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In this paper we design a new family of biorthogonal wavelet transforms that are based on
polynomial and discrete splines. The wavelet transforms are constructed via lifting steps,
where the prediction and update filters are derived from various types of interpolatory
and quasi-interpolatory splines. The transforms use finite and infinite impulse response
(IIR) filters and are implemented in a fast lifting mode. We analyze properties of the
generated scaling functions and wavelets. In the case when the prediction filter is derived
from a polynomial interpolatory spline of even order the synthesis scaling function and
wavelet are splines of the same order. We formulate conditions for the IIR filter to
generate an exponentially decaying scaling function.
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1. Introduction

In this paper we describe a new generic technique for the design of biorthogonal
wavelet transforms. Some of the results that are presented in this paper have already
appeared in ~°. However, this paper contains a unified theory that combines a full
theoretical justification of the previous results with new facts about the spline-
based wavelet transforms. This spline-based technique enables us to construct a
wide family of transforms with various properties. It supports flexible adaptation
of the transforms to the problems under consideration. In particular, the newly
designed transforms prove to be efficient for distinct computational problems such
as image compression, feature extraction for signal identification, to name a few.
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The performance of the suggested transforms for still image compression is similar to
the performance of the transform with 9/7 wavelets (*) on most of the benchmark
images. Our approach combines custom-design capabilities which are inherent in
the lifting schemes 4! with the usage of the well-developed theory of interpolatory,
quasi-interpolatory, continuous and discrete splines 32 39 46 47,

Polynomial splines are a common source for wavelet constructions. Until re-
cently, two approaches governed the construction of wavelet schemes that use
splines. One is based on orthogonal (! 26)
spaces 13 44 48 This approach produces, in particular, compactly supported spline
wavelets. However, their dual wavelets have infinite support. The other approach,
which employs splines in wavelet analysis, was introduced by Cohen, Daubechies
and Feauveau ™, who constructed symmetric compactly supported spline wavelets
whose dual wavelets remain compactly supported and symmetric but do not belong
to a spline space.

However, since the introduction of the lifting scheme for the design of wavelet
41 a new way has been opened for the use of splines as a tool for devising
wavelet transforms. Main steps of this scheme are an accurate prediction of odd sub-
array of a signal through the filtered even array and update of the even array using
the filtered new odd array in order to smooth the former. The transform generates
biorthogonal wavelet bases for the signal space. The structure of the transform and
its generated wavelets are determined by the choice of the predicting and updat-
ing filters. In the construction by Donoho 2!, an odd sample is predicted from a

and semi-orthogonal wavelets in spline

transforms

polynomial interpolation of neighboring even samples. We propose to construct a
spline, which interpolates or quasi-interpolates even samples of a signal and to use
values of this spline at midpoints between the (quasi-)interpolation points as pre-
dictions for odd samples of the signal. By using splines of various types and orders
we obtain a variety of filters for the predict step. After a proper modification, these
filters can be used for the update step in the lifting scheme. Different combinations
of the prediction and update filters that are derived from splines, generate a wide
family of biorthogonal symmetric wavelet transforms with diverse properties. In the
following we specify how to use different types of splines for the design of filters.

Continuous interpolatory splines: The interpolatory splines of odd order
(even degree) are especially suitable for the prediction due to the so-called
super-convergence property at the midpoints 6. To be specific, if a spline
of order p = 2r — 1 interpolates a polynomial of degree p = 2r — 1 on the
grid {2k} then it predicts exactly the values of the polynomial at points
{2k + 1}.

Discrete interpolatory splines: Another option is to use the discrete interpo-
latory splines 2%. Discrete splines are functions that are defined on Z, which
are the counterparts of polynomial splines. In this case, explicit formulas
for the transforms that have any number of vanishing moments are estab-
lished. Moreover, our investigation reveals an interesting relation between
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discrete splines and Butterworth filters, which are commonly used in sig-

nal processing 2%. Unlike the construction in 2!, the above transforms use

pairs of causal-anticausal filters with infinite impulse response (IIR). Fortu-
nately, the transfer functions of the employed filters are rational. Therefore,
filtering can be performed recursively.

One-directional causal Butterworth filters were used for devising orthogonal

non-symmetric wavelets 2°. A scheme that used recursive filters for the

construction of biorthogonal symmetric wavelets and their application to

image processing was presented in 27 3!,

Quasi-interpolatory splines: The finite impulse response (FIR) filters are more
suitable for real-time processing. There is a way to devise wavelet trans-
forms that employ FIR filters whose properties are similar to the properties
of the above mentioned interpolatory transforms. It can be done using the
so-called local quasi-interpolatory polynomial splines %¢. Like the interpo-
latory splines, the quasi-interpolatory splines of odd order also possess the
super-convergence property.

Parametric splines: Analysis of approximation properties of interpolatory and
quasi-interpolatory splines enables us to devise parameterized sets of
splines, that are used for the prediction. In particular, specific choices of
the parameters result in increasing numbers of vanishing moments.

Lifting implementation of a wavelet transform of a signal is equivalent to processing
the signal by a perfect reconstruction filter bank. This filter bank generates analysis
and synthesis scaling functions which are solutions for the refinement equations '6.
These scaling functions are constructed via a cascade algorithm, which is closely
related to subdivision schemes. We investigate convergence of the cascade algorithm
and the regularity of the derived scaling functions and wavelets.

When the filter bank consists of FIR filters, the corresponding scaling functions
are compactly supported. This is not the case for IIR filters. We prove that the
scaling functions generated by filters with rational transfer functions decay expo-
nentially as their arguments tend to infinity. Obviously this result is not surprising.
There are hints to this fact in '® 25. But the authors never saw a proof of this result.
In some sense, a reciprocal fact was established in 7. Under certain assumptions
exponential decay of a refined function implies exponential decay of the refinement
mask.

Note that IIR filters with rational transfer functions, which allow recursive im-
plementation, appear in signal processing algorithms using spline functions. Con-
struction and implementation of these filters was studied in 42 43,

The rest of the paper is organized as follows. In the introductory Section 2
we outline the lifting scheme of wavelet transforms and discuss its relation to the
conventional setting of wavelet transforms. In Section 3 we establish some neces-
sary properties of polynomial splines and describe the derivation of the prediction
filters from interpolatory and local quasi-interpolatory splines. We also construct
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parameterized sets of splines and corresponding prediction filters, which have ra-
tional and polynomial transfer functions. In Section 4 we design prediction filters
using discrete splines and explain the relation of these filters to Butterworth filters.
In Section 5 we indicate that slightly updated prediction filters can be employed
as update filters. In Section 6 we outline the subdivision scheme, which produces
scaling functions and wavelets using IIR filter banks and the properties of these
scaling functions and wavelets. In particular, a theorem about the exponential de-
cay of the scaling functions is formulated. We prove that when the prediction filter
originates from the polynomial interpolatory splines of even order 2r, the corre-
sponding synthesis scaling function coincides with the fundamental spline of order
2r. The super-convergence property implies that the scaling functions derived from
splines of odd order are smoother than the splines themselves. In Section 7 we list
a number of filters that were derived from splines and, by combining these filters,
we construct a number of biorthogonal wavelet transforms. We provide graphical
illustrations and summarize the properties of these transforms.

2. Preliminaries: Biorthogonal wavelet transforms

In this section we outline known facts, which are needed for the construction of
biorthogonal wavelet transforms.

We call the sequences x 2 {z1}, k € Z, which belong to the space [, discrete-
time signals. The z-transform of a signal x is defined as X (z) 2 Y veZ 2Py,
Throughout the paper we assume that z = e*“. The input x,, and the output ¥, of
a linear discrete time shift-invariant system are linked as

Yn = Z feTn—r. (2.1)
ke,

Such a processing of the signal x is called digital filtering and the sequence {f,} is
called the impulse response of the filter f. Its z-transform F(z) =Y 00 27" f, is
called the transfer function of the filter. Usually, a filter is designated by its transfer

function F'(z). Denote by

Rw) =Y e, V) =Y ey, Fuw) =Y ey,
neZ neZ il

the discrete-time Fourier transforms of the sequences. The function ﬁ(w) is called
the frequency response of the digital filter. Then, we have from (2.1) Y (z) =
F(2)X(z), and Y(w) = F(w) X (w).

2.1. Lifting scheme of the wavelet transform

We use for the construction and implementation of biorthogonal wavelet transforms

the so-called lifting scheme, which was introduced by Sweldens 4!.
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2.1.1.  Decomposition

Generally, the primal lifting mode of the wavelet transform consists of four steps:
1. Split. 2. Predict. 3. Update or lifting. 4. Normalization.

Split- The array x is split into even and odd sub-arrays: e! = {e} = wgx}, o' =
{OllC = $2k+1}, ke Z.

Predict - The even array e! is filtered by some filter U(z), in order for the filtered
version of el to predict the odd array ol. Then, the existing array ol
is replaced by the array ol, which is the difference between o! and the

predicted array. The filter U(z) is called the prediction filter. In the z-

domain the operations are described as follows: O} (z) = O(2)-U(2)E'(2),

where OL(2), O'(z), E'(z) are the z-transforms of the signals o}, o', el,
respectively. From now on the subscript v designates the new array. We
assume that the function U(z) is regular at a certain vicinity of the unit
circle |z| = 1 including the circle. In addition, we assume that 2 ~1U(2?) is a
real-valued function as |z| = 1. In addition, U(1) = 1. If the filtered version
of el well approximates o' then, after this step, the signal is decorrelated.

Update (lifting) - Generally, downsampling the original signal x into e! depletes
the smoothness of the signal. To obtain a sparse signal similar to the original
X, the new odd array is filtered by an update filter, which we prefer to
denote V(z)/2. The filtered array is used to increase the smoothness of the
even array e': EL(z) = E'(2) + $V(2) OL(z). The assumption about the
filter V() is similar to the assumption about U: the function V(z) must be
regular at a certain vicinity of the unit circle |z| = 1 including the circle and
2V (2%) must be a real-valued function as |z| = 1 and V(1) = 1. Provided
that the filter V is properly chosen, the even array e! is transformed into
a smoothed and downsampled replica of x.

Normalization - Finally, the smoothed array s' and the array of details d* are
obtained by the following operation: s* = v/2e!, d! =ol/V2.

The key issue in the lifting scheme is the proper choice of the filters U and V.
We address this issue in subsequent sections.

2.1.2.  Reconstruction

One of the most attractive features of lifting schemes is that the reconstruction of
the signal x from the arrays s' and d! is implemented by the reverse :

Undo Normalization - el =s'/v/2 ol =2d'.

Undo Lifting - The even array is restored: E*(z) = EL(2) — 1V (2)OL(2).

Undo Predict - The odd array is restored: O'(z) = OL(2) + U(2)E'(2)

Undo Split - The last step is the standard restoration of the signal from its even
and odd components. In the z-domain it appears as: X(z) = E'(2?) +

270 (2?).
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2.2. Filter banks and bases for the signal space
Let ®(2) = (14 271U(2?))/2 and define the following filters

G(z) 2 V22 0(—2), H(z) 2 V2(1 + 2V (22)®(—2)), H(z) 2 V20(2), G(z) 2 =" H(~2)2)

Here H (z) and G (z) are the low- and high-pass analysis filters, respectively, and
H(z) and G(z) are the low- and high-pass synthesis filters, respectively. These four
filters form a perfect reconstruction filter bank.

Proposition 2.1. If 271U (2?) and 2V (2?) are real valued on the unit circle z = e
then the decomposition and reconstruction equations can be represented as follows:

S1(2) = 1(A(2) X (2) + H(=2) X(~2))
D'(z%) = §(G(2) X(2) + G(=2) X (~2))
X(2) = H(2)S'(2?) + G(z) D' (2?), (2.4)

(2.3)

where S'(z) and D'(z) are the z-transforms of the arrays s* and d*, respectively.
In addition, the perfect reconstruction property holds

H(z)H(z)+G(2)G(z) =2 H(2) H(—2) + G(2) G(—z) = 0. (2.5)

The proof of this simple assertion can be found, for example, in 6.

The perfect reconstruction filter banks, described above, are associated with the
biorthogonal pairs of bases in the space of discrete-time signals.

The impulse responses of the filters H(z), G(z), H(z), G(z) are {h.}, {gr}, {l~zk},

{9k}, k € Z, respectively. It means, for example, that H(z) = >, 7 27*hy. On
the other hand, h 2 {h} is the signal, which emerges as a result of the application
of the filter H(z) to the impulse signal §,, (the Kroneker delta). Similar relations
hold for the other functions. The shifts of these impulse response signals form a
biorthogonal pair of bases for the signal space.

Proposition 2.2. Any signal x € I' can be represented as follows: x; =

A A .
ZkeZ St P _op + ZkeZ di vyt oy, where of = hi, Yx = gk, k € Z. The coordi-
nates sj, and dj, are the following inner products: s = Y 7 @h_optn, di =

7 ~1 AT 1A~
ZnGZ d}’}L—Qkx”ﬁ where 9011C = hy, wé =g, k€.

For the proof we also refer to 6. Proposition 2.2 justifies the following definition.

Definition 2.1. The discrete-time signals o' 2 {pi} and ! = {1}, k € Z, are
called the low- and high-frequency synthesis discrete-time wavelets of the first scale,
respectively. The signals P! 2 {pt} and Pl 2 {1%}, k € Z are called the low- and
high-frequency analysis discrete-time wavelets of the first scale, respectively.
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The perfect reconstruction property (2.5) implies the following biorthogonal
relations:

ZnEZ 95;721@ %11721 = ZnEZ w}L,% 1/),11721 = 52,
Y oneZ Pri—ok Vot = 2ol Yn—zt Prai = 0, Vi, k.

We say that a discrete-time wavelet 1) has m vanishing moments if the following
relations hold: >, -7 k*Yp =0, s=0,1,...,m—1.

Proposition 2.3. Let the transfer functions U(z) and V(z), which are used for
the predict and update steps, respectively, be rational. If 1 + 271U (2%) = (2 +2 +
“U)7p(2) and p(z) has no poles on the unit circle |z| = 1 then the high-frequency
analysis wavelet Y has 2r vanishing moments. If the above condition is satisfied
and, in addition, 1 + 2V (2%) = (z + 2 + 27 1Po(2) and o(z) has no poles on the
unit circle then the high-frequency synthesis wavelet ¥' has 2s vanishing moments,
where s = min(p,r).

z

Proof. Let usignore for a moment the assumption |z| = 1 and examine the function
i(z) £ Gz = Yokl Z*L of the complex variable z. We have ¢(z) = 2z *(1 —
2U(272))/v2 = (1 —2)*" Q(2), where Q(z) is a regular function at the vicinity
of z = 1. It is clear that ¢¢*)(1) = 0, s = 0,1,...,2r — 1. On the other hand,
i) = Yoz KL, where k1 2 k(k — 1)(k — 2)--- (k — s + 1). Note that
any monomial k! can be represented as a linear combination of the polynomials

k", n=0,...,1. Thus, the wavelet ¢' has 2r vanishing moments. Denote q(2) 2
G(z™) = Yez 2" If 1 — 2V (2?) comprises the factor (z — 24 z71)? then we
have

q(2) = 2vV2 (1 — (22) 'V (2 2) (1 + 2U(27?)))
- % (1=2"W(E))+ (1 —2U(2) + 2021 — 27V (272)))
= (1-2)"Q(),
where s = min(p,r) and Q(z) is a regular function in the vicinity of z = 1. Thus,
the wavelet ¢! has 2s vanishing moments. O

Expansion of the transform to coarser scales is implemented in a recursive way.
The discrete-time wavelets related to the subsequent scales are defined iteratively
via the two-scale equations

A , A _
o 2N el g T2 gkl
kel keZ

—it1 A ~ ~ii1 A ~
FED ] g GG
keZ kel



March 10, 2006 20:27 WSPC/WS-IJWMIP SPLitrWMfin

8 Awerbuch and Zheludev

3. Design of prediction filters using polynomial splines

We derive the prediction filters from splines in the following way: We construct a
spline, which interpolates or quasi-interpolates even samples of a signal and predict
odd samples as the values of the spline calculated at the midpoints between the
points of (quasi-)interpolation. Analytically, this operation reduces to filtering the
even array. We will show that splines of odd order are more suitable for this design
due to the property of superconvergence of splines of odd order at the midpoints.

3.1. B-splines

We outline here some known properties of B-splines and establish a few facts needed
for our constructions. The centered B-spline of first order is the characteristic func-
tion of the interval [—1/2,1/2]. The centered B-spline of order p is the convolution
MP(x) = MP~Y(z) * M*(z) p > 2. Note that the B-spline of order p is supported
on the interval (—p/2,p/2). It is positive within its support and symmetric about
zero. The B-spline MP consists of pieces of polynomials of degree p — 1 that are
linked to each other at the nodes such that MP € CP~2. Nodes of B-splines of even
order are located at points {k} and of odd order, at points {k + 1/2}, k € Z. The
Fourier transform of the B-spline of order p is

Mp(w) 2 /Oo =T NP () dr = <Siz72/2)p. (3.1)

We introduce two sequences which are important for further construction:

w2 {MP(k)}, wP2 {Mp (k+;>} ke (3.2)

Due to the compact support of B-splines, these sequences are finite and symmetric.

— 00

The discrete-time Fourier transforms of these sequences are

w(w) 25 e~ Wk AP (k) = PP (cos &
(W) =2 MP (k) = PP (cos ), (3.3)

wh(w) 2 S o€ WEMP (k+ 1) = e/2QP (cos %) .
Here the functions PP and QP are real-valued polynomials. If p = 2r — 1 then PP
is a polynomial of degree 2r — 2 and QP is a polynomial of degree 2r — 3. If p = 2r
then PP is a polynomial of degree 2r — 2 and QP is a polynomial of degree 2r — 1.
These polynomials were extensively studied in 3° 37. In particular the recurrence
relations for their computation were established.
The z-transform s of the sequences u? and w?
(o)

uP(z) = Z 2RMP (), wP(z) = Z 2R MP(k+1/2), (3.4)

k=—o00 k=—o0
are the so-called Euler-Frobenius polynomials 37.

Proposition 3.1 (37). On the circle z = €™ the Laurent polynomials uP(z) are
strictly positive. Their roots are all simple and negative. Each root v can be paired
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with a dual root ¥ such that v = 1. Thus, if p=2r — 1, p = 2r then uP(z) can be
represented as follows:

1
1
7(1 +92) L+ 7,27, 0<m<m<...<yp_1<1l.  (3.5)
n

3

uP(z) =
3.2. Fuler-Frobenius polynomaials and their ratios
The following facts are needed to establish the approximation order of the forth-

coming spline based scaling functions and vanishing moment properties of the cor-
responding wavelets. Using (3.1) we can write

I i 2\"
MP(z—k) = %/ e'w(@=h) (51272/ ) dw

2milx 27rz§z k) Slnﬂ-g)p(il)lpd _ ! —2milk, p d
- [ Mgy e de

; = , —1\p
where m? (§) ée%%fﬂv(smwg)p Z e2milx (-1)

2 T iy (36)

Relation (3.6) means that MP(z — k) is a Fourier coefficient of the 1-periodic
function m® (&) and this function can be represented as the sum:

mb (&) = Z e 2mRE NP (2 4 k). (3.7

k=—oc0

Equations (3.3) and (3.7) imply the following representations:

oo Ip
PP(cosw/2) = uP(w) = mh(w/27) = (sinw/2)P > CEAT _=D7 (3.8)
1=

— (7l +w/2)pP

e 4 i 1)ip+D)
QP (cosw/2) = e ™/ 2P (w) = e—lw/Qm’; (w/27) = (sinw/2)? Z (xl + i+ w2

It is obvious from (3.8) that

PP(1)=QP(1) =1. (3.9)
We also introduce two rational functions:

8 QW) s )

W= Py Oy

The function U?P(z) will be used as the prediction filter. Obviously,

) . —1
UP(e) = /2 RP (cos%) 142 UP(2) =1+ RP (Z +2Z ) . (3.11)
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Examples:

Quadratic spline: p =3

1+2 _ (z+2+271)2
3 1773(,2
: =4——" _ 1 : = 12
Vo) =4 1) = B gy
Cubic spline: p =4
+1) (27t +22+2)
Uiz = 3.13
) = e (313)
-1 2 -1
_ +2+2)%(z+44+271)
i) = B |
U 8(z2+ 4+ 22)
Spline of fourth degree: p =5
1 1 -H
U(z) = 0z 104 27 )L+ 2) (3.14)

22+ 762 4 230 4+ 762—1 + 2=2’
" Up(2%) (2424271 (24271 +10)

z 24 47622 + 230 + 76272 4 z—4°

One can observe that the filters 1+ 2~*U?" "' (22), r = 2,3 originated from the
splines of second and fourth degrees, comprise the factors (z 4+ 2+ z71)". We show
that this factorization is common to splines of even degrees and results in the so
called super-convergence property, which is valuable for wavelet construction.

The following proposition is proved in 4°.

Proposition 3.2 (*°). If p = 2r — 1 then the following factorization formula holds

— 2r—1 —1\r — q(z+2+zil)

where

A (4"—1)
A, = ———|boy, 3.16
r(2r —2)! [b2r| (3.16)
bs is the Bernoulli number of order s and q is a polynomial of degree r — 2.

We conclude the section by a fact about splines of even order.

Proposition 3.3. If p = 2r then
2(cosw/4)%" P?" (cosw/4)
P?r(cosw/2)
(z+2+ 27 Hu?(2)
22— 127 (;2) :

14+ R?(cosw/2) = (3.17)

1+ 27U (2%) = (3.18)

Proof. From (3.8) and (3.9) we have

L Fcoma2) — 1+ Qeosw/2) | 26w/ SE | (n2 - w/2)

P?r(cosw/2) P?r(cosw/2)
 2fcosw/4) (sinw/ ) S5 (7l + /1) _ dcosw/)? PP (cosio/d)
N P?r(cosw/2) B P2 (cosw/2)

Equations (3.18) follow immediately from the definition (3.10) and Eq. (3.17). O



March 10, 2006 20:27 WSPC/WS-IJWMIP SPLitrWMfin

Wawvelet transforms generated by splines 11

3.3. Filters derived from interpolatory polynomial splines

Recall that for devising a prediction filter we have to construct the interpolatory
spline and calculate its values at the midpoints between the points of interpolation.
We do it in this section. We also evaluate the approximation error at the midpoints
and prove the super-convergence property.

Shifts of B-splines form a basis in the space of splines of order p on the grid
{2k}. Namely, any spline SP has the following representation:

SP(x) =t MP(x/2-1). (3.19)
l

Denote t 2 {t;} and let T'(z) be the z-transform of t. We also introduce the
sequences s? = {st s 2 SP(2k)}, sP 2 {shk 2 SP(2k+ 1)} and sP = {s}, 2 SP(k)}
of values of the spline at

the grid points, at the midpoints and on the whole set Z. The z-transform of
the sequence s? is

sP(2) = sP(2%) + 27 1sE(22). (3.20)

We have sf, = >3, ti MP(k —1), b, = >, tMP(k—1+1/2). Thus, sk(z) =
T(z)uP(z) and sB(z) = T(z)wP(z), where uP(z) and wP(z) are the functions defined
in (3.4). From these formulas we can derive expressions for the coeflicients of a

spline S? which interpolates a given sequence e 2 {ex} € 1! at grid points:

SP(2k) = ey, k € Z, <= T(2)uP(z) = e(z) <= T(z) = e(z)/uf(z)

(3.21)
=t = Zzozfoo )\p(l - n)e(n),
where \? 2 {\P] is the sequence which is defined via its z—transform:
k
oo 1
p _ —kyp _
MP(z) = E 27NN = IEE (3.22)

k=—oc0

It follows immediately from (3.5) that the coefficients {\}} decay exponentially as
|k| — oco. We will prove a general statement about this fact in forthcoming Propo-
sition 6.2. Substitution of (3.21) into (3.19) results in an alternative representation
of the interpolatory spline:

SP(x) = i e LP(x/2 —1), where LP(z) = Z X MP(x —1). (3.23)

l=—o00 l

The spline LP(x) defined in (3.23) is called the fundamental spline. It interpolates
the Kroneker delta sequence 6k, i.e. it vanishes at all the integer points except x = 0,
where LP(0) = 1. Because of decaying the coefficients {\} }, the spline L”(z) decays
exponentially as |2| — oco. Therefore, the representation (3.23) of the interpolatory
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spline remains valid for the sequences {ey}, which may grow no faster than a power
of k 38. The values of the fundamental spline at midpoints are

L? <k + ;) =Y N'MP (k —l+ ;) I 2 <k + ;) =UP(2), (3.24)

e ke,

where U?(z) is defined in (3.10). Then, we obtain from Egs. (3.22) and (3.24) that
the values of the interpolatory spline at the midpoints are

Sop= Z L (k + % — n) en < sh(z) = UP(2)e(z). (3.25)

Switching into the signal processing terminology, we say that, in order to derive
the values of the interpolatory spline at the midpoints {2k 4+ 1} between the points
{2k} of interpolation, we have to filter the data {e;} by the filter U’ whose impulse
response {L? (k+ 1/2)}, k € Z is infinite but decays exponentially as |k| — oo (IIR
filter). As we mentioned above, if a spline 1es even samples of a signal, the values
of the spline at the midpoints are used as a prediction of the odd samples of the
signal. Thus, the filters U? may serve as prediction filters in the lifting scheme of a
wavelet transform.

Combining the results of Proposition 3.2 and Proposition 2.3, we come to the
following statement.

Proposition 3.4. If the filter U} is used as a prediction filter in the lifting scheme
then, either by p = 2r — 1 or by p = 2r, the high-frequency analysis wavelet ' has
2r vanishing moments.

Super-convergence property. Proposition 3.2 implies the super-convergence
property of the interpolatory splines of odd order (even degree). Recall, that in
general the interpolatory spline of order p (degree p — 1), which interpolates the
values of a polynomial of degree not exceeding p — 1, coincides with this polyno-
mial (in other words, the spline is exact on polynomials of degree not exceeding
p — 1). However, we will show that the spline Sf“l of odd order 2r — 1 (degree
2r — 2), which interpolates the values of a polynomial of degree 2r — 1 on the grid
{2k} restores the values of this polynomial at the mid-points {2k 4+ 1} between the
grid points. Therefore, we claim that {2k + 1} are points of super-convergence of
the spline Sfrfl. This property results in the vanishing moments property of the
wavelets constructed using the filters U™,

Theorem 3.1. Let a spline S:" ' of order 2r — 1 interpolate f(x) on the grid {2k}.
If the function f is a polynomial of degree 2r — 1 then
S2r=Y(2k +1) = f (2k +1) Vk € Z. If f is a polynomial of degree 2r + 1 then

S 2k 1) = f(2k +1) — A fP(2k +1). (3.26)

The constant A, is defined in (3.16).
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The proof is presented in 4°. Originally this property was proved differently in
46

It can be easily derived from (3.18) that the splines of order 2r restore only
polynomials of degree 2r — 1 at the midpoints between the points of interpolation.

Remark: Due to the super-convergence property of the splines of odd order, the
wavelets originating from the interpolatory splines of odd order 2r — 1 and of even
order 2r have the same number of vanishing moments. But the structure of the
filter Ufr_l is simpler than the structure of the filter U?" (compare, for example,
U3(z) in (3.12) with U2(2) in (3.13)). This means that the computational cost of
implementation of the wavelet transform with the filter Ufr_l is lower than with
the filter U2". Moreover, the wavelets originating from Ufr_l are better localized in
time domain. Therefore, for most applications it is preferable to use filters derived
from the odd-order splines.

3.4. Local quasi-interpolatory splines

We can see from Eq. (3.25) that in order to find the values at the midpoints of the
spline that interpolates the array e, the array has to be filtered with the filter whose
transfer function is the rational function U} (z). This filter has infinite impulse re-
sponse (IIR). However, a fast implementation of this operation is possible via the
subsequent application of causal and anticausal recursive filtering to e. The proce-
dure is described in 6. But this procedure can not be used in real-time processing.
Also such filtering is not appropriate when the length of a signal to be processed
is large. In these situations finite impulse response (FIR) filters are better suited.
In this section we describe the construction of FIR prediction filters on the base
of the so-called local quasi-interpolatory (LQI) splines. Their properties are similar
to the properties of filters derived from interpolatory splines. Even the property of
super-convergence at midpoints remains valid for the quasi-interpolatory splines of
odd order.

Definition 3.1. Let a function f be sampled on the grid {k}, f = {fr}, and F(z)
be the z-transform of £. A spline SP of order p represented in the form (3.19) is
called local if the array q of its coefficients is derived by FIR filtering of the array f:
T(z) =T(2)F(z), where I'(z) is a Laurent polynomial. The local spline of order p is
called quasi-interpolatory (LQI) if it is exact on polynomials of degree not exceeding
p—1.

It means that if f is a polynomial of degree p — 1, then the spline SP(x) = f(z).

To predict the odd samples we use the values at the midpoints of the splines,
which quasi-interpolate the even samples. If w? is the sequence defined in (3.4) then
the FIR prediction filter, which stems from an LQI spline of order p, is

Ul (z) = T(2)w(2). (3.27)
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Explicit formulas for the construction of quasi-interpolatory splines were given in
35 Properties of quasi-interpolatory splines and, in particular, their approximation
accuracy were studied in #6. In this work we are interested in splines of odd order
p = 2r — 1. There are many FIR filters, which generate quasi-interpolatory splines,
but for each order p = 2r — 1 there is only one filter whose impulse response has
minimal length 2r — 1 .

Proposition 3.5 (%). An LQI spline of order p = 2r — 1 can be produced by
filtering T'(z) = T'(2)F(z), with filters T' of length no less than 2r — 1. There exists
a unique filter ', whose impulse response is of length 2r — 1, which produces the
minimal quasi-interpolatory spline 3,2,{_1(95) Its transfer function is:

r—1
Tm(z) =1+ B ' (7' =2+ 2)F, (3.28)
k=1
where the coefficients ﬂirfl are derived from the relation (215_1 arcsint/2)p =

Yiso (=R B,

Proposition 3.6 (%). If f is a polynomial of degree 2r and f 2 {f(2k)} then the
following relation holds for the minimal quasi-interpolatory spline S2' ! of order
2r — 1 (degree 2r —2) fort = (2k+1+17), 7 €0,1]:

- ~1 p(2r—1) ( D2r-1(7) (2r — )by (7) -
§2r=1(4) — f£(4)—92r—1 (2r 1)t 2r—1 92r p(2r)(t) | r _ p2r—1
270 = [ =2 e () P o o=
where bs(T) is the Bernoulli polynomial of degree s.
We recall that the values b = bs(0) are called the Bernoulli numbers . If s > 1
is odd then by, = 0. Hence, we obtain the super-convergence property, which is
similar to the property of interpolatory splines of odd order.

Corollary 3.1. If f is a polynomial of degree 2r — 1 , f 2 {f(2k)} and S2r—1
is a minimal LQI spline of order 2r — 1 (degree 2r — 2 ) then S’ ~1(2k +1) =
fRk+1), ke Z. If f is a polynomial of degree 2r then

S2r=1(2k + 1) = f(2k + 1) + 22" f2")(2k + 1) By, 1,

3.29
Bar 1 2 (2r — 1)by,./(2r)! — ﬂgrﬂ. ( )

3.5. Parametric splines
3.5.1. Upgrade of LQI splines

The representation (3.29) provides tools for custom design of predicting splines that
retain or even enhance the approximation accuracy of the minimal LQI spline at
the midpoints. This is achieved via an upgrade of the filter [',,.

Proposition 3.7. Let f be a polynomial of degree 2r — 1, p be a real number and
f£2 {f(2k)}. If the coefficients of a spline S”%T_l of order 2r — 1 are derived from
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the relation T(z) = I'(2)F(z), with the filter T, of length 2r + 1 with the transfer
function Ty(2) = Ton(2) + p(z7" =24 2)" then S" ' (2k +1) = f2k +1), k € Z
by any real p. However, if p = —Ba,_1 then the identity Sﬁ”‘l(Zk‘ +1) = f(2k+1)
remains valid when f is a polynomial of degree 2r.

Proof. The spline Sﬁ’“‘l, which is constructed using the filter I',, can be repre-
sented by the sum:
r— r— r— r— A i r—
St =Sl pSyl, ST 2 ) (DT FRD) M2 - 1),
1eZ
We evaluate the spline 5’3“1 using the well-known asymptotic relation for a function
e C? (3%):
h2¢" (t
S oty mr(a/n— 1) = o) + 20 4 o),
l
Hence, if f is a polynomial of degree 2r then we have Sirfl(t) =D f = 22 f(27)
and

Sﬁr*l(t) = f(t) - 22r71f(2r71)(t) bar—1(7) + 22rf(2r) ((27" — Dbay(7) _ @2‘7«71 T p) 7

(2r — 1)! (2r)!
At midpoints we have S2'1(2k + 1) = f(2k + 1) 4+ 227 ") . (By,_; + p). This
equation proves the proposition. O

If the parameter p is chosen such that p = (—1)""'[p| then the spline S2"~*
possesses the smoothing property 47. In the case when p = —Bs,._; we call the
spline the extended LQI spline and denote it as S2" 1.

We recall that, given a filter I'(z), the prediction filter is derived from Eq. (3.27).

Examples:

Minimal LQI quadratic spline: The filters are
271242
8 )
L+ 271U,(2%) = ol o )
16
The corresponding analysis wavelet has four vanishing moments.

Extended LQI quadratic spline:

—z7 40949222

Tp(z) =1— . (3.30)

3
Te(z) =Thn(z) + 58(2_1 — 24 2)2,
3272 — 25271 + 150 + 150z — 2522 + 323
256 ’

(271 +242)3(3272 + 18271 + 38 + 182 + 322)
256
The corresponding analysis wavelet has six vanishing moments.

U () =

1+ 27103(2%) = . (3.31)
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Donoho 2! presented a scheme where an odd sample is predicted by the value
at the central point of a polynomial of odd degree which interpolates adjacent even
samples. One can observe that our filter U3, (3.30) coincides with the filter derived
by Donoho’s scheme using a cubic interpolatory polynomial. The filter U2 (3.31)
coincides with the filter derived using an interpolatory polynomial of fifth degree.
Note that in Donoho’s construction the update step does not exist. On the other
hand, the filters 1+ 271U2, (2%) and 1+ 271U3(2?) are the autocorrelations of 4-tap
and 6-tap filters by Daubechies, respectively 33.

3.5.2. Upgrade of interpolatory splines

We can use a similar approach for increasing the approximation accuracy of inter-
polatory splines of odd order at midpoints. It can be done in two ways. Let Sfrfl
be a spline of order 2r — 1, which interpolates a sequence {ex} on the grid {2k}.

Upgrade of the numerator of the transfer function: We introduce a new

spline §27~' as follows: S2~! = &7l 4 pg¥-l gx-l 2
S, (D e)) M?"=1(t/2 — 1). Then an assertion similar to Proposition 3.7
holds.

Proposition 3.8. Let f be a polynomial of degree 2r — 1 and ey 2
{f(2k)}, k € Z. Then for any real p the spline §l2,’“71(2k +1) = f(2k +
1), ggr_l(Qk) = f(2k), k € Z. However, if f is a polynomial of degree
2r+1 and p = 47" Ag,—1, where As._q is defined in (3.16), then the spline
restores values of f at the midpoints {2k + 1}, k € Z.

We denote the spline with p = 47" A5,._1 by §124r—1. As before, we use values
of the spline at midpoints as prediction of the odd subarray of the processed
signal. Using (3.25) and (3.4), we get that the corresponding prediction filter
is

ﬁirfl(z) — Ufrfl(z) + 4_7’A2r,1w2’"_1(z)(z —94 Z—l)r
w21+ 47" g P (2) (2 =2+ 271)7)
u2r71(z) .

By this means we update the numerator of the rational transfer function
of the filter Ufrfl(z). In other words, we change the FIR component of the
filter.

Upgrade of the denominator of the transfer function: Another way con-
sists of modifying the denominator rather than the numerator of the trans-
fer function. As is seen from (3.5), the Laurent polynomial u?"~!(z) can be
represented as the sum u?"~1(z) = 1+ ZZ;} ap(z — 2+ 27 Hk
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We introduce a new Laurent polynomial

r—1

u?f*l(z) 2 1+Z op(z=2+42" ") 4p(z—2+271)" = (2)+p(z—2+27 1)
k=1

(3.32)

and the rational function Upg’"_l(z) 2 w1 (z)/u2 ! (z). Similarly to the
construction of the interpolatory splines we define the quasi-fundamental
spline

1
2r— 1 2r—1 2r—1 —ky2r—1
L2 § XM @), 3D N =

Py et (3.33)

Given a sequence {er}, we construct the spline S’ﬁr’l(t) =

S e Lfffl(t/Q—l).

Proposition 3.9. Let f be a polynomial of degree 2 —1 and f 2 {f(2k)}.
Then for any real real p such that uQT Lew) # 0 Yw € R, the spline
Szr Y2k +1) = f(2k + 1), Sgr 1(2k) = f(2k), k € Z. However, if f(t)
is a polynomial of degree 2r +1 and p = —A,./4", where A, is defined in
(5.16), then the spline restores its values at the midpoints {2k + 1}, k € Z.

Proof. We can represent the difference as

FRE+1) =S 2k +1) =" ab ., f(n),
nGZ

where the z-transform of the sequence {a? ; } is AB(2) =1~ 27103#1(22).
Then, using (3.15) we have

P4z =242 +pz+2+270)"
W2 1(22) + p(22 — 2+ 2 2)
A+ p 4"+ X vk(z =2+ 27 1)k
u?r=1(22) + p(22 =2+ 272"

- zilUgrfl(ZQ) =(z—-2+271

=(z—2+271

Hence, the assertion of the proposition concerning the midpoints {2k + 1}
follows. As for the points {2k} it is seen from (3.33) that the difference
is f(2k) — S21(2k) =3, OF b k—nt(2n), where the z-transform of the se-
quence {b ; } is

BP(z) = u? ! (z) _ plz —2+ Zil)r.
A P R )

Therefore, the spline interpolates polynomials of degree 2r —1 at the points
{2k}. |
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Examples:

Quadratic spline with upgraded numerator:
(1+2)(1024 + (271 + 6+ 2) (271 — 2+ 2)?)
256(z=! + 6+ 2)
(z—2+271)3
= X
256 (22 + 6+ 272)
X (24 4+62°+2422 + T4z + 1744+ T4z + 2427246273+ 277).

U3 ~'(2) =

1— zilﬁff_l(zz)

Quadratic spline with upgraded denominator:
64(1 + 2)
16(z71+642) — (271 =2+ 2)2
—(z=24+2"1)3(z+62+1/2)
B 16(272 4+ 6+ 22) — (272 — 24 22)%

05 e) =

1— 2707 1(2?)

4. Design of prediction filters using discrete splines

In this section we derive prediction filters for lifting wavelet transforms using the
so-called discrete splines. We will show that these filters are intimately related to
the Butterworth filters which are commonly used in signal processing 28.

4.1. Discrete splines

We outline briefly the properties of discrete splines, which will be needed for further
constructions. For a detailed description of the subject, see 2% 32, The discrete splines
are defined on the grid {k} and present a counterpart to the continuous polynomial
splines.

The discrete B-spline of first order is defined by the following sequence for k € Z:
pln _ 1ifk=0,....2n—1, n €N,
k71 0, otherwise.

We define by recurrence the higher order B-splines via the discrete convolutions:
Brm = BLn x Bp=Ln. Obviously, the z-transform of the B-spline of order p is

BP'(2) =142z 42724 272" p=1,2....

In this paper we are interested only in the case when p =2r, r € Nand n = 1.
In this case we have B?"!(z) = (14 271)?". The B-spline Bir’l is symmetric about
the point k = r where it attains its maximal value. We define the centered B-spline
M?" of order 2r as the shift of the B-spline:

MZ 2 Bk +r), M¥(z)=2"B"(z)=2"(1+2 1) (4.1)

The discrete spline of order 2r is defined as a linear combination, with real-valued
coefficients,

S E ST aMiry, (4.2)

l=—00
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of shifts of the centered B-spline of order 2r. Our scheme to design prediction filters
using the discrete splines remains the same as the above scheme, that is based on
polynomial interpolatory splines. Namely, we construct the discrete spline, which
interpolates even samples {ex = far} of a signal £ = {fr}, k € Z, and use the values

S22,’€"+1 for the prediction of odd samples {ox = far+1}. As in Section 3.3 we denote

by s¢ 2 {Se.k 2 52 s° 2 {So.k = Saiq} and s = {sp = S27} the values of the

spline at grid points, at midpoints and in the whole set {k}, respectively.
We construct the spline Sg’ such that

SS,: = Se ) =€, k €Z. (4.3)
Let e(z) be the z-transform of the sequence {ey}.

Proposition 4.1. The z—transform of the sequence s° of values of the discrete
spline at midpoints s

() = UF (2)elz), U3"(2) 2 m (4.4)
UQT(,ZQ) é % (ZT (1 n Z_l)Qr n (—Z)T (1 _ Z_l)Qr) ’
927~<Z2) A % (ZT (1 + Z_1)2r B (—Z)T (1 o 2—1)27’) -

Proof. Applying the z-transform to Eq. (4.2), we get:
5(2) = C(22)MZ"(2%) + 271 C(22) M2 (2%) = s°(2%) + 27 1s°(2?),
where C(z) is the z-transform of the sequence of coefficients {¢;} and
MZ(%) = Y 2 ME =0 (2P), MYT(ER) = ) 2T MEL = 67 (2A)L5)
keZ keZ
Equations (4.3) and (4.5) imply that

92r(z)
’U2T(2) '

C(z) = e(2)/v"(2), s°(2) = C(2)07 (2) = e(2)

To make sure that s°(z) has no poles as z = ¢™, we substitute z = ¢ into v?"(z?).
[eirw(l + e—iw)2r + (_l)reirw(l _ e—iw)Qr]

1 2r 2r
— 5 |(2eos) "+ (20 %) ] >0 -

Thus the filters U2"(z) can be used as the prediction filters in the lifting scheme.
They are closely related to the so-called discrete-time Butterworth filters.
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4.2. Discrete-time Butterworth filters

We recall briefly the notion of Butterworth filter. For details we refer to 28. The
magnitude squared frequency responses F} (w) and F (w) of the low- and high-pass
digital Butterworth filters of order r, respectively, are given by the formulas

1 1

ﬁr 2 _ ﬁr 2:17 ﬁr 2 _
|F (w)] 1+(tan%/tan%)zr’ | E (w)] |F] (w)] 1+(tan%/tan%)%

where w, is the so-called cutoff frequency.
We are interested in the half-band Butterworth filters, that is w, = 7/2. In this
case

1
1+ (tan &)2r”

1

FP=1-|FwP=—r.
| (w)] [F/ (w)] TF (cot )20

B () =

If z = €™ then we obtain that the magnitude squared transfer function of the
low-pass filter is:

(-1 (1 —z_1)2r>_1 (14271

(14 2-1)"

() = (1 +

(42 )T (=) (1 -2
Similarly, the magnitude squared transfer function of the high-pass filter is:

(-1 (1 -2z

T, 2 _ )
e T a7

It is readily seen that the function U2, defined in (4.4), is related to these transfer
functions:

L+ 08 () = [P, 5 (- UFE) = [FER (46)

1
2

| =

We will show that the structure of the filters U 3'“ is similar to the structure of
the filters Ufr_l derived from polynomial interpolatory splines. For this purpose we
analyze the denominator of the rational function UZ2"(2).

Proposition 4.2 (6 2%). Ifr =2p+1 then:

(p+k)m

<1, k=1,...,p.
2r p

p
1

) =2 [T p U afam) (1 afe), of = cot?
k=1 'k

If r = 2p then

V¥ (2) = H

k=1 i

5 2p+2k—1)m

(1 —&-Py,:z_l)(l +712), Y = cot ™

<l k=1,...,p.

A“ﬂ"—‘
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Examples:

The simplest case, r = 1: We have

1+ _
U2(z) = —=, 1427 'U3(:%) =

214242
5 _—

5 (4.7)

The filter UZ is FIR. ;From Proposition 2.3, the high-frequency analysis
wavelet 1) has two vanishing moments.
Cubic discrete spline, r = 2:

142
2464271

(z4+2+271)2

4
Ualz) =4 642

1+ 27U (%) = (4.8)
It is readily seen that the filter U coincides with the filter U derived from
the quadratic polynomial spline (see (3.12). The high-frequency analysis
wavelet 1! has four vanishing moments.

Discrete spline of sixth order, r = 3: We have

(z+ 14+ 271 (1 +2) (27t +2+2)3

US(z) = 142708 (2%) = S———— " (49
a(?) 62— +20 + 62 T Ui = e e (MY
The high-frequency analysis wavelet 1[)1 has six vanishing moments.

Discrete spline of eighth order, r = 4:
s 8(1+2)(z71+6+2)
Ud (Z) = 75 1 2
2724+ 28271 4+ 70+ 282 + 2
8(,2 149 4
14 YalE) _ (7 +2+2) (4.10)

2z 274428272470+ 2822 4 47

The high-frequency analysis wavelet 1&1 has eight vanishing moments.

5. Filters for the update step

In Sections 3 and 4 we presented a family of filters U for the predict step, which
was derived from splines of various types. To complete the construction of the
transform we need to define the filter V' for the update part. The fact that any
choice of these filters retains the perfect reconstruction property of the transform
is a great advantage of the lifting scheme. Proposition 2.3 indicates that, in order
to produce synthesis and analysis filters with similar properties, it is advisable to
choose V(z) = U(1/z), where U is one of the filters U presented above. In particular,
the filter U may coincide with the filter U, which is used for the prediction. In this
case the numbers of vanishing moments of the high-frequency analysis and synthesis
wavelets are equal to each other. On the other hand, by combining various pairs of
the prediction U and the update V(z) = U(1/2) filters, we obtain a wide family
of biorthogonal wavelet s with diverse properties. Implementation of derived filters
with rational transfer functions is discussed in details in 0.
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6. Scaling functions and wavelets generated by rational filters

Cascade algorithm and subdivision schemes We presented in previous sec-
tions a set of filters U and V', which are used as prediction and update filters in lift-
ing schemes. They produce a family of perfect reconstruction filter banks H, G, H
and G (see Section 2.2). These filter banks generate analysis and synthesis scaling
functions @, which are solutions for the refinement equations 16:

B = VIS Wt~ k), @) =VEY o2t -k (61)
kel keZ

The cascade algorithm for the construction of scaling functions, which is de-
scribed in ', consists of infinite iterations of the subdivision scheme whose mask is
either the low-pass synthesis filter A, or the analysis filter A, whose symbols are

a(z) = V2H(2) =1+ 27'U(2%), a(z) = V2H(z) = 2+ 2V (2%) = V()U(2?),
(6.2)

respectively. This scheme is applied to the initial data, which is the Kroneker delta
0. If this process converges then the limit function, which is called the basic limit
function (BLF) of the subdivision scheme, is the scaling function generated by
cither the filter H or H (*6). Therefore, methods of analysis of convergence and of
regularity of limit functions, which have been developed in the theory of subdivision
schemes, can be applied to the analysis of scaling functions. Our analysis is based on
a technique developed in 22 23 for the schemes that employ FIR filters. The extension
of the technique to schemes with IIR filters requires some modifications. We outline
briefly our results on the convergence of the subdivision schemes with rational
symbols and the properties of the corresponding scaling functions and wavelets. A
detailed presentation of these results is given in %°.

A univariate stationary uniform subdivision scheme S, that is based on a filter
a(z) =2 7 z"*ay,, consists of the following:

Given the initial data fO = {f2}, k € Z, one refinement step is an extension of
the function f7, j = 0,1,..., defined on the grid GI = {k/27}, cm: f7(K/27) = f,z,
onto the grid G+ by multirate filtering the array { f,g}

o ,
=D anaf (6.3)
e,
The  insertion rule (6.3) splits into  two  separate  rules:
0 , o 4 A A
o = Liezthifls fip = Yiez ai i fi, where af = ag and af = a1,

The impulse response a = {ay} of the filter a(z) is called the refinement mask of
the subdivision scheme S,. If ag = 1, as, = 0 Vk # 0 then the subdivision scheme is
interpolatory (ISS). In this case fg,jl = f]g The transfer function a(z) of the filter
is called the symbol of the subdivision scheme S,. Provided f7 and f7*! belong to
the space [!, Eq. (6.3) is equivalent to the following relation in the z-domain:

FH(z) = al2) (%) (6.4)
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Comparing (6.4) with (2.4), we see that this refinement step is completely identical
to the reconstruction of the signal x from the array s, provided a(z) = H(2). It is
apparent that all the synthesis filters presented in Sections 3 and 4 are associated
with the interpolatory subdivision schemes.

Definition 6.1. Let the initial data be £ = {f2}, k € Z and {f7(t)}, j € N, be
the sequence of continuous functions that interpolate the data generated by S, at
the corresponding refinement level: {f1(279k) = f1 = (SIfO)%}, k € Z. If {f7(t)}
converges uniformly at any finite interval to a continuous function f*(t) as j — oo
then we say that the subdivision scheme S, converges on the initial data f° and
fo(t) is called its limit function.

Definition 6.2. If the scheme converges on the initial data {fp = 6}, k € Z,
(Kroneker delta), then the limit function, which we denote as ¢, is called the basic
limit function (BLF) of the scheme S.

Proposition 6.1 (19). The BLF of the scheme S, is the scaling function of the
wavelet transform whose low-pass filter is a(z).

All the above designed filters generate subdivision schemes S,, whose symbols
a(z) = V(z)/P(z) are rational functions and possess the following properties:

P1: The Laurent polynomials P(z) and V(z) are invariant under the inversion
P(z71) = P(2), V(27 ') = V(2) and thus are real on the unit circle |z| = 1.

P2: Roots of the denominator P(z) are real, simple and do not lie on the unit circle
|z| = 1.

P3: P(z) can be represented as follows:

r

1
Pi) =] —Q+ma) @ +mzh), 0<|nl<...lnl=e? <1, g>0,

n=1 n
(6.5)
and, for all £ Im v, = 0. If P1 and P2 hold then they imply P3.
P4: The symbol a(z) can be factorized as follows:
a(z) = (14 2)q(z), ¢q(1)=1. (6.6)

Definition 6.3. We say that a rational function a(z) belongs to Class P if it pos-
sesses all the properties P1— Pj.

The above properties imply in particular that the coefficients aj of the mask of
a Class P scheme S, are symmetric about zero.

Proposition 6.2 (*?). If the symbol of a scheme S, is a(z) = V(2)/P(z) and Eq.
(6.5) holds then the mask

‘ak‘ < Ae_g|k|7

where A is a positive constant.
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1>

Denote £ 0 max, 7 |f,§\ Eq.
(6.3) implies that fg,:rl =27 ask—a21f7, fg,::l =27 ask+1-21f] . Hence, it fol-

. . A
lows that [|[E+ o < 1S, | 1], where |15, ] 2 max {5,z lazl, Tpez; lazsl}
Similarly, after L refinement steps we have ||[fitL|, < [|SE| ||| s, where

EHE mgX{ZIaETQL” 0<i<2k - 1}
k

and {aECL]} is the mask of the operator SL.

Definition 6.4. If for some L € N the following inequality holds

ISfllém?X{Zlaﬁszk:0<i<2L—1}:u<1 6.7)
k
then the scheme S, is called contractive.

Convergence of the cascade algorithm and regularity of scaling functions
Let S, be a subdivision scheme, whose mask a = {ax, k € Z} and symbol is a(z).
To establish the existence of the continuous scaling function associated with the
filter a(z), it is sufficient to prove the convergence of the subdivision scheme S, on

the initial data f® = {6y, k € Z}. However, a more general proposition is proved in
49

Proposition 6.3 (*°). Let S, be a subdivision scheme of Class P, whose symbol
is a(z) = (1 + 2)q(z), and S, be the scheme, whose symbol is q(z) and mask is
{aqr}, k € Z. If the scheme Sy is contractive then the scheme S, converges on any
initial data £O € I1.

The smoothness of the scaling functions is determined by the following propo-
sition.
Proposition 6.4 (??). Let S, be a subdivision scheme of Class P and in addition
let the symbol be factorized as follows: a(z) = 27" (1 + z)™b(z). If for some initial
data £O € [y the subdivision scheme Sy, whose symbol is b(z), converges on the

data g° 2 A™FO 15 o continuous function g (t) then the scheme S, converges on
the data f° to a function f<(t), t € R, which has m continuous derivatives and

FE@)m) = g=().

Exponential decay of BLF’s We proved in 4° that the basic limit function of a
convergent subdivision scheme with the rational symbol decays exponentially as its
argument tends to infinity. Hence it follows the result concerned with the scaling
functions.

Theorem 6.1. Let a low-pass filter H(z) = a(z)/V/2 and a(z) be a function of Class
P. If the subdivision scheme S, whose symbol is q(z) = a(z)/(1+ 2), is contractive
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then the filter H(z) generates a continuous scaling function @g(t), which decays
exponentially as |t| — oco. Namely, if (6.5) holds then for any € > 0 there exists a
constant ®. > 0 such that the following inequality is true: |op(t)] < ®. e~ (92,

Let the filter a(z) satisfy the conditions of Theorem 6.1 and in addition be factor-
ized as follows: a(z) = 27™(1 + 2)™*1¢l"™)(2), where ¢[™(1) = 1. If the subdivision
scheme S([]m], whose symbol is ¢[™)(z2), is contractive then the scaling function ¢ (t)
has m continuous derivatives.

The analysis and synthesis scaling functions ¢ and ¢, which satisfy the re-
finement equations (6.1) generate the analysis and synthesis wavelets 7:/; and 1,
respectively, via the two-scale equations

D) =V2D G@2t— k), p(t) =2 g2t — k), (6.8)
kel keZ

where {g;.} and {g} are the impulse responses of the high-pass filters G’ and G,
respectively. Equations (2.2) imply the rational functions G(z) and G(z) have no
poles on the unit circle and, therefore, the sequences {gx } and {gx} decay exponen-
tially. Then it follows from (6.8) that the wavelets ¢(t) and 1(t) decay exponentially
as t — o0o. Moreover, the smoothness of the wavelets {Z; and 1 is the same as the
smoothness of the scaling functions @ and ¢, respectively.

Definition 6.5. A wavelet ¢ has n vanishing moments if the following relations
hold

/ thp(t)dt =0, k=0,...n—1.

Proposition 6.5 (3%). If~the low-pass synthesis filter H(z) has n zeros at z = —1
then the analysis wavelet ¢ has n vanishing moments. If the low-pass analysis filter
H(z) has 1 zeros at z = —1 then the synthesis wavelet ¥ has 1 vanishing moments.

In our scheme this fact can be reformulated in a form similar to Proposition 2.3

Proposition 6.6. Let the functions U(z) and V(z), which are used for the predict
and update steps, respectively, be rational and have mo poles on the unit circle
|z| = 1. Let 1+271U(22) comprise the factor (z+2+2"1)" and 1+ 2V (22) comprise
the factor (z + 2 + z~1)P. If the analysis and synthesis scaling functions exist then

the analysis wavelet ¥ has 2r vanishing moments and the synthesis wavelet 1) has
2s vanishing moments, where s = min(p, ).

Scaling functions generated by polynomial splines of even order In the
case when the prediction filter is derived from a polynomial interpolatory spline
of even order, as was described in Section 3.3, the synthesis scaling function and
wavelet are splines of the same order.

Theorem 6.2.
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1. If the prediction filter in the lifting scheme UZ"(z2) is derived from a polyno-
mial interpolatory spline of order 2r then the cascade algorithm for the
construction of the synthesis scaling function ¢(t) converges for any r and
o(t) = L*>"(t), where L?"(t) is the fundamental spline of order 2r with nodes
on the grid {k}, 7. This spline was defined in (5.23).

2. If, in addition, the update filter V(z) is chosen as suggested in Section 5 then
the synthesis wavelet (t) is the spline o®"(t), which interpolates the data
V2{gr}, where {gi} is the impulse response of the synthesis high-pass filter

G(2) 2 /2,71 (1 =2V (22) (1 + 27U (%)) /2) on the grid {k/2}, k € Z.
Proof.

1. We consider a subdivision scheme S, with the symbol a(z) = 1 + 271U (2?)
derived from an interpolatory spline of degree 2r. Let the initial data be
fO = {6} and {f7(t)}, 7 = 0,1,... be a sequence of splines of order 2r
constructed on the grid {277k} that 1e the subsequently refined data at
grid points, that is, f7(277k) = f,z, k € Z. We show by induction that for
all non-negative integers j the splines f7(t) = L?"(t). Obviously, it is true
for f9(t). Suppose that for some j € N we have f/=1(t) = L?"(t). Due to
the well known property of minimal norm 2, the integral

A > ' T > T
w2 [ EnOepas [ anoPa;
where g(t) is any function such that q") () is square summable and (k) =
8k. The refined data is f{ = f/~1(279k) = L*"(277k). For the spline f7(¢),
which interpolates this data, we have the inequality

(oo} oo

v2 [Cumapds [ @0oR

—o0 —o0
where Q(t) is any function such that Q(")(t) is square summable and
Q(277k) = L?"(277k). Hence, v < p. On the other hand, f] = &, and,
therefore, u < v. Thus,

[ enewra= [0

Hence, it follows that f7(t) = L?"(¢). Thus the first claim of the theorem is
proved.

2. Under conditions of the theorem the synthesis wavelet ¢(¢) is derived from the
scaling function ¢(t) = L?"(t) via the two-scale equation

Y(t) = V2 gl (2t — k), (6.9)

kel
where {gx} is the impulse response of the high-pass filter G. But the series
in (6.9) represents a spline of order 2r, which interpolates v/2{gx} on the
grid {k/2}, k € Z. O
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Remark. Note that the analysis scaling function and wavelet are not splines. Also
for the schemes that use splines of odd order, the synthesis as well as the anal-
ysis scaling functions and wavelets are not splines. However, due to the super-
convergence property, in this case the synthesis scaling function and wavelet are
smoother then the generating splines.

Evaluation of the coefficients of the subdivision mask The above proposi-
tions yield a practical algorithm that establishes the convergence of a subdivision
scheme and analyzes its regularity. The key operation is the evaluation of sums of
type (6.7) of the mask coefficients when the symbol a(z) = 3°, .7 2 "ay, is available.
For subdivision schemes with finite masks these sums can be calculated directly. But
for infinite masks different methods of evaluation of the coefficients are required.
We outline a method based on the discrete Fourier transform (DFT) . More details
are given in 4.

We consider the case when the number L in Eq. (6.7) is 1. The cases
L > 1 are similarly treated. Thus, we need to evaluate the sums o.(a) =
Sore o laskl, oo(a) = Dope . laskt1|. We assume that N = 2P, p € N. We
denote A(w) = a(e™ = Y32 e “Fq;. and calculate this function in the dis-

crete set of points:

9 0o N/2—1 0o
~ ™ —27ikn —27irn A
= a(G) = X SR Y S 02 Y
k=—o0 r=—N/2 l=—o0
The samples ;. are available via the inverse DFT:
1 N/2-1
2mirn
GT:N Z e N ap.
r=—N/2

Thus the sums we are interested in are evaluated as follows:
N/4—1

gea) =Y |bakl+pn, pn < B(N+2)7Y,
r=—N/4

where B > 0y € (0,1) and some constants. Hence, it follows that by doubling N, we

can approximate the infinite series o (a) by the finite sum oY (a) = Z?ZL:\}M |02k ]

whose terms are available via the DFT. Practically, we can iterate calculations by

gradually doubling N until the result of calculating 0> (a) becomes identical to

N
e

(a) (up to machine precision). The same approach is valid for evaluating the
sum o,(a) and the sums >, | L] | f L
o w19 5| for any L.

g

7. Examples

Different combinations of the prediction and update filters, which were designed
in Sections 3 and 4 enable to design a practically infinite variety of biorthogonal
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wavelet transforms with symmetric waveforms. Some of them proved to be efficient
in our image compression experiments. The results of these experiments are pre-
sented in 0. In this section we summarize properties of a few such transforms and
provide graphical illustration.

7.1. List of filters

We describe transforms, which use the following six filters:

Not. | Fil. | Source Eq. IR.

'3 U? | quadratic interpolatory spline (3.12) | IIR

Fy U3 (3.30) | FIR
(4.9) | IIR

Fy U3 | quadratic extended quasi-interpolatory spline (3.31) | FIR
(
(

quadratic minimal quasi-interpolatory spline
F3 US | interpolatory discrete spline of sixth degree

F5 U 5’ interpolatory discrete spline of eighth degree 4.10) | IR
Fs U3 | interpolatory polynomial spline of fourth degree | (3.14) | IIR

Remark: We recall that the synthesis scaling function generated by the FIR filters
F2(2) and Fy(z) are the autocorrelations of the scaling functions generated by the
4-tap and 6-tap Daubechies filters, respectively (see 33).

By combining the above six filters we construct a number of transforms, which
we label as P,U,,. Here p means the index of the filter Fj, which is used for the
predict step in the lifting scheme and w is the index of the filter, which is used for
the update step. For example, P, Ujs designates the transform, which performs the

predict step using the filter F1(2) and the update step using the filter F3(z)/z.

Proposition 7.1. The synthesis p(x) and the analysis $(x) scaling functions as-
sociated with the transforms P, U, are continuous and, if the filters F,, and F, are
FIR then ¢(z) and @(x) have compact support; if F, is IIR and F, is FIR then
@(x) decays exponentially as |x| — oo and ¢(x) has compact support; if F, is IIR
then ¢(x) and @(x) decay exponentially as |x| — oo.

7.2. Summary of properties of the wavelet transforms

We summarize in Table 1 the properties of the transforms, which we employed in
our image compression experiments '°. In those experiments we compare the results
produced by our transforms with the results achieved by application of the popular
9/7 biorthogonal transform (%), which we denote by B9/7. Therefore, we add to
the table the properties of B9/7.

The following abbreviations are used in the table:

VmA: Number of vanishing moments of the analysis wavelet {E VmS: Number
of vanishing moments of the synthesis wavelet 1. RegA: Regularity of the analysis
scaling function @. C* means that & is continuous together with its k derivatives.
RegS: Regularity of the synthesis scaling function ¢. Add: Number of additions per
pixel in the implementation of one step of the two-dimensional transforms. Mult:
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The same for multiplications. LFA: Length of the analysis filter H. LFS: Length
of the synthesis filter H.

Transform | VmA | VmS | RegA | RegS | Add | Mult | LFA | LFS
P1U1 4 4 Cl 02 8 6 (©.¢) o0
P,U, 4 4 o c! 8 4 11 |5
P3U3 6 6 02 04 12 6 ¢ o0
P,U, 6 6 C! C? 12 6 15 7
P1U3 4 6 Cl 04 10 7 o0 (6.9]
P,U, 4 6 c’ C? 10 5 13 5
P;U; 8 8 ct ok 16 12 00 00
PsUg 6 6 C? ct 16 12 00 00
B7/9 4 4 O Ct 8 4 9 7

Table 1. Properties of the transforms employed in the image compression experiments.

Comments on Table 1.

e The computational complexity is calculated under the assumption that all
the presented s are carried out through lifting steps and filtering with IR
filters is implemented in cascade mode with special treatment of the bound-
aries of the images 0 28,

e Factorization of the B9/7 transform , as suggested in ° 18, speeds up the
computation. The number of operations in Table 1 is calculated with respect
to this factorization algorithm.

e It is clear from the table that the cost of the implementation of the trans-
forms P,Uq, P3U3 and P, Uj is close to the cost of the implementation of

the transform B9/7.

7.3. Graphical illustrations

In the next five figures we display several filters, scaling functions and wavelets
associated with the presented transforms. All the figures are identically organized.
Each of them contains four pictures. If these pictures are counted from left to right
then the first column displays the frequency responses of the low-pass H and the
high-pass G synthesis filters, the second column displays the frequency responses of
the low-pass H and the high-pass G analysis filters, the third column displays the
synthesis scaling function ¢ and the wavelet ¥, and the fourth column displays the
analysis scaling function ¢ and the wavelet {XJV

Comments on Figures 1-5: We observe that all the devised low-pass synthesis
filters and high-pass analysis filters have flat frequency responses. It is especially
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Fig. 1. Filters and wavelets associated with the P1U; transform.
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Fig. 2. Filters and wavelets associated with the P2U2 transform.
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Fig. 3. Filters and wavelets associated with the P3U3 transform.
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Fig. 4. Filters and wavelets associated with the P,Uy transform.
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Fig. 5. Filters and wavelets associated with the PsUjs transform.
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apparent for the IIR filters. The rest of the filters are flat up to a small bump near
the cut-off. The filters of the transform P5;Ujz have the flattest frequency response
and the steepest cut-off. Its scaling functions are most regular among the presented
transforms.

In Figures 6 and 7 we present the derivatives of several scaling functions. Figure
6 displays second derivatives of the synthesis scaling functions of two transforms
P,U; and P,U4, which use FIR filters, and the transform P;U;, which uses IIR
filters. Like PoUsy, the transform P;U; operates with wavelets, which have four
vanishing moments. The wavelets of the P,U, transform have four vanishing mo-
ments. Note that the synthesis scaling functions of PoUs and P,U,4 are the basic
limit functions of the well-known 4-point and 6-point Dubuc and Deslauriers inter-
polatory subdivision schemes ° 20,

Fig. 6. Second derivatives of the synthesis scaling functions: left: PoUsg, center: P4Uy4, right:
P1U;.

The second derivative of the synthesis scaling function of the P,U; transform
does not exist. The synthesis scaling function of the P,Uy, transform belongs to
C% « < 2.830 16 19 20 Tn Figure 6 the second derivative of the synthesis scaling
function of the P;U; transform looks smoother than the scaling function of P,Ujy.
Thus, we conjecture that the scaling function of P;U; belongs to C?, g > a.

In Figure 7 we display the fourth derivatives of the synthesis scaling functions
of two transforms P3Ujz and PgUg, which use IIR filters. We recall that P3Uj is
based on discrete splines of sixth order and PgUg is based on polynomial splines of
fifth order. Corresponding wavelets have six vanishing moments.

Fig. 7. Fourth derivatives of the synthesis scaling functions: left: P3Us, right: PgUs.
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We observe that the fourth derivative of the scaling function of P3Uj3 has a near-
fractal appearance. Nevertheless, we proved that it is continuous. Both transforms
P3U; and PgUg have very similar properties. Also, their performance is very sim-
ilar. But the computational cost to implement the PgUg transform is much higher
than to implement P3Uj, and is equal to that of implementing the P5Uj transform,
which has smoother scaling functions and wavelets with more vanishing moments.

Conclusion

In this paper we proposed an efficient technique that generates a wide range of
new biorthogonal symmetric wavelet transforms. This technique is based on using
discrete and polynomial interpolatory and quasi-interpolatory splines for the design
of filters for the predict and update operations in lifting schemes of the wavelet
transform. These are the linear phase filters which have flat frequency response.
By combining different designed filters for the predict and update steps, we can
devise practically unlimited types of wavelets that are as smooth as required and
have a predetermined number of vanishing moments. When transforms, which are
based on splines of higher orders are implemented, it is advisable to switch from
time-domain to frequency-domain implementation © 8. Then, an increase in the
number of vanishing moments and the regularity of wavelets does not affect the
computational cost of the implementation.

We analyzed scaling functions and wavelets associated with the devised wavelet
transforms. In particular, we established conditions for exponential decay of the
scaling functions and determined the rate of decay. We found that the synthesis
scaling functions derived from interpolatory polynomial splines of even degrees co-
incide with fundamental splines.

We explored the applicability of the newly designed transforms to still image
compression. The performance (quality and computational cost) of the presented
transforms proved to be comparable with the 9/7 transform. Most of the filters that
are employed in the transforms are IIR. They are also applicable to the design of
new subdivision schemes 4° and framelet transforms 2.

In the future we intend to find accurate estimates of smoothness (Holder ex-
ponents) of the designed scaling functions and wavelets. We plan to extend our
technique to the irregularly sampled signals.
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