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Abstract In paper we describe a successful applications of the wavelet transforms
to still image compression. The wavelet transforms were designed by
the usage of discrete interpolatory splines. These filters outperform the
traditional biorthogonal 9/7 filters which are frequenty used in wavelet
based compression. The new filters and the biorthogonal 9/7 are incor-
porated into SPIHT in order to measure and compare their performance
with one well known codec.
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Introduction
The three fundamental building blocks of compression systems, are

transformation (such as Discrete Cosine Transform, wavelets), quanti-
zation (SQ, UTQ, etc.), and symbol modeling and encoding (Huffman,
and arithmetic). In this paper we present new wavelet based filters
which have good performance for still image compression and outper-
forms the traditional biorthogonal 9/7 filters which are frequenty used
in wavelet based compression. The new filters and the biorthogonal 9/7
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are incorporated into SPIHT [34] in order to measure and compare their
performance with one well known codec.

0.1. Wavelet Based Image Coders
Wavelet transforms provide very good energy compaction: the trans-

form decreases the correlation between the transformed coefficients. Even
though the correlation between wavelet coefficients across scale is very
small, the coefficients are not independent (there is no contradiction,
since the probability density function of wavelet coefficients of natural
image are not Gaussian). In fact, a visual inspection of the wavelet co-
efficients of an image will reveal that there are still coherent structures
in the higher frequency bands. Furthermore these structures have a self
similar structure across the different subbands.

While the wavelet coders are based on the wavelet decomposition and
its multiresolution, the JPEG is based on 8×8 windowed Fourier trans-
form. Therefore, JPEG ignores correlations among pixels over larger
areas. This causes “blocking” effect in deep compression. Also, while
the DCT-based image coders perform very well at moderate bit rates, at
higher compression ratios image quality degrades because of the artifacts
resulting from the block-based DCT scheme. Wavelet-based coding on
the other hand provides substantial improvement in picture quality at
low bit rates. Because of the inherent multiresolution nature, wavelet-
based coders facilitate progressive transmission of images thereby allow-
ing variable bit rates.

Over the past few years, a variety of novel and sophisticated wavelet-
based image coding schemes have been developed. A family of al-
gorithms, known as zerotree coders, exploit both the inter-band self-
similarity, as well as the intraband coherent structure, and the depen-
dencies across subbands. These include wavelet codecs ([2, 5, 6, 24, 3]),
Embedded Zero Tree Wavelet (EZW) [36], Set Partitioning in Hierar-
chical Trees (SPIHT) [34], which uses the 9-7 biorthogonal filters [21],
instead of the 9 tap filters of [1]), Space-Frequency Quantization for
Wavelet Image Coding (SFQ) [44], which addresses the problem of how
spatial quantization modes and standard scalar quantization can be ap-
plied in a jointly optimal fashion in an image coder, Efficient Pre-Coding
Techniques for Wavelet-Based Image Compression (PACC) [29], intro-
duces a coding method using a fast wavelet transform and an uniform
quantizer combined with a framework of preceding techniques which
are based on the concepts of partitioning, aggregation and conditional
coding- PACC. Following these concepts, the data object emerging from
the quantizer is first partitioned into different subsources. Parts of cor-



Image compression using spline based wavelet transforms 3

relations within and between different subsources are then captured by
aggregating homogeneous elements into data structures like run-length
codes or zerotrees), EQ[28], (Image Coding Based on Mixture Modeling
of Wavelet Coefficients and a Fast Estimation-Quantization Framework
introduces an image compression paradigm that combines compression
efficiency with speed, and is based on an independent “infinite” mix-
ture model which accurately captures the space-frequency characteri-
zation of the wavelet image representation), Morphological Represen-
tation of Wavelet Data (MRWD) [35], (presents both an experimental
study of the statistics of wavelet data, as well as the design of two differ-
ent morphology-based coding algorithms, that make use of these statis-
tics), SLCCA[12], (Significance-Linked Connected Component Analy-
sis for Wavelet Image Coding, is a wavelet image coder which extends
MRWD by exploiting both within-subband clustering of significant co-
efficients and cross-subband dependency in significant fields), Context
Based (C/B)[16], (Context-Based Entropy Coding for Lossy Wavelet
Image Compression which is an adaptive image coding algorithm based
on backward adaptive quantization-classification techniques using a sim-
ple uniform scalar quantizer to quantize the image subbands), OC [26],
Optimal Classification in Subband Coding of Images investigates various
classification techniques, applied to subband coding of images, as a way
of exploiting the non-stationary nature of image subbands), CREW[13],
EPWIC[14], EBCOT[38], (Scalable Image Compression which is based
on independent Embedded Block Coding with Optimized Truncation of
the embedded bit-streams, which identifies some of the major contri-
butions of the algorithm. The EBCOT algorithm [38] uses a wavelet
transform to generate the subband coefficients which are then quantized
and coded. Although the usual dyadic wavelet decomposition is typi-
cal, other “packet” decompositions are also supported and occasionally
preferable), SR([39]), Image Coding using Adaptive Wavelets[41] (the
wavelet filter should be chosen adaptively depending on the statistical
nature of image being coded), Second Generation Image Coding[24],
Image Coding using Wavelet Packets ([4, 19]), (larger libraries of wave-
forms which have been developed in order to describe long oscillatory
patterns. The selected collection of patterns is called the “best basis”.
It is demonstrated that, despite this difficulty, the freedom to choose an
adapted basis remains an enormous advantage), Wavelet Image Coding
using VQ ([3]), and Lossless Image Compression using Integer Lifting
[15], and hybrid codec that combine wavelet and waveletpacket [10] or
any other combination.

The emerging standard, called JPEG-2000 [46], is being developed in
two parts and is based upon wavelet decomposition. Combined with
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powerful quantization and encoding strategies such as embedded quan-
tization and context based arithmetic coding, the use of wavelets in
JPEG-2000 provides the potential for numerous advantages over the ex-
isting JPEG standard. Performance gains include improved compression
efficiency at low bit rates or for large images, while new functionalities
include multi-resolution representation, SNR scalability and embedded
bit stream architecture, lossy to lossless progression, region-of-interest
(ROI) coding, and a rich file format, random access and processing of
separate parts of picture, robustness to bit errors, open architecture,
content based description and interface with MPEG-4 [47].

0.2. Usage of splines for wavelet design
By now two ways were pursued for the construction of wavelet schemes

via the usage of splines. One is to construct orthogonal and semi-
orthogonal wavelets in the spline spaces (Battle-Lemarié [11, 27], Chui-
Wang [17], Unser-Aldroubi-Eden [40]), Zheludev [45]. Another way was
introduced by Cohen, Daubechies and Feauveau [20] who constructed
symmetric compactly supported spline wavelets whose duals, remaining
compactly supported and symmetric, do not belong to a spline space.
However, since the introduction of the lifting scheme for the design of
wavelet transforms [37], a new way was opened to use splines as a tool
for devising a full discrete scheme of wavelet transforms.

The basic lifting scheme for wavelet transform of a discrete -time
signal x consists of three steps:

Split – The signal is split into even and odd subarrays: s = {s(k) =
x(2k)}, d = {d(k) = x(2k + 1)}, k ∈ Z.

Predict - Some linear combinations of terms of the even array s are
used to predict the odd array d . Then, the array d is redefined as
the difference between the existing array and the predicted one. If
the predictor is chosen correctly, this step decorrelates the signal
and reveals its high-frequency component.

Update – To eliminate aliasing, which appears while downsampling
the original signal x into s and, by this means, to obtain the low-
frequency component of the signal, the even array is updated using
the new odd array.

The newly produced even and odd subarrays are the coefficients of
one decomposition step of a wavelet transform s (low-frequency) and
d (high-frequency). The inverse transform is implemented in a reverse
order. The transform generates biorthogonal wavelet bases for the signal
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space. The specifics of the transform and its generated wavelets are
determined by the choice of the predicting and updating aggregates.

In the construction by Donoho [23], which later was modified by
Sweldens [37], an odd sample is predicted from a polynomial interpo-
lation of neighboring even samples. Wavelets, which were generated by
these transforms, are symmetric and compactly supported. Since the
transform is interpolating, it operates immediately on the samples of
the signal. However, these wavelet transforms are not efficient in appli-
cations.

New opportunities for design of wavelet transforms become available
by usage of splines instead of polynomials as the predicting and updating
aggregates in the lifting schemes.

Continuous interpolatory splines. The interpolatory spline of
odd order 2m − 1 (even degree) with equidistant nodes possesses a re-
markable property of super-convergence in the midpoints of the intervals
between grid points k/N [43]. In these points it approximates the smooth
function f with an accuracy of N−2m whereas the global approximation
accuracy is N−(2m−1). Thus we build the spline of an odd order 2m− 1
which interpolates the even samples of the signal x and predict the odd
samples by the values of the spline in the midpoints of the intervals be-
tween the grid points. The prediction is exact on the polynomials of
degrees up to 2m. This leads to the decomposition wavelets with 2m+1
vanishing moments. To supply the reconstruction wavelets with similar
property, the even array can be updated by adding the values in the
midpoints between the grid points of the spline, which interpolates the
new odd samples (divided by two). The order of the update spline may
differ from the order of the spline, which was employed for prediction.
This scheme is described in our paper [9].

Discrete interpolatory splines. Another option is to use the
discrete rather than continuous interpolatory splines. We describe the
discrete splines construction in [7, 8]. In this case explicit formulas
for the transforms with any number of vanishing moments are estab-
lished. Moreover, our investigation revealed an interesting relation be-
tween the discrete splines and the Butterworth filters commonly used
in signal processing. The filter banks, which are used in our scheme,
comprise filters which act as a bi-directional half-band Butterworth fil-
ters. The frequency response of Butterworth filters are maximally flat
and we succeeded in construction of the dual filters with similar prop-
erty. Unlike the construction in [23], the designed transforms are using
causal and anti-causal linear phase filters with infinite impulse response
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(IIR). However , the transfer functions of the employed filters are ratio-
nal. Therefore, filtering can be performed in a recursive manner. We
established explicit formulas which enable fast cascade or parallel imple-
mentation. The boundaries are handled using symmetric extensions of
the signals. The one-pass Butterworth filters were used already for de-
vising orthogonal non-symmetric wavelets [25]. The computations there
were conducted in time domain using recursive filtering. A scheme using
recursive filters for the construction of biorthogonal symmetric wavelets
was presented in [32], [30].

In the present paper we describe application of the wavelet transforms
designed with usage of the discrete interpolatory splines to image com-
pression. Details of construction and proofs of formulated propositions
can be found in [8]. The rest of the paper is organized as follows. In
Section 1 we recall the notion and outline necessary properties of the
z-transform, Butterworth filters and interpolatory discrete splines. In
Section 2 we introduce a family of biorthogonal wavelet-type transforms
of discrete-time signals, which we construct through lifting steps. In
Section 3 we interpret devised scheme as a transformation of the signals
by a filter bank that possesses the perfect reconstruction properties. We
reveal relation of this filter bank to Butterworth filters. In Section 3.2
we discuss choosing the control filter which is used in the update step.
In Section 4 we describe recursive implementation of the transforms.
We present general formulas which allow fast cascade or parallel imple-
mentation of transforms of any order. Then we give examples of most
practical filters. The perfect reconstruction filter banks, that were con-
structed in previous sections, are associated with the biorthogonal pairs
of of wavelet-type bases in the space of discrete-time signals. We de-
scribe these bases in Section 5. In Section 6 we explain one multiscale
advance of the devised wavelet transforms. Section 7 is devoted to the
presenta of results of experiments on image compression using devised
biorthogonal transforms. In Section 7.1 we describe in details the trans-
forms, which we employed in the experiments. In Section 7.2 we discuss
computational complexity of the transforms. In Section 7.3 we present
results of compression of four well-known benchmark images.

1. Preliminaries

1.1. z-transform
The sequences {a(k)}∞k=−∞, which belong to the space l1, we call the

discrete-time signals. The space of discrete-time signals we denote by S.
The z−transform of a signal {a(k)} ∈ S is defined as follows:
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a(z) =
∞∑

k=−∞
z−k a(k).

Throughout the paper we assume that z = eiω. We recall the following
properties of the z−transform:

a(k) =
∞∑

l=−∞
b(k − l)c(l) ⇐⇒ a(z) = b(z) c(z)

ae(z2) ∆=
∞∑

k=−∞
z−2k a(2k) =

1
2

(a(z) + a(−z))

ao(z2) ∆=
∞∑

k=−∞
z−2k a(2k + 1) =

z

2
(a(z)− a(−z))

a(z) = ae(z2) + z−1ao(z2).

za(z) =
∞∑

k=−∞
z−k a(k + 1),

that is za(z) is the z−transform of the shifted signal {a(k + 1)}.

1.2. Discrete splines
The discrete B-spline of the first order is defined by the following

sequence:

B1,n(j) =

{
1 if j = 0, . . . , 2n− 1, n ∈N,

0, otherwise, j ∈ Z.

We define the higher order B-splines as the discrete convolutions by
recurrence: Bp,n = B1,n ∗ Bp−1,n. Obviously, the z-transform of the B-
spline of order p is

Bp,n(z) = (1 + z−1 + z−2 + . . . + z−2n+1)p p = 1, 2, . . . .

In this paper we are interested only in the case when p = 2r, r ∈ N
and n = 1. The corresponding splines are denoted as Br = B2r,1. In
this case we have Br(z) = (1 + z−1)2r. The B-spline Br(j) is symmetric
about the point j = r where it attains its maximal value. We define the
central B-spline Qr(j) of order 2r as a shift of the B-spline:

Qr(j)
∆= Br(j + r), Qr(z) = zrBr(z) = zr(1 + z−1)2r.
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The discrete spline of order 2r is defined as a linear combination, with
real-valued coefficients, of shifts of the central B-spline of order 2r:

Sr(k) ∆=
∞∑

l=−∞
c(l)Qr(k − 2l).

Definition 1.1 Let {e(k)} ∈ S be a given sequence.The discrete spline
Sr is called the interpolatory spline if the following relations hold:

Sr(2k) = e(k), k ∈ Z. (1.1)

The points {2k} are called the nodes of the spline.

The following proposition shows how interpolatory splines of any
order can be constructed. Moreover, for further development we need
to know the values of the splines in the midpoints between the nodes,
which we denote as σ(k) = Sr(2k + 1), k ∈ Z.

Proposition 1.1 The interpolatory spline which satisfies the condi-
tions (1.1) is represented as follows

Sr(k) =
∞∑

l=−∞
c(l)Qr(k − 2l), c(z2) =

2e(z2)
zr (1 + z−1)2r + (−z)r (1− z−1)2r .

The z−transform of the interpolatory spline in the midpoints are

σ(z2) = zUr(z)e(z2), Ur(z) ∆=
(
1 + z−1

)2r − (−1)r
(
1− z−1

)2r

(1 + z−1)2r + (−1)r (1− z−1)2r . (1.2)

In addition, Ur(−z) = −Ur(z).

1.3. Discrete-time Butterworth filters
We recall briefly the notion of Butterworth filter. For details we refer

to [31]. The input x(n) and the output y(n) of a linear discrete time
shift-invariant system are linked as

y(n) =
∞∑

k=−∞
f(k)x(n− k). (1.3)

Such a processing of the signal x(n) is called digital filtering and the se-
quence f(n) is called the impulse response of the filter. Its z−transform
f(z) =

∑∞
n=−∞ z−nf(n) is called the transfer function of the filter. De-

note by X(ω) =
∑∞

n=−∞ e−iωnx(n), Y (ω) =
∑∞

n=−∞ e−iωny(n), F (ω) =∑∞
n=−∞ e−iωnf(n) the discrete Fourier transforms of the sequences. Then,



Image compression using spline based wavelet transforms 9

we have from (1.3) Y (ω) = F (ω)X(ω). The function F (ω) is called the
frequency response of the digital filter. The digital Butterworth filter
is a filter with a maximally flat frequency response. The magnitude
squared frequency responses Fl(ω) and Fh(ω) of the digital low-pass and
high-pass Butterworth filters of order r, respectively, are given by the
formulas

|Fl(ω)|2 =
1

1 + (tan ω
2 / tan ωc

2 )2r
,

|Fh(ω)|2 = 1− |Fl(ω)|2 =
1

1 + (tan ωc
2 / tan ω

2 )2r

where ωc is the cutoff frequency.
We are interested in the half-band Butterworth filters that is ωc =

π/2. In this case

|Fl(ω)|2 =
1

1 + (tan ω
2 )2r

, |Fh(ω)|2 = 1− |Fl(ω)|2 =
1

1 + (cot ω
2 )2r

.

If we put z = eiω then we obtain the magnitude squared transfer function
of the low-pass filter:

|fl(z)|2 =
(
1 + z−1

)2r

(1 + z−1)2r + (−1)r (1− z−1)2r (1.4)

Similarly, we have the magnitude squared transfer function of the high-
pass filter:

|fh(z)|2 =
(−1)r

(
1− z−1

)2r

(1 + z−1)2r + (−1)r (1− z−1)2r (1.5)

It is readily seen that the function Ur defined in (1.2), is related to these
transfer functions:

1 + Ur(z) = 2|fl(z)|2, 1− Ur(z) = 2|fh(z)|2. (1.6)

2. Biorthogonal transforms
We introduce a family of biorthogonal wavelet-type transforms that

operate on the signal x = {x(k)}∞k=−∞, which we construct through
lifting steps. We carry out the construction in the z− domain and discuss
the time-domain implementation in subsequent sections.

The lifting scheme can be implemented in a primal or dual modes. We
consider only the primal mode because this scheme steadily outperforms
the dual one in image processing applications.
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2.1. Decomposition
Generally, the primal lifting scheme for decomposition of signals con-

sists of three steps: 1. Split. 2. Predict. 3. Update or lifting. Let us
construct our proposed schemes in terms of these steps.

Split - We split the array x into an even and odd sub-arrays:

e1 = {e1(k) = x(2k)}, d1 = {d1(k) = x(2k + 1)}, k ∈ Z.

Predict - We use the even array e1 to predict the odd array d1 and
redefine the array d1 as the difference between the existing array
and the predicted one. To be specific, we use the spline Sr which
interpolates the sequence e1 and predict the function d1(z2) which
is the z2−transform of d1. It is predicted by the function σ(z)
defined in (1.2). The z−transform of the new d−array is defined
as follows:

du
1(z2) = d1(z2)− zUr(z)e1(z2). (1.7)

From now on the superscript u means an update operation of the
array.

Lifting - We update the even array using the new odd array:

eu
1(z2) = e1(z2) + β(z)z−1 du

1(z2). (1.8)

Generally, the goal of this step is to eliminate aliasing which ap-
pears while downsampling the original signal x into e1. By doing
so we have that e1 is transformed into a low-pass filtered and down-
sampled replica of x. In Section 3.2 we will discuss how to achieve
this effect by a proper choice of the control filter β , but for now
we only require the function β(z) to be real-valued and obey the
condition β(−z) = −β(z), so the product β(z)z−1 is a function of
z2.

2.2. Reconstruction
The reconstruction of the signal x from the arrays eu

1 and du
1 is im-

plemented in reverse order: 1. Undo Lifting. 2. Undo Predict. 3.
Unsplit.

Undo Lifting - We restore the even array:

e1(z2) = eu
1(z2)− β(z)z−1 du

1(z2). (1.9)
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Undo Predict - We restore the odd array:

d1(z2) = du
1(z2) + zUr(z)e1(z2). (1.10)

Unsplit - The last step represents the standard restoration of the sig-
nal from its even and odd components. In the z− domain it looks
as:

x(z) = e1(z2) + z−1d1(z2). (1.11)

3. Filter banks

3.1. Relation to Butterworth filters
Lifting schemes, that were presented above, yield efficient algorithms

for the implementation of the forward and backward transform of x ←→
eu
1 ∪ du

1 . But these operations can be interpreted as transformations of
the signals by a filter bank that possesses the perfect reconstruction
properties.

First we define two filter transfer functions

Φl,r(z) ∆= (1 + Ur(z))/2, Φh,r(z) ∆= (1− Ur(z))/2. (1.12)

¿From (1.6) it is clear that the linear phase filter with the transfer func-
tion Φl,r(z) is equal to the magnitude squared transfer function of the
discrete-time low-pass half-band Butterworth filter of order r. The linear
phase filter with the transfer function Φh,r(z) is equal to the magnitude
squared transfer function of the high-pass half-band Butterworth filter.
It means that application of these filters on a signal is equivalent to
two passes applications (causal and anti-causal) of the corresponding
Butterworth filters. We call these filters the bi-directional Butterworth
filters.

Define the filter functions

g̃r(z) ∆= 2z−1Φh,r(z), h̃r
β(z) ∆= 1 + 2β(z)Φh,r(z) = 1 + β(z) zg̃r(z),

(1.13)

hr(j) ∆= 2Φl,r(z) gr
β(z) ∆= z−1 (1− 2β(z)Φl,r(z)) = z−1 (1− β(z) hr(z)) .

(1.14)
We call h̃r

β(z) and g̃r(z) the transfer functions of the low-pass and high-
pass primal decomposition filters, respectively. We call hr(z) and gr

β(j)
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the transfer functions of the low-pass and high-pass primal reconstruc-
tion filters, respectively. These four filters form a perfect reconstruction
filter bank ([42]).

Theorem 1 The decomposition and reconstruction formulas can be rep-
resented as follows:

eu
1(z2) =

1
2

(
h̃r

β(z) x(z) + h̃r
β(−z) x(−z)

)
(1.15)

du
1(z2) =

1
2

(
g̃r(z) x(z) + g̃r(−z) x(−z)

)
(1.16)

x(z) = hr(z)eu
1(z2) + gr

β(z) du
1(z2). (1.17)

If β(−z) = −β(z) then the functions h̃r
β(j), g̃r(j), hr(j) and gr

β(j)
satisfy the perfect reconstruction conditions

hr(z) h̃r
β(z) + gr

β(z) g̃r(z) = 2

hr(z) h̃r
β(−z) + gr

β(z) g̃r(−z) = 0. (1.18)

The following is an obvious observation.

Proposition 3.1 The filter functions are linked to each other in the
following way:

g̃r(z) = z−1hr(−z); gr
β(z) = z−1 h̃r

β(−z)

Remark . We notice that the reconstruction filter hr(z) is equal
(up to constant factors) to the transfer function of the bi-directional low-
pass half-band Butterworth filter of order r. The decomposition filter
g̃r(z) multiplied by z is equal to the bi-directional high-pass half-band
Butterworth filter.

3.2. Choosing the control filter
So far we did not specify how to choose the filter β, which occurs

during the construction of the primal filters gr
β and h̃r

β and the dual ones
G̃R

β and HR
β . The only imposed requirements were that the function

β(z) be real-valued and β(−z) = −β(z). Therefore, we are free to use
the function β1 for custom design of these filters and the corresponding
wavelets. We consider here only one approach how to choose the control
filter β(j) which results in retaining the maximal flatness of the filters.

As was mentioned above, the reconstruction filter hr and the decom-
position filter g̃r are equal to the bi-directional low- and high-pass half-
band Butterworth filters of order r, Φl,r and Φh,r, respectively. These
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filters are linear phase and maximally flat in their pass- and stop-bands
due to the factors

(
1 + z−1

)2r for the low-pass filters and
(
1− z−1

)2r

for the high-pass filters (see(1.4) (1.5)). Moreover, since Φh,r(z) has
root of order 2r at z = 1, filtering with Φh,r eliminates discrete poly-
nomials up to degree 2r − 1. Consequently, the corresponding analysis
wavelets have 2r vanishing moments (we will discuss this in Section 5.)
The low-pass transfer function linked to the high-pass one as follows:
Φl,r(z) = 1− Φh,r(z). Thus, filtering with Φl,r restores discrete polyno-
mials up to degree 2r − 1. We retain similar properties for filters which
depend on β: h̃r

β and gr
β. To achieve it, we choose for filters of order r:

β(z) = Up(z)/2 = Φl,p(z)− 1
2

=
1
2
− Φh,p(z). (1.19)

Proposition 3.2 If filter β is chosen as in (1.19), where p is a natural
number, then the analysis filter h̃r

β restores discrete polynomials up to
degree 2r − 1 and the synthesis filter gr

β eliminates discrete polynomials
up to degree 2q − 1, where q = min{p, r}.

Proof: Consider first the analysis filter

h̃r
β(z) = 1 +

1
2
Up(z)

(
1− Ur(z)

)
= 1 + Φh,r(z)− 2Φh,p(z)Φh,r(z).

Since Φh,r eliminates polynomials up to degree 2r− 1, it is clear that h̃r
β

restores such polynomials. Similarly

gr
β(z) = z−1

(
1− 1

2
Up(z)

(
1 + Ur(z)

))

= z−1 [Φh,r(z) + 2Φh,p(z)− 2Φh,p(z)Φh,r(z)] .

We mark the special case when p = r. Then

h̃β(z) = Φl,r(z)(1 + 2Φh,r(z))

gβ(z) = z−1 [Φh,r(z)(1 + 2Φl,r(z))] .

We see that, as in the case of the filters hr and g̃r, the filters h̃r
β and gr

β
are also mirrored replicas of each other. They differ from bi-directional
Butterworth filters of order r by the term 2Φl,r(z)Φh,r(z) which affects
only the central part of the frequency domain.
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4. Recursive implementation of the transforms

4.1. General formulas
Once we have chosen the control filter β as in (1.19), the decomposi-

tion procedure is the following (see (1.7), (1.8)):

du
1(z2) = d1(z2)− zUr(z)e1(z2) (1.20)

eu
1(z2) = e1(z2) +

1
2
z−1Up(z) du

1(z2). (1.21)

The transfer function z−1Up(z)/2 differs from zUp(z)/2 only by the fac-
tor z−2 that is the impulse responses of the corresponding filters are
identical up to a shift. Thus both operations of the decomposition are,
in principle, identical. For the reconstruction the same operation are
conducted in a reverse order.

Therefore, it is sufficient to describe implementation of filtering with
the function zUr(z). From (1.2) one can see that the function zUr(z)
depends actually on z2 and we denote it as

Fr(z2) ∆= zUr(z) = z
(1 + z)2r − (−1)r (z − 1)2r

(1 + z)2r + (−1)r (z − 1)2r . (1.22)

We introduce a few notation. We distinguish between two cases.

Odd case: Let r = 2q + 1. Then we denote for k = 1, . . . , q :

αr
k = cot2

(q + k)π
2r

< 1, γr
k = cot2

(2q + 2k + 1)π
4r

< 1 (1.23)

Even case: Let r = 2q. Then we denote for k = 1, . . . , q :

αr
k = cot2

(2q + 2k − 1)π
4r

< 1, γr
k = cot2

(q + k)π
2r

< 1. (1.24)

Proposition 4.1 If r = 2q + 1 then the function Fr(z) is represented
as follows:

Fr(z) =
αr

1α
r
2 . . . αr

q(1 + z)
∏q

k=1(1 + γr
kz
−1)(1 + γr

kz)
2rγr

1γ
r
2 . . . γr

q

∏q
k=1(1 + αr

kz
−1)(1 + αr

kz)

= Ar(1 + z)
q∏

k=1

Rr(z, k)
q∏

k=1

Rr(z−1, k) where (1.25)

Ar
∆=

αr
1α

r
2 . . . αr

q

2rγr
1γ

r
2 . . . γr

q

, Rr(z, k) ∆=
1 + γr

kz

1 + αr
kz

.
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If r = 2q then

Fr(z) =
2rαr

1α
r
2 . . . αr

q(1 + z)
∏q−1

k=1(1 + γr
kz
−1)(1 + γr

kz)
γr

1γ
r
2 . . . γr

q−1

∏q
k=1(1 + αr

kz
−1)(1 + αr

kz)

= Ar(1 + z)
q∏

k=1

Rr(z, k)
q∏

k=1

Rr(z−1, k), where (1.26)

Ar
∆=

2rαr
1α

r
2 . . . αr

q

γr
1γ

r
2 . . . γr

q−1

, Rr(z, q) ∆=
1

1 + αr
qz

, Rr(z, k) ∆=
1 + γr

kz

1 + αr
kz

,

k = 1, . . . , q − 1.

To illustrate the implementation we consider the primal decomposi-
tion procedure. Since zU(z) = Fr(z2) then the decomposition formulas
(1.20), and (1.21) are equivalent to the following

du
1(z) = d1(z)− Fr(z)e1(z) (1.27)

eu
1(z) = e1(z) +

1
2z

Fp(z) du
1(z). (1.28)

Equation (1.27) means that in order to obtain the detail array du
1 , we

must process the even array e1 by the filter Fr with the transfer function
Fr(z) and extract the filtered array from the odd array d1. Equation
(1.28) means that in order to obtain the smoothed array eu

1 , we must
process the detail array du

1 by the filter Φr that has the transfer function
Φr(z) = z−1Fr(z)/2 and add the filtered array to the even array e1. But
the filter Φr differs from Fr/2 only by one-sample delay and it operates
similarly.

Proposition 4.1 implies that either of even and odd order filters F2q

and F2q+1 can be split into a cascade of q elementary causal recursive
filters, denoted by

−−−→
Rr(k), with the transfer function Rr(z−1, k), q ele-

mentary anti-causal recursive filters, denoted by
←−−−
Rr(k), with the trans-

fer function Rr(z, k) and the FIR filter Q with the transfer function
1 + z. On the other hand, the filters can be decomposed into sums of
elementary recursive filters. Such a decomposition also allows parallel
implementation of the transform.

The causal, anti-causal and the FIR filters operate as follows:

y =
−−−→
Rr(k)x ⇐⇒ y(l) = x(l) + γr

kx(l − 1)− αr
ky(l − 1), (1.29)

y =
←−−−
Rr(k)x ⇐⇒ y(l) = x(l) + γr

kx(l + 1)− αr
ky(l + 1), (1.30)

y = Qx ⇐⇒ y(l) = x(l) + x(l + 1). (1.31)

Since the reconstruction in the lifting scheme differs from the decom-
position only by the order of operations, its implementation is completely
explained above.
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4.2. Examples of recursive filters
Now we present a few particular cases with filters of various orders.

r = 1. This is the simplest case. We have F1(z) = (1+ z)/2. The filter
F1 is reduced to the FI R filter Q/2.

r = 2. In this case α2
1 = 3− 2

√
2 ≈ 0.172 and

F2(z) = 4α2
1

1 + z

(1 + α2
1z)(1 + α2

1z
−1)

.

The filter can be implemented with the following cascade:

x0(k) = 4α2
1(x(k) + x(k + 1))

x1(k) = x0(k)− α2
1x1(k − 1) y(k) = x1(k)− α2

1y(k + 1).

(1.32)

Another option stems from the following decomposition of the
function F2(z):

F2(z) =
4α2

1

1 + α2
1

(
1

1 + α2
1z
−1

+
z

1 + α2
1z

)
.

Then the filter is implemented in parallel mode:

y1(k) = x(k)− α2
1y1(k − 1)

y2(k) = x(k + 1)− α2
1y2(k + 1) y =

4α2
1

1 + α2
1

(y1 + y2) .

(1.33)
We note that elementary filters, which produce y1 and y2, are
operating in opposite directions.

r = 3. In this case γ3
1 = 7− 4

√
3 ≈ 0.0718, α3

1 = 1/3 and

F3(z) =
1

18γ3
1

· 1 + γ3
1z

1 + z/3
· 1 + γ3

1z−1

1 + z−1/3
· (1 + z). (1.34)

This formula leads to a cascade implementation of the transform.
For the parallel implementation we use the following decomposition
of the transfer function:

F3(z) =
1
6

[
− 8

1 + z/3
− 8

9
z−1

1 + z−1/3
+ z +

35
3

]
. (1.35)

r = 4. Now γ4
1 = 3 − 2

√
2 ≈ 0.1716, α4

1 = 7 − 4
√

2 − 2
√

20− 14
√

2 ≈
0.4465,
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α4
2 = 7 + 4

√
2− 2

√
20− 14

√
2 ≈ 0.0396. So, we have the cascade

representation:

F4(z) =
8α4

1α
4
2

γ4
1

· 1 + γ4
1z

1 + α4
1z
· 1 + γ4

1z−1

1 + α4
1z
−1
· 1
1 + α4

2z
· 1
1 + α4

2z
−1
· (1+ z).

Denote r1 = −20.751762964438, r2 = −0.226770684430, r3 =
−0.020180988365, r4 = −0.001285362767. Then, the transfer func-
tion is represented as follows:

F4(z) = 8

[
r1α

4
2

1 + α4
2z

+
r2α

4
1

1 + α4
1z

+
r3z

−1

1 + α4
1z
−1

+
r4z

−1

1 + α4
2z
−1

+ 1

]
.

5. Bases for the signal space
The perfect reconstruction filter banks, that were constructed above,

are associated with the biorthogonal pairs of bases in the space S of
discrete-time signals.

In section 3 we introduced a family of filters by their transfer functions
h(z), gr

β(z), h̃r
β(z), g̃r(z). We denote by ϕr,1(k), ψr,1

β (k), ϕ̃r,1
β (k), ψ̃r,1(k)

the impulse response functions of the corresponding filters, respectively.
It means that, for example

hr(z) =
∑

k∈Z
z−kϕr,1(k)

and similarly for the other functions.

Theorem 2 The shifts of the functions ϕr,1(k), ψr,1
β (k), ϕ̃r,1

β (k) and
ψ̃r,1(k) form a biorthogonal pair of bases for the signal space S. This
means that any signal x ∈ S can be represented as:

x(l) =
∑

k∈Z
eu
1(k) ϕr,1(l − 2k) +

∑

k∈Z
du

1 ψr,1
β (l − 2k).

The coordinates eu
1(k) and du

1(k) can be represented as inner products:

eu
1(k) = 〈x, ϕ̃1

β,k〉, where ϕ̃1
β,k(l) = ϕ̃r,1

β (l − 2k) (1.36)

du
1(k) = 〈x, ψ̃r,1

k 〉, where ψ̃r,1
k (l) = ψ̃r,1(l − 2k). (1.37)

The following biorthogonal relations hold:

〈ϕ̃r,1
β,k, ϕ

r,1
l 〉 = 〈ψr,1

β,k, ψ̃
r,1
l 〉 = δl

k, 〈ϕ̃r,1
β,k, ψ

r,1
β,l〉 = 〈ψ̃r,1

l , ϕr,1
k 〉 = 0, ∀l, k.
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The formulated theorem justifies the following definition.

Definition 5.1 The functions ϕr,1 and ψr,1
β , which belong to the space

S, are called the low-frequency and high-frequency synthesis wavelets of
the first scale, respectively. The functions ϕ̃r,1

β and ψ̃r,1, which belong
to the space S, are called the primal low-frequency and high-frequency
analysis wavelets of the first scale, respectively.

Definition 5.2 We say that a wavelet ψ has m vanishing moments if
the following relations hold

∑

k∈Z
ksψ(k) = 0, s = 0, 1, . . . ,m− 1.

Proposition 5.1 The high-frequency analysis wavelets of order r ψ̃r,1

have 2r vanishing moments. If the control filter β is chosen as in (1.19),
i.e. β(z) = Up(z)/2, then the synthesis wavelet ψr,1

b has 2q vanishing
moments , where q = min{p, r}.

6. Multiscale wavelet transforms
Repeated applications of the transform can be achieved in an iterative

way. It can be implemented by either a linear invertible transform of a
wavelet type or by a wavelet packet type transform which results in an
overcomplete representation of the signal. In this section we explain one
multiscale advance of the wavelet transform.

In this transform we store the array du
1 and decompose the array

eu
1 . The transformed arrays eu

2 and du
2 of the second decomposition

scale are derived from the even and odd sub-arrays of the array eu
1 by

the same lifting steps as those described in Section 2. The transform
is implemented using the recursive filters presented in Section 4. As
a result we get that the signal x is transformed into three subarrays:
x ↔ du

1

⋃
du

2

⋃
eu

2 . The reconstruction is performed in the reverse order.
Again, the transform leads to expansions of the signal with the biorthog-

onal pair of bases. As in Section 5, we present the z−transform of the
signal as follows:

x(z) = xh(z) + xg(z) where xh(z) = hr(z)eu
1(z2), xg(z) = gr

β(z) du
1(z2).
(1.38)

But, in turn,

eu
1(z) = eu

1,h(z)+eu
1,g(z) where eu

1,h(z) = hr(z)eu
2(z2), eu

1,g(z) = gr
β(z) du

2(z2).
(1.39)
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Substituting (1.39) into (1.38), we get

x(z) = xhh(z) + xgh(z) + xg(z) where xhh(z) = hr(z)hr(z2)eu
2(z4),

xgh(z) = hr(z)gr
β(z2) du

2(z4).

Hence, the signal is expanded as follows

x(l) =
∑

k∈Z
eu
2(k) ϕr,2(l−4k)+

∑

k∈Z
du

2(k) ψr,2
β (l−4k)+

∑

k∈Z
du

1(k) ψr,1
β (l−2k)

(1.40)
where low- and high-frequency reconstruction wavelets of the second
scale are defined as

ϕr,2(l) =
∑

k∈Z
ϕr,1(k)ϕr,1(l − 2k), ψr,2

β (l) =
∑

k∈Z
ψr,1

β (k)ϕr,1(l − 2k).

The coordinates in (1.40) are inner products with 4-sample shifts of
the decomposition wavelets of the second scale:

ϕ̃r,2
β (l) =

∑

k∈Z
ϕ̃r,1

β (k)ϕ̃r,1
β (l − 2k), ψ̃r,2

β (l) =
∑

k∈Z
ψ̃r,1(k)ϕ̃r,1

β (l − 2k).

Namely,

eu
2(k) = 〈x, ϕ̃2

β,k〉, where ϕ̃r,2
β,k(l) = ϕ̃r,2

β (l − 4k)

du
2(k) = 〈x, ψ̃r,2

β,k〉, where ψ̃r,2
β,k(l) = ψ̃r,2

β (l − 4k).

7. Experimental results
We conducted a wide series of experiments on compression of various

images using a number of wavelet transforms constructed above.

7.1. Employed wavelet transforms
In this section we specify the transforms which we employed in our

experiments. The transforms are implemented in a lifting mode as it is
described in Section 2. For prediction we used splines of orders 2, 4 and
6. For the lifting step we chose the control filter β as it was explained
in Section 3.2. We denote by T r

p the transform where the decomposition
is: follows:

du
1(z) = d1(z)− zFr(z)e1(z) (1.41)

eu
1(z) = e1(z) +

1
2
Fp(z)z−1 du

1(z) (1.42)



20

and the reconstruction – in reverse order. Here, Fq(z2) = zUq(z).
We conducted experiments using seven types of devised wavelet trans-

forms: T 1
1 , T 1

2 , T 2
1 , T 2

2 , T 2
3 , T 3

2 , T 3
3 . In Figure 1.1 we display impulse

responses and frequency responses of the low-pass synthesis and analysis
filters used by these transforms. We recall that the low-pass synthesis
filters coincide with the bi-directional low-pass Butterworth filters. In
Figure 1.2 we display impulse responses and frequency responses of the
high-pass synthesis and analysis filters. The low-pass analysis filters
coincide with the bi-directional High -pass Butterworth filters. We com-
pared between the obtained results of the above filters and the popular
B9/7 biorthogonal filters [20].
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Figure 1.1. The left pair bottom to top: Impulse and frequency responses of the
low-frequency synthesis filters hr used by the transforms T 1

1 , T 1
2 , T 2

1 , T 2
2 , T 2

3 , T 3
2 , T 3

3 .
The right pair bottom to top: Impulse and frequency responses of the low-frequency
analysis filters h̃r

β .

T 1
1 transform: This is a single that uses only FIR filters. The transfer

functions of the filters are:

g̃1(z) = −1− z2

2z2
, h̃1β(z) =

−z2 + 2z + 6 + 2/z − 1/z2

8
.

It is readily seen that this transform coincides with the spline
biorthogonal transform of order 2-2 by [20]. Both the analysis
and synthesis high-frequency wavelets have 2 vanishing moments.
We display in Figure 1.3 the synthesis and analysis wavelets related
to the transform T 1

1 and their Fourier spectra.

T 1
2 transform: The high-pass analysis filter g̃1 and the low-pass syn-

thesis filter h1 are FIR filters. Hence, the low-frequency synthesis
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Figure 1.2. The left pair bottom to top: Impulse and frequency responses of the
high-frequency synthesis filters gr

β used by the transforms T 1
1 , T 1

2 , T 2
1 , T 2

2 , T 2
3 , T 3

2 , T 3
3 .

The right pair bottom to top: Impulse and frequency responses of the high-frequency
analysis filters g̃r.
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Figure 1.3. The left pair bottom to top: The synthesis wavelets used by the
transformT 1

2 : ϕ1,4 and ψ1,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 1
1 : ϕ̃1,4

β and

ψ1,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

wavelets ϕ1,s, s = 1, 2, . . . and the high-frequency analysis wavelets
ψ̃1,1 are compactly supported. We display in Figure 1.4 the syn-
thesis and analysis wavelets related to the transform T 1

1 and their
Fourier spectra. The analysis wavelets are obviosly more regular
than those in the previos transform. Both the analysis and syn-
thesis high-frequency wavelets have 2 vanishing moments.
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Figure 1.4. The left pair bottom to top: The synthesis wavelets used by the
transformT 1

2 : ϕ1,4 and ψ1,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 1
2 : ϕ̃1,4

β and

ψ1,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

T 2
1 transform: The FIR filters are used in the update step of decom-

position and the corresponding step of reconstruction. Tthe other
used IIR filters. We display in Figure 1.5 the synthesis and analy-
sis wavelets related to the transform T 2

1 and their Fourier spectra.
The analysis high-frequency wavelets have 4 vanishing moments
and the synthesis ones – only two.
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Figure 1.5. The left pair bottom to top: The synthesis wavelets used by the
transformT 2

1 : ϕ2,4 and ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 2
1 : ϕ̃2,4

β and

ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

T 2
2 transform: Starting from this transform only IIR filters are used.

We display in Figure 1.6 the synthesis and analysis wavelets related



Image compression using spline based wavelet transforms 23

to the transform T 2
2 and their Fourier spectra. One can observe

that the wavelets are regular and, to some extent, are similar to
the synthesis ones. Both the analysis and synthesis high-frequency
wavelets have 4 vanishing moments.
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Figure 1.6. The left pair bottom to top: The synthesis wavelets used by the
transformT 2

2 : ϕ2,4 and ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 2
2 : ϕ̃2,4

β and

ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

T 2
3 transform: Here the update step of the decomposition uses more

complicated filters than the predict step. We display in Figure 1.7
the synthesis and analysis wavelets related to the transform T 2

3

and their Fourier spectra. Both the analysis and synthesis high-
frequency wavelets have 4 vanishing moments.

T 3
2 transform: Unlike the previous transform, the predict step of the

decomposition uses a filter of third order whereas the update step
– of the second order. We display in Figure 1.8 the synthesis and
analysis wavelets related to the transform T 2

3 and their Fourier
spectra. The analysis high-frequency wavelets have 6 vanishing
moments, the synthesis one – only 4.

T 3
3 transform: As in the transform T 2

2 , here the predict step of the
decomposition uses the same filter as the update step. We display
in Figure 1.9 the synthesis and analysis wavelets related to the
transform T 2

3 and their Fourier spectra. Both the analysis and
synthesis high-frequency wavelets have 6 vanishing moments and
the respective ones are similar to each other. The wavelets are
most regular amongst all presented examples. The spectra of the
wavelets are well localized in the frequency domain.
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Figure 1.7. The left pair bottom to top: The synthesis wavelets used by the
transformT 2

3 : ϕ2,4 and ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 2
3 : ϕ̃2,4

β and

ψ2,k
β , k = 4, 3, 2, 1 and their Fourier spectra.
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Figure 1.8. The left pair bottom to top: The synthesis wavelets used by the
transformT 3

2 : ϕ3,4 and ψ3,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 3
2 : ϕ̃3,4

β and

ψ3,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

7.2. Computational complexity of the
transforms

The wavelet transforms, which we presented above, are implemented
by filtering of even and odd subarrays with filters Fr, r = 1, 2, 3. The
filter F1 has FIR, whereas F2, F3 have IIR and rational transfer functions.
The latter can be implemented in either cascade or parallel modes. We
compare the performance of the transforms with the performance of the
wavelet using the B9/7 biorthogonal filter.
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Figure 1.9. The left pair bottom to top: The synthesis wavelets used by the
transformT 3

3 : ϕ3,4 and ψ3,k
β , k = 4, 3, 2, 1 and their Fourier spectra. The right

pair bottom to top: The analysis wavelets used by the transformT 3
3 : ϕ̃3,4

β and

ψ3,k
β , k = 4, 3, 2, 1 and their Fourier spectra.

B9/7 filter:. This filter can be implemented in a fast way using
factorization of the filters which was suggested in [4, 22]. Briefly, one
step of the decomposition comprises the following operations on even
e1(k) and odd d1(k) subarrays of the signal x(k) of length N :

d1(k) = d1(k) + (e1(k) + e1(k + 1))α1,

e1(k) = e1(k) + (d1(k) + d1(k − 1))α2,

du
1(k) = d1(k) + (e1(k) + e1(k + 1))α3,

eu
1(k) = e1(k) + (du

1(k) + du
1(k − 1))α4,

α1 = −1.586134342, α2 = −0.05298011854,
a3 = 0.8829110762, a4 = 1.149604398.

Therefore, one step of 2-D decomposition of an image of size N2 pixels
requires 8A + 4M (8 additions plus 4 multiplications) operations per
pixel.

T r
p transforms . These transforms are implemented by filtering

followed by:

du
1(k) = d1(k)− F re1(k + 1), eu

1(k) = e1(k) + F pdu
1(k − 1).

The number of operations required for filtering of an array of length N/2
by the filter F 1(z) = (1 + z)/2 is (1A + 1M)N/2.

If the filter F 2 is implemented in a cascade mode by the formulas
(1.32) then the number of operations is (3A + 3M)N/2. However, with
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two processors the filtering can be implemented in a parallel which cor-
responds to (1.33). Then, each processor performs only (2A + 2M)N/2
operations.

Implementation of the filter F 3 in a cascade mode using (1.34) re-
quires (5A + 5M)N/2 operations. With three processors the filtering
is implemented in a parallel which corresponds to Eq. (1.35). Then
each processor performs only (3A+2M)N/2 operations. Moreover, this
filtering can be conducted with integers.

Keeping in mind the above considerations we summarize the number
of operations per pixel for the employed transforms in Table 1.1. In the
first line we give the number of operations for the cascade implemen-
tation while and in the second line – the number of operations in each
processor in parallel computation.

Tr. B9/7 T 2
2 T 2

1 T 3
2 T 3

3 T 1
1

Cas. 8A+4M 8A+6M 6A+4M 10A+8M 12A+10M 4A+2M

Par. – 6A+4M 5A+3M 7A+4M 8A+4M 4A+2M

Table 1.1. Number of operations per pixel for the employed wavelet transforms. First
line: cascade implementation. Second line details the number of operations in each
processor in the paralllel implementation. The number of operations for T 1

2 is equal
to that of T 2

1 . The number of operations for T 2
3 is equal to that of T 3

2 .

Thus, one can see that even by cascade implementation the cost of
the transforms T 1

2 , T 2
1 and T 1

1 is lower than the cost of the transform
B9/7. Of course, in parallel with 2 or 3 processors we get faster imple-
menatation than B9/7.

7.3. Experiments with image compression
We conducted a wide series of experiments with compression of mul-

timedia images using the above transforms. In most experiments they
outperform the popular B9/7 biorthogonal filter bank. In this section
we present the results after compression and decompression of of four
images which are displayed in Figures 1.10 and 1.11. These are 512×512
8 bit (8bpp) images. The following experiments were done:

1 We decomposed the image with the wavelet transform up to 6-th
scale using the B9/7 filters and the filters listed in Section 7.1.

2 The transform coefficients were coded using the SPIHT algorithm
by Said and Pearlman [34]. This algorithm enables to compress
data exactly to a prescribed rate. We coded the coefficients with
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Figure 1.10. Left: “Lena”, right: “Barbara”.
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Figure 1.11. Left: “Car”, right: “Fabrics”.

compression ratios (CR) 1:10 (0.8 bpp), 1:20 (0.4 bpp), 1:30 (4/15
bpp), 1:40 (0.2 bpp) and 1:50 (4/25 bpp).

3 The reconstructed image was compared with the original image
and the peak signal to noise ratio (PSNR) in decibels was com-
puted.

PSNR = 10 log10

(
N 2552

∑N
k=1(x(k)− x̃(k))2

)
dB, (1.43)
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Lena: The PSNR values of “Lena” are presented in Table 1.2. One can

CR B9/7 T 2
2 T 2

1 T 1
2 T 3

2 T 3
3 T 2

3 T 1
1

10 37.70 37.82 37.63 37.41 37.80 37.84 37.85 37.26

20 34.53 34.71 34.54 34.27 34.70 34.72 34.75 34.07

30 32.33 32.62 32.50 32.25 32.62 32.70 32.65 32.03

40 31.42 31.63 31.48 31.30 31.64 31.66 31.67 31.06

50 30.70 30.91 30.74 29.99 30.90 30.92 30.95 29.82

Table 1.2. PSNR of the “Lena” image after the application of SPIHT where the
decomposition of the wavelet transform was into 6 scales.

observe that the transform T 2
2 outperforms the B9/7 filter in any

compression rate. We recall that the computational complexity of
this transform is slightly higher than that of the B9/7 filter but
using parallel mode it can be implemented faster. The transforms
T 3

2 , T 3
3 and T 2

3 outperform the B9/7 filters. On the other hand,
they are computationally more expensive than the transform T 2

2 .
With the parallel mode they can be implemented faster than the
B9/7 filter . It is interesting to note that even the transform T 2

1 ,
whose complexity is lower than that of the B9/7, produces better
PSNR for almost all the CR. In Figure 1.12 we display the “Lena”
image reconstructed from 1:40 compressed files of wavelet coeffi-
cients of the B9/7 and T 2

1 transforms. In Figure 1.13 we display
the closed-up fragments of these images.

Barbara: The PSNR values of “Barbara”are presented in Table 1.3.
From the table we see that the transform T 2

2 outperforms the B9/7

CR B9/7 T 2
2 T 2

1 T 1
2 T 3

2 T 3
3 T 2

3 T 1
1

10 33.01 33.39 32.92 32.15 33.59 33.72 33.51 31.69

20 28.93 29.13 28.75 28.53 29.24 29.32 29.24 28.18

30 26.99 27.03 26.77 26.71 27.13 27.32 27.15 26.40

40 25.78 25.74 25.30 25.50 25.83 25.94 25.83 25.32

50 25.10 25.00 24.76 24.73 25.09 25.13 25.05 24.57

Table 1.3. PSNR of the “barbara” image after the application of SPIHT where the
decomposition of the wavelet transform was into 6 scales.

filters up to 30 compression ratio. For compression ratio of 40 and
50 B9/7 slightly outperforms T 2

2 . Unlike T 2
2 , the transform T 3

3 ,
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Figure 1.12. Left: “Lena”: Reconstructed from 40:1 compression. the B7/9 filter
was applied: PSNR=31.42. Right: T 2

1 transform: PSNR=31.47.
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Figure 1.13. Closed up fragments of the images from Figure 1.12 .

which can be implemented in integers in fast parallel mode, outper-
forms the B9/7 transform for all compression ratios. we display in
Figure 1.14 the reconstructed “barbara” from the 1:40 compressed
files of wavelet coefficients of the B9/7 and T 1

2 transforms.

Car: The PSNR values of “car”are presented in Table 1.4. We can see
from the table that the T 2

2 transform outperforms the B9/7 filter
for any compression ratio.
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Figure 1.14. Left: “barbara”: Reconstructed from 40:1 compression. The B7/9 filter
was applied: PSNR=25.78. Right: T 1

2 transform: PSNR=25.50.
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Figure 1.15. Closed up fragments of the image from Figure 1.14 .

Fabric: The PSNR values of “Fabric”are presented in Table 1.5. As
it was for the above examples, the transform T 2

2 outperforms the
B9/7 filter for any compression ratio. The same is true for more
complicated transforms such as T 3

3 and T 2
3 . The latter transform

produces the best PSNR amongst all listed transforms. Again,
PSNR values for the simplified transform T 2

1 , are comparable to
as those for the B9/7 transform. We display in Figure 1.18 the
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CR B9/7 T 2
2 T 2

1 T 1
2 T 3

2 T 3
3 T 2

3 T 1
1

10 32.57 32.63 32.43 32.61 32.52 32.52 32.66 32.51

20 28.38 28.53 28.36 28.21 28.42 28.46 28.52 28.03

30 26.78 26.99 26.77 26.71 26.88 26.92 27.01 26.47

40 25.05 25.19 25.04 24.95 25.14 25.15 25.21 24.77

50 24.40 24.52 24.34 24.33 24.46 24.46 24.56 24.12

Table 1.4. PSNR of the “car” image after the application of SPIHT where the de-
composition of the wavelet transform was into 6 scales.
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Figure 1.16. Left: “car”: Reconstructed from 40:1 compression. the B7/9 filter was
applied: PSNR=25.05. Right: T 2

1 transform: PSNR=25.04.

CR B9/7 T 2
2 T 2

1 T 1
2 T 3

2 T 3
3 T 2

3 T 1
1

10 34.95 34.96 34.79 34.54 34.89 34.97 34.99 34.40

20 31.53 31.53 31.37 31.24 31.46 31.53 31.55 31.09

30 29.62 29.79 29.65 29.68 29.71 29.75 29.81 29.49

40 28.90 29.00 28.86 28.84 28.97 29.02 29.02 28.66

50 28.41 28.52 28.39 28.34 28.34 28.52 28.54 28.15

Table 1.5. PSNR of the “Fabric” image after the application of SPIHT where the
decomposition of the wavelet transform was into 6 scales.

image “Fabrics” reconstructed from the 1:40 compressed files of
wavelet coefficients of the B9/7 and T 2

1 transforms. The closed
up fragments are given in Figure 1.19.
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Figure 1.17. Closed up fragments of images from Figure 1.16 .
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Figure 1.18. Left: “Fabric”: Reconstructed from 40:1 compression. the B7/9 filter
was applied: PSNR=28.90. Right: T 2

1 transform: PSNR=28.86.

8. Conclusions
In this paper we proposed a new efficient method that produces new

filters for the compression of multimedia images. These wavelet trans-
forms were designed by the usage of discrete interpolatory splines. These
filters outperform the traditional biorthogonal 9/7 filters which are fre-
quenty used in wavelet based compression. The new filters and the
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Figure 1.19. Closed up fragments of images from Figure 1.18 .

biorthogonal 9/7 are incorporated into SPIHT in order to measure and
compare their performance with one well known codec.

In the future we plan to check the performance of these filters on video
and seismic data. In addition, we plan to check their success on other
compression methods such as EZW.
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