as a graph or hypergraph and several vectors
whose elements are associated with vertices, an x vector, a y vector, and a
z vector.

Mesh compression involves two problems that are usually solved sep-
arately: the mesh connectivity encoding and the geometry encoding.
While state-of-the-art connectivity encoding techniques are extremely ef-
fective |1, 51, 65, 91|, compressing the geometry remains a challenge.
The raw geometry data usually comes in high-precision floating-point rep-
resentation. Such data cannot be significantly compressed using standard
compression techniques; therefore, most geometry encoding schemes involve
quantization, which introduces errors and causes certain loss of data.
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The quantization can be applied directly to the Cartesian coordinates,
or to some invertible transformation of them. In high-pass mesh quantiza-
tion, quantization is applied after the coordinates are transformed using a
transformation that belongs to a particular class of linear operators [85].

In Chapter 5 we present an algebraic analysis of the high-pass quanti-
zation technique. We show how to algebraically bound the reconstruction
error that this method generates. We show that the small singular value
of the transformation matrix can be used to bound both the quantization
error and the rounding error, which is due to the use of floating-point arith-
metic. Furthermore, we use support theory tools to prove a bound on this
singular value. We show experimentally that the method is effective and
that the computed upper bound on the error is not too pessimistic. The
results in chapter 5 were accepted for publication in ACM Transactions on
Graphics, “Algebraic Analysis of High-Pass Quantization” by Doron Chen,
Daniel Cohen-Or, Olga Sorkine, and Sivan Toledo.

We now use a simple two-dimensional version of high-pass mesh quan-
tization to illustrate the method and our analysis technique. Let m be a
closed polygon in the plane. When viewed as a mesh, the edges of the
polygon are faces of the mesh. Since the polygon is closed, the graph of
the mesh is a simple cycle. Each mesh point is associated with x and y
values. Applying quantization to the x and y values directly produces high-
frequency errors that can be visually displeasing, as shown in Figure 1.4.1.

To alleviate this, high-pass quantization first transforms the coordinates
using a Laplacian-like matrix. The transformed coordinates are called 6-
coordinates. The transformation works as follows. The ¢ coordinates of
mesh point ¢ are

Zj is a neighbor of ¢ Lj )

51@ =2x; — x;_1 — w41 = degree(7) (xl — degree()
and similarly for 5§y). The expression within the parenthesis is the distance
from the x coordinate of ¢ to the average of its neighbors. When m approx-
imates a smooth curve ¢ near point i, the average of the neighbors tends
to be a good predictor for z;, so the ¢ coordinate tends to be smaller than
the Cartesian coordinates. In matrix form, the transformation is

2 -1 -1

6 = o x=Lx.
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Quantization of Cartesian Coordinates

FIGURE 1.4.1. A polygon (black) representing a mesh, and
the polygon (red) that results from quantizing the z and y
coordinates of the polygon using 64 values.

The transformation matrix L is singular, because its row sums are exactly
0. We invert the transformation by specifying one more constraint, say the
original Cartesian coordinate of one mesh point, say x;. We call such a
point an anchor.

With a single anchor, the transformation is invertible, but ill condi-
tioned: the smallest singular value of the transformation is small, which
implies that the inverse has a large norm. This causes large reconstruction
errors, as shown in the example in Figure 1.4.2. To improve the condition-
ing of the transformation, we can add anchors. The J-coordinates and the
Cartesian coordinates of the anchors define the original Cartesian coordi-
nates via the implicit equations

Ly = 6@
Ly = bkzl
xk@ bkz )
where ki, ..., k, are the indices of the anchors. However, if we try to re-

construct an approximation for x given quantized § coordinates, we cannot
use this system of equations, because in general it is inconsistent. Instead,
high-pass mesh quantization reconstructs approximate coordinates by solv-
ing this system in the least squares sense.
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Quantization of Delta Coordinates, 1 Anchor

FIGURE 1.4.2. A polygon (black) representing a mesh, and
the reconstruction of it (blue) from a quantization of the
d-coordinates Lx and Ly, again using 64 values. The recon-
struction uses one anchor point, marked by a circle.

Quantization of Delta Coordinates, 4 Anchors

FIGURE 1.4.3. A polygon (black) representing a mesh, and
the reconstruction of it (blue) from a quantization of the
d-coordinates. This time, the reconstruction uses 4 anchor
points, marked by circles.
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Exact Mesh and 3 Reconstructions, Detail

FIGURE 1.4.4. The original polygon (black) and the three
reconstructions from quantized coordinates. The figure
shows only the leftmost part of the four polygons, to show
the qualitative difference in the errors.

We show in Chapter 5 that the quantization errors and the rounding
errors can be bounded by a function of the smallest singular value of the
coefficient matrix
[ 2 -1 —1 7

[l
I
[\

|
—_

of the least-squares problem. Furthermore, we also show how to bound
this singular value using combinatorial support arguments. Figure 1.4.3
uses the example polygon to show the reconstruction with 4 anchors. Fig-
ure 1.4.4 zooms in on a detail of the original polygon, showing the three
reconstructions.






CHAPTER 2

On Factor Width and Symmetric H-matrices'

2.1. Introduction

Symmetric positive definite and semidefinite (SPD and SPSD, respec-
tively) matrices arise frequently in applications and have been studied by
many authors [8, 60]. For instance, it is well known that a Cholesky de-
composition A = LLT, where L is lower triangular, exists for any SPD
matrix A. In this chapter we characterize SPSD matrices in terms of rect-
angular factorizations of the type A = VVT, where V is typically sparse
and may have more columns than rows.

We restrict our attention to real matrices in this chapter. In Section 2.2
we define the factor width of a symmetric matrix and show some basic
properties. In Section 2.3 we show our main result, that factor-width-2
matrices are precisely H™ matrices. We review a couple of known properties
of H-matrices in the process. In Section 2.4 we prove bounds on the factor
width, and show that a lower bound is exact for factor widths one and two.
Finally, in Section 2.6 we pose several open questions.

2.2. The Factor Width of a Symmetric Matrix

DEFINITION 2.2.1. The factor width of a real symmetric matrix A is
the smallest integer k such that there exists a real (rectangular) matrix V'
where A = VV7T and each column of V contains at most k& non-zeros.

For example, let

3 1 -1 11 0 1
A=[1 2 =2],andletV=[(01 1 0
-1 -2 5 00 -2 -1

Then A has factor width at most two because A = VV7T. It is easy to
see that a matrix has factor width one if and only if it is diagonal and
non-negative; hence, the factor width of A is two. The factor width is
independent of the ordering of the matrix since PAPT = (PV)(PV)T has
the same factor width as A = VV7T for any permutation matrix P.

IThe results in this chapter were published in “On Factor Width and Symmetric H-
matrices”, Linear Algebra and its Applications 405: 239-248 (2005) by Erik G. Boman,
Doron Chen, Ojas Parekh and Sivan Toledo.
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It follows from well-known properties of diagonally dominant matrices
[5] that symmetric diagonally dominant matrices with non-negative diag-
onal have factor width two, which we also prove below. Recall that a real
matrix A is diagonally dominant if |a;| > >, ai;| for all 4.

PROPOSITION 2.2.2. If A is SPSD and diagonally dominant then A has
factor width at most two.

PROOF. Let P = {(4,j)|i < j,a;; > 0} and N = {(¢,7)|i < j,a;; < 0},
and let e; denote the ith unit vector. Then we can write A as a sum of
rank-1 matrices,

A = ij <a -y |aij|> eiel

i=1 i
Z a;;(e; +€;)(e; + e])T
(4,7)eP
+ ) (—ay)(ei—ej)(ei —e)" .
(4,7)EN

For diagonally dominant matrices all the coefficients are non-negative, and
one can readily construct a V such that A = VV7T from the expression

above where each column of V' is of one of the types |/a; — > i la;;| e,

v/ Aij (€i+€j), Or /—Q;j; (67;—6]'). Ol

Note that not all factor-width-two matrices are diagonally dominant, as
the matrix A in the beginning of this section shows. Any SPSD matrix of
order n has factor width at most n. A question arises: Are there matrices
of factor width k for all £ < n? The answer is yes.

PROPOSITION 2.2.3. For any positive k < n, there exist matrices of
order n with factor width k.

PROOF. Let v, = (1,1,...,1,0,...,0)T, where there are k ones. Let
A =y}, Clearly, the factor width of A is at most k. Since A has rank
one then A = v,v! is the unique symmetric rank-one factorization, and

there cannot be any other factorization A = VV7 with fewer nonzeros. [

We remark that the lemma above holds even if we restrict our attention
to full-rank matrices. A simple example is A = v,v] + €l for sufficiently
small e.

In conclusion, the concept of factor width defines a family of matrix
classes. Let F'W (k) denote the set of matrices with factor width & or less.
Then FW (1) C FW(2) C ---. It is easy to verify that FW (k) is a pointed
convex cone (see for instance, [10, Chapter 2|) for any & and FW(n) is
precisely the cone of SPSD matrices of order n.
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2.3. Factor-Width-2 Matrices are H-Matrices

The importance of our study of the class of factor-width-2 matrices
stems from the fact, which we prove in this section, that this class is ex-
actly the class of H* matrices (defined later in this section), which occur
frequently in engineering and scientific computation [8, 70].

The definition of H-matrices relies on M-matrices. In this thesis, we
allow both M- and H- matrices to be singular, which is a bit unusual but
convenient for us. Following [8], we have:

DEFINITION 2.3.1. A real matrix A is an M-matrix if it is of the form
A = sl — B, where B > 0 and s > p(B), where p denotes the spectral
radius.

For symmetric matrices there is a simpler characterization.

LEMMA 2.3.2. A real symmetric matriz A is an M-matriz if and only
if ai; <0 for alli # j and A is positive semidefinite.

DEFINITION 2.3.3. A matrix A is defined to be an H-matriz if M(A) is
an M-matrix, where the comparison matriz M(A) of a matrix A is defined
by

|aij |’ i =7,
(M(A));; = s
T eyl £
We use HT to denote H-matrices that have non-negative diagonal. A
useful characteristic of nonsingular H-matrices (see for instance, [4, lemma
6.4]) is that they are generalized strictly diagonally dominant, defined as
follows:

DEFINITION 2.3.4. A square matrix A is generalized (weakly) diagonally
dominant if there exists a positive vector y > 0 such that for every row i,

|aii| y; = Z |aij| y; .
J#i
If strict inequality holds, we say A is strictly generalized diagonally domi-
nant.

The problem of finding such a vector y is equivalent to the problem of
finding a positive diagonal matrix D such that AD (or equivalently, DAD)
is diagonally dominant. This problem has been studied in [69, 70]; in gen-
eral ¥y may be found by solving a linear feasibility problem, but potentially
faster iterative algorithms were proposed in the papers mentioned.

THEOREM 2.3.5. A symmetric matriz A is an H-matrixz if and only if
A is generalized (weakly) diagonally dominant.
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This is a well-known equivalence (see, e.g., |8] for a proof for the non-
singular case). Now we are ready to prove our main result.

THEOREM 2.3.6. A matriz has factor width at most two if and only if
it 1s a symmetric H'-matriz.

PROOF. (<) Suppose that A is a symmetric H-matrix. Then A is
generalized diagonally dominant, and hence there is a positive diagonal
matrix D such that A = DAD and A is diagonally dominant. We know
that diagonally dominant matrices have factor-width at most 2 by Propo-
sition 2.2.2. Hence A = VV7 for some V with at most two non-zeros per
column. But A = D7'AD™' = (D~'V)(D~'V)7, so A also has factor-
width 2. This concludes the first part of the proof.

(=) Suppose A has factor width two or less. A symmetric matrix A
is an H-matrix if and only if its comparison matrix M (A) is an M-matrix.
Given a factor-width-two factorization A = VV7, we can obtain a width-
two factorization of M (A) by simply flipping the sign of one nonzero in
each column of V' that contains two nonzeros with the same sign. By this
factorization, M (A) is positive semidefinite. Because M (A) is a comparison
matrix, it has nonnegative diagonals and nonpositive off-diagonals. There-
fore, M(A) satisfies the conditions of Lemma 2.3.2, so it is an M-matrix
and hence A is an H-matrix. Since A is also SPSD, A must be in H+. [

One consequence of this theorem is that for any FW(2) matrix A =
VVT there exists a positive diagonal D such that A = (DU)(DU)T, where
U has < two nonzeros per column and entries of unit magnitude. However,
this does not imply that V' = DU.

2.4. Bounding the Factor Width

We do not know if the factor width of a given matrix can be efficiently
computed, except in special cases. From our characterizations, it follows
that F'WW (k) matrices can be recognized in linear time for £ = 1 and in
polynomial time for £ = 2, but already recognition for k£ = 3 is of unknown
complexity and may be NP-hard.

In this section we derive several bounds that can be used to efficiently
estimate the factor width of a matrix.

One upper bound on the factor width is easy to obtain: the largest
number of nonzeros in a column of a Cholesky factor of PAPT for some
permutation matrix P. Many sparse matrices have a sparse Cholesky fac-
tor, and effective algorithms exist to find a permutation P that leads to a
sparse factor. We note, however, that this bound may be very loose. For
example, all the Cholesky factors of symmetric permutations of the Lapla-
cian of the complete graph K,, have n nonzeros in their first column, giving
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a trivial upper bound of n, even though the Laplacian matrix actually has
factor width 2.

The lower bounds that we present relate the factor width of a matrix A
to the 2-norm of a matrix derived from A. The derivations are computa-
tionally trivial. One of the bounds is tight for matrices with factor widths
one or two.

We use two tools to derive from A a matrix whose 2-norm lower bounds
the factor width of A. The first tool is diagonal normalization, or symmet-
ric diagonal scaling. The factor width of A is invariant under symmetric
diagonal scalings of the form DAD, where D is diagonal, but the norm is
not. If, however, we always symmetrically scale A so that the diagonal el-
ements of DAD are all 1’s (except for diagonal elements in zero rows of A,
which remain zero in DAD), then ||[DAD]||, bounds from below the factor
width of A. The second tool is perhaps more surprising. We show that if
we also replace the elements of A by their absolute values, we get a tighter
lower bound.

DEFINITION 2.4.1. Let A be an SPSD matrix. Let D4 be the diagonal
matrix whose diagonal elements are those of A, and let D} be the Moore-
Penrose pseudo-inverse of Dy, that is, (D}); = 1/(Da)y for all i where
(Da)i; # 0. The diagonal normalization dn(A) is the matrix

dn(A) = (D)2 A (D})* .

Our lower bounds depend on the following lemma, which provides a
sufficient condition for a real function s of a matrix to be a lower bound
on factor width.

LEMMA 2.4.2. Let s be a function which assigns a real value to an SPSD
matriz. Let s satisfy:

1) s(uu®) <k for any column vector u with k nonzeros.
2) s(A+ B) < max(s(A), s(B)).

Then for any SPSD matriz A, the factor width of A is at least [s(A)].

PROOF. We prove the theorem by first showing that if the factor-width
of A is bounded by k, then s(A) < k.

Let A be a matrix in FIW (k) (A has factor width at most k). Let
A = UU? be a factor-width-k representation of A. The number of nonzeros
in a column u of U, which we denote by nnz(k), is at most k. For notational
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convenience, let v € U mean “u is a column of U”.

s(A) = s(UUT)

: (Z

uelU

IN

max (s(uu))

IN

max (nnz(u))

k.

We have shown that if the factor-width of A is at most &, then s(A) < k.
Therefore, if s(A) > k then the factor-width of A is larger than k. Thus,
the factor width of A is greater or equal to [s(A)]. O

IA

2.4.1. The Diagonal Normalization Bound. We now show that
the factor-width of an SPSD matrix A is bounded from below by

[ldn(A)],].

THEOREM 2.4.3. For any SPSD matrix A, the factor width of A is
bounded from below by[||dn(A)||].

In our proof we will use the two results below, which we state without
proofs since they both can be easily verified.

LEMMA 2.4.4. Suppose a,b,c,d are non-negative and ¢ > 0,d > 0.
Then

LEMMA 2.4.5. Let A be SPSD. Then

TA
|dn(A)|| = Amax(A, D4) = max L AT

z xTDyx’

where A\(A, B) denotes a generalized eigenvalue.
We are now in position to prove Theorem 2.4.3.

PROOF. We define the function s; to be s;(A) = ||dn(A)]|, and show
that s; satisfies the conditions of Lemma 2.4.2. We begin with condition
1, and show that for any vector u with k nonzeros, s;(uu’) is exactly k.

Let u be a column vector with k& nonzero entries. If v = 0, then
s1(uul) = 0 = k. Otherwise, uu” is a rank-1 matrix. The matrix

(i) = (D},2) " wn® (D50) " = [(D50) ] [(D1) 0]

uuT
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also has rank-1, because (D,,r); = u?. The norm of dn(uu’) is the only

2
. NN o 12 :

nonzero eigenvalue of (DWT) uu DWT) . Let v be the sign vector of

u?

1 u; > 0,
V; = —1 u; < 0,
We now show that v is an eigenvector corresponding to the eigenvalue k.
We have
-2
U, u; #£ 0,
(D) = { oour
uw (23 0 uz — 07
SO

(D,

uuT

)P u=w.

Therefore, dn(uu’) = vo?| so dn(uu®)v = (voT)v = v(vTv) = vk = kv.
All that remains is to prove that s1(A + B) < max(s1(4), s1(B)).

si(A+ B) = |dn(A+ B)]|,
N 2T (A+ B)x
= max
T QZT(DA—{—DB).T
2T Az + 2" Bz
= ma
ma: x xTDAx + $TDB$
<xTAx xTBx>
max max

x 2TDyx’ 2T Dgx
max (max y" Ay max ZTBZ)
v yI'Dyy’ 2 2TDpz
max ([[dn(A)[,, [[dn(B)]],)
max(s1(A), s1(B)),
where we used Lemmas (2.4.4-2.4.5). O

2.4.2. A Tighter Lower Bound. The lower bound can be made
tighter. Let |A| denote the matrix whose 4, j entry is |a;;|.

THEOREM 2.4.6. For any SPSD matrix A, the factor width of A is
bounded from below by [||dn(|A])|l5].

PROOF. Let s2(A) = [||dn(|4])]|,]. One can show that s, satisfies the
first condition in Lemma 2.4.2 in the same way as for s; (cf. proof of
Theorem 2.4.3). For the second condition, we only need to prove that

A+ Ble _ (1Al + 1By
z 2T(Da+ Dp)r = v y'(Da+ Dp)y

IN

IA
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because the rest follows from the previous proof. Without loss of generality,
we can assume that the vector x which maximizes
a'(|A+ B|)x
max —
r I (D A+ D B)Qf

is non-negative. This is due to the fact that for each vector x,

2’ (|[A+ B|)x < 2" (A + B|) |] '
tT(Da+ Dp)x ~ |z|" (D4 + Dp) |z

Similarly, we can assume that the vector y which maximizes

. y"(JA|+ |B|)y
v y"(Da+ Dp)y

is also non-negative.
Furthermore, for each = > 0,
oA+ B)e _ a7(|A| +|B)s
QZT(DA + DB)QZ - .TT(DA + DB)ZB ’

We conclude that

2T(|A+ B|)z rT(JA+ B|)z
max = max
e xT(Dy+ Dp)x >0 x7(Da+ Dp)x

IN
< <=

g

This second bound is tighter (or at least as tight) as our first bound
(Theorem 2.4.3). This follows from the fact that |A|, < |||A]l|, for any
SPSD A.

2.5. Identifying Factor-Width-2 Matrices

Since FW(2), the set of all matrices with factor width at most two, is
a subset of H-matrices, any algorithm to identify H-matrices (generalized
diagonally dominant matrices) can easily be adapted to recognize matrices
in FW(2). There are many such algorithms, see for instance, |69, 70|.
Since FW(2) matrices are also SPSD, it may in fact be easier to identify
such matrices than general H-matrices.
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We show that we can use Theorem 2.4.6 to easily identify matrices with
factor-width at most 2. The following theorem shows that FW(2) is ex-
actly the set of symmetric matrices with non-negative diagonals satisfying
[dn([AD] < 2.

THEOREM 2.5.1. Matrix A has factor-width at most 2 if and only if it
is symmetric with non-negative diagonals, and satisfies ||dn(|A])|| < 2.

PROOF. (=) Let A have factor-width at most 2. Then A is symmetric
with non-negative diagonals. By Theorem 2.4.6, ||dn(|A])|| < 2.
(<) Let A be symmetric with non-negative diagonals satisfying

ldn(|A])]| < 2. Since ||dn(|A])|| = max, ;5,‘;‘;; < 2, it follows that
z¥(2D4 — |A])x > 0 so 2D, — |A| is positive semidefinite. 2D, — |A|
is exactly A’s comparison matrix. Since A’s comparison matrix is symmet-
ric and positive semidefinite, then it is an M-matrix. Therefore A is an
H-matrix. Furthermore, A is symmetric with non-negative diagonals, and
therefore A is an H "-matrix. By Theorem 2.3.6, since A is an H-matrix,

it has factor-width at most 2. O

This result is in fact just a special case of one of many known charac-
terizations of H-matrices:

THEOREM 2.5.2. The following are equivalent:
(i) A is a non-singular H-matriz.
(ii) Let D = diag(A). Then p(|I — D7'A]) < 1.

This theorem was stated in a slightly different (more general) form for
M-matrices in [94, Thm. 1]. Note that this result holds for all H-matrices
(even non-symmetric matrices). Since we allow singular H-matrices, the
inequality in case (ii) should be modified to p(|I — D7*A|) < 1. This
condition is then equivalent to Theorem 2.5.1 in the SPSD case.

We conclude that our lower bound (Theorem 2.5.1) is always tight for
factor width two. We do not know if the bound is tight for factor width
three. For large factor widths it is easy to construct examples where the
bound is not tight, that is, the factor width is strictly greater than the
lower bound.

2.6. Conclusions and Open Problems

We have defined factor width for symmetric matrices and characterized
the matrix classes F'W (1) and FW(2). An obvious question is, does FW (k)
correspond to any known matrix class for other values of k7 In particular,
what is FW(3)? We note that the finite element method naturally produces
matrices of low factor width since each element has a small number of
degrees of freedom. This indicates that the study of (low) factor width
may have practical applications.
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Other open problems are the complexity of computing the factor width
(Section 2.4), and proving better upper bounds. It could be interesting
to study how many columns in V' are needed to realize a factor width k
decomposition A = VV7. This number can be denoted the “factor width
k rank”.

Finally, we ask if there is any useful generalization of factor-width for
nonsymmetric matrices. A simple but naive choice is to consider factoriza-
tions A = UVT and count the nonzeros in columns of U and V. However,
with such a definition any matrix would have “factor width” one since any
nonzero a;; in A can be represented by the scaled outer product aijeie]T.



CHAPTER 3

Combinatorial Characterization of the Null Spaces of
Symmetric H-Matrices'

3.1. Introduction

This chapter provides a combinatorial characterization of the null
spaces? of three families of symmetric matrices: Symmetric diagonally-
dominant® M-matrices (SDDM matrices), symmetric diagonally-dominant
matrices (SDD matrices) and symmetric H-matrices with non-negative di-
agonal entries (which we denote by H™ matrices). All SDDM matrices are
SDD matrices, and all SDD matrices are H*-matrices, but the converse
statements are not true.

The class of H* matrices is exactly the class of factor-width-2 matri-
ces [15]. A matrix A is a factor-width-2 matrix if it can be represented
as A = UUT, such that each column of U contain at most two non-zeros
(U may be rectangular). We characterize the rank and null space of H"
matrices and of the SDDM and SDD special cases in terms of a width-2
factor U. Given an SDD matrix A, finding a width-2 factor is trivial. For
general H' matrix, one can use the techniques discussed in Section 2.3 to
compute a width-2 factor.

The width-2 factor U of a matrix A can be viewed as an incidence matrix
for A’s underlying graph. When A is an SDDM matrix, its underlying graph
can be viewed as a weighted undirected graph. We show that when A is
an SDD matrix, its underlying graph is a signed graph (the term signed
graph is taken from [96]). We also show that when A is an HT matrix,
its underlying graph is a gain graph (the term gain graph is also taken
from [96]; these were previously called voltage graphs [43, 44]).

The underlying graph of an H™ matrix is connected if and only if the
matrix is irreducible (does not have a nontrivial block diagonal form).

IThe results in this chapter were published in “Combinatorial Characterization of
the Null Spaces of Symmetric H-Matrices”, Linear Algebra and its Applications 392:
71-90 (2004) by Doron Chen and Sivan Toledo.

2Throughout this chapter, wherever we refer to the characterization of the null space
of a matrix, we mean the characterization of a basis of the null space of that matrix.

3A matrix A is called diagonally dominant if a; > >_jzilaij|. Note that in our

definition, the diagonal entries of A are required to be non-negative.

37
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When A is reducible, its null space is the direct sum of the null spaces
of its diagonal blocks. We also refer to these null spaces as the null spaces
of the connected components of A’s graph. Therefore, we analyze the null
space of each connected component separately.

Section 2 defines the factor width of a matrix and explains how to find
a width-2 factorization of H matrices. Section 3 discusses the connection
between factor-width-2 matrices and gain graphs, and shows that the gain
graphic matroid is a special case of the vectorial matroid. Section 4 char-
acterizes the rank and null space of irreducible H* matrices (and hence,
of H' matrices in general). Section 5 describes an efficient algorithm to
compute the null space of an H™ matrix given its factor-width-2 represen-
tation. This algorithm can be used to efficiently check whether a gain graph
is balanced. Section 6 shows how to use our results to accurately determine
the rank of SDD matrices and how to solve singular linear systems whose
coefficient matrices are SDD. Section 7 contains two simple experimental
results. Section 8 contains conclusions and open problems.

3.2. Width-2 Factorization of H™ Matrices

This chapter analyzes the null spaces of H' matrices, given their factor-
width-2 representation.

Factor-width-2 matrices generalize SDD and SDDM matrices: it is a
well-known result that an SDD matrix A can be factored into A = UUT
such that the columns of A are scaled edge vectors (either positive or neg-
ative) or half-arc vectors, defined as follows:

DEFINITION 3.2.1. The positive edge vector (ij) has exactly two non-
Zeros, (z’j)min(m) =1 and (ij>max(i7j) = —1. The negative edge vector )ij{
also has two non-zeros, )ij(; = 1 and )ij(; = 1. The vertex vector (i)
has exactly one nonzero, (i), = 1. All of these vectors are n-by-1 column
vectors, where n is the number of rows in U.

Therefore, SDD matrices are a special case of factor-width-2 matrices:
these matrices can be factored into UU? such that the columns of U contain
at most two non-zeros, and in those columns with exactly two non-zeros,
the non-zeros are of the same magnitude.

The importance of our study of the class of factor-width-2 matrices
stems from the fact that this class is exactly the class of symmetric H-
matrices with positive diagonals (H* matrices) [15]. These matrices occur
frequently in engineering and scientific computation |8, 70|. Unfortunately,
the proof that the class of H™ matrices is the class of factor-width-2 matri-
ces is not constructive and does not provide an algorithm to obtain factor-
width-2 representations of non-diagonally-dominant H+ matrices.
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A useful characteristic of nonsingular H-matrices (see for instance, [4,
lemma 6.4]) is that they are generalized diagonally dominant, defined as
follows:

DEFINITION 3.2.2. A square matrix A is generalized diagonally domi-
nant if there is a positive vector y > 0 such that for every row ¢,

laiil g > D laij| ;.
J#i

The problem of finding a such a vector y is equivalent to the prob-
lem of finding a positive diagonal matrix D such that DAD is diagonally-
dominant. By solving a linear program, a vector y can be found in
time polynomial in the dimension of A, but this is not efficient enough
for many applications. The vector y must satisfy the linear constraints
M(A)y >0,y > 1, where M(A) is the comparison matrix of A,

_ | eyl i=y
SO R
Given such a vector y or such a diagonal matrix D, one can immediately
obtain a factor-width-2 representation of A. Several authors proposed iter-
ative algorithms for finding y (68, 69, 70|, but they prove no useful bounds
on the convergence rates or running times of these algorithms.
Transforming A into DAD is equivalent to an operation called switching
in gain graphs [79, 96|, in which the gain g of an edge from i to j is
replaced by dj;'gd;;. The balance of cycles (discussed later) is invariant
under switching.

3.3. Gain Graphs and Factor-Width-2 Matrices

A gain graph is a weighted graph with the property that for each edge
connecting vertex i to vertex 7, there is also an edge connecting vertex
7 to vertex i. Because of this property, we consider gain graphs to be
undirected graphs, although each edge e connecting vertex ¢ and vertex j
has two different weights, one in each direction. The weights in the graph
are called gain, and they have the following property: If the gain of an edge
connecting vertex i to vertex j is g, then the gain of the edge connecting
vertex j to vertex i is 1/g. In this chapter we deal with gain graphs over
R\ {0}. The gain of a directed path or cycle is the product of the gains of
the edges along the path or cycle. A cycle is balanced if its gain is exactly
+1. In addition to edges with gain, the edge-set of a gain graph may include
half-arcs, which have only one end point and no gain. As Zaslavsky puts
it, half-arcs “trail off into space” [96].
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Gain graphs (previously called voltage graphs [43, 44]) are a general-
ization of signed graphs [96|. A signed graph is a gain graph in which all
the gains are £1. The notion of balance was introduced by Harary [55].

Gain graphs, like undirected unweighted graphs and like signed graphs,
induce a matroid. This was stated without a proof in [96]. A set of edges
is said to be independent if and only if each of its connected components
contains at most one cycle (and that one cycle is unbalanced) or one half-
arc, but not both.

In this section we prove that this is indeed a matroid by showing that
this is a special case of the vector matroid: Given a gain graph matroid,
we show how to choose a set of vectors, such that a subset of edges is inde-
pendent if and only if the corresponding vectors are linearly independent.
The vectors that we choose have at most two nonzeros. The matrix whose
columns are these vectors can be viewed as a generalized incidence matrix
of the gain graph. The set of these matrices is isomorphic, up to nonzero
column scaling, to the set of gain graphs. This establishes the connection
between gain graphs and width-2 factors.

We now define the vectors associated with the edges and half-arcs of
gain graphs. Let n be the number of vertices in the gain graph. For
each edge e connecting vertex i and vertex j with gain ¢g from i to j (and
consequently gain 1/¢g from j to i), we attach an n-by-1 column vector
which contains two non-zeros: « in the i-th position and 3 in the j-th
position. We choose a and [ so that f/a = —g. Note the direction we
choose for the edge does not affect our choice of vector: had we viewed the
same edge as having a gain 1/¢g from j to i, then we would have chosen a
vector such that a/3 = —1/g, which is exactly the same property. Also
note that given a set of vectors, whether or not they are linearly dependent
is not affected by scaling. Therefore, we can choose any vector with the
property —(3/a = g to represent edge e.

DEFINITION 3.3.1. The generalized edge-vector(i, j, ), a # 0, corre-
sponding to an edge from 7 to j with gain «, is the n-vector with the value
1 in position ¢ and the value —a in position j. The half-arc vector (i) has
exactly one nonzero, (i), = 1.

We now prove several simple lemmas about generalized edge vectors
and half-arc vectors.

LEMMA 3.3.2. A generalized edge-vector representing an edge connect-
g 1 and j, and a generalized edge-vector representing an edge connecting
7 and k span a generalized edge-vector representing an edge connecting i
and k. The gain of the spanned edge is the product of the two gains.

PROOF. (i, j, a1) + aq (j, k, ) = (i, k, crg). O
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LEMMA 3.3.3. The generalized edge vectors corresponding to a directed
path of edges from vertex v to vertex j span a generalized edge vector rep-
resenting an edge connecting © and j. The gain of the spanned edge is the
product of the gains of the edges in the path.

PROOF. This follows from the previous lemma by induction. U

LEMMA 3.3.4. A generalized edge vector (i, j, ) and the half-arc vector
(1) span vector (j).

PROOF. —= (i, j,a) + = (i) = (j). O

LEMMA 3.3.5. The following vectors

<7:17 i27 O{1> ) <7:27 i37 062> P <ik—17 ik7 ak—l) ) <Zk7 ila Oék)

are linearly dependent if and only if H;‘?:lozj =1.
PRrROOF. Consider the following matrix:

1 — O
—Qq 1

1
— 1 1

Its columns are linearly independent if and only if its determinant is zero.
By expanding about the first row, we find that det(A) =1 —II'_ja;. O

The previous lemma is a generalization of a result by Grossman, Kulka-
rni, and Schochetman [46, Theorem 2.1]. They analyzed the case were all
the edge vectors have gain —1.

LEMMA 3.3.6. A cycle is balanced if and only if the vectors correspond-
ing to its edges are linearly dependent.

PROOF. We assume, without loss of generality (with respect to scaling
of edge and half-arc vectors), that the vectors representing the edges are
unscaled generalized edge vectors, and apply the proof of the previous
lemma. U

The next theorem is the main result of this section, stating the connec-
tion between the balanced-cycles matroid of a gain graph, and the associ-
ated vectorial matroid.

THEOREM 3.3.7. Given a gain graph, a subset of its edges is indepen-
dent if and only if the vectors corresponding to these edges are linearly
mdependent.
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PROOF. (=) Suppose that the edges are independent. By definition,
this means that each connected component contains at most one cycle (and
it is unbalanced) or half-arc, but not both. Suppose to the contrary that
the vectors corresponding to the edges are linearly dependent. Then the
zero vector can be represented as a linear combination of the vectors. Let
G* = (V, E*) be the subgraph such that E* is the set of edges whose
coefficients in the linear combination are not zero. We may assume that
all the edges of E* belong to the same connected component, since linear
combinations of vectors in different connected component cannot cancel
each other out.

We first assume that the G* does not contain a half-arc. Since G* is
independent, it may contain at most one cycle, which is unbalanced. If 7 is
a leaf, only one generalized edge vector contains a non-zero in position i, so
this non-zero cannot be canceled out by the other edges in G*. Therefore
subgraph G* cannot contain any leaves. Since there are no leaves, £* must
be a cycle. However, since the edges are independent, that cycle must be
unbalanced. By lemma 3.3.6, the vectors of the cycle edges are linearly
independent, a contradiction.

Now let us assume that G* does contain a half-arc. The edges of G*
belong to one connected component, so G* cannot contain a cycle. G* is a
forest, so it must contain at least two leafs. At least one of those leafs is
not the end-point of the half-arc. If 7 is that leaf, only one vector contains
a non-zero in position ¢, so this non-zero cannot be canceled out by the
other edges in G*, a contradiction.

(<=) Suppose that the vectors are linearly independent. By
lemma 3.3.6, a connected component cannot contain a balanced cycle. Sup-
pose a connected component contains an unbalanced cycle. We want to
show that no half-arc can exist in that connected component. Let i be a
vertex in that cycle. Let k£ be the length of the cycle. There are k vectors
corresponding to the edges of the cycle and they are linearly independent.
Therefore vector (i) is spanned. Suppose to the contrary that the con-
nected component contains a half-arc, whose endpoint is j. There is a path
between vertices ¢ and j, so a generalized edge vector (i, j, a) (for some «)
can be spanned. Since (i, j,a), (i) and (j) span the zero vector, we have
found a non-trivial linear combination representation of the zero vector.
Therefore the vectors are linearly dependent, a contradiction. O

3.4. The Null Space of Factor-Width-2 Matrices

This section characterizes the null spaces of factor-width-2 matrices,
which are always symmetric and positive semi-definite, but not always di-
agonally dominant. Grossman, Kulkarni and Schochetman [45] analyzed a
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special case of this result where the factor-width-2 representation contains
only unscaled negative edge vectors.

The class of factor-width-2 matrices includes all the matrices that can be
factored into A = UU”, such that U has at most two nonzeros per column.
The columns of U may have entries that differ in absolute value, so they are
not scaled edge vectors. This class clearly does not include all symmetric
positive semi-definite matrices. For example, the matrix (1,1,1)7(1,1,1)
does not belong to this class.

The nonzero structure of U can be viewed as the incidence matrix of
the underlying graph G4 of A = UU”, where the columns of U represent
edges and half-arcs and the rows represent vertices. The main theorem of
this section characterizes the null spaces of factor-width-2 matrices.

THEOREM 3.4.1. The dimension of the null space is the number of con-
nected components that contain no half-arc vectors and no unbalanced cy-
cles. Furthermore, the null space of A is the direct sum of the gain vectors
(defined below) of the rank-deficient connected components.

We symmetrically permute the rows and columns of A into a block di-
agonal form, where each block Ay, A, ..., A, represents a connected com-
ponent in A’s underlying graph. Theorem 3.4.1 follows from the following
lemmas.

LEMMA 3.4.2. Let A; = U,-UiT be an n;-by-n; matrix corresponding to a
connected component, such that at least one of the columns in U; is a scaled
half-arc vector. Then A; s full rank.

PROOF. At least one of U,’s vectors is a scaled half-arc vector. With-
out loss of generality, let us assume that U; contains a column which is a
scaling of (1). Since there is a path between vertex 1 and each other vertex
in the connected component, it follows from Lemma 3.3.3 that for each
vertex j in the connected component, U; spans (1, j, a) for some « # 0. By
Lemma 3.3.4, this vector together with (1) span (j). Therefore, the follow-
ing n; vectors are spanned: (1),(2),...,(n;). These vectors are linearly
independent. Therefore A; is full rank. O

LEMMA 3.4.3. Let A; = U;Ul correspond to a connected component
with an unbalanced cycle. Then A; is full rank.

ProOOF. Without loss of generality, let us assume that vertex 1 is in the
unbalanced cycle. By lemma 3.3.6, the vectors of that cycle span (1). Since
there is a path between vertex 1 and each other vertex in the connected
component, by lemma 3.3.3 it follows that for each vertex j in the connected
component, a generalized edge-vector representing an edge from vertex 1
to vertex j is spanned. This vector along with (1) span (j) (lemma 3.3.4).
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Therefore, the following n; vectors are spanned: (1),(2),...,(n;). These
vectors are linearly independent. Therefore A; is full rank. O

LEMMA 3.4.4. Let A; = U, UL correspond to a connected component
such that all of the columns of U; are scaled generalized edge vectors (no
scaled half-arc vectors), and such that all the cycles in the corresponding
connected component (if any) are balanced cycles. Then the rank of A; is
n; — 1, and its null space is spanned by the gain vector (defined below) of
the connected component.

PROOF. First let us consider a connected component containing no cy-
cles at all. In other words, U;’s columns represent a tree. Matrix U; is an
n;-by-(n; — 1) matrix, and so its rank is bounded by n; — 1. Since there is
a path between vertex 1 and each of the other vertices j in the connected
component we can conclude, as before, that a generalized edge vector, rep-
resenting an edge from vertex 1 to vertex j, is spanned. These n; —1 vectors
are linearly independent, and so the rank of A; is exactly n; — 1.

Let y; be the n;-by-1 column vector that contains, in the j-th position,
the gain of the directed path from vertex j to vertex 1. We call y; the gain
vector. For each scaled generalized edge vector u = (3 (ki, ko, ) in U, the
ratio between the values of y; in positions k£ and ks is +«. Therefore, for
each u € U, vector u is orthogonal to ;.

We have found a vector y; which is orthogonal to each u € U;. Therefore:

T Iy T o
u'y; = 0 for each u € U;. Therefore: uu’y; = 0 for each u € U;. Hence,

Ay =Y wTy =70,

ueU;

i.e. vector y in the null space of A;.

Now, let us allow cycles in our graph. Given our graph, let us arbitrarily
choose any spanning tree of the connected component. That tree has rank
n; — 1. Adding edges to the tree can only increase the rank. Let y; be the
gain vector defined above, with regard to the edges in the tree. As we have
shown, for each edge vector u corresponding to tree edge, u’y; = 0.

There are two possibilities:

1. The vectors corresponding to the non-tree edges are spanned by the
tree edges, in which case y; is orthogonal to each vector v € U;. Therefore
Ay = 0.

2. The vectors corresponding to the non-tree edges are not spanned by
the tree edges, in which case A; is full rank.

Let us consider the edges outside our chosen tree. If one of these edges
closes an unbalanced cycle, A; has full rank. If, on the other hand, all of
the cycles in the graph are balanced, then each non-tree edge is spanned by
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any path of tree edges between its endpoints. In this case y; is orthogonal
to all of the vectors in U; and is in A;’s null space. O

We have shown that the null space of matrices UiUiT such that U;’s
columns contain no half-arc vectors, and U;’s graph is connected and con-
tains no unbalanced cycles, is spanned by the gain vector y;. The gain
vector y; contains, in the j-th position, the gain of a directed path between
vertex j and vertex 1. The vector y; is well-defined, since for each vertex j
the paths from vertex 1 to vertex j all have the same gain (otherwise there
would have been an unbalanced cycle in the graph).

The results in this section can be specialized in certain cases. If A is
diagonally dominant, its width-2 factorization can be computed in linear
time (linear in the number of nonzeros/edges). This factorization contains
only edges with gain +1 (the corresponding edge vectors were denoted by
(1) and )ij( in |13|) and half-arcs. The gain graph corresponding to A is
called a signed graph |96], the gain of a path/cycle reduces to parity, and
the gain vector reduces to a parity vector, containing only £1’s. Also note
that the gain of an edge in a signed graph is the same in both directions.

If A is both diagonally dominant and has only nonpositive off diago-
nals, all the edge vectors have gain 1. The gain graph corresponds to an
unweighted undirected graph. In this case, the gain graphic matroid re-
duces to a graphic matroid, in which a subset S of edges is independent
if and only if it is acyclic (see, for instance, [25]). All paths have gain 1,
which implies that any cycle in such a graph is balanced. Therefore, the
rank of a component is n; — 1 if and only if it has no half arcs, and full rank
otherwise. The gain vector in such cases degenerates into a characteristic
vector with 1’s in the positions corresponding to the component’s vertices.

3.5. An Efficient Algorithm for Computing the Null Space of an
H* Matrix

In this section we describe an efficient algorithm to compute the null
space of an HT matrix given its width-2 factor. The amount of work that
the algorithm performs is linear in the number of edges and vertices.

The algorithm we describe can also be used to efficiently check whether
a gain graph is balanced. A gain graph G is called balanced if it contains
no half arcs and no unbalanced cycles.

By lemmas 3.4.2, 3.4.3 and 3.4.4, a connected component is balanced if
and only if it is rank deficient.

The algorithm works as follows. For each connected component, we
check whether it contains a half-arc. If so, then the connected component
is unbalanced and full-rank. If there is no half-arc, we choose some arbitrary
vertex in the component. We call that vertex a root. We then construct a
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spanning tree of the component using a depth-first traversal. In the process,
we can easily compute the gain of the path from each vertex to the root.
Let us denote the gain of the path between a vertex i and the root r by (1),
and call it the gain of the vertez. Then ~(r) = 1, and the gain of any other
vertex ¢ is (i) = g(i,m;) - y(m;) where m; denotes i’s parent in the tree, and
g(i,m;) denotes the gain of the edge (i, ;). Let y be the vector such that
for each vertex i in the connected component y; = (i), and for each vertex
J not in the connected component, y; = 0. If the connected component
is balanced, then y is the gain vector of that connected component, and
it is in the null space. To determine the rank, we inspect all the edges of
the component that are not in the tree. The gain of the path from 7 to j
through the spanning tree is (i) /v(j). If (¢,j) € E and g(7, j) # v(2)/7(j),
then (i,7) closes an unbalanced cycle and the component is full rank. If
there is no such edge and no half-arcs, the component is rank deficient and
y € null(A).

If all the connected components are balanced, then the graph is bal-
anced.

3.6. Solving Singular SDD Linear Systems

We have shown how to compute an orthonormal basis for the null space
of a H* matrix, given its width-2 factor. However, for most H™ matrices,
we do not know how to quickly obtain a width-2 factor (solving a linear
feasibility problem can be done in polynomial time, but is unlikely to be fast
enough for the applications we consider here). For SDD matrices, however,
a width-2 factorization can be computed in time linear in the number of
nonzeros in A. Therefore, for SDD matrices we can also compute the rank
and a basis for the null space in time linear in the number of nonzeros in
A.

In this section we show how to use the characterization and explicit
construction of the null space of an SDD matrix to solve linear systems
with SDD coefficient matrices. In particular, we show how to address the
following issues:

e Determining whether the SDD coefficient matrix A is singular.

e Determining whether a singular SDD linear system Az = b is
consistent, that is, whether b is in the range of A.

e Finding the Cholesky factorization A = LLT, where L is lower
triangular, of a singular SDD matrix A.

e Using the Cholesky factorization of a singular SDD matrix to solve
a consistent linear system Az = b or to find the least-squares
solution of an inconsistent linear system.
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e Using the Conjugate Gradient (CG) algorithm or the Minimum-
Residual (MINRES) algorithm to iteratively solve rank-deficient
least-squares problems.

The solutions that we propose to these problems are numerically stable and
accurate. What we are essentially proposing are combinatorial algorithms
that stabilize continuous fixed-precision algebraic computations.

Determining the rank of a general matrix is hard, in the sense that it
requires computing at least the small eigenvalues accurately, which is more
expensive than solving linear systems. Therefore, linear system solvers
usually do not and cannot reliably determine whether a linear system is
singular or not.

Our results imply that for general SDD matrices, singularity can be
reliably determined in almost linear time. First, we find the connected
components that have no negative cycle. This part of the computation
is completely sign-based and suffers no rounding errors. Next, we check
that each of these components (if any) has a strictly diagonally-dominant
row, which corresponds to a half-arc. If one or more components have no
negative cycle and no strictly diagonally-dominant rows, the matrix is sin-
gular. Determining the diagonal dominance of rows is subject to rounding
errors in the summation process. Since all the terms in the summation are
positive, however, it is possible to achieve perfect relative accuracy [58],
[69, Chapter 4]. In other words, our algorithm is very accurate and will
err only when a diagonal element is larger than the sum of the absolute
values of the offdiagonals in a row, but only by a factor of O(€machine),
where €machine & 10716 in double-precision IEEE floating-point arithmetic.
Note that simply requiring that a rank-determination algorithm be back-
ward stable is essentially useless: an algorithm that always returns the
dimension of the matrix is backward stable, since every matrix is close to
a full-rank matrix. Our algorithm provides accurate answers in the sense
that it always reports that singular matrices are singular, and only errs on
highly ill conditioned (very close to singular) matrices.

Given a linear system with a singular SDD coefficient matrix, it is often
useful (as we’ll show later) to determine whether the system is consistent.
That is, to determine whether b is in the range of A. We can easily and
stably determine this by computing the projection of b on the null space of
A. If the norm of the projection is large compared with the norm of b, then
b is not in the range of A, otherwise it is (or is close to the range space).
Given an orthonormal basis N for the null space of A (note that we always
compute an orthogonal basis, so all we need is to normalize the basis), the
projection is NNTb. Since the projection involves only multiplications by
orthonormal matrices, it is backward stable.
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The next two problems are addressed by a combination of our tech-
niques and the techniques proposed by Arbenz and Drma¢ [3|. They show
how to accurately compute the Cholesky factorization of a semidefinite ma-
trix whose null space is known, and how to use such factorizations to solve
consistent linear systems (in fact, their algorithms only require the nonzero
structure of the null space). Our contribution is the computation of a basis
for the null space of SDD matrices.

We also point out that one can solve square rank-deficient least-squares
problems min ||Ax — bl|s by projecting b orthogonally onto the range of A
and solving the singular but consistent linear system Az = (I — NNT)b.
The solution z of this system of linear equations is the minimum-norm
least-squares solution that we seek. Projecting the right-hand-side onto
the range of A allows iterative solvers, such as CG [57| and MINRES [73],
to effectively solve the singular consistent system. These methods reliably
converge on consistent systems (and then the convergence does not depend
on the existence of the zero eigenvalue, only on the nonzero eigenvalues),
but they converge very slowly or fail to converge on inconsistent systems.
While iterative least-square solvers such as LSQR [74] can solve least-
squares problems without first projecting the right-hand side, they are
often slower than CG and MINRES. Therefore, projecting the right-hand
side onto the range of A, which requires a basis for the null space, can be
useful. The next section explores these issues experimentally.

3.7. Experimental Results

In the previous section we showed several applications of explicitly con-
structing the null space of an SDD matrix. In this section we describe
numerical experiments that demonstrate two of these applications. The
experiments were carried out using MATLAB.

3.7.1. The rank of an SDD matrix. Algorithm 1 constructs an ill-
conditioned but full rank SDD matrix A that MATLAB incorrectly classifies
as rank deficient. The graph of the matrix is a cycle of size 100, which is
exactly but not strictly diagonally dominant. The gain of 99 of the edges is
1 and the gain of the remaining edge is —1. Therefore, the gain of the cycle
is —1. This cycle is unbalanced and thus A has full rank no matter how
the edges are scaled. The matrix is constructed by computing A = UU7,
where U is a scaled incidence matrix. The columns of U corresponding
to the positive edges are unscaled positive edge vectors, and the column
corresponding to the negative edge is scaled by 1.5 x 10°.

The condition number of this matrix, as computed by MATLAB, is ap-
proximately 4.56 x 10'3. MATLAB’s rank computation is based on comput-
ing the number of eigenvalues larger than n || A|| €machine, Which in this case
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Algorithm 1 A full-rank ill-conditioned SDD matrix. There is no
similarly-structured singular SDD matrix. In other words, A is full rank
for any nonzero column scaling of U.

n = 100;
U = zeros(n,n);

fori = 1:in-1

UGi) = L
Uit = -1;
end
U(1n) = 1.5eb;
U(n,n) = 1.5e5;
A = U*U’;
rank(A)

turns out to be 99. Making the scaling of the negative edge smaller leads
to 100 eigenvalues that pass the threshold, so MATLAB reports the rank as
100; making the scaling larger leads to an even smaller reported rank.

This matrix is indeed ill conditioned, so it is very close to some singular
matrix. However, by our characterization of the rank of SDD matrices, we
know that no SDD matrix with this nonzero structure and with the same
element signs is singular. The nonzero structure and the element signs
imply that for all numerical element values (as long as diagonal dominance
is maintained), the signed graph of the matrix is a negative cycle, so the
matrix is nonsingular.

Therefore, if we know that the application in which the matrix arises
only produces SDD matrices and that the nonzero and sign structure is
accurate (not subject to numerical errors), then we can conclude that the
matrix is nonsingular. There is no singular SDD matrix with this nonzero
and sign structure, so the singular matrices in the neighborhood of our
matrix do not belong to this class. The algorithm that we described in
Section 5 determines correctly in linear time that A has full rank. The
algorithm computations are completely sign-based and suffer no rounding
errors.

3.7.2. Iteratively Solving Square Rank-Deficient Least-
Squares Problems. Our second experiment demonstrates the importance
of projecting the right hand side of a singular linear system onto the range
of the coefficient matrix before using Krylov-subspace linear-equation iter-
ative solvers with short recurrences.
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In this experiments we used a 400-by-400 SDD matrix A whose under-
lying graph is a regular 20-by-20 mesh. The matrix is diagonally dominant
but not strictly. The gain of the two edges connected to one of the corner
vertices of the mesh is —1, and the gain of all the other edges is 1. The
edge vectors are unscaled, so all the offdiagonal elements of A are either
0 or have absolute value 1. Every cycle that contains negative edges must
contain the corner vertex and the two negative edges incident to it. Since
all the cycles are balanced and there are no half-arcs in this graph, A is
rank deficient. The null space of A is spanned by a vector y that contains
1 in the corner vertex and —1 elsewhere.

We selected three random right-hand side vectors b with normal ele-
ment distributions (using MATLAB’s randn routine), and solved the three
linear systems of the form Ax = b. We used four different Krylov-subspace
iterative solvers to solve each linear system, without preconditioning. The
iterative solvers were LSQR [74], a least-squares solver, and three linear-
equation solvers: Conjugate Gradients (CG) [57] (see also [40]), MIN-
RES [73], and GMRES [80] with no restarts. We invoked each linear solver
on each linear system twice: once with the original random b, and again
with an orthogonal projection (I —yy”)b of b onto the range of A. Thus, we
conducted a total of 3 x 4 x 2 = 24 experiments. (We actually conducted
more experiments with additional right-hand-sides and additional matrices
to ensure that we obtained representative results, but the results of the
additional experiments are not shown in this thesis; they were similar to
the results shown.)

The results of the experiments are presented in Figures 3.7.1, 3.7.2,
and 3.7.3. Each graph plots the norm of the residual as a function of
the number of iterations, as computed during the iteration by the iterative
algorithm itself. The residuals are not computed directly in every iteration;
they are updated, so they may become inaccurate. The graphs also show
the completion flag (0 implies convergence, other values imply breakdown)
and the 2-norms of the computed solution z and of the true residual b— Az.

The results do not vary qualitatively by the actual right-hand side b.
In all cases, all the linear solvers computed an accurate minimum-norm
residual-norm minimizer & when they were required to solve the consistent
linear system A% = (I — yy®)b. (We verified that the solution is indeed
a minimum-norm minimizer using the pseudo inverse of A.) All the algo-
rithms converged to the desired accuracy, a reduction of the residual norm
by a factor of 10%, within similar numbers of iterations, around 70, except
LSQR, which took over 260 iterations to converge.
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When the algorithms were required to solve the inconsistent system
Az = b, the behavior of LSQR did not change, but the behavior of the oth-
ers changed dramatically. The short-recurrence algorithms, CG and MIN-
RES, failed to produce a good residual-norm minimizer. GMRES, on the
other hand, returned a residual-norm minimizer & when it stopped, but that
solution is not a minimum-norm solution (the code returns the approxima-
tion that minimizes the residual norm, not necessarily the approximation
from the last iteration). None of these three algorithms, including GMRES,
could detect convergence even when they achieved it, because no Z in the
Krylov subspaces (a subset of the range of A) can produce a small-enough
residual. CG always stopped when the direction vectors overflowed (exit
flag 4), while both MINRES and GMRES stopped when they stagnated.
The failure to detect convergence caused GMRES to run for much too long.

The fact that GMRES always computed a good solution suggests that
CG and MINRES suffer from loss of orthogonality in the direction vectors
when the linear system is inconsistent.

Clearly, solving a linear system with a right-hand side that is projected
onto the range of A allows the iterative linear solvers to detect convergence
more reliably than they otherwise would. Also, it appears that inconsistent
linear systems induce a loss of orthogonality and hence failure in short-
recurrence algorithms like CG and MINRES.

The iterative least-squares solver, LSQR, produced the same solution
whether the system was consistent or not, and within the same number
of iterations. However, it performs many more iterations (more than a
factor of 3 in this case) than the linear solvers when they solve a consistent
system.

There results demonstrate the utility of explicitly computing an or-
thonormal basis for the null space when solving square least-squares prob-
lems. Of the four solvers that we tested, one (LSQR) did not benefit from
projection onto the range, but it was slow. Another, GMRES, did compute
a residual-norm minimizer, but not a minimum-norm one, and it did not
detected convergence. It was also very slow due to full orthogonalization
in every step. The best solvers were the short-recurrence solvers, CG and
MINRES, when applied to a singular but consistent system; they were fast
and computed a minimum-norm residual-norm-minimizer.

3.8. Conclusions and Open Problems

The main results in this chapter are (1) a combinatorial characterization
of the null space of H' matrices, which include SDD matrices, (2) efficient
algorithms, which rely on this combinatorial characterization, to construct
bases for the null spaces of such matrices. We have also demonstrated



52

3. NULL SPACES OF SYMMETRIC H-MATRICES

LSQR, Random Right-Hand Side LSQR, Right-Hand Side in range(A)

10 10
flag=0 flag=0
c residual norm=1.89e-01 c residual norm=1.89e-01
5 solution norm=4.42e+01 5 solution norm=4.42e+01
=4 1 c 0
— 10 =10
[ ©
> =]
o S
[ 7]
o ]
[ [}
2 10° > 107"
£10 z10
[} 9]
@ X
-1 -10
107, 100 200 300 107, 100 200 300
Iterations Iterations
20 GMRES, Random Right-Hand Side s GMRES, Right-Hand Side in range(A)
10 10
flag=3 flag=0
residual norm=1.89e-01 residual norm=1.89e-01
£ h £ h
§ | solution norm=5. 5 solution norm=4.42e+01
S10 =
© [
3 >
2 2 10°
] o
[} [}
> .0 =
g 10 &
9] [}
X o
-10 5|
107, 100 200 300 107, 20 40 60 80
Iterations Iterations
CG, Random Right-Hand Side CG, Right-Hand Side in range(A)
10 5
10 10
flag=4 flag=0
c residual norm=6.01e-01 c residual norm=1.89e-01
S solution norm=4.83e+01 S solution norm=4.42e+01
© ©
> >
2 2 10°
o o
[ [
= =
8 8
[} [}
@ @
-5 -5
107, 20 40 60 80 100 107, 20 40 60 80
Iterations Iterations
) MINRES, Random Right-Hand Side s MINRES, Right-Hand Side in range(A)
10 10
flag=1 flag=0
c residual norm=7.02e+14 c residual norm=1.89e-01
5 10' | solution norm=6.33e+14 S solution norm=4.42e+01
© ©
3 3
g10 g 10
[ [
= =
g 4 &
© 10 ©
29 o
1072 10°°
0 200 400 600 800 1000 0 20 40 60 80

Iterations Iterations

FIGURE 3.7.1. The convergence of Krylov-subspace iterative
solvers on a 400-by-400 singular linear system. The coeffi-
cient matrix is an SDD matrix representing a 2D mesh. The
plots show (top to bottom) the convergence of LSQR, GM-
RES, CG, and MINRES. In each row, the plot on the left
shows the convergence when the right-hand side is random
and not in range(A), and the plot on the right shows the con-
vergence when the right-hand-side is projected orthogonally
onto range(A).
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FIGURE 3.7.2. An experiment on an additional right-hand-side.

the utility of these combinatorial algorithms in a number of important
numerical-linear-algebra computations.

The chapter extends previous results in spectral graph theory in sev-
eral directions. First, we study spectral properties of signed and weighted
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FIGURE 3.7.3. An experiment on an additional right-hand-side.

graphs, namely, the existence of zero eigenvalues. Previously, most of the
research in this area has focused on spectral properties of undirected un-
signed graphs, using their Laplacian matrices. Second, we study the struc-
ture of eigenvectors (those corresponding to zero eigenvalues), rather than
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estimate or bound eigenvalues. The structure of eigenvectors of Lapla-
cians are important in other applications, such as spectral partitioning of
graphs [48, 87|, but in general Laplacian eigenvectors have not been stud-
ied much.

Support preconditioners exploit the simple isomorphism between
diagonally-dominant matrices and weighted undirected graphs or signed
graphs. This chapter shows that such matrices have very structured null
spaces. On the other hand, matrices that arise in applications such as finite-
element models of linear elasticity have null spaces which are more com-
plex; the dimension of these null spaces are 3 for two-dimensional problems
and 6 for three-dimensional problems. The results of this chapter indicate
that such finite-element matrices cannot be approximated by diagonally-
dominant matrices; it appears that these matrices cannot be represented
as weighted graphs. As a result, it is difficult to apply support theory
techniques to this family of finite-element problems.

The chapter raises a number of interesting questions. Perhaps the most
important one is whether a given H' matrix can be efficiently factored
into width-2 factors. Several authors proposed iterative algorithms for this
problem [68, 69, 70|, but there are no useful bounds on their convergence
or running time. Finally, more detailed characterizations of the eigenvectors
of matrices associated with graphs (such as Laplacians) would be useful in
some applications, such as quantization of mesh functions [85].

The results of this chapter are related to highly-accurate algorithms for
certain classes of ill-conditioned matrices |28, 29, 67]|. These algorithms
solve accurately problems in which the input matrix is ill conditioned; the
problem is close to a singular problem. However, the input matrix has a spe-
cial structure, such as total nonnegativity or Vandermonde. On the mani-
fold of matrices with the same structure, the problem is not ill conditioned.
The algorithms solve the problem accurately using a matrix representation
that guarantees that all the intermediate matrices in the computation lie on
the same structured manifold. Our null-space algorithm for H* matrices is
similar in that it relies on the factor-width-2 representation of the matrix,
a representation that guarantees that the matrix is on the manifold of H*
matrices.






CHAPTER 4

Obtaining Bounds on the Two Norm of a Matrix from
the Splitting Lemma'

4.1. Introduction

Support theory [9, 16] is a set of tools used to bound the condition
numbers of preconditioned systems. Support theory employs two devices
to bound the support of a preconditioner: one is the splitting lemma |9, 42],
and the other is the symmetric product support lemma [16]. In this chapter
we compare bounds which arise from these two tools, and introduce new
bounds.

Conjugate Gradient (CG) is a common iterative algorithm for solving
symmetric positive-definite linear systems Ax = b. Given a symmetric
positive-definite matrix A, the number of iterations needed to reduce the
norm of the residual by a constant factor is bounded by the spectral con-
dition number of A. The spectral condition number x(A) is the ratio of
the extreme eigenvalues of A, k(A) = Apax(A)/Amin(A). The convergence
of CG, as well as of many other iterative solvers, can often be improved by
use of a preconditioner B. When using a preconditioner, the number of it-
erations needed for convergence is bounded by the condition number of the
preconditioned system, which is the ratio of the extreme finite eigenvalues
of the matrix pencil (A, B), defined as follows.

DEFINITION 4.1.1. The number X is a finite generalized eigenvalue of
the matrix pencil (A, B) if there exists a vector « such that Az = ABx and
Bz # 0.

Support theory |9, 16] is a framework for bounding the condition num-
ber of definite and semidefinite preconditioned linear systems. In early
support-theory papers |9, 42|, three main tools were used: the support
lemma, the splitting lemma and the congestion-dilation lemma. The sup-
port lemma showed how to bound the finite eigenvalues of (A, B) in terms
of a number o(A, B) called the support of (A, B). The splitting lemma
shows that o(A, B) < max; 0(A;, B;), where A = Y . A; and B = ), B,.

IThe results in this chapter were accepted for publication in Flectronic Transactions
on Numerical Analysis, “Obtaining Bounds on the Two Norm of a Matrix from the
Splitting Lemma” by Doron Chen, John R. Gilbert and Sivan Toledo.
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The congestion-dilation lemma showed how to directly bound o(A;, B;)
when A; and B; are particularly simple: when the graph of A; consists of
a single edge, and the graph of B; is a simple path between that edge’s
endpoints®. In these early papers all the matrices involved had to be diago-
nally dominant, but that is irrelevant for our work. In essence, the splitting
lemma allowed a complex problem to be broken into simple parts, and the
congestion-dilation lemma allowed each part to be analyzed.

Boman and Hendrickson later presented support theory in a completely
algebraic framework, which does not refer to graphs, paths, and so on [16].
Their framework still used the support lemma, but they replaced much
of the rest with a single powerful lemma, the symmetric-product-support
lemma. This lemma shows that under suitable conditions on the null spaces
of A and B, the finite eigenvalues of the pencil (4, B) are bounded by ||W|[3,
where U = VW, A=UUT, and B = VVT. To apply the lemma, one has to
construct a W satisfying these conditions, and to bound its 2-norm. They
also show that the bounds that were previously derived by the splitting and
congestion-dilation lemmas can be directly obtained by applying their new
lemma together with the norm bound |[W| < [[W]|, [W]... It seemed
that the splitting lemma was no longer useful.

However, recent results by Spielman and Teng again used the splitting
lemma [88, 89|. What, then, is the role of the splitting lemma in the
Boman-Hendrickson symmetric-product-support framework? This chapter
shows that in all its existing applications [9, 42, 88, 89|, the splitting
lemma can be viewed as a mechanism to bound ||W||§ for a given W. We
also show that this bound is sometimes tighter than other easily-computed
bounds on ||W||3, such as ||W||3 and ||[W]|, |[W]|..

We also show that certain regular splittings have useful combinatorial
interpretations. These interpretations can be exploited to construct and
analyze graph algorithms for constructing preconditioners, such as the al-
gorithms in [13, 42, 88, 89, 93|. In particular, one of these interpretations
was used, with a different proof, in [88].

Path embeddings have also been used to bound the smallest nonzero
eigenvalue of Laplacian matrices. To do so, one embeds the complete graph
in the target graph. Our bounds apply to embeddings of arbitrary graphs,
so they are more general. However, special cases of some of our bounds have
already been discovered in the more restricted case [30, 49, 50, 62, 83].

This chapter is organized as follows. The next section describes the
basic results of support theory. Section 4.3 proves the splitting lemma and
shows that the symmetric-product-support lemma implies it. Section 4.4

2The graph G 4 of an n-by-n symmetric matrix A is a weighted graph G = (V, E,w),
where V' = {1,2,...,n}, E = {(4,5): A;; # 0}, and the weight of an edge w(z,j) is
U)(Z,]) = —Aij.
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describes our main technical tools, orthonormal stretchings and fractional
splittings. Section 4.5 proposes two splitting heuristics and shows that they
lead to new algebraic and combinatorial bounds on the 2-norm of a ma-
trix. Section 4.6 shows two additional bounds on the 2-norm. Section 4.7
quantifies the behavior of each one of the new norm bounds on an exam-
ple. In particular, the example shows that the different bounds can be
asymptotically different, some tight and some loose. Section 4.8 presents
our conclusions.

4.2. Background

This section provides key definitions and known lemmas that we use in
the rest of the chapter. We start with the definition of support and with
the support lemma.

4.2.1. Support.

DEFINITION 4.2.1. The support (A, B) of a matrix pencil (A, B) is
the smallest number 7 such that 7B — A is positive semidefinite. If there
is no such number, we take o(A, B) = oc.

The importance of support numbers stems from the following lemma:

LEMMA 4.2.2. (Support Lemma [42]) If X is a finite generalized eigen-
value of (A, B) and B is positive semidefinite and null(A) C null(B), then
A <o(A,B). When o(A, B) is finite, the bound is tight.

Next, we state the key result in Boman and Hendrickson’s support
framework.

LEMMA 4.2.3. (Symmetric-product-support lemma [16]) Suppose U €
R™* is in the range of V. € R™P. Then

o (UUT,VVT) = min W3 subject to VIW = U .
W

4.2.2. Combinatorial Interpretations of Support Bounds.

Lemma 4.2.3 is often used after factoring the n-by-n coefficient matrix A
into A = UUT, where U is n-by-m and the preconditioner B into B = VV7T,
where V' is n-by-k (note that there are no special conditions on V' and U;
they need not be triangular or orthogonal). Typically, the columns of U are
edge vectors [13], i.e. each column of U corresponds to one off-diagonal in
the matrix A. Similarly, each column of V' corresponds to one off-diagonal
of B. This particular factorization is used when A and B are symmetric
diagonally-dominant (SDD) matrices. A matrix A that can be decomposed
into A = UUT where U has at most two nonzeros per column is called a
factor-width-2 matrix; the properties of such matrices have been explored
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in {15, 22]. When A is factor-width-2 and has nonpositive offdiagonal
entries, it is often called a weighted Laplacian matrix.

When A is decomposed into A = UU7 in this way, every column of U
corresponds to an edge in the graph G4 of A or to a vertex in G4, and
similarly for B = V'V, In this case, any matrix W satisfying U = VW can
be seen as an embedding of G4 in Gg. Suppose that column j of U is an
edge vector in G4 (otherwise it is a vertex vector). Then U.; = VW.; (we
use Matlab notation, in which a colon represents all the possible indices).
The nonzero entries in W. ; specify a set of edge and vertex vectors in V.
We say that the edge in GG 4 is embedded into this set of edges and vertices
in Gp. In some support preconditioners, the embedding is always of edges
into simple paths and vertices into single vertices [9, 42, 93|. In other
support preconditioners, some edges are embedded into up to two cycles
and up to two paths [13].

In fact, the analysis of the preconditioner usually goes in the other
direction. One first shows that given A and B, there exists a “good” em-
bedding of G4 into Gg. Then, from this embedding, one shows how to
construct WW. Finally, some bound on |[W|[3 is proven, and this bounds the
finite spectrum of the preconditioned system. Common bounds on ||W|[3
that have been used in support preconditioners are ||[W/||2 < W ]|, [[W]|..,
which has been used implicitly in [9, 13, 42, 93|, and HW||§ < HW||2F,
which is used in [14]. In this setup, a good embedding is one that leads to
a small norm bound, that is, to a small value for ||W||, |[W||_, or |[|[W]%.

When W is an embedding of edges into simple paths and of vertices
into vertices, the two bounds |[W |3 < [[W]|, W], and [|[W]3 < [|[W]?
have useful combinatorial interpretations. The first can be interpreted as
product of the worst dilation of a path times the worst congestion through
an edge of Gg. Here the dilation of a path m between the endpoints of
an edge e € G4 is defined to be > Were|. The congestion through an
edge ¢’ € G is defined to be 3. e () [We |, where 7(e) is the path that

embeds e. The bound ||[W |2 < ||[W]|% can be interpreted as the sum of all
the dilations of all the paths, but with a different definition for dilation,

2
Ze’ew We’,e'

4.2.3. The Splitting Lemma. We now state formally the Splitting
Lemma, which is the focus of this chapter.

e’€7T|

LEMMA 4.2.4. (The Splitting Lemma) Let A = Ay +As+. ..+ A, and let
B = Bi+By+...+By. If all A; and B; are symmetric positive semidefinite,
and if for each i, A; is in the range of B;, then o(A, B) < max; 0(A;, B;).

Typically, this lemma is used by decomposing A into a sum of rank-
1 matrices, each corresponding to one off-diagonal, and by decomposing
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B into path matrices, matrices that can be symmetrically permuted to a
tridiagonal form, and which have only one nonzero irreducible block.

In the rest of this chapter, we focus on symmetric positive semidefinite
matrices, but we do not assume that they are diagonally-dominant (unless
specified otherwise).

4.3. The Symmetric Product Support Lemma Implies the
Splitting Lemma

What is the relationship of the splitting lemma to the symmetric-
product-support lemma? In this section we begin the study of this question.
This section shows that the splitting lemma is weaker, in the sense that
the symmetric-product-support lemma implies the splitting lemma. The
following proof proves Lemma 4.2.4 using a straightforward application of
the symmetric-product support lemma.

PROOF. Let A; = U;U!l and B; = V;VI be arbitrary symmetric-
product decompositions of A; and B;. Such a decomposition always exists,
given our assumption that both matrices are symmetric positive semidefi-
nite. For example, we can use the scaled eigenvectors of A; as the columns
of U;, where the scaling is by the square root of the corresponding eigen-
value, and similarly for B;. Let Ug be the concatenation of Uy, Us, ..., U,
and Vg be the concatenation of Vi, Vs, ..., V,. That is,

Us= (U Uy Us -+~ U, ),

and similarly for Vg. Then UsUE = >" . U;UF = >, A; = A, and VsV =
B.

By the assumption that A; is in the range of B;, the factor U; must be
in the range of V;. Therefore, there exists a W; such that U, = V;W,.

Let W; be the minimizer of miny, ||W;]|, subject to U; = V;W;. By the

2
2.

Symmetric-Product Support lemma, o(A;, B;) = HVf/z
Let

Wi
Wy



62 4. OBTAINING BOUNDS ON THE TWO NORM OF A MATRIX

We claim that VgW = Usg.

Wy A
Ws
VsW = (Vi Vo Vs -+ V)
W,
= (Vﬂ/f/l oWy VsWsy - Vqu)
= (Uh U U3 --- Uy)
— U

A

Wi

The norm of W is equal to max; , so by the Symmetric-Product

Support Lemma it follows that

~ 112
o(A,B) < |[W|2 = maxHW,- = maxo(A;, By) .
7 2 7

4.4. Splitting and Stretching

In this section we show a deeper connection between splitting and the
symmetric-product-support lemma. We begin by defining an operation
called orthonormal stretching, which allows us to obtain one symmetric-
product-support triplet from another. We then show that an important
class of splittings, the one which has been used almost exclusively in appli-
cations, can be interpreted as an orthonormal stretching. That is, splitting
is usually a way to obtain one symmetric-product-support triplet from an-
other, and in particular, to obtain a triplet in which computing ||[W|, is
easy.

4.4.1. Orthonormal Stretching. The orthonormal stretching of a
symmetric-product-support triplet (U, V, W) is a pair of matrices (S, W)
a k-by-k matrix S with orthonormal rows (SST = I), and a matrix W such
that TW = SW.

Why is stretching important for support theory? Because, as the next
lemma shows, the triplet (U, V'S, W) is also a symmetric-product-support
triplet, because various norms of V~V2 bound the corresponding norms of W
and because o(UUT, VVT) < HWH :

Therefore, orthonormal stretchiflg is useful when it allows us to take a
symmetric-product-support triplet (U, V, W), for which bounding the norm
of W is difficult, and obtain a new triplet (U, V'S, W), for which bounding

the norm of W is easier. The norm of W still bounds o(UU”, VVT), which
in turn bounds the spectrum of the preconditioned linear system.
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LEMMA 4.4.1. Let U = VW, and let S and W be an orthonormal
stretching of (U, V,W), so W = SW. Then, using the notation V.=1VS,
the following hold:

(1) VVT =vvT

2) V=vsT

(3) U = VIV

@ 1wl < [

) W< |7

6) W], < VE HVVHOO, where k is the number of columns in S.
(@) IWll, < VE|W|

PROOF. Most of the claims are nearly trivial.
(1) VVT = (VS)(STVT) = V(SST)V~: 7%
2 V=VI= V(SST) (VS)ST VST
B)U=VW =V(SW) = (VS)W VW
@) i, = s, <
(5)

, because ||S||, = 1.

5) To show that |[W{|, < ‘WH , we need only compare each column
F

of W to the corresponding column in W. Let w; (;) be column j
of W (of W). Then w; = Swj, so [|wyl|, = stsz < ISy [lw;ll, =
|@;||, - Since the norm of each column of W is greater or equal to

the norm of the corresponding column of W, ||[W|, < HWH

(6) Since W = SW, we have |W]_ = stH < HSHOOHWH
We prove the claim by bounding the oo-norm of S, [|S]|, =

max; Z?Zl |S;;|. Each row in S is a size-k vector with unit norm.
Let sum(v) be the sum of the absolute values of the entries of a
vector v. It is easy to show that the maximum of sum(v), over all
the vectors v with norm 1, is obtained when all the entries of v
are equal. The sum of the entries, for the maximal vector, is the
square root of the size of the vector. Therefore, for any row i of
S we have Z?:l 1S < \/2, s0 |||l < V'k, which proves the
claim. ~ B

(7) Let S’ be a completion of S to a k-by-k orthonormal matrix. Then
IS], < 18], because

k
1S, = maXZ|Sw|—maXZ| |§m]aXZ‘Sij‘:||S’H1.
i=1
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An equivalent argument to that of claim 6 shows that ||S'||, < &,
which proves the claim.

g

But how do we find a useful orthonormal stretching (.S, W), a stretching
for which the norm of W is easy to bound? The next part of this section
shows that in many cases, splitting can be interpreted as such a stretching.

4.4.2. Orthonormal Stretching Via Fractional Splitting. In this
section we explain the connection between the orthonormal stretching and
splitting.

DEFINITION 4.4.2. A splitting set for an n-by-m matrix U and an n-
by-k matrix V is a set Dy, Do, ..., D, of k-row matrices satisfying
e > ™ DD} =1, and
e for each j, U.; is in the range of V D;.

LEMMA 4.4.3. Let Dy, Do, ..., D,, be a splitting set for U and V. Then
A; = (U.)(U,)" and B; = (VD;) (VD;)" is a splitting of A= UUT and
B = VVT in the sense of the splitting lemma. That is, A = > A;,
B = Z:’;l B;, and each A; is in the range of B;.

PROOF. Clearly A =3""", A;. The sum of the B;’s satisfies

> 5 -
j=1

(VD;) (VDy)"

NE

1

.
Il

WE

VD;DIV"

1

=V (i Dp}’) v

j=1

<.
Il

= Vvt
= B.
Since for each j, U. ; is in the range of V D,, each A; is in the range B;. U

A splitting set can be difficult to construct, due to the second condition
in its definition. But a W satisfying U = VW offers an opportunity to
create a special family of splitting sets.

DEFINITION 4.4.4. Let U be an n-by-m matrix, V' an n-by-k matrix,
and W a k-by-m matrix such that U = VW. A fractional splitting set for
U, V,and W is a set of k-by-k diagonal matrices Dy, Do, ..., D,, satisfying
the following conditions.
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e The indices of the nonzero diagonal entries in D; is the set
i Wiy # (T)}-
[ ] Zj:l D]Z)‘7 - ]

LEMMA 4.4.5. A fractional splitting set is a splitting set.
PROOF. We need to show that for each j, U.; is in the range of V D;.

Let D; be the Moore-Penrose pseudo-inverse of D;. Since D, is diagonal,
D} is also diagonal, with

(), = { (P B 20

i 0 otherwise

(see, for instance, [40, Section 5.5.4]). The matrix D; D} is diagonal with
zeros and ones on the diagonal, with ones in positions that correspond to
nonzeros in W. ;. Therefore, D;DfW.; = W.;, so VD;DfW. ; = VIV, ;.
Therefore,

VD; (DfW.;) = VW,

which proves the claim. O

We now show that a fractional splitting set defines not only a splitting
of A and B, but also an orthonormal stretching of V' and W. We begin by
showing how to derive S from the D;’s.

LEMMA 4.4.6. Let Dy, Do, ..., D,, be a splitting set. Then the concate-
nation S of the D;’s, S = ( Dy Dy Dy --- D, ) has orthonormal rows

(the concatenation matriz S consists of the columns of Dy followed by the
columns of Dy, and so on).

T _ T _
Proor. SS* =3"", D;Dj = 1. O
Clearly, the proof of the previous lemma only relies on one of the two
conditions that splitting sets must satisfy.

Next, we show how to construct W. The example in the beginning of
Section 4.5 illustrates this construction.

LEMMA 4.4.7. Let Dy, D>, ..., D,, be a fractional splitting set for some
U,V,and W, and let S be defined as in Lemma 4.4.6. Let

W.,;=(0; 0; -+ 0; DfW,; 05 --- 0; 0),
where 0 denotes the k-by-1 zero vector. (We use the Matlab notation: a
semicolon denotes stacking blocks, so (A ; B) = (A" B")".) That is, in
the first column of W the first k elements are DY W. 1 and the rest are zeros.

The second column of W starts with k zeros, then the elements of DI W. o,
followed by zeros, and so on. Then W = SW.
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PROOF. We prove the lemma column by column,
(SV”’V) — SW,
:’j
0
0
0
= (D1 D2 Dj-1 Dj Djs1 - D1 Dm ) | DfW.;

= (Z D; - 0) +D;DfW,
i
=0 + VV;J' .

g

An important benefit of using a fractional splitting to define an or-
thonormal stretching (S, W) is that the 2-norm of W is easy to compute.

LEMMA 4.4.8. Let (S,W) be an orthonormal stretching defined by a
fractional splitting as in Lemmas 4.4.6 and 4.4.7. Then

w

m
= max
2 Jj=1

i

.
PROOF. By the construction of W given in Lemma 4.4.7 it is clear that
its columns are orthogonal. O

In general, splittings and symmetric products are not isomorphic. A
splitting A = >  A; and B = > B; does not define symmetric products
A=UUT and B = VVT, not even implicitly. Also, a symmetric-product-
support triplet does not define a splitting. But we have shown that an
important class of splittings does define an orthonormal stretching, a way
to get one symmetric-product-support triplet from another.

In most of the applications of the splitting lemma [9, 42, 88, 89|, there
is also a symmetric-product representation of A and B, a representation
using edge and vertex vectors, and an implicit W. Furthermore, in these
applications, the splitting of A and B can almost always be interpreted as a
fractional splitting set D1, ..., D,, of the symmetric-product factors U and
V. In all of these cases, the splitting can be interpreted as an orthonormal
stretching of a symmetric-product-support triplet.

Before we conclude this section, we show that for orthonormal stretch-
ings derived from fractional splitting sets, one of the norm-bounds on W
can be tightened.
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LEMMA 4.4.9. Let (S,W) be an orthonormal stretching of (U, V,W),
derived from a fractional splitting set, as defined in Lemmas 4.4.6 and 4.4.7.

Then |W|, < ‘ VV‘

1.

PROOF. We show that ||S||;, < 1. By definition, |S];, =
max; Y% |Si;]. By the construction of S in Lemma 4.4.6, each column
of S is a column of one of the D,’s. Each column of D; has exactly one
nonzero. Because Zj DjD;‘-F = [, that nonzero must be no larger than 1
in absolute value. Therefore, each column of S has exactly one nonzero
no larger than 1 in absolute value, which proves the claim that ||S]|; < 1.

Therefore HW||1:HSI7V SHSHlHW gHwH 0
1 1 1

Note that whenever each column of S has a single nonzero, |[W||, <
|
lar, the 1-norm bound given in the previous lemma may hold even when the
columns of W are not orthogonal. When (S, W) are obtained from a frac-
tional splitting set, the bound ||W| < [|[W]|, W], < \/EHWHl HWH

, even if W was not derived from a fractional splitting set. In particu-
1

is not particularly useful, because we can directly compute VV‘ . But in
2

more general cases this bound may be useful.

4.5. How to Split

The choice of D,’s in a fractional splitting can have a profound influence

on how close HW‘ is to ||W]|,. We use a fractional splitting because HW
2

is easy to compute and it bounds ||[W][,. In this section we show that ;
poor choice of D;’s can lead to HWH2 being so large that it teaches us
nothing about [|[W||,. We also suggest two simple and efficient heuristics
to find splittings with a small VV‘ . From one of these heuristics we obtain

two combinatorial bounds on support preconditioners; one of these bounds
was already suggested in a more general form by Spielman and Teng 88|
using an entirely different proof, and the other is new.
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4.5.1. An Example. We first show that if the choice of splitting is
poor, then the resulting norm bound is useless. Let

2 -1 -1 1 0 1
A= -1 2 -1 | ,u=-1 1 o0
~1 -1 2 0 -1 -1
1 -1 0 1 0
B=-1 2 1| ,v=| -1 1
0 -1 1 0 —1

To complete U and V' to a symmetric-product-support triplet, we use

1 01
w=(o11)-

The 2-norm of W is |W]||, = v/3.
We now split A and B using the following fractional support set,

p=(in) mm(oae) 2= (0 )

where € > 0 is small. Therefore,

J1 2
S:(Dl D2 Dg):(EOO 0 1 € 0 )

000 1/V2 0 1/v/2

We now construct W according to lemma 4.4.7, starting with the pseudo-
inverses,

i (e 8) o= (3 ) o= ().

0 0 V2 0 V2
o)
1/e
0
W . O
- V2
1/v/1—¢
V2
For small e, WH = 1/e is arbitrarily large, so it is not a useful bound on
2
W, = V3.

Clearly, e = 1/4/2 is a better choice than a small ¢, yielding a HW ‘ =2,
2
still not completely tight, but better. In this case, a fractional splitting can
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= W]}, = V3. Let

W
so(VIB o0 0 VAR o)
B 0 00 1/3 0 2/3 )’

V3 V3
0
0
0
0
0

actually achieve H 7

SO

0
W:

<
|

3/2
3/2

(We show W twice, with and without all the zeros, to emphasize the struc-
ture of its columns.) Still, the e-example shows that a poor splitting yields
useless bounds.

4.5.2. The Rowwise Heuristic. When W = SW, row ¢ in W is a
linear combination of a set of rows in W, where the coefficients of the lin-
ear combinations come from row i in S. When (S, 1) is an orthonormal
stretching derived from a fractional splitting set, the row sets that com-
bine to form rows of W are disjoint. This is a consequence of the fact
that columns in S have no more than a single nonzero. Therefore such
stretchings map disjoint sets of rows of W to the rows of W.

The first heuristic that we propose finds a fractional splitting that en-
sures that the 2-norm of each nonzero row of W that maps onto row 7 in
W is exactly ||W;.||,. This ensures, in a heuristic way, that W is not too
large.

Here is another way to interpret this heuristic. Under an orthonor-
mal stretching derived from a fractional splitting set, each nonzero in W
is mapped into a nonzero in TW. The rowwise heuristic ensures that all
the nonzeros in W that map to nonzeros in row ¢ of W have the same
magnitude.

oo%ooo

LEMMA 4.5.1. Let us define m diagonal matrices, such that the (i,1)
value in the j-th matriz is

W
e HWi73||2
Then the D;’s are a fractional splitting set for W.

PROOF. Clearly, the indices of the nonzero diagonal entries in D; is the
set {i: W;; # 0}.

We need to show that > 7" D;DT = I. A sum of diagonal matrices
is also diagonal. Therefore, 37", D; D} = 37", D7 is diagonal. We need
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only show that each diagonal entry in Z;”Zl DJZ- is 1. By definition, the (7,1)
entry in D; is W ;/ [|W;.|l,- The (4,4) entry in Z;"Zl D% is

b W2 =1
2R HW’M w WVHQ :

j=1

g

We now prove that this splitting preserves the 2-norm of rows in W.
We need the following notation: n(i,j) = (j — 1) -k+i (for 1 <i <k and
1 < j <m). Matrix S is a concatenation of the D; matrices. Therefore, S
is a concatenation of m k-by-k matrices. (i, j) is the index of the column
in S corresponding to the i-th column in D;.

LEMMA 4.5.2. Let W be an orthonormal stretching of W derived using

the rowwise fractional-splitting heuristic. If W;; # 0, then HWn(i,j),: =
2
(Dfw.,),| =

the norm of some row in W, and for each row in W, there is at least one
row with the same norm in W.

. Therefore, the norm of each nonzero row in W is

PROOF. Rows in W have at most a single nonzero, when W is con-
structed from a fractional splitting. Therefore, for each nonzero row, the
norm of a row is the absolute value of the single nonzero element in that
row (the norm of a zero row is zero). All nonzeros in column j of W
are entries of D;VV:J. Therefore, for each 1 < ¢ < kand 1 < j < m,
HW”“’”“HQ = ‘(DTWJ)J - IEW;; # 0, then (D), ; = Wi/ [[Wil, # 0.

Therefore (D). . = [[Wi.|l, /Wi ; and thus:

(DJJFWJ)z - (D;F)HVVU

[[WiIl
= U2 oy
Wz’] 2%}
= Wil -

This proves the lemma, because
|Waons]|, = 107 Wl = Il
O

We now prove a new bound on ||W||,, a bound which we later show has
a useful combinatorial interpretation.
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LEMMA 4.5.3. Let W be a k-by-m real matrixz. Then

m
W5 <max D Wiy =max > 3 W

i Wi’j;ﬁo % Wi’j;éo c=1
PROOF. We stretch W orthonormally using the rowwise fractional-
~ |12 ~
splitting heuristic. Then ||V < HWH , and the columns of W are or-
2

thogonal, so
2

~ 12 -
HW :maXHVV:J
2 J

) .

-2
. . o m 2
All that remains to show is that H W.; , = > i Wi £0 > oy Wi

2

= [[Dfwl;
- HDJWJ 2

k
= > (DJW,j)?

i=1

2

ST owi i

W; j#0

)

The last equality is by lemma 4.5.2. O

LEMMA 4.5.4. Let W be a k-by-m real matriz. Then

k
2 2 2
W <max S (W =max 3 STWE.

J: Wi ;#0 j: W; ;70 r=1

PROOF. The previous lemma, applied to W7, proves the claim, since
||WT||2 = [[W{,. O

4.5.3. A Combinatorial Interpretation and the Spielman-Teng
Bound. Given a symmetric-product-support triplet (U, V, W), a column
of W can be viewed as an embedding of a column of U into the columns of
V, since U.; = VW, ;. The nonzero elements in the column of W specify a
generalized path in V' that supports the column in U. When U and V' have
at most two nonzeros per column, (that is, UUT and VVT have factor-
width 2), they can be viewed as the weighted incidence matrices of Gy
and Gyyr. In that case, a generalized path defined by a column of W is,
indeed, an edge set, although this edge set may not form a simple path.
We now define the dilation of a path that supports a column of U, and the
congestion caused by the paths that utilize a column of V.
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DEFINITION 4.5.5. Let (U,V,W) be a symmetric-product-support
triplet. We say that column ¢ in V' supports column j in U if W;; # 0.
The 2-dilation of a column j in U is

dilo(U, V, W, j) = dila(5) = [ W43 -
The 2-congestion of a column 7 in V is
cong,(U, V, W, i) = cong, (i) = [|Wi,]I; -

These definitions, together with Lemmas 4.5.3 and 4.5.4, give the fol-
lowing results.

LEMMA 4.5.6. Let (U, V,W) be a symmetric-product-support triplet.

Then
2 .
W5 < max Z cong, (i) .
i supports j

The next lemma is a special case of the Spielman-Teng Support Theo-
rem [88, Theorem 2.1]. Their proof technique, however, is different. The
result stated in Lemma 4.5.6 is, to the best of our knowledge, new.

LEMMA 4.5.7. Let (U, V,W) be a symmetric-product-support triplet.
Then

Wz <max ) dib(j).
i supports j
4.5.4. The Frobenius Heuristic. Another approach to fractionally
splitting W is to minimize the Frobenius norm of W. The Frobenius heuris-
tic defines m diagonal matrices, such that the (¢,7) value in the j-th matrix
is

Wi
(Dj)m‘ -

LT Wl

LEMMA 4.5.8. The preceding definition of the D;’s defines a fractional
splitting set.

PROOF. As in Lemma 4.5.1, we need to prove that 7" D;D] = I.
Matrix 7", D;D} = 37" | D7, being the sum of diagonal matrices, is also
diagonal. We need only show that each diagonal entry in 27:1 DJZ is 1. By
definition, the (4,4) entry in D; is /Wi |/\/>owey [Wiel. The (i,i) entry
in Y D3 is

m

— Wil 1
m ’ = m : |VV7,,| =1.
jz:; Zc:l |VV7;,C| Zc:l |VV7L,C| Z ’

Jj=1
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LEMMA 4.5.9. The Frobenius heuristic minimizes HWHF over all frac-
tional splittings of W.

PROOF. We prove the lemma in two steps. We first show that the
minimization problem can be broken up into k separate problems, each
involving one row of S and one row of W. We then show that the Frobenius
heuristic minimizes the contribution of each row to HWH , and is, hence,

F

an optimal Frobenius-norm minimization strategy.
The nonzero elements of W are the nonzero elements of the vectors
DyW.; for j = 1,...,m. The i-th element of the vector DyW.; is
+ _ + _ : + _
(Dj )i,i Wi,j- If W,"j = 0 then (D] )i,i W,"j = 0, otherwise (D] )i,i Wi,j =

Wi,j/ (Dj)i,i' ~
Therefore, the Frobenius norm of W is

2 m Wi 2
F_Z Z ((Dj) ) '

J=1 i:W; ;70 2

v

8

In this double sum, the outer summation is over columns of W, and inner
summation is over the nonzeros in a particular column. Each nonzero of
W appears exactly once in the summation. We can change the order of
summation so that we sum over rows of W,

(4.5.1)

To minimize the Frobenius norm, we minimize this sum subject to the
constraints

m

> (D) =1foralli=1,.. k.

j=1

W, ;70

Since we have a separate constraint for each one of the inner sums in
Equation 4.5.1 (for each row of W), the global minimum of the Frobenius
norm is achieved when each one of the inner sums is minimized.

We now turn to the second part of the proof, showing that the heuristic
does minimize each inner sum. The inner sum minimization is equivalent
to finding the vector (z1,...,2,,) that minimizes Y ;" (¢;/z;)? subject to
S a2 = 1. The vector ¢ corresponds to the nonzero elements in the ith
row of W and the vector x to the corresponding elements of S. We prove
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by induction on m that the minimum is (3" ¢;)* and that it is achieved at

Vel

T, = ———.

Z;nzl |¢;]

The inductive claim is actually slightly stronger. We prove that when the
constraint is replaced by Y 7" 2? = z for some z > 0, the minimum is

271 (3 ¢;)? and that it is achieved at

V2 el
Z?:l'cﬂ

For m = 1 the only choice for x; is #;7 = /z and it is easy to verify
that the claim holds. Assume that the claim holds for m — 1. For any
value of 0 < @, < /2, the minimum of the sum 37" "(¢;/x;)? subject to
S ta? =z — a2, is, by the inductive claim, (z —22,)7" (20! ci)Z. The
total minimization problem, then, is to minimize
m—1 2 2
f(am) = (ZZ_l ) + 5

(z—af) =3,

xIr; =

subject to 0 < x,,, < /z. The derivative of this objective function with
respect to z2, is

of  (Irte) &

d(x2) (z—a2)*  (22)*

m m

It is easy to verify that the derivative vanishes at
V% ol
2;11 |41

Clearly, this value of z,, satisfies 0 < x,, < /2, so it solves the constrained
minimization problem. Given this value of x,,, we have

> Ll
(z—22) =2 ZL—-1 .
" Z;nzl |¢;]
By induction, for ¢ < m, the optimal value of x; under the constraint
St a? = 2 — 22, is achieved at
= V(2 —a22) |ai _ V7 lail
1T - .
VIS Gl el

This concludes the inductive claim and the entire proof. Il

Tm —
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An alternative way to prove the second part of the proof, proposed by
Dan Spielman, uses Lagrange multipliers.

PROOF. The proof that the minimization problem can be broken into
k independent subproblems is the same as in the first proof. We now

show that 2; = /|eil/ >2 [¢;| is a minimizer of 7" (c;/x;)* subject to
Z] 1:B] =1.

2
Let f(z1,. ., om,A) = D01, (;-;) + A (Z;n:l x5 — 1). The minimizer
satisfies

2
0 = 2L = 2.5+,
_ of _ m ' 9
= 3N = ijll'j—l

It follows that ¢? = Az, therefore 7 = |¢i| /V/A. Since Y7" 2% = 1 it
follows that

1
\/X = Z;'n:1|cj| :

and thus

v leil
Z;.":1|cj\

g

Like the rowwise heuristic, the Frobenius heuristic also produces new
algebraic bounds on ||W{|s. These bounds and their proofs were discovered
by Dan Spielman [86]. Before we state and prove the bounds, we prove an
auxiliary result.

LEMMA 4.5.10. [86] Let W be an orthonormal stretching of W de-
riwed using the Frobenius fractional-splitting heuristic. If W;; # 0, then

HVA[//W(W')#H2 = ‘(D;FWJ)I = \/|Ww| ) \/Z?zl |ch|

PROOF. As in lemma 4.5.2, for each 1 < ¢ < k and 1 <
j < m, HWn(i’j H = ‘(D—FWJ) If VVij 7é 0 then <‘D3)7,,7, =

VIWisl/ V2L Wil # 0. Therefore (Df), = /3202, [Wiel/ /Wil
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and thus:
(D*-'VV:; i

J

SO

W), H2

We now state and prove new bounds on ||[W|,.
LEMMA 4.5.11. [86] Let W be a k-by-m matriz. Then
W< o 3 i (S
:W; ;70 c=1

PrROOF. We stretch W orthonormally using the Frobenius fractional-
~ |12 ~
splitting heuristic. Then ||| < HW’ , and the columns of W are or-
2

-2
All that remains to show is that HW] ‘
2
We have

thogonal, so
2

= max‘ W.;

) .

= Zi:Wi,ﬁéo |VV1]|(Z£”:1 (Wiel).

2

= ||Dfw,

k

= Y (Dfwy);

i=1

_ ;i|wi,j|-(§|m,c|>
= > Wiyl (iIWi,cI) :

:W; ;70 c=1

il

.

2

The equality of the second and third lines is by lemma 4.5.10. U
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LEMMA 4.5.12. [86] Let W be a k-by-m matriz. Then

k
W3 < max > Wiyl (ZlWM) :
r=1

J:W; ;70

PROOF. The previous lemma, applied to W7, proves the claim, since
W, = 1]l O

The bounds in lemmas 4.5.3 and 4.5.11 are structurally similar. Both
bound ||W||2 using an expression of the form

w13 < max DD gWi, Wie)

’L':Wi’j;éo c=1

In lemmas 4.5.3 we have g (W ;, W; ) = W7, and in lemma 4.5.11 we have
g (Wi, Wie) = [Wijl-[Wic|l. In both cases the maximum is over sums of
functions of the same nonzero elements of W. A similar relationship exists
between lemmas 4.5.4 and 4.5.12.

We note that there exist matrices W for which applying the Frobenius

heuristic gives a smaller HW ‘ than the rowwise heuristic, and that there
2

are matrices for which the rowwise heuristic gives a smaller

W
2

general, neither of the two is an optimal 2-norm minimization strategy.

4.6. Gram Bounds on the Two Norm

In this section we suggest two additional bounds on the 2-norm of W. In
one particular case, these two bounds are equivalent to the bounds proved
in Lemmas 4.5.6 and 4.5.7.

LEMMA 4.6.1. For any matrix W,
Wl < [IWw o], = [[ww]| .

PROOF. For all matrices W, ||[W||; = |[WWT||,. For any matrix A, we

have [|A[|2 < | All, [|A]l.. In particular, [|[WWT|2 < [|[WWT]|, |[WW7]|__.

Since WW7 is symmetric, |[WWT| = |[WWT||_. This concludes the
proof. Il

Similarly,
LEMMA 4.6.2. For any matriz W,

Wiz < Wil = [Wrw], .
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Consider the case where A and B are symmetric and diagonally-
dominant matrices, and the weights of all the edges in A’s and B’s un-
derlying graphs are 1. Given an embedding of the edges of A into simple
paths in B, all the entries of W are either 0, 1 or —1. In this case, the
dilation of an edge is exactly the length of its supporting path. It is easy to
see that, in this case, the HVVVVT”1 bound is the same as the bound given
in lemma 4.5.7. Similarly, the HWTWH1 bound is the same as the bound
in lemma 4.5.6.

In more complex cases, however, the two norm bounds given in this
section are not equivalent to the bounds in Lemmas 4.5.6 and 4.5.7.

4.7. An Example

The example that we present in this section shows that the new norm
bound given in Lemma 4.5.6 is sometimes asymptotically tighter than all
the other norm bounds that we are aware of. In this example, Lemma 4.5.6
tightly bounds the two norm, while all the other bounds are asymptoti-
cally loose. In particular, the ||| -norm bound, the [|W||, [[W||, -norm
bound, the ||WWT||1—norm bound and its equivalents, and the bound in
Lemma 4.5.4 are all loose.

Consider the 1-by-2 block matrix W = (W’|I), where I is the (2m + 3)-
by-(2m + 3) identity for some m, and where W' is the (2m + 3)-by-(m + 1)
matrix

W' = vm

The matrix W corresponds to an embedding of the edges of the graph
shown in Figure 4.7.1 onto paths in the same graph, but without the dashed
edges. Because the graph without the dashed edges is a tree, each edge in
the original graph is supported by exactly one simple path.

We can prove the following norm bounds on W. We omit the proofs.

o [W|2=4m+1.
o W3 =2m?+ 6m + 3 = O(m?).

o [[W], W]l = (vVm +m +1)(3y/m)

= O(m!?).
o [[WIW||, =3m+ (m+3)y/m=6(m"?).
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FIGURE 4.7.1. A weighted graph Gypyr with 2m+ 4 vertices
(m + 2 on the top and m + 2 on the bottom). The dashed
edges are in Gypyr but not in Gy r. The edge weights given
are the nonzero coefficients of the corresponding columns of
U and V; for example, the edge with weight m corresponds
to a column (m, —m,0,...,0)" in U.

|[WWT||| = 4m + 2my/m + 1 = ©(m*?).

® max; ) ;. Wi ;#0 HWzHg =4dm+3 =06(m).

® max; } .y, W12 = W[5+ 1 =2m? + 4m + 1 = (m?).

o max; Yy, o (Wil - 2ty Wie) = vm(v/m + m + 1) +
2v/m(y/m + 1) = O(m!?).

o maxi ¥, o (Wil (0 [Whal) = i3y +m(1+2y/m) +

1 =0(m").

For large m, none of these bounds on the 2-norm are tight, except for one,
4m + 3, which is not only asymptotically tight, but is off by only a small
additive constant.

4.8. Conclusions

We have shown that applying the splitting lemma to the analysis of
support-graph preconditioners can be viewed as a mechanism to bound the
norm of a matrix W. The mechanism works by orthonormally stretching
W into a larger matrix W whose 2-norm bounds that of W but is easier to
compute.

In doing so, we have unified the “old-style” support theory, in which the
analysis of a preconditioner usually starts by splitting, and the “new-style”
support theory, which relies on the symmetric-product-support lemma, usu-
ally without splitting.

We also presented six new bounds on the 2-norm of the matrix, given
in Lemmas 4.5.3, 4.5.4, 4.5.11, 4.5.12, 4.6.1, and 4.6.2. One of the four
was already given by Spielman and Teng, but not in the form of a norm
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bound. Four of the new bounds have useful combinatorial interpretations.
Special cases of some of our new bounds were previously used to bound the
smallest nonzero eigenvalue of Laplacian matrices [30, 49, 50, 62, 83].

Viewing splitting as a way of bounding |||, using HWH leads to
2

systematic splitting strategies that aim to minimize some other norm of
IW. We propose two such strategies in this chapter; one is a heuristic which
preserves in W the 2-norm of rows of W, and another which minimizes the
Frobenius norm of W. Both are analytically and computationally simple.

We have also shown that one of the new bounds can be asymptotically
tighter than all the other norm bounds that we are aware of. The problem
of ranking the bounds by tightness, or showing that they cannot be ranked,
remains open.



CHAPTER 5

Algebraic Analysis of High-Pass Quantization'

5.1. Introduction

High-pass mesh quantization is a compression technique for three-
dimensional polygonal meshes. This technique assumes that the connec-
tivity of the mesh has already been encoded, and that it is, therefore,
known to both the encoder and to the decoder. The goal of the tech-
nique is to compactly encode the coordinates of the vertices of the mesh.
High-pass quantization, which was recently proposed by Sorkine, Cohen-
Or, and Toledo [85], encodes the coordinates by applying a linear trans-
formation based on the mesh Laplacian to the coordinates and quantizing
the transformed coordinates. The decoder then applies another transfor-
mation to recover an approximation of the original coordinates from the
quantized transformed data. The advantage of encoding the transformed
coordinates lies in the fact that they can be aggressively quantized without
introducing visually disturbing errors. As shown in [85], the quantization
error is mostly comprised of low-frequency bands, while the high-frequency
components of the reconstructed surface are preserved. Since humans are
usually more sensitive to changes in lighting (or normals) and the local
high-frequency details of the surface, low-frequency errors are perceived as
less visible.

Applying the mesh Laplacian to the coordinate prior to quantization is
a bad idea. In high-pass quantization, we do not apply the Laplacian itself,
but rather a carefully constructed operator derived from it. The construc-
tion aims to control two aspects of the compression and decompression pro-
cess. First, the Laplacian is singular, and it tends to be ill conditioned on
large meshes. The singularity reflects the fact that Laplacian-transformed
coordinates do not prescribe the absolute positioning of the mesh in space;
this singularity is easy to handle. But the ill conditioning is more difficult
to handle. If not addressed, the ill conditioning leads to a decompression

IThe results in this chapter were accepted for publication in ACM Transactions
on Graphics, “Algebraic Analysis of High-Pass Quantization” by Doron Chen, Daniel
Cohen-Or, Olga Sorkine, and Sivan Toledo. The results in section 5.6 are primarily due
to Sorkine and Cohen-Or. The results in sections 5.4 and 5.5 are primarily due to Chen
and Toledo.
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operator with a large norm, which greatly amplifies even small quantiza-
tion errors. Our construction addresses the ill conditioning using so-called
anchor points in the mesh. Anchor points are mesh points whose original
coordinates are included in the encoded (transformed) mesh coordinates.
In this chapter we show how to estimate the condition of the Laplacian-
derived operator from the connectivity of the mesh and the identity of
the anchors. By adding anchors appropriately, we control the norm of the
quantization error.

The shape of the error is the other aspect of the compression process
that our construction aims to control. Laplacian coordinates, with or with-
out anchors, can be thought of as smoothness constraints that the decom-
pressor tries to satisfy. A small Laplacian coordinate at a mesh vertex
implies that the mesh is smooth around that vertex, and a large Laplacian
coordinate implies local roughness. Anchors add constraints on absolute
positioning of the anchor vertices to the decompression process. The key
to high-pass quantization is to use both smoothness and absolute posi-
tioning constraints at the anchors. This is what controls the shape of the
quantization error.

Sorkine et al. [85] presented the algebraic framework of high-pass quan-
tization, together with a partial argument that explained why it works well.
More specifically, that argument showed how the eigenvalues of the linear
transformations that the encoder and the decoder apply affect the quanti-
zation error. However, the analysis in [85] is incomplete: (1) the analysis
there only applies to one class of matrices (so-called k-anchor invertible
Laplacians) but not to the matrices that are actually used in the algorithm
(k-anchor rectangular Laplacians); (2) the eigenvalues of the transforma-
tions are not analyzed, and (3) the effect of rounding errors on encoding
and decoding is not analyzed. In this chapter we rectify the deficiencies
of [85]. In particular, we extend the analysis to show that the singular
values of rectangular Laplacians can bound the encoding error, we present
bounds on the eigenvalues and singular values of Laplacians, and we bound
the effect of rounding errors on the method. The bounds that we derive
for the singular/eigen values and for the encoding and rounding errors are
given in terms of topological properties of the mesh, so these bounds are
relatively easy to estimate. These topologically-derived bounds are also
useful for selecting anchors, the extra vertices whose coordinates are used
to decode the mesh.

We complement this analysis with a new anchor-selection algorithm and
with experimental results. The new algorithm selects anchor points so as
to minimize our theoretical error bound. The new experimental results
further strengthen the claims in [85] concerning the effectiveness of high-
pass quantization, and they show how our theoretical bounds relate to the
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actual encoding errors. It should be noted that the bounds on the condition
number of k-anchor rectangular Laplacians are useful for evaluating any
methods based on such matrices, such as mesh editing with differential
coordinates [71].

5.2. Background: Mesh compression

Mesh compression involves two problems that are usually solved, at
least conceptually, separately: the mesh connectivity encoding and the ge-
ometry encoding. While state-of-the-art connectivity encoding techniques
are extremely effective |1, 51, 65, 91|, compressing the geometry remains
a challenge. The encoded geometry is, on average, at least five times larger
than the encoded connectivity, even when the coordinates are pre-quantized
to 10-12 bits. Finer quantization for higher precision increases the impor-
tance of effective geometry encoding even further.

Earlier works on geometry compression employed prediction-correction
coding of quantized vertex coordinates. Linear predictors are usually
used; the most common one is known as the parallelogram predictor [91].
The displacements are compressed by some entropy encoder. Chou and
Meng [23] use vector quantization instead to gain speed.

Recent compression methods represent the mesh geometry using effec-
tive bases, such as the spectral basis [63| which generalizes the Fourier basis
functions to irregular connectivity, or the wavelet basis [66]. The spectral
encoding of Karni and Gotsman [63] preserves the original connectivity of
the mesh, and relies on the fact that it is known both to the encoder and
the geometry decoder (this is also the case with the high-pass quantization
method). The mesh compression framework of Khodakovsky et al. [66]
requires semi-regular remeshing of the input mesh. While their method
achieves excellent compression ratios, it is not connectivity-lossless, which
thus puts this work in a somewhat different category. In many cases it is
desirable to preserve the original connectivity of the mesh, especially when
it carefully models certain features and is particularly adapted to the sur-
face geometry. For a recent survey on mesh compression techniques the
reader is referred to [2].

5.3. Background: High-pass quantization

This section reviews the high-pass mesh quantization method [85] that
this chapter analyzes.

Sorkine et al. [85] proposed a new approach to geometry quantization
that works for meshes with arbitrary connectivity. Instead of directly quan-
tizing the Cartesian coordinates, which may lead to errors that damage
the high-frequency details of the surface, they proposed to first transform
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the coordinates to another space by applying the Laplacian operator as-
sociated with the mesh topology. The transformed coordinates are called
“0-coordinates”. The quantization is applied to the d-coordinates, and the
geometry of the mesh can be restored on the decoder side by solving a linear
least-squares system defined by the extended Laplacian matrix, which is de-
scribed later in this section. They showed that introducing high-frequency
errors by quantizing the d-coordinates results in low-frequency errors in the
reconstructed Cartesian coordinates, and argued that low-frequency dis-
placements in the surface geometry are less noticeable to the human eye
than high-frequency displacements.

5.3.1. Quantization Errors under Linear Transformations.
Quantizing a vector x with continuous coefficients introduces an error ¢,
where x4+ ¢, is the quantized vector. In this section we show how to control
the spectral behavior of the error using linear transformations. We assume
that a simple fixed-point quantization is used, so that the maximum quan-
tization error max; |¢;| is bounded by the expression 277 (max; z; —min; x;),
using p-bit quantized coefficients.

Suppose that instead of quantizing the input vector x, we first trans-
form z into a vector Ax using a nonsingular matrix A, and then quan-
tize Axz. We denote the quantization error by g4, so that the new quan-
tized vector is Ax + qa,. The elements of the quantized vector are now
discrete, as are those of x4 ¢,. We can recover an approximation of x from
this representation, by multiplying the quantized vector by A~!:

AN Az + qag) = 2+ A an.

The error in this approximation is A7'q4,, and we will shortly see that
under certain conditions, it behaves quite differently than ¢, .

Assume that A has an orthonormal eigen-decomposition AU = UA,
where U is unitary and A is diagonal. This assumption is satisfied when A
is real and symmetric. Without loss of generality, we assume that |A;| >
|[Ao] > -+ > |\, where \; = A;; are the eigenvalues of A. Since the
processes we are concerned with are invariant to scaling A, we also assume
that |[A;] = 1. We express = as a linear combination of A’s orthonormal
eigenvectors, r = ciuy + cous + - - - + ¢, Uy, where u; are the columns of U.
We also have Az = ci \jug + cadatio + - - -+ Aty Similarly, since AU =
UA~!, we can express the quantization error as ga, = cjuy+chug+- - +c uy,
S0)

A qae = AT uy + A g 4 N .

The transformation A is useful for quantization when three conditions

hold:

(1) For typical inputs x, the norm of Az is much smaller than the
norm of x,
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(2) Quantization errors with large ¢;\; ! for large i (that is, with strong
representation for the last eigenvectors) are not disturbing,
(3) |An| is not too small.

The first point is important since it implies that max; |(Az);| < max; |z,
which allows us to achieve a given quantization error with fewer bits. The
best choice of norm for this purpose is, of course, the max norm, but
algorithmically it is easiler to ensure that [[Az|s < ||z[|2. In particular,
this ensures that max; [(Az);| < ||Az|ls < ||z]l2 < /1 - max; |z;|. Since
|2z]|3 =", ¢ and ||Az||3 = >, )2, the above condition occurs if and only
if the first ¢;’s are small compared to the last ones. In other words, the first
point holds if A, viewed as a filter, filters out strong components of typical
x’s.

The importance of the second and third points stems from the fact that
A~! amplifies the components of ¢4, in the direction of the last eigenvectors.
If A has tiny eigenvalues, the amplification by a factor A;' is significant
for large i. Even if the small eigenvalues of A are not tiny, the error may
be unacceptable. The quantization error A~1q,, always contains moderate
components in the direction of eigenvectors that correspond to the small
eigenvalues of A. When small error components in these directions distort
the signal perceptively, the error will be unacceptable. Therefore, the last
two points must hold for the quantization error to be acceptable.

It may seem that the norm of Ax is irrelevant to compression, since one
can shrink Ax by a simple scaling, which is clearly useless for compression.
The norm of Az is relevant because we also demand that |A\;| = [|A|]2 = 1.
The error is A7 'qaz, so |A qaz| < ||A7'||||¢az]l. Making Az small by
scaling A is useless, because it will shrink ||ga.|| but will expand ||A~!|| by
exactly the same factor. But making Az small while maintaining ||A|]> = 1
is useful.

5.3.2. Laplacian Transformations. In the following, we discuss the
Laplacian matrix of the mesh and its variants and show that these linear
transformations work well as quantization transforms.

Let M be a given triangular mesh with n vertices. Each vertex ¢ € M is
conventionally represented using absolute Cartesian coordinates, denoted
by v; = (x4, yi, z;). We denote the relative or §-coordinates of v; as follows:

d
(51' = (61(17)7 (57;(?!), (SZ(Z)) = diUz‘ — Z (T
k=1
where d; is the degree of vertex i and 7, is ¢’s kth neighbor. The trans-
formation of the vector of absolute Cartesian coordinates to the vector of
relative coordinates can be represented by the matrix L = D — A, where
A is the mesh adjacency matrix and D is the diagonal matrix D;; = d;.
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The matrix L is called the Laplacian of the mesh [34]. Laplacians of
meshes have been extensively studied [24], primarily because their alge-
braic properties are related to the combinatorial properties of the meshes
they represent. The Laplacian is symmetric, singular and positive semidef-
inite. The singularity stems from the fact that the system Lz = § has an
infinite number of solutions which differ from each other by a vector that is
constant on each connected component of the mesh. Thus, we can actually
recover x from ¢ if we know, in addition to 9, the Cartesian coordinate
of one z; in each connected component. We can formalize this method
by dropping from L the rows and columns that correspond to one vertex
in each connected component, called the anchor of the component. The
resulting matrix, which we call the basic invertible Laplacian, generates all
the ¢’s that we need and is nonsingular. The next section explores other
nonsingular variants of the Laplacian.

To explain why variants of the Laplacian are effective quantization
transforms, we first have to introduce the notion of mesh frequencies (spec-
trum). The frequency of a real function = defined on the vertices of a mesh
M is the number of zero crossings along edges,

1 TiT; <0

fl@)y=">_ :

(j)eem) | 0 otherwise

where E(M) is the set of edges of M, so the summation is over adjacent
vertices. It turns out that for many classes of graphs, including 3D meshes,
eigenvectors of the Laplacian (and related matrices, such as our basic in-
vertible Laplacian) corresponding to large eigenvalues are high-frequency
mesh functions, and eigenvectors corresponding to small eigenvalues are
low-frequency mesh functions. In other words, when @ < j, A\; > A; and
f(u;) > f(u;). Furthermore, since 3D models are typically smooth, possi-
bly with some relatively small high-frequency perturbation, the coordinate
vectors z, y, and z often have a large low-frequency and a small high-
frequency content. That is, the first ¢;’s are often very small relative to the
last ones.

This behavior of the eigenvectors of Laplacians and of typical 3D models
implies that the first property we need for effective quantization holds,
namely, the 2-norm of Lz is typically much smaller than the norm of z, and
therefore the dynamic range of Lz is smaller than that of . Laplacians also
satisfy the second requirement. As stated above, eigenvectors associated
with small eigenvalues are low-frequency functions that are typically very
smooth. When we add such smooth low-frequency errors to a 3D model,
large features of the model may slightly shift, scale, or rotate, but the local
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A Smooth Function and its Quantization Spectrum of Quantization Errors
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FIGURE 5.3.1. An example of quantization errors in a one-
dimensional mesh. The mesh here is a simple chain with
114 vertices (enumerated on the z-axis). (a) shows a smooth
function x defined on the mesh, its direct quantization, and
a Laplacian-transform quantization. The specific Laplacian
that we use here is the 2-anchor invertible Laplacian defined
in Section 5.3.3, with anchors at vertices 1 and 114. The
quantizations were performed with 20 discrete values uni-
formly distributed between the minimum and maximum ab-
solute values of the vectors. The direct error vector is smaller
in magnitude, but has a strong high-frequency oscillatory
nature, whereas the Laplacian-transformed error vector is
smooth. (b) explains this observation by plotting, on a log
scale, the spectrum of the two errors. We can see that the
direct quantization has moderate components in the direc-
tion of all eigenvectors of the Laplacian (i.e., all frequencies),
whereas the Laplacian-transformed error has strong compo-
nents in the direction of the smooth eigenvectors, but very
small components in the direction of high-frequency eigen-
vectors.

features and curvature are maintained. Thus, errors consisting mainly of
small-eigenvalue low-frequency eigenvectors are not visually disturbing.
However, simple Laplacian transformations do not satisfy our third re-
quirement. The small eigenvalue of a basic invertible Laplacian is typically
tiny; a good estimate for |\ !| is the product of the maximum topological
distance of a vertex from the anchor vertex, and the number of vertices
in the mesh (assuming there is one connected component; otherwise the
maximum of this estimate over all components) [16, 50|. For a typical n-
vertex 3D mesh, the small eigenvalue is therefore likely to be ©(n~'5). This
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causes large low-frequency errors which are clearly visible in the example
in Figure 5.3.1.

5.3.3. The k-anchor Laplacian. An effective way to increase the
small eigenvalue of a Laplacian is to add more anchor points. This section
analyzes the effect of two algorithm parameters on the magnitude and shape
of the quantization error. One parameter is the number and location of the
anchor points. The second parameter is the algorithm that transforms the
relative (or 0) coordinates to the original coordinates.

The relationship between the original coordinates x and the relative
coordinates 0 is given, up to a shift, by the linear system of equations
Lx = §. When we add anchors, we essentially add constraints to this
system of equations. Without loss of generality, we assume that the anchors
are i, ..., Ty, the first & vertices of the mesh. For each anchor point z;,,
7 =1,...,k, we add the constraint x; = z;, where the left-hand side is
taken to be an unknown and the right-hand side a known constant.

It may seem strange that we do not immediately substitute the known
constant for the unknown, but the reason for this will become apparent
later. The full system of constraints that defines the relationship between
the absolute and relative coordinates is therefore

(5.3.1) (—7;;£Lr6—> x = ( iii ) = ( xik ) .

We denote this (n + k)-by-n matrix by L,

(5.3.2) E:§K%F>,

and call it the k-anchor rectangular Laplacian.

With & anchors, the quantized representation of the mesh consists of
the quantized d’s and of the absolute coordinates of the anchors. Since we
take k to be much smaller than n, there is no need to aggressively quantize
the coordinates of the anchors, but they can be quantized as well. The
quantized vector that represents the mesh is, therefore,

(5.3.3) (lmwm):<m)+%ZM+%.

xl:k + qil?l:k xl:k

The matrix L is rectangular and full rank. Suppose that we try to
recover an approximation z’ to x from Lz + qi,- 1rying to compute the
approximation 2/ by “solving” the constraint system La’ = Lz + q;, for
2’ will fail, since this system is overdetermined, and therefore most likely
inconsistent. An approximation z’ can be computed in (at least) two ways.
The simplest is to eliminate the last k rows from the system. By adding
row n + j to row j, for 7 = 1,...,k and deleting row n + j, we obtain
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a square symmetric positive definite linear system of equations L =b,
which can be solved for #’. This transformation corresponds to multiplying
both sides of the system La’ = Lz + ¢;, by an n-by-(n + k) matrix

(5.3.4) J = ( L ["”OX"” ) :
SO
(5.3.5) L=JL

and b= J(Lz + q;,). We call L the k-anchor invertible Laplacian.”

The second method to obtain an approximation 2’ is to find the least-
square solution 2/ to the full rectangular system Lz’ ~ Lz + qi,- It turns
out that the norm of the quantization error is essentially the same in the
two approximation methods, but the shape of the error is not. The shape
of the error when using a least-squares solution to the rectangular system is
smoother and more visually pleasing than the shape of the error resulting
from the solution of the square invertible system.

5.4. Algebraic Analysis of k-Anchor Laplacians

The norm and shape of the quantization errors in high-pass quantiza-
tion depend on the spectrum and singular vectors of k-anchor Laplacians.
This section presents a detailed analysis of the spectrum of these matri-
ces. In particular, we prove bounds on their smallest and largest singular
values. We are mostly interested in the spectrum of the k-anchor rectan-
gular Laplacian, since we can directly relate these to the magnitude of the
quantization errors in high-pass quantization.

The section has two parts. The first part, consisting of Subsec-
tions 5.4.1-5.4.3, bounds the norm of the error in high-pass quantization.
The goal of this part of the section is to prove Lemma 5.4.9 and Theo-
rem 5.4.11. Lemma 5.4.9 shows that the norm of the error is related to the
smallest singular value of the rectangular k-anchor Laplacian. How small
can this singular value be? Theorem 5.4.11 essentially shows that if every
vertex in the graph is reasonably close to an anchor, then this singular
value cannot be small. We prove Theorem 5.4.11 by first proving a simi-
lar bound on the smallest eigenvalue of the invertible k-anchor Laplacian
(in Theorem 5.4.3; this proof is complicated), and then showing how the
small singular value of the rectangular Laplacian is related to the small
eigenvalue of the invertible Laplacian.

2This definition of the k-anchor invertible Laplacian is different than the definition
given in [85]. The definition that we use here makes the analysis somewhat simpler.
The difference is irrelevant to both the algorithms and the analysis, since the k-anchor
invertible Laplacian is not used in actual mesh encoding; it is only used as a technical
tool in the analysis of the k-anchor rectangular Laplacian.
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The second part of the section consists of Subsection 5.4.4, which dis-
cusses the shape of the error.

5.4.1. The eigenvalues of L. In this subsection we show how to
bound from below the smallest eigenvalue of L. Bounding the small eigen-
value from below ensures that the transformation L satisfies condition (3)
in Section 5.3.1. 3

The largest eigenvalue Ap.x(L) is at most 2d .y + 1, where dpax is the
maximal degree in the mesh [24|. This bound is less important than the
lower bound on the small eigenvalue, since it only ensures that the norm
of the transformed coordinates is never much larger than the norm of the
absolute coordinates; in fact, we expect the transformed norm to be much
smaller. We include the bound for completeness, and also to show that
even when our quantization method is not very effective, it does not cause
much harm either. R

We first show that bounding the spectrum of L proves a lower bound
on the quantization error x — 2. The bound is similar to the analysis of
the quantization error in Section 5.3, but it is not identical. The difference,
which turns out to be quite minor, stems from the fact that we now quantize
an (n + k)-vector, not an n-vector.

LEMMA 5.4.1. The norm of the quantization error x — x’ resulting from
solving

is bounded by ||z — 2'||s < \/iAI;iln(f/)HQiAb .

PROOF. We add the quantization error ¢;, to the right-hand side of
Equation 5.3.1, and multiply both sides by J,

(5.4.1) JLx' = J(Lx +q;,) .
Because JLz' = La’, we can multiply both sides by L™! to obtain
o =LY (Le+q;,) =L YLe+Jg;,) = x=+ L g, ,
SO
lz = a'lla < 27|20l 12 llaz. |12 -

We now bound the first two factors in the right-hand-side product. Because
L is symmetric positive definite,

H[AJ_IHQ = AmaX([:_l) = 1/>‘min([3) = Ar;}n([:) :
By the definition of the 1 and infinity norms,
1713 < 1Ll =1-2=2,
which completes the proof. O
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This lemma shows that to preserve the bound on the norm of z — a/,
the quantization error g, , for the anchor points should be no larger than
the quantization error ¢qr, of the relative coordinates.

We now bound the smallest eigenvalue of L. We express the lower bound
in terms of a set of paths in the mesh. Given a set of anchor points, we
assign each vertex a path to an anchor point. The bound uses the following
three metrics of the set of paths.

DEFINITION 5.4.2. The dilation ¥ of the set of paths is the length,
in edges, of the longest path in the set. The congestion ¢ of the set is
the maximal number of paths that use a single edge in the mesh. The
contention o of the set is the maximal number of vertices whose paths
lead to a single anchor point. The maximum is taken over all vertices for
dilation, over all edges for congestion, and over all anchors for contention.

The smaller the dilation, congestion, and contention, the better the
bound on the small eigenvalue of L. Note that for a single set of anchor
points, we can assign many different sets of paths, some of which yield
tighter bounds than others. In addition, even the best set of paths does
not, in general, provide a completely tight bound. For more details, see [16].
But the dependence of the bound on the dilation, congestion and contention
does provide us with guidelines as to how to select the anchor points. The
next theorem is the main result of this subsection.

THEOREM 5.4.3. The smallest eigenvalue of L satisfies

- 1

We use the following strategy to prove this theorem. We will show
how to factor L into L = VVT. The eigenvalues of L are the squares of
the singular values of V, so it suffices to bound the small singular value
of V. The factor V will have a special structure, in which each column
corresponds to one edge of the mesh or to one anchor point. We will then
use the given set of paths from vertices to anchor points, to construct a
matrix W such that VIWW = I, and show how the norm of W is related
to the path structure. The equation VW = [ will allow us to relate the
2-norm of W, which we can bound using the path set, to the small singular
value of V', which we seek to bound.

The following definitions are used in the construction of the factor
V. For convenience, we repeat the definitions of edge-vectors and vertez-
vectors from Section 3.2.

DEFINITION 5.4.4. The edge-vector (ij) in R™ is a vector with exactly
two non-zeros, (i), ) = 1 and (i) ai ;) = —1- The vertez-vector (i)
in R” is a vector with exactly one non-zero, (i), = 1.
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We associate an edge-vector (ij) with an edge connecting vertex ¢ with
vertex j. The following lemma demonstrates one of the connection between
edges and their corresponding vectors.

LEMMA 5.4.5. The edge-vectors of a simple path between vertices i and
J span the edge-vector (ij) with coefficients £1.

The following lemma describes a factorization of k-anchor Laplacian
matrices:

LEMMA 5.4.6. A k-anchor Laplacian matrix L can be factored into L=
VVT, such that V = ( i VW ), where Vy is a matriz of unscaled edge-

vectors, each column corresponding to one non-zero off-diagonal in L, and
Vi is a matriz of vertex-vectors, each column corresponding to an anchor
point.

PROOF. For each off-diagonal nonzero I;; = —1 (each edge of the mesh),
V has a column containing the edge vector (ij), and for each anchor j, V'
has a vertex vector (j). The edge vectors constitute V5 and the vertex
vectors constitute Vi. It is easy to verify that L = VVT. For a more
detailed proof, see [13]. O

Given the above factorization, we bound the smallest singular value of
V. Our course of action in bounding the smallest singular value of V' is
as follows: we shall find a matrix W € R™*™ such that VW = I,,«,. As
the next lemma shows, the matrix G with the smallest 2-norm satisfying
VG = I,x, is the Moore-Penrose pseudo-inverse G = V' of V' |40, pages
257-258|. Therefore, any matrix W satisfying VW = I,,.,, has the property
W] > ||IVT||. We shall then find an upper bound C on [[W]. Since
C>|W| >Vt = m we will be able to conclude that oy (V) > 5.
We first prove a technical lemma concerning the pseudo-inverse (this result
is probably well-known, but we have not found it in the literature).

LEMMA 5.4.7. Let V' be a full-rank n-by-m real matriz, and let G be an
m-by-n real matriz such that VG = IL,xn. Then |G|, > ||V,

PROOF. The singular values of V*V are n ones and m — n zeros, so
its 2-norm is 1. We now show that for any x with unit 2-norm we have
|V*z|l, < ||Gxll,. Let ¢ = ||Gzl|,, and let y = Gz /¢, so ||y||, = 1. We have
Gz = cy, and multiplying V' from the left on both sides we get x = [x =
V Gz = cVy. Multiplying now from the left by V* we get Vtz = ¢V Vy,
so [VTally = [[eVTVyl, < c|[VTVyll, <c[[VIVILyll,=c-1-1=c=
Gl - O

We are now ready to bound the singular values of V.
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LEMMA 5.4.8. Given a k-anchor Laplacian L with a factorization into
edge and vertex vectors L = V'V as in Lemma 5.4.6, and a set of paths
Il ={m = (i,i1,09,...,J)|i =1,...,n and j is an anchor} ,

we have
1

Omin(v) Z .
Ve(IT) - (I1) + o(II)

PrOOF. Finding a matrix W satisfying VW = I, ., is equivalent to
finding a vector w;, for i = 1,...,n, such that Vw; = e;, where e; = (i) is
the 7th unit vector.

Let j; be the anchor endpoint of ;. It is easy to verify that

(ii) = (=)@ 3 (=)@ (0)

(1,02)€™;

(We use the convention that a boolean predicate such as (i > j) evaluates
to 1 if it is true and to 0 otherwise.) By Lemma 5.4.6, all the edge vectors
in the summation are columns of V. To obtain w;, it remains is to add or
subtract (j;), and perhaps to multiply by —1,

(i) = (=) (iji) + (i) -
The last two equations together specify w;, which contains only 1’s, —1’s,
and 0’s.

Now that we have found, column by column, a matrix W such that
VW = I,«,, we partition the rows of W such that

VW:WM)(%) :

The rows of W; correspond to the columns of V;, the vertex vectors in V,
and the rows of W5 corresponds to the columns of V5, the edge vectors in
V. We will bound the norm of W by bounding separately the norms of W,
and of Wy. We first bound ||[W,:

IWall; < WAl (Wl

= (m]aXZ |[Wl]ij|) (m?XZ |[W1]ij|>
= 1-o(I).

The 1-norm of W is one since there is exactly one nonzero in each column
of 7, in position j;, and its value is 1. The oco-norm of W} is the contention
of the path set, since each row of W; corresponds to one anchor point, and
it appears with value 1 in each path (column) that ends in it. Therefore,
each row in W; contains at most o(II) 1’s, and the other entries are all 0.
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Bounding ||W5||, is similar. Each row in W5 corresponds to one edge of
the mesh and each column to a path in II. Each edge is used in at most
@(II) paths, so ||W3||,, = ¢(II). Each path contains at most ¥(II) edges,
so ||[Wa||; = ¥(II). Therefore,

wi; = ngﬁ?lelelg
= max Wlx 2
lell=1 || Waz ||,
= e (IWrzll; + [Waz|3)

S max ||W1£U1||§—|— max HW2~’E2||§
s ll,=1 l2ll,=1

= W+ Wall;
< () J(II) + o(1I) .

The bound on ouyinevy follows immediately from the bound on ||[W{|, and
from the discussion preceding the statement of the lemma. O

Now we can conclude that )\min([:) > (p'191+g.
facts: (1) in a symmetric positive definite matrix the singular values are
the same as the eigenvectors, therefore Apin(L) = omin(L). (2) if L = VV7T
then the singular values of L are the squares of the singular values of V
(this follows directly from V’s SVD decomposition).

We can now easily prove Theorem 5.4.3:

This follows from two

PROOF. Apin(L) = omin(L) = 02:,(V) > —+. O

5.4.2. Bounding the quantization error using the singular val-
ues of L. We now show that if we define 2/ as the least-squares minimizer
of ||La’ — Lz + q;,]|2, the norm of the error z — 2’ can be bounded using
estimates on the singular values of L. The analysis below is equivalent to
the analysis in Lemma 5.4.1, but for the case of L, the k-anchor rectangu-
lar Laplacian rather than for the case of L, the square k-anchor invertible
Laplacian.

LEMMA 5.4.9. Let 2’ be the least-squares minimizer of | La’'— Lz +q; |-
The norm of the error x — ' is bounded by

lr = 'll2 < o (D)llaze 2

min

where amin(Z) denotes the nth and smallest singular value of L.
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~ PROOF. We express 2’ in terms of the Moore-Penrose pseudo-inverse
Lt of L,
Therefore,

lz = 2'll2 < L7 ll2llaz,ll2 = onia(L)llaz. 12 -
O

5.4.3. The singular values of L. The next step is to show that the
singular values of L cannot be much smaller than the smallest eigenvalue
of L. In fact, we show that they are at most a factor of V2 smaller.

The proof of Lemma 5.4.1 shows that the 2-norm of J is at most /2.
It is easy to show that the norm is, in fact, exactly v/2, and that all the
singular values of J are either 1 or /2. The next lemma shows that the
v/2 bound on the norm of J ensures that O'min(f/) > )\min(f/) /V2.

LEMMA 5.4.10. Let A, B, and C be matrices such that AB = C. Then
Umin(C)

Omax(A)

PROOF. Suppose for contradiction that

Omin(B) = € < 0in(C) /O max(A) .

Then there exist vectors x and y such that ||z||2 = ||| = 1 and Bz = ey.
(x and y are the right and left singular vectors corresponding to o (B).)
Therefore,

Umin(B) Z

|Czlls = ||ABz|y = [|Aey|l2 = €||Ayl> <
< €0max(A)||yll2 = €0max(A) < omin(C)

a contradiction. O
We can now prove the main theorem of this subsection.

THEOREM 5.4.11. R
~4 >\min L
Umin(L) Z A .
V2

PROOF. Since JL = L, by the previous lemma

- Oain(D)  omin(D) Amin(D)
Tl T vE Ve
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A Smooth Function and Its Quantization Spectrum of Quantlzatlon Errors
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FIGURE 5.4.1. The same mesh as in Figure 5.3.1, but with
an additional anchor point at vertex 86. The Laplacian here
is a 3-anchor invertible Laplacian with anchors at vertices
1, 86, and 114. The transformed quantization error is not
smooth at the anchor point, even though the vector z is
smooth there.

5.4.4. Singular vectors and the shape of the error. Why do we
propose to use a rectangular Laplacian rather than a square invertible one?
The reason lies in the shape of the quantization error that each method
generates. We have already seen that adding anchor points increases the
smallest singular value of both the invertible and the rectangular Lapla-
cians. Furthermore, in both cases the 2-norm of the error x — 2’ is bounded
by V2A;.k (L) ||z, |l,, exactly the same bound. (The actual errors will dif-
fer and the norms will most likely differ, since the bounds are not tight,
but the bounds we proved are exactly the same.) We have found, however,
that the shape of the error is visually better when we obtain the approx-
imation 2’ from the rectangular Laplacian. The main difference between
the two errors is that the rectangular approximation z’ is usually smooth
where x is smooth, but the invertible approximation is not. The invertible
approximation is almost always non-smooth at the anchors, where “spikes”
seem to always appear.

The crucial observation is that the k-anchor invertible Laplacian essen-
tially forces the error x — 2’ to zero at the anchors, and allows the error
to grow as we get farther and farther away from the anchor points. When
we obtain 2’ from solving a least-squares problem whose coefficient matrix
is L, 2’ can differ from z everywhere, including at the anchor points. This
allows 2’ to be smooth.
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A Smooth Function and Its Quantization Spectrum of Quantlzatlon Errors
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FIGURE 5.4.2. The same mesh as in Figures 5.3.1 and 5.4.1.
The Laplacian here is a 3-anchor rectangular Laplacian with
anchors at vertices 1, 86, and 114. The transformed quanti-
zation error is smooth at the anchor point.

Formalizing this explanation is hard and is beyond the scope of this
chapter. The error &’ — x consists, in both cases, mainly of the singular
vectors of L or L that correspond to the smallest singular values. If these
singular vectors are smooth, the error x — 2’ will be smooth, so z’ will
be smooth where x is smooth. Are these vectors smooth? The numerical
example in Figure 5.4.1 indicates that the relevant singular/eigen vectors
of L are not smooth. The ‘numerical example in Figure 5.4.2 indicates
that the singular vectors of L that correspond to small singular values are
smooth.

In this chapter we do not attempt to prove these statements about the
shape of the singular vectors. In general, the singular vectors of Laplacian
and Laplacian-like matrices have not been researched as much as the singu-
lar values. It is generally believed that the vectors corresponding to small
singular values are indeed smooth. This belief underlies important algo-
rithms such as multigrid [20] and spectral separators [76]. Some additional
progress towards an understanding of the relationships between the graph
and the eigenvectors of its Laplacian were made recently by Ben-Chen and
Gotsman |7]. On the other hand, there is also research that indicates that
these vectors are not always well-behaved [50].

We leave the full mathematical analysis of the shape of the errors as an
open problem in this chapter; the empirical evidence shown in [85] supports
our claim.
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5.5. The Effect of Anchor Points on Numerical Accuracy

So far we have analyzed the norm of the error assuming that z’
is the exact solution of La’ = J(Lx + ¢j,) or exact minimizer of

‘E:r’ — (Zas +qi,) H . Since we cannot determine z’ exactly using floating-
2

point arithmetic, what we actually obtain is an approximation x” to z'.
The total error x — 2” depends on both z — 2’ and 2’ — 2”. In this sec-
tion we analyze the numerical error 2’ — z”, and show that it too depends
primarily on the small singular values of the coefficient matrices L and L,
and hence on the anchor points. The results in this section rely on stan-
dard error bounds from numerical linear algebra. For details on these error
bounds, see for example [59] or [92]; the first reference is an encyclopedic
monograph, the second a readable textbook.

We assume that the approximation z” is obtained using a backward sta-
ble algorithm. For the invertible problem, this means that x” is the exact
solution of (L + 6L)z” = J(Lz + ¢;,), where 6L is a small perturbation
such that H5[3|| / HEH = O(€machine), Where €pachine is a small constant de-
pending on the floating-point arithmetic, about 1071¢ for double-precision
IEEE-754 arithmetic, which is now used on virtually all computers. For
the rectangular problem, backward stability means that z” is the exact
minimizer of (L + 6L)z" — (Lx + q;,,) for a similarly small perturbation.

Since L is a symmetric positive-definite matrix and since L is full rank,
most linear-equation solvers and most least-squares solvers are backward
stable when applied to them. This includes sparse direct Cholesky factor-
ization solvers for the square problem, sparse QR solvers for the rectangular
least-squares problem, and most iterative algorithms for these problems.

When we obtain an approximation z” using a backward stable algo-
rithm, the relative norm of the so-called forward error ' — z” is bounded
by the condition number r of the problem times €y.chine,

"o
(551) ||-T * || == O("femachine) .

]

For the invertible problem, the condition number is simply the condition
number of the coefficient matrix,

(5.5.2) Finy = || E|| |27

The norm in Equation (5.5.2) is the matrix norm induced by the vector
norm in Equation (5.5.1). When we use the 2-norm in Equations (5.5.2)
and (5.5.1), we have

Omax ([AJ)

Kiny =
inv in (L)
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The quantity O'max(f/) / O-min([:) is called the spectral condition number of L
and is denoted by @(ﬁ) or simply ko when the matrix is clear from the
context.

The condition number of least-squares problems is a little more compli-
cated. We denote by 6 the angle between the right-hand side (Lz+q) (here
q = q;,) and its projection into the column space of L. Since Lz is in this
column space, the size of tan 6 is roughly proportional to ||q||2/||Lz||, which
is proportional to how aggressive the quantization is. Therefore, tan 6 will
be usually small. We denote by n the quantity

_ |\I~/H~2||$H2 '
| L2

This quantity is bounded by 1 < n < k3(L). In our case, unfortunately, n
will not be large, because Lz contains some values of z, namely the anchors,
so its norm will not be much smaller than the norm of z. Given 6 and 7,
we can express the condition number of solving least squares problems,

- ko(L)?tand
Frect = F2(L) + — .,

In our case, ky(L) and ky(L) depend only on the small eigenvalue of L,
which we have already shown to be strongly influenced by the anchor points.
Since amax(z) = )\max([:) < 2dpmax + 1, where d,., is the maximal degree
of a vertex in the mesh, and since amax([:) < ﬂkmax(i), in both cases the
largest singular value is bounded by a small constant, so k(L) = O(A=L (L))

for both L’s.

~

THEOREM 5.5.1. Let A = Amin(L), € = €machine; and ¢ = q;,. The 2-
norm of the error x — x”, when x” is computed from the invertible Laplacian
using a backward-stable algorithm, is bounded by

lz = 2"ll2 < O lgll2 + A ellzll2 + A %¢llqll2) -

PROOF. By Lemma 5.4.9, ||2/||z = [|[2/ + 2 — z|js < ||l — 2|2 + ||z]]2 <
A Ylg|l2 + [|z]|2 - The inequality and the discussion preceding the theorem
yield

lo—als = llz—a +2 2],
< o =2+ fl2” = 2"l
< A Yqll2 + ||#" — 2”||2 by Lemma 5.4.9
< A gl —i—O(/ﬁ:Q(I:)eH:B’Hg)

A lgllz + O (A lgll2 + llz]l2))
A lglla + O ellzll2 + A 2ellgll2) -
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g

We now state the corresponding theorem for the least squares case. The
proof, which we omit, is identical except for the expression of the condition
number.

THEOREM 5.5.2. Let A = )\min([:), € = €machine; and ¢ = qj,. The
2-norm of the error x — x", when x” is computed from the rectangular
least-squares problem using a backward-stable algorithm, is bounded by

o= ol <O (Al + A elfal + 220l =2 g 4. X tontelal

A2 tan fe||x |2

le—al, < O(Xﬂmm+x4wﬂb+

A% tan 6
£l + 2ol )

One way of solving the least-squares problem is by constructing and
solving the so-called normal equations. This solution method relies on the
fact that the least-squares minimizer z’ is also the solution of the symmetric
positive-definite linear system L”Lz' = LT(Lz + q;,). Even when the
normal equations are solved using a backward-stable algorithm, the whole
algorithm is not backward stable with respect to the original least-squares
problem. The computed solution satisfies only
=0 ('%Q([z)gemachine> .

"

2" — 317,”2

[[27[]
Because the error bound is much larger in this case (and usually much larger
in practice), this method is usually not recommended. However, since in

our application we can control and estimate mg(z) by adding anchor points,
we can ensure that even the normal-equations forward error is acceptable.

5.6. Algorithmic issues and results

Two algorithmic problems arise in the high-pass quantization method:
the anchor-selection problem, and the linear least-squares problem. This
section explains how these issues can be addressed and shows some exper-
imental results.

5.6.1. Evaluating the bound on o,,;,,. In order to exploit the the-
oretical results presented in the previous section, we need an algorithm to
evaluate the lower bound on 0,,;,, the smallest singular value of L. Given a
set of anchor vertices {ay, as, ..., a; }, we are looking for some partition of all
the mesh vertices into k& subsets, such that we can define the values ¢, 9, o
(congestion, dilation and contention) reasonably. Since finding a partition
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FIGURE 5.6.1. Comparison of the congestion-dilation-
contention bound on o,,;, (see Theorem 5.4.11) with the ac-
tual value of 0,,;,. The x-axis shows the number of anchors
used.

that strictly maximizes the bound in Theorem 5.4.11 does not seem feasible,
we use the following heuristic. We simultaneously grow patches of vertices
around the anchors by running k-source BFS. This algorithm produces a
rather balanced partition that keeps the values of ¥ and p small. After the
partition has been computed, the calculation of ¥ and p is straightforward.
To compute ¢, we use the parent pointers stored for each vertex during the
BFS procedure. These pointers define the tree of paths from each vertex to
the root (source anchor vertex). Clearly, the most “loaded” edges are the
edges whose source vertex is the root. By counting the number of vertices
in the subtrees hanging on those edges, we obtain their edge loads, and
compute the maximum over all the k subsets.

We have compared the evaluation of the lower bound of o,,;, with the
real value of 0,,;, on moderately-sized meshes. The accurate value of 7,,;,
was computed in MATLAB. Figure 5.6.1 shows two representative graphs
summarizing this experiment. The horizontal axis in the graphs represents
the number of anchor rows present in L. We incrementally added random
anchor vertices and plotted the value of o,,;, and the lower bound. As can
be seen from these graphs, the bound differs from the real value by 1.5-2.5
orders of magnitude and behaves consistently with the real o,,;,,. We can
thus conclude that our theoretical bound is not too pessimistic and can be
used in practical algorithms for choosing the anchors, as discussed below.

5.6.2. Algorithms for placing anchor points. Sorkine et al. use
the following adaptive and greedy algorithm to select anchor points. They
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begin by placing one random anchor point and generating a 1-anchor rect-
angular Laplacian, denoted by L;. They then use this matrix to transform
the coordinates, quantize the J-coordinates, compute an approximation z/,
and compute the error x — 2. The second anchor is placed at the vertex
with the largest error, to yield Ly. These iterations continue either until a
satisfactory error is attained, or until a given number k of anchors is placed.

The advantage of this scheme is that it directly attempts to minimize
the reconstruction error, rather than its bound. However, the first iter-
ations of the greedy algorithm may compute ineffective anchors, since in
the beginning, only a few anchors are used, and the matrix L is thus ill-
conditioned. Therefore, the first reconstructed vectors x; will contain very
high errors.

The congestion-dilation-contention bounds that we present in this chap-
ter suggest another anchor-selection scheme, one that aims to maximize the
lower bound on o,,;,. This scheme can be u§ed to select enough effective
anchors to ensure reasonable conditioning of L, and more anchors can then
be added using the previous greedy algorithm.

As mentioned above, it is hard to strictly maximize the bound on o,,;,.
To choose anchors so as to make the bound expression larger, we again
propose a heuristic method. It selects the anchors one by one while mini-
mizing the value of ¥. The method operates as follows. We start with one
randomly chosen anchor and compute its edge-distance from all the other
vertices in the mesh by running BFS. The furthest vertex is chosen as the
next anchor, and we proceed in the same manner. In the i-th iteration, we
have a set of 7 anchor vertices; we run ¢-source BFS from these vertices to
find the vertex that achieves the longest edge distance from an anchor (the
value of 7). This vertex is assigned as the (i + 1)-th anchor. The procedure
stops when we reach a large enough value of the bound or after a prescribed
number of steps. It should be noted that actually there is no need to run
the complete i-source BFS in every step. It is enough to run (partial) BFS
from the last chosen anchor in order to update the distances. The front
propagation of the BFS procedure stops whenever we meet a vertex whose
old distance value is smaller than the distance that would be assigned by
the current BFS.

Figure 5.6.2 shows some steps of the above anchor-selection algorithm
on the Feline model. The anchors are well-spaced, which is favorable for
the congestion-dilation-contention bound. The graph in Figure 5.6.2 plots
the reconstruction max-norm as function of the number of anchors. The
red line denotes the values for anchors chosen with the bound-maximizing
scheme, while the blue line represents the greedy scheme used in [85].
As expected, the greedy scheme produces somewhat smaller errors since
it operates directly to minimize the max-norm error. However, on larger
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FIGURE 5.6.2. Anchors on the Feline model chosen by the
bound-driven algorithm. The first three images display
stages of the incremental anchor selection procedure. The
even spacing of the anchors increases the lower bound on
Omin- The graph compares the L reconstruction error for
anchors chosen with the greedy scheme as in [85] (in red)
and the bound-driven scheme (in blue), when using the same
level of d-coordinates quantization (6 bits/coordinate).

meshes, the error bound minimization scheme gives an initial set of anchors
to make L well-conditioned and thus provides a good starting point for the
greedy algorithm. Moreover, this scheme is much faster since it does not
require reconstruction of the Cartesian coordinates at each iteration.
After the anchor placement strategy has been fixed, the shape of the
mesh reconstructed with the high-pass quantization technique depends
mainly on two factors: the level of d-coordinates quantization and the
amount of anchors. The Cartesian coordinates of the anchors should be
mildly quantized to preserve accuracy. Adding anchors to the representa-
tion is “cheap”™ if B is the number of bits per coordinate (typically, between
12-14), then a single anchor requires 3B + log(n) bits (log(n) bits for the
index of the anchor vertex). As suggested by the theoretical bounds in The-
orems 5.4.3 and 5.4.11, we can keep the condition number of the system
(and hence the L? error) constant by ensuring that the dilation, congestion,
and contention are bounded by a constant. When the number of anchors
is a constant fraction p of the number of mesh vertices n, the dilation,
congestion, and contention are usually bounded by a constant or grow very
slowly with n. As discussed in [85], for visually acceptable value of L?
error, p is rather small, up to 1%. This is due to the fact that the vi-
sual quality is more affected by the change of high-frequency details (e.g.
surface normals or the surface local smoothness properties), rather than
global low-frequency errors. Adding anchors to a fixed d-quantization only
helps to make the low-frequency error smaller, but almost does not effect
the high-frequency error. On the other hand, adding more bit planes to
the d-coordinates significantly reduces the high-frequency error, as well as
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the low-frequency error (see the ||g;,|l2 component of the L? error bound
in Lemma 5.4.9). However, this is more expensive since adding a single bit
per 0-coordinate requires addition of n bits to the representation (prior to
entropy-coding).

The visual tables in Figures 5.7.1 and 5.7.2 demonstrate the effect of
adding anchors versus adding bits to the d-coordinates. Each row in the
tables displays reconstructed models with varying number of anchors, for
a fixed d-quantization level. As can be seen in the figures, the surface
smoothness properties vary in different rows, but not columns, while the
surface general “pose” (affected by low-frequency error) decreases both in
the rows (top to bottom, as more bits are added to the §-coordinates) and
in the columns (left to right, as more anchors are added). This is also
supported numerically by the values of the S, and M, errors (see [85]). In
all the experiments, fixed quantization of 12 bits/coordinate was applied
to the positions of the anchor vertices. The file sizes given below each
reconstruction were obtained by arithmetic encoding of the quantized 6-
coordinates and the anchors.

It is important to note that state-of-the-art geometry encoding meth-
ods, such as the wavelet compression [66], employ zerotree encoding with a
clever bit allocation scheme that adapts to the local surface shape. We be-
lieve that adaptive encoding will benefit our geometry encoding scheme as
well; currently, we uniformly quantize the d-coordinates of the entire mesh
and encode them with a standard arithmetic encoder, which does not fully
exploit the specific nature of the data. This rather naive compression is ob-
viously not optimal, as supported by the statistics in Table 5.6.3, where we
compare the file sizes of the models compressed by our method with those
of [66]. However, in contrast to [52, 66| and others, our method does not
require any remeshing. It would be appropriate to compare our method
with the spectral compression of [63], since the latter method also preserves
the original mesh connectivity, but currently, it is infeasible to apply this
method to meshes with more than a few thousands of vertices, because it
requires computing the eigenvectors of the mesh Laplacian matrix on both
the encoder and the decoder side.

5.6.3. Solving least-squares problems. Decompressing a mesh
function in the high-pass quantization method requires solving a linear
least-squares problem. Sorkine et al. discussed this important algorithmic
issue only briefly. To allow the reader a broader perspective on this issue,
we survey here state-of-the-art least-square solvers. We briefly mention
some key algorithms, provide some sample performance data, and explain
how the quantization and compression methods can be tailored to ensure
fast decompression. For a more complete discussion of algorithms for sparse
linear least-squares problems, see Bjorck’s monograph [11].
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Number | Relative wavelet | Relative highpass
Model | of vertices | filesize (%) filesize (%)
Rabbit | 107,522 0.354 0.895
Bunny | 118,206 0.429 0.662
Horse 112,642 0.321 0.457
Venus 198,658 0.336 0.543
Feline | 258,046 0.389 0.790

FIGURE 5.6.3. Comparison between our geometry encoding
and the wavelet encoder of |[66]|. The file sizes are displayed
in percents, relative to the uncompressed mesh geometry.
The models were compressed by both methods with approx-
imately the same visual error in the order of 107, so that
the compressed mesh is indistinguishable from the original.

Sparse least-squares solvers fall into two categories, direct and iterative.
Most direct solvers factor the coefficient matrix L into a product of an
orthonormal matrix ) and an upper triangular matrix R, L = QR. Once

the factorization is computed, the minimizer & of HZQZ — bH is found by
2

solving the triangular linear system of equations Rz = Q0. This algorithm
is backward stable. The matrix R is typically very sparse, although not as
sparse as L; it is represented explicitly in such algorithms. In particular,
since in our case the meshes are almost planar graphs and have small vertex
separators, R is guaranteed to remain sparse [39]. The matrix @ is not as
sparse, but it is has a sparse representation as a product of elementary
orthogonal factors [36, 38]. To reduce the work and storage required for
the factorization, the columns of the input matrix L are usually reordered
prior to the factorization [18, 27, 37, 56].

Another class of direct solvers, which is normally considered numerically
unstable, uses a triangular factorization of the coefficient matrix LTL of
the so-called normal equations. Once triangular factor R is found (it is
mathematically the same R as in the L = QR factorization), the minimizer
is found by solving two triangular linear systems of equations, RT (R%) =
LTh. This procedure is faster than the QR procedure, but produces less
accurate solutions, because solving the normal equations is not backward
stable. However, the accuracy of the solutions depends on the condition
number of L (ratio of extreme singular values), and as we have shown in
Section 5.5, the matrix L is well-conditioned thanks to the anchors, so in
this case solving the normal-equations problem yields accurate solutions.

The running times and storage requirements of direct solvers can be
further reduced by cutting the mesh into patches, as proposed by Karni
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and Gotsman 63|, and solving on each patch separately. All the boundary
vertices are then considered anchors, to ensure that the solutions on differ-
ent patches are consistent. We believe that this optimization would usually
be unnecessary, and that problems involving entire meshes can be solved
efficiently, but we mention it as a way of handling extremely large cases.
Note that to ensure that the patches are consistent, the k-anchor invert-
ible Laplacian would need to be used here, not the k-anchor rectangular
Laplacian.

In all direct methods, the factorization is computed once and used to
solve for multiple mesh functions. Most of the time is spent in comput-
ing the factorization, and the cost of solving for a minimizer is negligible.
Therefore, the cost of decompression using these methods is almost in-
dependent of the number of mesh functions (z, y, z, and perhaps other
information, such as color).

Direct methods are fast. Table 5.6.4 records the solution times for the
models used in our experiments. The table shows the time to decompose
the coefficient matrix of the normal equations into its triangular factors,
and the subsequent solution time for one mesh function. For example,
computing the triangular factorization of the horse, a model with 19,851
vertices, took 0.9 seconds on a 2.4 GHz Pentium 4 computer, and solving
for a single mesh function took 0.032 seconds once the factorization has
been computed. The linear solver that we used for these experiments is
TAUCS version 2.2 [90], which uses internally two additional libraries, AT-
LAS version 3.4.1 [95] and METIS version 4.0 [64]. TAUCS and METIS were
compiled using the Intel C/C++ compiler version 7.1 for Linux, and AT-
LAS was compiled using GCC version 2.95.2. The options to the compilers
included optimization options (-O3) and Pentium-4-specific instructions (-
xW for the Intel compiler and inlined assembly language in ATLAS). For
additional performance evaluations of TAUCS, see |78, 61|. We did not have
a code of similar performance for computing the sparse QR factorization,
but we estimate that it should be about 4-6 times slower.

Even though direct methods are fast, their running times usually scale
superlinearly with the size of the mesh. Iterative least-squares solvers,
which do not factor the coefficient matrix, sometimes scale better than
direct methods. Perhaps the most widely-used least-squares iterative solver
is LSQR, which is based on a Krylov bidiagonalization procedure |74, 75|.
Other popular solvers include CGLS, a conjugate-gradients algorithm for
solving the normal equations [12, 32|, and CRAIG, an error-minimization
bidiagonalization procedure [26]; see also [75, 82].

The convergence of these methods depends on the distribution of the
singular values of the coefficient matrix L, as well as on the initial ap-
proximation. In our case L is always well-conditioned, so we can expect
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Number of | Factorization | Solving

Model vertices (sec.) (sec.)
FEight 2,718 0.085 0.004
Twirl 5,201 0.098 0.006
Horse 19,851 0.900 0.032
Fanduisk 20,111 1.091 0.040
Camel 39,074 2.096 0.073
Venus 50,002 3.402 0.112
Maz Planck | 100,086 7.713 0.240

FIGURE 5.6.4. Running times of solving the linear least-
squares systems for the different models. Most time is spent
on the factorization of the coefficient matrix, which can be
done during the transmission of the d-coordinates. Solving
for a single mesh function (z, y or z) takes only a negligible
amount of time (see rightmost column). The experimental
setup is described in the text.

reasonably rapid convergence. Furthermore, the decoder knows the values
of the mesh function at the anchor vertices. By interpolating these val-
ues at non-anchor vertices, the decoder can quickly produce a good initial
approximation (note, however, that even at the anchor points, the known
values of the original mesh function need not coincide with the values of
the least-squares minimizer).

The iterative methods mentioned above can be accelerated by using a
preconditioner, (informally, an approximate inverse of L). The relationship
of our coefficient matrix L to a graph Laplacian can probably be exploited
when constructing a preconditioner, since highly effective preconditioners
have been discovered for Laplacians. The most important classes of such
preconditioners are algebraic multigrid preconditioners [19], incomplete
Cholesky preconditioners [53, 72|, and more recently, support precondi-
tioners [16, 21, 93|. For further information about iterative solvers and
preconditioning, see |4, 6, 11, 81].

5.7. Conclusions

In this chapter, we have shown that it is possible to rigorously bound
the error in a lossy compression method for three-dimensional meshes.
The chapter focuses on one particular compression method, that presented
by [85], but our analysis technique is probably applicable to a range of
methods using similar matrices. In particular, our analysis also sheds light
on the errors in a more recent compression method [84], in which the en-
coder does not send the d-coordinates to the decoder at all, only the anchor
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vertices. It is also useful for analyzing Laplacian-based mesh editing tech-
niques [71].

Our analysis bounds the total error generated by high-pass quantiza-
tion, both the quantization component of the error and the rounding com-
ponent. In other words, it accounts for the fact that the decoder uses
floating-point arithmetic to reconstruct the mesh. On the other hand, our
analysis does not cover the shape of the errors. Empirical results show that
the error is smooth, and therefore visually acceptable; these results are con-
sistent with other applications of the small eigenvectors of Laplacians.

Our analysis yields an error bound that is easy to compute, as we have
shown in Section 5.6.1. This leads to two algorithmic benefits, in addition
to the insight on why high-pass quantization works. First, it can be used
by an encoder to quickly encode a mesh to a prescribed error bound. That
is, the encoder can quantize the coordinates and then add anchors until
the computed error bound drops below a prescribed threshold. Since our
error bound is not tight, the actual error will usually be smaller than that
prescribed. The encoding might not be as economical as possible, but it
will be produced quickly and it will satisfy the prescribed error bound.
Second, the computed bound can drive the anchor selection algorithm, as
shown in Section 5.6.1.

We have used three algebraic techniques to prove our error bound. Two
of them are quite novel. Our bound on the small eigenvalue of an invertible
Laplacian is a relatively standard application of an area of combinatorial
matrix theory called support theory, but the technique of separating of W
into W7 and W5 is new. The main algebraic novelty in the chapter lies in the
application of support theory to the analysis of the spectrum of rectangular
matrices. The analysis of the rounding error is relatively straightforward.

Our research raises a number of interesting open problems for future
research.

(1) Can one rigorously analyze the behavior of the eigenvectors of the
Laplacian of 3D meshes? Our method works because for a vector
x of mesh coordinates, ||Lxz| tends to be much smaller than ||z]|.
This happens because most of the energy of = is concentrated in
the subspace of R" that is spanned by the eigenvectors of L that
correspond to small eigenvalues. But does this always happen?
The answer depends on the relationship between the eigenvectors
of the Laplacian and typical mesh-coordinate vectors. Ben-Chen
and Gotsman |7]| have done the first step towards resolving this
question. They have shown that under certain probabilistic as-
sumptions on the shape of 3D meshes, most of the energy of the
mesh-coordinate vectors indeed lies in the subspaces spanned by
the small eigenvectors. Another analysis, done by Guattery and
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Miller [50] in a different context, may provide another perspective
on the issue.

Our bound on the small singular values of k-anchor Laplacian uses
a maximal congestion-dilation-contention metric on an embedding
of paths from all the vertices to the anchors. It is probably pos-
sible to derive other computable bounds that might sometimes be
tighter, such as a bound that depends on average dilation of this
embedding.

Can one solve the least-squares problems that arise in our method
in time linear or almost linear in the size of the mesh? We
have demonstrated reasonably small running times even for large
meshes, but our solution method scales superlinearly. It would
be useful to find solution methods with better scaling. Alge-
braic multigrid methods can almost certainly solve the invert-
ible k-anchor Laplacian equations in O(n) work. We are not
yet sure whether algebraic multigrid methods can also effec-
tively solve the least-squares problem arising from the rectan-
gular Laplacian. Another direction might be an iterative solver,
such as LSQR or CGLS, coupled with an effective preconditioner.
In particular, it would be interesting to know whether graph-
theoretical preconditioners, such as support-tree [41, 42| and
support-graph [9, 13, 88, 93| preconditioners can be adapted to
this problem.

Could weighted Laplacian matrices work better than unweighted
Laplacians? What is the best tradeoff between the quality of
the compression and the number of bits needed to represent the
weights of the weighted Laplacian?
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FIGURE 5.7.1. Visual table of quantization results for the
Twirl model (5201 vertices). See text for details.
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FIGURE 5.7.2. Visual table of quantization results for the
Camel model (39074 vertices). See text for details.
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Quantization of Delta Coordinates, 4 Anchors
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Quantization of Cartesian Coordinates
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