Computer assisted proof of optimal approximability results
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Abstract 3-SAT and a% + ¢ ratio for MAX 3-CSP are both NP-hard

. . . tasks. In [KZ97] and [Zwi98] it was shown that the validity

We obtain computer assisted proofs of several spherical vgl-, ", 1 . . o
. . } : ... Of the £ and 3 conjectures would follow if certain inequal-
ume inequalities that appear in the analysis of sem|defln¥te 8 2

. L ; ities involving spherical volumes could be shown to hold.
programming based approximation algorithms for Boole

) . . ; L However, no proof of these inequalities was presented. In
constraint satisfaction problems. These inequalities |mpIy,[ 97], a mostly analytic proof of one of these inequalities
particular, that the performance ratio achieved by the MA '

3-SAT approximation algorithm of Karloff and Zwick is in.vas given. This was sufficient to show that the performance

deedg, as conjectured by them, and that the performanrcaet;O of the MAX 3-SAT algorithm orsatisfiableinstances

ratio of the MAX 3-CSP algorithm of the author is indegd IS Here we use much more sophisticated techniques to ob-

Other results are also implied. The computer assisted proto Q computer assisted proofsaif the inequalities required

; ; : 10 prove thel and? conjectures, and some other claims.
are obtained using a system callR&ALSEARCH, written P 8 2 )
by the author. This system usigerval arithmeticto pro- We believe that the results contained in this paper are im-
ducerigorous proofghat certain collections of constraints irportant for the following reasons. First, they provide the

real variables haveoreal solution. first rigorous proofs of the results claimed (or conjectured)
in [KZ97] and [Zwi98]. The techniques used to obtain these
1 Introduction proofs arenot simple extensions of ideas used in [KZ97]

» o and [Zwi98]. Although the obtained proofs are computer
Goemans and Williamson [GW95] used semidefinite pr@ssisted, some nontrivial analytical arguments are needed

gramming to obtain &.87856-approximation algorithm for 15 transform the claims to be proved into claims that could
the MAX CUT problem. Karloff and Zwick [KZ97] used e yerified automatically. Further complications result from
extensions of their ideas to obtain an approximation alg@e non-elementary nature of the spherical volume function.
rithm for MAX 3-SAT with a conjecturedperformance ra- second, we hope that the methodology used to obtain the
tio of ¢. The author [Zwi98] used further extensions ofomputer assisted proofs, and the software tool developed,
these ideas to obtain an approximation algorithm for MA¥e REALSEARCH system, would be useful in other situa-
3-CSP with a conjectured performance ratio;of (An in-  tions encountered in the analysis of algorithms. Although
stance of MAX 3-CSP is composed of an arbitrary colleghe inequalities considered in this paper all involve spheri-
tion of constraints each involving at most three Boolean vagia| yolumes, similar techniques could be used in other situa-
ables. In a MAX 3-SAT instance, each constraint requirggng. Third, the ideas used in the desigrnREALSEARCH

the disjunction of up to three literals to evaluate to trufaye some interesting theoretical consequences that may be
The goal in both cases is to find a Boolean assignmentsqnterest in their own right.

the variables that maximizes the number, or weight, of the
satisfied constraints.) What makes the conjectured perfbRere are by now some well known examples of computer
mance ratios for the MAX 3-SAT and MAX 3-CSP probassisted proofs. Perhaps the most famous example of this
lems especially interesting is that they completely mat&id is the proof of thefour color theoremby Appel and
inapproximability results obtained for these problems Wjaken [AH77, AHK77]. (A simpler, more recent, proof
Hastad [Has97]. Hastad’s ground breaking results follow aRy Robertsoret al. [RSST97] is also computer-assisted.)
equally impressive sequence of works on Probabilisticallj?e four color problem is aiscreteproblem. Even more
Checkable Proofs (PCP’s) by Feigeal. [FGLT96], Arora relevantto our results are, the recent proof by Hales [Hal97a,
and Safra [AS98], Arorat al. [ALM T98], Bellareet al. Hal97b, Hal98, Hal00] of Kepler's conjecture, his proof of
[BGS98], Raz [Raz98], and others. It follows frondstad’s the honeycomb conjecture [HalO1], the proof by Hales and
results that, for any > 0, obtaining aZ + ¢ ratio for MAX McLaughlin [HM98] of the dodecahedral conjecture, the
proof by Hass and Schlafly [HSOO] of the double bubble
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Israel. E-mail addresgwick@tau.ac.il . This research as supportec® Claim regarding hyperbolic 3-manifolds. All these claims
by THE ISRAEL SCIENCE FOUNDATION (grant no. 246/01). arecontinuousn nature and their computer-assisted proofs,



like our proofs, usénterval arithmeticin an essential way. 2 Our results and their relation to other results

Interval arithmetic (see, e.g., Hansen [Han92]) iigarous There is by now a large collection of papers, by many au-
method of carrying out computations involving real numbetisors, that use semidefinite programming to obtain improved
with an automatic monitoring ddll the numerical errors in- approximation algorithms for various combinatorial opti-
volved. The result of a computation carried out using intemization problems. This section explains the relation of the
val arithmetic is not a single number, but rather an intervasults obtained here to these previously available papers.

that isguaranteedo contain the correct answer, in spite o, gemans and Williamson [GWO5] were the first to use
all the numerical errors that may occur in the computatiQemidefinite programming to obtain an improved ap-
that is carried out using the inherently inexfloaiting point proximation algorithms.  They obtained an 0.87856-
arithmetic. The floating point arithmetic used should, @‘pproximaﬂon algorithm for the MAX CUT and MAX 2-
course, satisfy some basic requirements. In his proof of Keat propblems, and an 0.79607-approximation algorithm
pler's conjecture, Hales [Hal98] relies, for example, on thgy the MAX DI-CUT problem. Goemans and Williamson
strict conformity of the processor that executes his ‘proq&wgy)] use purely analytical techniques to prove their re-
to the IEEE-754 floating point standard [ANS85] (see alggts.

Goldberg [Gol91], Kahan [Kah96b],[Kah96a] and OVertoEeige and Goemans [FG95] presented improved approxi-

[Ove01]). Almost all the commercially available processors . algorithms for the MAX 2-SAT and MAX DI-CUT

do conform to the IEEE-754 standard. Our proofs rely On(i)blems. They claim that the approximation ratios achieved

. . . : [
even weaker assumptions. Further discussion of this pqin X .
and of interval arithmetic, floating point arithmetic and trclg these algorithms are 0.931 and 0.859, respectively. The

. X . analysis of these algorithms turns out to be much more diffi-
exact assumptions that we make is deferred to Sections X - .
: Cult than the analysis of the original algorithms of Goemans
and 6 and to the full version of the papér. The broader .. S
: . - and Williamson [GW95]. Some of the complications result
guestion of how computer assisted proofs should be viewe . : L
rom the use ofrotation functions The approximation ra-

by math.emat|c_|ans and by computer scientists is briefly dﬂso's of the new algorithms are thglobal minima of con-
cussed in Section 7.

strained non-linear minimization problemsthreereal vari-
The rest of the paper is organized as follows. In the neattles. Feige and Goemans [FG95] were not able to produce
section we discuss the relation of the results reported heealitional analytical proofs that the global minima of these
to previously available results.  In Section 3 we presegmtoblems are indeed at least 0.931 and 0.859, respectively.
the spherical volume inequalities that have to be provedThbey based their claims on what might be calfednerical
establish the results of [KZ97] and [Zwi98]. In Section 4vidence

we sketch the partially computer assisted proof of the m@si|off and Zwick [KZ97] used extensions of these tech-
difficult of these inequalities. We show the_re, in p_arti_CLItﬁqueS to obtain an approximation algorithm witkc@njec-
lar, how to reduce the task of proving the inequality infQred approximation ratio of.. (Note the question mark in
the task of proving a claim that can be verified automatie title of the paper.) Although the approximation algorithm
cally usingREALSEARCH. (The reader may want to skipjtself is very simple, and no rotation function is used in the
Section 4 at first reading.) In Section 5 we very briefl,ynding phase, the analysis of this algorithm is much harder
sketch the simple, yet powerful, ideas on which interv@an that of all the previous algorithms. The increased dif-
arithmetic is based. In Section 6 we briefly describe gty results from the fact that the approximation ratio of
REALSEARCH system. REALSEARCH is written in C++. the algorithm is now the global minimum of a constrained
The complete source code BfEALSEARCH can be down- minimization problem irsix variables, and not just three as
loaded fromhttp://www.cs.tau.ac.il"zwick/ before. Furthermore, the objective function of this minimiza-
RealSearch.html . The reader is encouraged to dowrtion problem is defined in terms of the volume function of
load the code and read it carefully, as it forms part of t'%%herical tetrahedraa fairly complicated, and probably non-
proof.) We end .in Segtion 7 with some co_ncluding remaf@?ementary, function. Karloff and Zwick [KZ97] giveu-
and a general discussion of computer assisted proofs.  merical evidencehat shows that the ratio of their algorithm
is % but give no rigorous proof. They do give, however,
an almost complete proof of a weaker claim that the perfor-
~TWe note in passing that it is not too difficult to implement the basf@@nce ratio of their algorithm i§ on satisfiableinstances.
floating point operations in software, using only integer arithmetic, in a waynis proof is mostly analytic but does rely at one point on
that would conform to the IEEE-754 standard. (See, e.g., Hauser [Hau98R)culations carried out in Mathematica. (See discussion of
This‘ Would_ remove the reliance on the hardware implementation of Hj§jg point in Section 4_)
floating point arithmetic, but would lengthen the code that would have to . . . .
be checked as part of the proof. None of the authors cited above thou@WiCK [Zwi98] used further extensions of these techniques
that this was necessary. to obtain approximation algorithms for many constraint sat-



isfaction problems that involving at most three variables p&tobSol and Numerica, at least not directly, to obtain a proof
constraint. Among the results obtained i§-approximation of theg and% conjectures, due to several reasons. To begin
algorithm for MAX 3-CSP. The results of [Zwi98] werewith, spherical volumes are not contained in the repertoire of
again based onumerical evidence these systems. Even if they were, such systems, in general,

There is an important qualitative difference between tf@N Only producéoundson the global minimum. Thus, it
results of [KZ97] and [Zwi98] and the other results. The May have been possible to use such a system to show that
ratio for MAX 3-SAT, and the} ratio for MAX 3-CSP, the approximation ratio of the MAX 3-SAT algorithm of

if they are indeed obtained, amptimal as follows from [KZ97]is, say, at least 0.8749, but not to show that iis
results of Hastad [His97]. It may not be too importantF'”a"y' the correctness of a proof that the ratio is at least, say,
to know whether the approximation ratio of the MAX 20-8749 would depend on the correctness of the system used.
SAT algorithm of Feige and Goemans is indeed 0.931, §foPS0l, for example, is a huge system that employs very
perhaps, due to some numerical errors it is only 0.930. sfphisticated (rigorous) numerical techniques. Although the
is veryimportant, in our opinion, to know whether the rati§OUrce code of GlobSol is freely available, checking it for
achieved for MAX 3-SAT is indeed, and not, say(.8749. correctness is an extremely difficult task. Numerica, on the
If the ratio achieved by the algorithm of [KZ97] is les@ther hand, is a commercial product and its source code is
than I, then either an improved approximation algorith/iot even available for inspection. Furthermore, there are

could be obtained, or a better inapproximability result couR®mMe further technical reasons why systems like GlobSol
be obtained. and Numerica could not be used directly in the analysis of

MAX 3-SAT and MAX 3-CSP algorithm. Due to lack of
pnfortunately, all attempts maQe so far to produce an analg Jace. we cannot elaborate on this here.
ical proof of theg conjecture failed. These attempts seem t
indicate that a complete proof of the conjecture would hadvick [Zwi00] uses GlobSol to analyze, and slightly opti-
to consider a very large number of different cases, each dvize, the MAX 2-SAT and MAX DI-CUT approximation
responding to a different region of the constrained minimizalgorithms of Feige and Goemans. The claims of Feige and
tion problem. Even if such a complete proof is obtained, §oemans are thus verified, at least if we are willing to trust
seems that the technical details of this proof would not prglobSol. Note that as the approximation ratios for MAX 2-
vide any significant insight on the nature of the MAX 3-SABAT and MAX DI-CUT are not expected to be ‘nice’ (e.g.,
problem. Nevertheless, a proof should be obtained, if w&fional) numbers, we are only interested, in any case, in
want to put the question of the approximability threshold &funds on them. The optimization problems to be solved
the MAX 3-SAT problem to rest. It is very natural, thereforeggjo not involve spherical volumes. And, as the determination
to try to prove the conjecture usirmgitomated means of the exact ratios obtained by the MAX 2-SAT and MAX
QI-CUT algorithms is not as important as determining the
ratios obtained by the MAX 3-SAT and MAX 3-CSP algo-
rithms of [KZ97] and [Zwi98], we may be willing to accept,
at least for the time being, the reliance of the correctness of
the analysis on the correctness of GlobSol.

As mentioned, proving that the ratio achieved by the MA
3-SAT algorithm of [KZ97] is indee(%, amounts to show-
ing that theglobal minima of a complicated non-linear con
strained minimization problem in six real variable%isVar-
ious numerical techniques could be usedrtoto find this
global minima. (See, e.g., the optimization toolbox of MaSo, how can we produce checkable, rigorous proofs, of
lab [Mat96].) Most of these techniques, however, are at besé g and  conjectures? We suggest here the following
guaranteed to findocal minima. Also, most of them areapproach. We would first employ analytical arguments to
subject to numerical errors. The term “numerical evidencgsduce the% and § conjectures into claims that certain
used above usually refers to the use of such non-rigor@gfiections of constraints in real variables haw@feasible
techniques. solution. Preferably, the constraints of these collections

An area of research Ca"edgorous g|oba| Optimization should not involve Spherical volumes. We would then use
(see, e.g., Hansen [Han92], Horst and Pardalos [HP95]pi§omated means to show that these collections of real
devoted to obtainingigorous bounds on global minima. constraints are indeed contradictory and have no solution.

One of the main tools used to achieve this objective 1§ ghow that the obtained collection of real constraints are
interval arithmetic There are even some general purpog@niradictory, i.e., have no real solution, we develop a sys-
software packages that try to rigorously solve constrainggh, calledREALSEARCH. Although REALSEARCH was
non-linear minimization probl'ems. Two of these are GlobS@}itten especially for this purpose, it is a fairly general sys-
[Kea96],[CK99] and Numerica [VMD97],[Van98].  (Weem that could hopefully be used elsewhere. The main design
note that systems like Mathematica, Matlab, Maplendod cyiterion of REALSEARCH wassimplicity. REALSEARCH
provide global optimization tools.) uses, therefore, very naive techniques that are easily verified
Unfortunately, we cannot use general purpose systems kil is very concise, only several hundred lines of C++ code.



It is, therefore, feasible to redEALSEARCH, and verify INEQUALITY 3.2.
its correctness, as part of checking the proofs of@twd%

conjectures. Vol(Ao1, Ao2; A2, Aoz, A13, A2s)
2 7T2
Using a combination of analytical means and' 33 (cos Ao1 + cos Aoz + cos Aoz + cos A1z) < T
REALSEARCH, we produce here rigorous proofs of whenever
the results contained in [KZ97] and [Zwi98]. There are, €os \g1 + oS Mgz + cos Aoz + cos A\ja < 0
however, by now, some further results whose verification is €08 Mgz + oS Aja — oS Aoz — cos Aiz < 0
even harder than the verification of t@eand% conjectures. oS o1 + €OS Aag — oS A\ga — cos A1z < 0
The analysis of the MAX 4-SAT approximation algorithm
of Halperin and Zwick [HZ99], for example, involves a
complicated constrained non-linear minimization problefNequaLITY 3.3.
in 10 real variables. Even more difficult would be the
rigorous analysis of the MAX NAE SAT algorithm of Vol(Mo1, Aoz, A2, Aogs A1z, Aas)
Zwick [Zwi99], and the MAX SAT algorithm of Asano T 2
and Williamson [AWO0OQ] that is based on it. Though it +§ - (cos A1 + cos Aoz + cos Ag3) > r}
should be possible, in principle, to analyze these algorithms whenever
using the techniques and tools developed here, it would €08 Agg — COS Ags + €OS Agy — o8 Az > 0
involve a lot of work. As there is no reason to believe €08 Mgy — €OS Ags + OS Agg — €OS A1s >0
that these results are best possible (indeed, it is probably . o Aoz — €08 Aqs + COS Ags — COS Aqg >0
possible to improve these results, at least slightly, using the N
RPR rounding technique introduced recently by Feige and
Langberg [FLO1]), it is not clear that this would be WortrpNEQUALITY 3.4
the effort at this stage.
Vol(o1, Aoz, A2, Aoz, A13, A2s) — %()\01 + Aoz + Ao3)
. . .. 2
3 Spherical volume inequalities 7§(>\12 + s + Aog) > 75%

— . whenever
For the definition of spherical volumes, and for an ex-

planation as to why they appear in the analysis of €O8 Ag1 — €08 Az = COS A2 — COS A13
semidefinite programming based approximation algorithms, = cosA\g3 —cos Az < 0
see [KZ97],[Zwi98]. In all the following inequalities we as-

sume that(Ag1, A2, A2, Ao3, A\13, A2g) is @ valid sequence

of dihedral angles, SO thatol()\m, )\027 )\12, )\03, /\13, /\23)
is well defined. In all the following inequali-
ties, equality holds at(%Z,Z,Z,Z,Z %), and for In-

272727227272

equality 3.2 also at(w,w,w,m, 7, ), but at no other
and that

point. (Note thatVol(Z,, = = = 1) —

Vol(m, 7,70, 70,7, 7) = m2.)

INEQUALITY 3.1.

7T2

]!

Inequality 3.1, on its own, implies that the performance
ratio of the MAX 3-SAT algorithm of [KZ97] orsatisfiable
instances of the problem i%. Inequalities 3.1 and 3.2
together imply that the performance ratio of this algorithm
for all instances i%. (As mentioned in [Zwi99], the MAX
3-SAT algorithm of [KZ97] is in fact a MAX NAE-4-SAT
algorithm, and inequalities 3.1 and 3.2 imply that it achieves
a performance ratio o§ on all instances of that problem.)
Inequality 3.3 implies that the performance ratio of the MAX
3-CSP algorithm of [Zwi98] is}. Finally, Inequality 3.4
corresponds to the most difficult case in the proof that
a second MAX 3-CSP approximation algorithm given in

72 [Zwi98] achieves a performance ratio cgf on satisfiable
Vol(Ao1, Aoz, Arz, dos, A1z, Aas) < instances of the problem. The other inequalities required
whenever would appear in the full version of the paper.
€O8 Ag1 + €08 Aoz + €08 Ao3 + cos Az > 0 All attempts made so far to prove these inequalities using
€o8 Ag1 + €08 Agz + COS Aoz + cos Az > 0 purely analytic tools failed. The difficulties encountered
€0S A\g2 + €os A13 + cos A\g3 + cos A1g > 0

would be explained in the full version of the paper. We
resort, therefore, as discussed in the previous section, to a
combination of analytic and computer assisted means.



4 Proof of Inequality 3.2 We also have:

We outline here the proof of Inequality 3.2. The proofs of t
other volume inequalities are similar in natdréhe proof
uses a combination of analytic and automated means.

I_nequallty 32 is _equwalent to a_constramed MINIMIZ&ei5 follows by noticing that when the first inequality con-
tion pr(.)bllem havmg four constraints.  The func,;t|on tgtraint is tight, Inequality 3.2 becomes a special case of In-
be minimized 'SF()‘017>‘027>‘127/\0§v/\13’)‘23) = ’§ — equality 3.1, which is already assumed to hold. (A complete
Vol(Ao1, Aoz, A1z, Aoz, A13, A2g) — - - (cos Ag1 +cos A2z +  proof of Inequality 3.1 would also appear in the full version
cos A\g3 + cos )\12). Three of the constraints are linear inef the paper.)

equality constraints in cosines of the dihedral angles. THg finish the proof, it is enough to show that Inequality 3.2
fourth is the requirement thadfo1, Aoz, A2, Aos; A3, A23)  holds at alllocal minimaof the function F(Aor, Aoz, A1,

be a valid sequence of dihedral angles. Boundary cases@le \ . \,;) (defined above) that ar@mot degenerate,
obtained, therefore, when one, or more, of the inequalfyg at which the first inequality constraint it tight.
constraints are tight, or whefh\o1, Aoz, A12, Aos; A13, A23)  (We may also assume that the conditions of Lemmas 4.2
is on the boundary of the region of valid dihedral angles. §hd 4.3 are not satisfied.) Using the Fritz-John necessary
the latter case, we say th@to, Aoz, A2, Aos, A3, A23) IS @ conditions (see, e.g., Bertsekas [Ber99]), we get that if

degenerate sequence of dihedral angles. (This correspqnds Ao, A12, Ao, A13, A23) is such a point, then there exist
to the case in which the VeCtOZl7§, V1,V2,U3 of the semidef- U, U1, U Z 0, not all zero, such that:

inite programming relaxation are linearly dependent.) This

l]_eEMMA 4.4. Inequality 3.2 holds when the first inequality
constraint is tight.

includes, in particular, cases in whidl; = 0, or \;; = , [ 0y — 7 sin Aoy | 0
forsomed <i < j <3 0 .
- J =9 0oz —sin Ago
Our proof relies, among other things, on the following simple f15 — 7% gin Aia $in Aqo
bounds on the spherical volume function. A proof of the  uo 0 71:’2 . + u i\
lemma would appear in the full version of the paper. 03 ™ 716 S A03 Sin Aos
913 —sin )\13
LEMMA 4.1. For every valid sequence of dihedral angles | 023 — % sin Agg | | 0 |
we have:
T sin )\01 0
5(/\01 + Aoz + A1z + Aoz — 2m) —sin Ag2 0
0 0
< Vol(Ao1, Aoz, A12, Aos, A13, Ae3) + Uz 0 =19l
™
< =(Xo1 + Aoz + Aoz — 7). —sin A3 0
2 .
S )\23 0
Relying on Lemma 4.1 it is not difficult to prove, analyti-
cally, the following two lemmas. The detailed proofs woul@nd such that
again appear in the full version of the paper. 1 (cos Aog + cos A1z — cos Ag2 — cos A3) = 0,
us(cos Ag1 + €cos Aoz — €COS Aga — COS A =0.
LEMMA 4.2. Inequality 3.2 holds when 2( o 2 02 13)
Ao1; A1z, Aog; Aoz > m — 48, In other words,u; > 0 if and only if the second in-
_ equality constraint is tight, and, > 0 if and only if the
LEMMA 4.3. Inequality 3.2 holds whenthird inequality constraint is tight. The vector multiplied

(Aot Aoz; A12, Aos; A1z, A23) is a degenerate sequence. by u, in the equation above is (twice) the gradient of the
function F()\Olv Ao2, A12, Ao3s A13, )\23). The partial deriva-
’The proof of Inequality 3.1 is somewhat simpler. It igives of Vol(Ao1, Aoz, A12, Aoz, A13, A23) are computed using
sketched in the extended version of [KZ97] available frongchRfli's formula (see [SCh58],[KZ97]). The vectors multi-

http://www.cs.tau.ac.il/ ~zwick/papers/max3sat- - . .
extended.ps.gz . Almost all cases there could be handled analyticall ,IIEd byu1 andu are the gradlents of the second and third

but computer assistance is still needed at one point. In fact, it is posstigduality C_OnStraintS- Note that eag}) is a rather compli-
to object to the proof given in [KZ97] as it relies, at that point, on &ated function of all the\;;’s (see, e.qg., [KZ97]). Although
computation carried out in Mathematica. Mathematica computations ($hese expressions are complicated, they(ntcbnvolve spher-

[Wol99]), even if carried out using a large working precision, a® jcal volumes. SO some progress was made.
guaranteed to be correct. An alternative proof of Inequality 3.1 that relies .
on REALSEARCH, whichiis guaranteed to be correct, would appear in t®S (Mo1, Aoz, A12, Aoz, A13, A23) IS not degenerate, we get

full version of this paper. thatsin \;; # 0, for0 < ¢ < j < 3. As not all theu;’s



can be 0, it is easy to check that we must haye> 0. By may occur when some of thg;;'s are 0. The statement
normalizing, we may assume that = 1. It is also easy to of the lemma should be interpreted as follows: there is no
check thatu; > 0 orus > 0, or both. (Ao1, Aoz, A12, Aos, A13, A2g) for which all the expressions

There are three separate cases nowu(i)> 0 andu, = 0; aPpearing in the lemma are well defined, and for which all
(i) u; = 0 andus > 0; and (iii) u; > 0 anduy > 0. In the specified constraints are satisfied.
case (i), the second inequality constraint is tight, in (ii), th&

SN R . ) . n important point to note here is that is that the spherical
third in tight, and in (iif) both are tight. _Cases M .z.a.nq ("). arYolume function does not appear explicitly in the constraints
analogous. We deal here with case (i). Case (iii) is simil

o K 8f Lemma 4.5. Still the collection of constraints is quite
and would be dealt with in the full version. complicated, and it does not seem to be an easy task to show
To finish the proof in case (i) it is enough to show that Ifhat it has no solution. We are, however, able to obtain a com-
equality 3.2 holds at all the solutions of Fritz-John equatiopgter assisted proof of Lemma 4.5 USIREALSEARCH.
given above. Using the simple bounds on the volume givgRis completes the handling of case (i). Case (i), as we
in Lemma 4.1, itis not difficult to check that this would folsajd, is almost identical. Case (i) is dealt with in a similar
low from the following lemma: manner. The details would again appear in the full version

of the paper. The completes the (sketch) of the proof of In-
LEMMA 4.5. The following set of constraints has no reagquality 3.2.

solution:
Oo1 O3 T o2 _ b3 5 Interval arithmetic
sin /\01 sin )\23 16 ’ sin )\()2 sin )\13 ’
015 013 003 013 T2 How can an automated system lIREALSEARCH produce
S s | SinAa  sings | s 16 a rigorous mathematical proof of Lemma 4.5? The most

important technique that makes this possibleinterval
5 (Xo1 + Aoz + Aoz — ) arithmetic a technique that we briefly explain here. For

+% - (cos Aot + cos Az + cos Agg + cos Agz) > %2 . a more thorough treatment of interval arithmetic see, e.g.,
. Hansen [Han92].
F(Ao1 + A2+ Az —7)
+% . (cos Ao1 + €oS A\12 + €cos Aoz + cos )\03) > % . Almost all computers use floating point numbers to approx-
T (Moa + Atz + Aog — 7) imate real number;. No.t all real numbers are exactly rep-
2 2\402 T AL T A23 . resentable as floating point numbers. Furthermore, even if
+755 - (cos Aot +cos Az + cos Aoz +coshoz) > %, andy are exactly representable, their sury, for example,
not to mention expressions likgz or sin y, may not be ex-
Aor < — %—ﬁ or \jg <7 — ;—fr or actly representable as a floating point number. Thus even the
16 16 most basic operations on floating point numbers inevitably
Aog ST grordgy Sm—gp introduce numerical errors.
1 —cosAgy —COSAg2 — COS A2 The simple solution prescribed by interval arithmetic to this
— o8 Aot 1 —coshos —coshiz [ g predicament is to approximate each real number nairigy
— oS Ag2  — COS A3 1 —coshyy | = floating point number, but rather o of them. A real
—COoSAj2 —COSAi3 — COSAas 1 numberz is approximated by an intervdk,,z,], where
xo < x < x1, and wherexy andzx; are exactly representable
€os A\p1 + €oS Aag + cos Aoz + cos A2 < 0 as floating point numbers. I is exactly representable
coSs A\g3 + CoS A2 — cos A\g2 — cos A3 = 0, itself, we may takers = x; = x. All operations are now
€oS Ag1 + €os Ag3 — cos Agg —cos A3 < 0, performed on intervals, not on single numbers. The addition
0'< Mot Moz, Mo Aos, Ats. Ao < 71 of two intervals is defined as follows:
Some explanations are in order. First, note that in the above [z0, 21] + [yo, 91] = [zo +wo, 71+ 0],

conditions, the);;'s are functions of the\;;'s (see [KZ97]),

and not independent variables. Second, note that somavbérez, + yo is an exactly representable number that sat-
the expressions appearing in the statement of the lemmaisfieszo + yo < xo + yo, andz; + y; is an exactly repre-
not defined for certain values of theg;’s. For examplef;; sentable number that satisfies+ v, > =1 +y;. If possible,
may not be defined ifAo1, Aoz, A12, Aos, A13, A23) IS Not a we would letz + yo be the largest floating point number
valid sequence of dihedral angles. Similarly, division by €atisfyingzq + yo < xo + 3o, but this is not a firm require-




ment. Similarly, we let especially for the current paper, we hope that it would find
further uses. It is based, of course, on interval arithmetic
_ [0, 21] - [yo. 1] = and it contains, therefore, an implementation of an interval
[ min{zo - yo, @0 - y1, %1 - Yo, T1 - Y1}, class. Many implementations of interval classes are already
available. Nevertheless, we felt it necessary to implement
our own class. The main objectives in the design of our
Subtraction and division of intervals can be defined incass werdransparency we wanted to make it as easy as
similar manner. (Division by an interval that contains O gossible to verify the correctness of the implementation, and
either not allowed, causing the computation to abort, orpbrtability, we wanted the class, arfREALSEARCH, to
returns the intervgl-oo, +00].) compile and work correctly on almost any combination of

In a similar way we can also define interval extensions of tké* compiler and machine architecture. We also wanted
elementary functions such as sgity, cos, arccos, etc. If f {0 make as few assumptions as possible on the underlying
is a real function, therf([zo, 21]) = {f(z) | 7o < z < 21 }. floating point arithmetic of the processor used.

An interval functionF' is said to be an interval extensiofiREALSEARCH is a very general, yet very naive, tool. It is
of f if and only if for every intervalzy, ;] in the domain designed tdry to rigorously verify claims like:

of f we havef([xo,z1]) C F([zo,z1]). More details on

how interval arithmetic can actually be implemented can be NoO (z1,%2,...,2,), Wherea; < x; < b;, for

found, e.g., in [Han92]. It is explained there, in particular, 1 <i < n, satisfies all the following conditions:

how numbers likexy + yo and z; + y; can be correctly

produced using standard floating point arithmetic, and how fi(zr, 22,0 20) 20,

rigorous interval extensions of functions likeccos can be fa(@r, 22,0 20) 2 00t fy(21, 22, 2n) 2 0
obtained.

The fundamental property of interval arithmetic is that.F)h functions fi (1, ), fales, @ 2») and
result obtained by evaluating a real expression using inte aﬁ N xl) hlérez’a'r.é’ sgy’ e2|emlént2a7r.3} functions de
H i~ H L1y L2y.v.ydn ' ' -
arlth_metlc |sguaranteedto be corr.ect, in the sense th ined using the basic arithmetic operations, the trigonomet-
the interval obtained as a result is guaranteed to cont?&nand inverse triqonometric functions. eREALSEARCH
the correct result, even if it is not an exactly representalglleeS 0 verify suc% claims but it is1ot ’uaranteed 0 SUC-
real number. The result obtained by such as evaluation IS ; . 9 s
; eed, even if the claim is true. (Indeed, the task of verifying
not always sharp, however, as the interval returned may be ; )
. : A . Lo ﬁuch claims may not be recursively enumerable.) There are,
quite wide. This is the major drawback of using mterv%

. X ) owever, some cases in Whi®EALSEARCH is guaranteed
arithmetic. For more on the subject, see Hansen [Han92].
to succeed. And, proofs produced REALSEARCH are al-

The use interval arithmetic is especially convenient whgpys correct.
using an object oriented programming language like C%EALSEARCH works in the following way. It letsX; —
(see Stroustrup [Str97]) that suppoudperator overload- [59 b, Xo = [as, bo] X, = [a b.} (For 1sim
H H H H 1,091, 2 = 2,02y o v ey n - nyvnjl- -
'&g ) /si(r?&r;if*i:;s(fo)r example,lf 6)1( g;:; e;[;);ez?l?n Ellkplicity, we assumed here that the's andb;'s are exactly
y y Lo y a yp representable. If not, they are replaced dyyand b;, for
double , then the expression is computed using double pre_ .~ n.) It then evaluated’; — F,(X,, X X,)
cision floating point arithmetic. If, howevex andy are . —~ ' =" g T AL B2y Ang

. . . <5< i i i ,
variables of the clasmterval that is used to represent]cor 1 < j < k whereF; is the interval extension of;

intervals, and if the operators * and/, and the functions obtained by evaluating the expression definfjgusing in-

. . .~ terval arithmetic. IfY; < 0, i.e., if Y7 contains only negative
sin andcos are overloaded to perform interval extensions : S o

. C numbers, or ifYs < 0 andY3; < 0, etc., the claim is verified!
of these operations, then the same expression is evaluated us-

ing interval arithmetic. If, for examples holds the interval Of course, this very naive attempt to verify the claim would
[1, 2], andy holds the interval0, 1], we obtain, using a smallusually fail. If it does,REALSEARCH uses the divide and
number of inexact floating point operatiomigorous lower Cconquer technique. It chooses an indext < i < n,
and upper bounds on the global minimum and global mag&i9- the one for which; — a; is maximized, and breaks;

mum of the functior(z +y)/ sin z + z cos y in the rectangle iNto two smaller intervals(; = [a;, (a; + b:)/2] and X’ =
[1,2] x [0, 1]. [(a; +b;)/2,b;]. Note that the two intervals may slightly

overlap, but they always cover the original intervg). It
then tries to verify recursively the two corresponding sub-
claims. This process may eventually terminate, thereby
REALSEARCH is designed tary to rigorously verify claims succeeding in verifying the original claim, or may run for
like the one appearing in Lemma 4.5. Though it was writt@ver. (REALSEARCH is instructed, of course, to give up

max{To - Yo, To - Y1, 21 - Yo, T1 Y1} | -

6 REALSEARCH



after a certain amount of time, or at a certain depth of the make it easier to verify its correctness. The source code
recursion.) of REALSEARCH, and of the specific procedures used to

We did not specify exactly, up till now, the exact form Oyerify Le_mma 4.5 and the other required lemmas, shou_ld
the claims thatREALSEARCH can try to verify. This is be considered as part of our proofs. (They are all avail-

becauseREALSEARCH may try to verify any claim that @0l€ from http://www.cs.tau.ac.il”"zwick/

can be expressed in C++! More specifically, the ‘inpuﬁeaISearch.html . We encourage the reader to read and
to REALSEARCH is composed of: (iy. — the number of X€Cute them.)

variables; (ii) The bounds; andb;, for 1 < i < n; (i) But, are these really proofs? A typical computer assisted
a C++ procedure, written by the user REALSEARCH, Proof, like ours, is essentially composed of two steps. The
that accepts a vector of intervals and returns ‘true’ if andfirst step says something like: “Here is program P. If pro-
only if the procedure succeeded in automatically verifyirgfam P, when executed by an abstract computer, outputs
the sub-claim corresponding to the intervals passed to it¥dsS, then the theoremis true, because ...". The second step
arguments. Usually, the user’s procedure just tries to ver§fgys something like: “I ran program P and it said YES!”, or
the sub-claim naively using interval arithmetic, but the us@ore specifically: “I compiled program P using compiler A,

is free to use more sophisticated means. The correctnesdnster operating system B, and ran it on processor C, again
the proof produced depends, of course, on the correctnesgrsier operating system B. It said YES!”.

the procedure supplied by the user. The first step is a conventional mathematical proof. It simply

REALSEARCH, therefore, is quite a simple system. [Rrgues that a certain program has certain properties. Such
supplies the user with a rigorous implementation of inten/jguments are common in computer science. Anyone who
arithmetic, and it handles the divide and conquer process $§i€cts to this step of the proof should find a flaw, or a gap,
her. All the rest is up to the user. This simplicity make8 the arguments made.

REALSEARCH a very flexible tool. A complete descriptionThe second step is more problematic. It is certaimby a

of REALSEARCH would appear in the full version of theproof in the conventional mathematical sense of the word.
paper. Many things can go wrong here. Program P may not have

One technical point that should be explained, to give tREEN compiled correctly by compiler A. Or, due to some bug
reader a full understanding of hoREALSEARCH should N OPerating system B, the program did not run as intended.

be rigorously used, is the following. The computationor' processor C may suffer from a design flaw that causes an

of an interval extension of an expression may sometiffieOTeCt execution of the program, or perhaps the specific
involve ill-behaved operations like dividing by an intervaf'©¢€sS0r :Jsed has a srf]]orlt.-lfl?chwt sor?ewhrt]ere, alnd S0 on.
that contains 0, or taking a root of an interval of negati\Ha'S p_O_SS|b € to reduce t € likell ood o suc prob ems by
numbers. It is the users responsibility to deal correct%f’mp'"ng the program using several different compilers,

with such situations. One correct way of dealing witAnd running it on different processors. But, while we
a situation like this is to abandon the evaluation of tFBaY eventually be able to produce mathematical correctness

expression in which the situation occurred and to assud ggfs fofr (;]ompners, opera_ltmg syster:ns, and th(ladhardwakrje
that the constraint in which this expression appeaay be esign of the processors, it seems that we would never be

satisfied by a point in the considered box. In some cases, I@Q@ to produ_ce a math_e_matlcal pr°9f that no hardware fault
drastic actions may also be justified. occurred during a specific computation.

As can be SeerREALSEARCH is very naive. Yet, it is ex- What we can do, is instruct the computer executing pro-

tremely powerful REALSEARCH, with an appropriate userdram P to print a trace of the execution. This trace is a

. - athematical proof, though perhaps a not so inspiring one.
supplied procedure, verifies the correctness of Lemma 4, ke any mathematical proof it should be checked carefull
less than a minute, checking about 500,000 sub-claims in i y P y

e
process. The relation @ EALSEARCH to existing rigorous .

Mmake sure that it is correct. In many cases, however, this
global optimization tools such as GlobSol [Kea96],[CK9djs

not humanly possibl&.The main problem with computer
and Numerica [VMD97],[Van98] would be discussed in th.? sisted proofs, therefore, is that they are usuallyidog.
full version of this paper.

hey are also, in most cases, less insightful than conven-
tional proofs. (A separate discussion, that we cannot enter
here, can focus on whether computer assisted proofs are less,
7 Concluding remarks or more, trustworthy than conventional proofs.)

We obtained computer assisted proofs of frend’ conjec-
P P % 2 ) 3We note in passing that PCPs may come to the rescue here, though,

tures of [KZ97] and [Zwi98]. The proofs were obtained WIﬂi"n principle, the same problems remain, and the use of randomness in the

the help OfREALSEARCH, a simple, yet powerful, toql- verification of proofs is in itself a deviation from the traditional notion of a
REALSEARCH was deliberately kept as simple as possiblgrpof.
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A Floating-point arithmetic and the IEEE standard Also, (£0)/(£0) = NaN, but1/(4+0) = +o0, 1/(—0) =

We shortly sketch here the features of the IEEE-754 stan-s" All these definitions follow the usual mathematical

dard of floating point arithmetic that are most important f(_tg:ronventlons. Every numerical operation involviniaNre-

o urns aNaN
our purposes. A complete description of the standard ap- ] ) ) ) )
pears in [ANS85]. For further explanations of the standaﬂmplemem'”g correctly rounded floatm_g.pomt arithmetic, as
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ers for variables of typdouble . Each 64-bit floating point in Which these obstacles are overcome would be described in

number is composed of: (i) a sign bit; (i) an 11-bit exponerifie full version of the paper.



