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A New Family of Spline-Based Biorthogonal
Wavelet Transforms and Their Application
to Image Compression

Amir Z. Averbuch and Valery A. Zheludev

Abstract—In this paper. we design a new family of biorthogonal
wavelet transforms and describe their applications to still image
compression. The wavelet transforms are constructed from various
types of interpolatory and quasiinterpolatory splines. The trans-
forms use finite impulse response and infinite impulse response fil-
ters that are implemented in a fast lifting mode.

Index Terms—Image compression, lifting scheme, spline, wavelet
transform.

1. INTRODUCTION

AVELET transforms have become one of the basic tools
of signal processing, image processing, and numerical
computation. In particular, biorthogonal symmetric wavelets
manifested remarkable abilities in still image compression.
So-called 9/7 wavelets [1] were adopted by the JPEG 2000
image compression standard [26]. In this paper, we present
a new family of biorthogonal wavelet transforms, which are
proven to be efficient for image compression. The performance
of still image compression of the transforms that belong to
this family is similar to the performance of the transform with
9/7 wavelets on most of the benchmark images. Moreover,
the technique, which we developed for the design of wavelet
transforms, is generic. It enables us to construct transforms with
predetermined properties and provides a means for flexible
adaptation of the transforms to problems under consideration.
Our approach combines versatile custom-design capabilities
which are inherent in the lifting schemes [31] with the usage of
the well-developed theory of interpolatory, quasiinterpolatory,
continuous, and discrete splines [25], [30], [36], [38].
Polynomial splines are a common source for wavelet
constructions. Until recently, two approaches governed the
construction of wavelet schemes that use splines. One is based
on orthogonal (Battle-Lemarié, [7], [19]) and semi-orthog-
onal wavelets in spline spaces [9], [34], [39]. This approach
produces compactly supported spline wavelets. However, their
dual wavelets have infinite support. The other approach, which
employs splines in wavelet analysis, was introduced by Cohen,
Daubechies, and Feauveau [11], who constructed symmetric
compactly supported spline wavelets whose dual wavelets
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remain compactly supported and symmetric but do not belong
to a spline space.

However, since the introduction of the lifting scheme for the
design of wavelet transforms [31], a new way has opened for the
use of splines as a tool for devising wavelet transforms.

The basic lifting scheme for wavelet transform of a dis-
crete-time signal consists of three steps.

1) Split: The signal is split into even and odd subarrays.

2) Predict: The filtered even array is used to predict the odd
array. Then, the odd array is redefined as the difference
between the existing array and the predicted one. If the
predictor is correctly chosen then this step decorrelates
the signal and reveals its high-frequency component.

3) Update: To eliminate aliasing, which appears while
downsampling the original signal, and to obtain the
low-frequency component of the signal, the even array is
updated using the filtered new odd array.

The newly produced even and odd subarrays are the coeffi-
cients from the single decomposition step of the wavelet trans-
form. The inverse transform is implemented in a reverse order.

The transform generates biorthogonal wavelet bases for the
signal space. The specifics of the transform and its generated
wavelets are determined by the choice of the predicting and
updating filters. In the construction by Donoho [14], an odd
sample is predicted from a polynomial interpolation of neigh-
boring even samples. We propose using various kinds of splines
as predicting and updating aggregates in the lifting scheme. In
the following, we outline how we use splines for this purpose.

* Continuous interpolatory splines: The interpolatory spline
of odd order (even degree) with equidistant nodes possesses
the super-convergence property at the midpoints of the in-
tervals between grid points [36]. This property increases the
number of vanishing moments and the regularity of the corre-
sponding wavelets. Thus, we construct a spline of odd order,
which interpolates even samples of the signal, and use the
values of the spline at the midpoints between grid points as
prediction of odd samples of the signal [5].

* Discrete interpolatory splines: Another option is to use the
discrete interpolatory splines [3], [4]. In this case, explicit
formulas for the transforms that have any number of van-
ishing moments are established. Moreover, our investigation
reveals an interesting relation between discrete splines and
Butterworth filters, which are commonly used in signal pro-
cessing. The filter banks used in our scheme comprise fil-
ters which act as bidirectional half-band Butterworth filters.

1057-7149/04$20.00 © 2004 IEEE



994

The frequency response of a Butterworth filter is maximally
flat and we succeed in the construction of dual filters with a
similar property. Unlike the construction in [14], the above
transforms used causal and anticausal filters with infinite
impulse response (IIR). Fortunately, the transfer functions
of the employed filters are rational. Therefore, filtering can
be performed recursively. One-directional Butterworth filters
were used for devising orthogonal nonsymmetric wavelets
[18]. The computations there were conducted in time domain
using recursive filtering. A scheme that used recursive filters
for the construction of biorthogonal symmetric wavelets and
their application to image processing was presented in [21]
and [24].

* f) Quasiinterpolatory splines: There is a way to devise
wavelet transforms that employ finite impulse response
(FIR) filters whose properties are similar to the properties of
interpolatory transforms. It can be done using the so-called
quasiinterpolatory splines [36]. These splines also possess
the super-convergence property.

The rest of the paper is organized as follows. In Section II,
we outline the lifting scheme of wavelet transforms and discuss
its relation to the conventional setting of wavelet transforms.
In Section III, we describe the derivation of the prediction
and update filters from interpolatory and quasiinterpolatory
splines. The filters, which stem from interpolatory splines, have
rational transfer functions. Note that IIR filters with rational
transfer functions, which allow recursive implementation, ap-
pear in signal processing algorithms using spline functions.
Construction and implementation of these filters was studied
in [32], [33]. Our scheme that implements these filters is
close to that of [33]. More details are provided in Appendix I
(Section I). By combining the devised filters, we construct in
Section IV a number of biorthogonal wavelet transforms. Then,
in Section V, we present compression results for four bench-
mark images after applying these transforms. These results
are also compared with the results from the 9/7 transform. In
Appendix II (Section II), we describe a direct two-dimensional
(2-D) implementation of a transform, which uses FIR filters.

II. BIORTHOGONAL WAVELET TRANSFORMS: BACKGROUND

We call the sequences {a(k)}?2 ., which belong to the
space I3 U Iy, the discrete-time signals. The z transform of
a signal {a(k)} is defined as A(z) = Y ,—__ z *a(k).
Throughout the paper, we assume that z = ¢*. We introduce
a family of biorthogonal wavelet-type transforms that operate
on the signal x = {z(k)}y2___, which we construct through
lifting steps.

We recall the basic lifting scheme formulation of a wavelet
transform. The lifting scheme [31] can be implemented in either
primal or dual mode.

A. Lifting Scheme of the Wavelet Transform

1) Decomposition: Generally, the primal lifting scheme for
decomposition of signals consists of four steps: a) split; b) pre-
dict; c) update or lifting; and d) normalization. Let x be a signal
and X (z) its z transform.
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a) Split: The signal x is split into even and odd subarrays:
e1 = {ex(k) = 2(2k)},01 = {os(k) = a(2k + D}k € Z.
In the z-transform domain, this operation corresponds to the
following relation: F1(2?) = (X(2) + X(—2))/2,01(2%) =
2(X(z) — X(—2))/2, where F1(z) and O;(z) denote the z
transforms of e; and o4, respectively.

b) Predict: The even array e; is used to predict the odd array
01. Then, the new odd array oY is defined as the difference be-
tween the existing array o; and the predicted one. To be specific,
we apply some prediction filter U to the array e, in order for
the result to approximate the array og. Then, we subtract this
result from the array o1 : OY(2) = O1(2) — U(z)E1(#). From
now on the superscript v denotes the new array. Provided that
the filter U is properly chosen, this step results in decorrelation
of the signal.

c¢) Update (lifting): The even array is updated using the new
odd array that is being convolved with the update filter whose
transfer function we denote by V(2)/2 : E¥(z) = Ei(z) +
(1/2)V (2)O%(#). Generally, the goal of this step is to eliminate
aliasing which appears when the original signal x is downsam-
pled into e; . By doing so eq is transformed into a downsampled
and smoothed (low-pass filtering) replica €} of x.

d) Normalization: Finally, the smoothed array s; and the
array of details d; are obtained from the following operation:
s1 = V2e%,d; = o¥/V2.

The key issue in this lifting scheme is how to properly choose
the filters U and V. We address this issue in subsequent sections.

2) Reconstruction: The reconstruction of the signal x from
the arrays s7 and d; is implemented in a reverse order.

a) Undo Normalization: €% = s1//2 0% = /2d;.

b) Undo lifting: The even array Ei(z) = FEY(z) —
V(2)QY(z)/2 is restored.

¢) Undo Predict: The odd array O1(z) = OY (2)+U (2) E1(2)
is restored.

d) Undo Split: It is the standard restoration of the signal from
its even and odd components. In the z domain, it appears as
X(2) = E1(2?) + 27101(22).

3) Dual Mode:

a) Update: The even array is averaged with the filtered odd
array EY (z) = (E1(z) + V(2)01(2))/2.

b) Predict: The odd array is predicted by the filtered new even
array OY(z) = O1(z) — U(z)EY(2).. The reconstruction is
achieved in a reverse order.

In the primal construction, the update step follows the pre-
diction. In some applications it is preferable to have the update
step before the prediction step and to control the prediction step.
In particular, dual mode allows us to use an adaptive nonlinear
wavelet transform [10] by choosing different predictors for dif-
ferent fragments of a signal or an image.

B. Filter Banks and Bases for Signal Space

The lifting schemes presented above yield efficient algo-
rithms for the implementation of the forward and backward
transforms of the signal x < s; U dj. For completeness,
we briefly outline the links between these schemes and the
transforms of the signal by two-channel multirate perfect re-
construction filter banks. We also outline the relations between
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the lifting scheme and the expansion of signals with respect to
the corresponding biorthogonal bases [23], [35].

We denote ®(z) 2 (1 + z~*U(22))/2 and define the fol-
lowing filters:

G(z) 2 V2:0(—2), H(z)
H(z) 2 V2®(2), G(z)2

Here, H(z) and G(z) are the low- and high-pass primal anal-
ysis filters, respectively, and H(z) and G(z) are the low- and
high-pass primal synthesis filters, respectively.

The decomposition and reconstruction equations can be rep-
resented as follows:

2 V21 + 2V(2)2(~2))
V22711 = 2V (2%)®(2)).

$1(2) = S (H()X(2) + H(=2)X(~2)
Di(2%) = L (G(2)X(2) + G(-2)X(~2))
X() = H(z)$1(2%) + G()Di (=)

where S;(z) and D;(z) are the z transforms of the arrays s;
(smooth) and dy (details), respectively.

The filter bank H(z), G(z), H(z), and G(z) possesses the
perfect reconstruction property [23], [35]

H(2)H(z) + G(2)G(2) =
H(z)H(~2) + G(2)G(~ )—0

The filters are linked to each other as follows:

G(z) =2 'H(-2); G(z) =z ‘H(-=z).

The shifts of impulse response of the filters
H(z),G(z), H(z), and G(z) form biorthogonal pairs of bases
in the space of discrete-time signals. We denote these impulse
responses by ! (k), 1 (k), ' (k), and o' (k), respectively.
It means, for example, that H(z) >Srez 2 ¥t (k) and
similar relations hold for the other functions. Any signal x can
be represented as follows:

Z dipt (1 — 2k).

z(l) = Z s1(k)p

kez

1 —2K) +

The coordinates s1 (k) and dy (k) are the inner products

si(k) = (x, 1), or(l) = @' (1 - 2k)
dy (k) = <x, 12;,1>, where P1(1) = 911 — 2k)  (2.1)

where

and the following biorthogonal relations hold: (), ¢;) =
<1/}1171/}11> = 5§¢ (95]1‘1/111> = <¢117‘1011§> =0,V k.

The functions @' and ¢! are called the low- and high-fre-
quency synthesis wavelets of the first scale, respectively, and
the functions @' and 4!, the low- and high-frequency analysis
wavelets of the first scale, respectively.

We say that a wavelet ¢ has m vanishing moments if the fol-
lowing relations hold: 3, _, k*¢(k) = 0,5 =0,1,...,m — L.
The following proposition is related to the well-known
Fix—Strang condition [17].

Proposition 2.1: Let the filters U(z) and V(z), which are
used for the predict and update steps, respectively, be rational
and have no poles on the unit circle |z| = 1. If 1 — 271U (2?)

comprises the factor (z — 2 + z71)", then the high-frequency
analysis wavelet 12)1 has 2r vanishing moments. If, in addition,
1—2V (22) comprises the factor (z—2+2z71)? then the high-fre-
quency synthesis wavelet /! has 2s vanishing moments, where
s = min(p, 7).

Proof: Let us ignore for a moment the assumption |z| = 1
and examine the function

= M)

keZ

of the complex variable z. We have
i(z) = = (1= 2U(z")/V2 = (1 = )" Q(=)

where Q(z) is a regular function in some vicinity of z = 1. It
is clear that ¢*)(1) = 0,5 = 0,1,...,2r — 1. On the other
hand, (1) = Yz KL (1), where £ 2 k(k — 1)(k —
2)...(k—s+1).Note that any monomial k' can be represented
as a linear combination of the polynomials k™ n = 0,...,1.
Thus, the wavelet ¢! has 2r vanishing moments. Denote q(z) 2

G(z7Y) = Y ez 25 (k). If 1 — 2V (2?) comprises the factor
(2 — 2 + z71)?, then we have

q(2) = 2V2(1 = (22)7V () (1 +2U(277)))

= 3= VE) + (1)
+2U( ) —2 V() = (1-2)2Q(2)

where s = min(p,r) and Q(z) is a regular function in some
vicinity of z = 1. Thus, the wavelet 1! has 2s vanishing
moments. [ |

Expansion of the transform to coarser scales is implemented
recursively by storing the detail arrays d and decomposing the
smooth arrays s with the same lifting steps as above.

The wavelets of subsequent scales are linked via the two-scale
relations

m+1 Z (,0 l _ 2]6)
kez

) =D (k)™ (1 - 2k)
kez

() = @ (k)™ (I — 2k)
kez

) = (k)™ (1 - 2K).
kez

The filters H(z) and H(z) generate two versions of the mul-
tiresolution analysis of the space L? with the synthesis ()
and the analysis ¢(z) scaling functions, respectively [12].

III. DESIGN OF PREDICT AND UPDATE FILTERS

In this section, we first design the filters U for the predict op-
eration. Our goal is to devise filters that when applied to an even
sub-array of a signal, will produce a signal, which approximates
the odd subarray. We will use polynomial and discrete splines
as a tool for the construction of the appropriate filters.

In general, we construct a spline on the grid {2k}, which
interpolates or quasiinterpolates the even samples {e1(k)} =
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x(2k). The values of this spline at grid points {2k + 1} are used
for the prediction of the odd samples {01 (k) = ©(2k + 1)}.

A. Discrete Splines

In [3] and [4], we give a detailed presentation of the construc-
tion of prediction filters using discrete splines. Therefore, here
we only recall the basic idea and present three filters which we
will use for still image compression.

The discrete B-spline of first order is defined by the following
sequence:

1, ifj=0,....2n—1,

Brnlj) = {07 /

otherwise.

neN, jeZ

Higher order B-splines are defined via iterated discrete convo-
lutions B, , = B1,n*Bp—1,n,P = 2,. ... Obviously, the z-trans-
form of the B-spline of order pis B, n(z) = (1 4+ 271 + 272 +

RS Z—2n+1)P.
In this paper, we are interested only in the case when p =
2r,r € N, and n = 1. In this case, we have [(s,1(2) =

(14 271)?". The B-spline 3a,.1(j) is symmetric about the point
7 = r where it reaches its maximal value. The central B-spline
Q?"(j) of order 2r is a shift of the B-spline Q2" (j) = Bor1(j+
r), Q%" (2) = 2"(1 + 2z~ 1)?". The discrete spline of order 27 is
defined as a linear combination with real-valued coefficients of
shifts of the central B-spline of order 27, as follows:

oo

S¥(k) 2 S e(Q (k — 21).

l=—00

Definition 3.1: Let {e(k)} be a given sequence. The discrete
spline 52" is called the interpolatory spline if the following re-
lations hold: S?"(2k) = e(k),k € Z.

The following proposition shows how to construct an in-
terpolatory splines of any order and to calculate its values at
the midpoints between nodes, which we denote by o(k) =
S?r(2k + 1),k € Z.

Proposition 3.1 [3]: The interpolatory spline is represented
as

oo

S*(k) = Y e(Q* (k- 20),

|=—oc0
2E(2?)

= s

The z transform of the array of the interpolatory spline values
at midpoints is

o(z) = U2 (2)E(z), where
(1 + 2—1)27' (_1)1(1 _ Z—I)ZT
)

Ui (=) = Mt 21 PRSIPTN

T (C1) (1= (3.2)
This proposition provides us with a family of prediction fil-
ters U?"(2),7 = 1,2,.... The transfer functions of these filters
are rational functions of its argument (except the case r = 1),
which do not have poles on the unit circle |z2| = 1. Conse-
quently, the filters have IIR {u2"(k)}, which decay exponen-
tially as |k| — oo. In [3], we derived explicit formulas, which
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enable fast implementation of these filters of any order via a
cascade of elementary causal and anti-causal recursive filters.
A parallel implementation is also possible.

It is interesting to note that these filters are closely related to
the discrete-time Butterworth filters [3], [22], which are com-
monly used in signal processing. These Butterworth filters have
maximally flat frequency responses. The magnitude-squared
transfer functions of the low-pass B] and high-pass Bj
half-band Butterworth filters of order r are

. s (1 + Z71)2r
|B/ ()" = (14202 + (=1)r(1 — 2~ 1)
B =

(142752 + (=) (1 —z71)2

It is readily seen that the function U, defined in (3.2), is re-
lated to these transfer functions

1+2 U3 (2%) = 2|Bf (2)]”
1— 271027 (2%) = 2 B (2))°.

Examples of Filters:
a) Example 1, r = 1 : This is the simplest case. We have
1 -1_2
U2(z) = ;Z 1- 27 102(22) = —%. (3.3)

The filter U, 3 is FIR. In time domain, this filter operates as
follows:

y(k) = = ((k) + 2(k +1)).

5 34

Due to Proposition 2.1, the high-frequency analysis wavelet P!
has two vanishing moments.
b) Example 2, r = 3
U8 (2) = 1 (z+ 14_—{— 2 D1+ 2)
18 (14 271/3)(1+ 2/3)
(271 —2+2)3
62520162 7

1—271US(2%) = (3.5)
The high-frequency analysis wavelet 1[)1 has six vanishing mo-
ments. Filtering with U$ can be implemented via the following
cascade of operations:

y1(k) = %S(x(k) + z(k + 1)) (3.6)
2() = (b = 1)+ s (8) + (b + 1)

(k) = 3ah) = 5yl = 1) @)
(k) = ua(k) = gu(k -+ 1) @8

From (3.7) and (3.8), we can see that the cascade comprises the
causal and anti-causal elementary recursive blocks with rational
coefficients. Another option is a parallel implementation. This

option stems from the following decomposition of the function
US(2):

1 72 8271 n
54 14+2z/3 1+271/3

US(z) = 9(z 4 105)] .
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c) Example 3,r = 4 :

8(1+2)(z71+6+2)

Uj(z) =
a(A) = 5 o T 707 282 £ 22
124 2)%
1— 2~ 1s8(2) = (2 .
) = Rt 0 r o8t 1

(3.9)

d) Case r = 2 : The filter U f}, which stems from the cubic
discrete spline, coincides with a filter derived from the quadratic
polynomial spline and is presented in Section III-B.

B. Polynomial Splines

In this section, we deal with polynomial splines. We discuss
some of their properties and derive the corresponding filters U.

1) Interpolatory Splines: The central B-spline of first order
on the grid {k} is defined to be the characteristic function of
the interval [—1/2, 1/2]. The central B-spline of order p is the
convolution MP(x) = MP~(x) * M*(x) p > 2. Note that the
B-spline of order p is supported on the interval (—p/2,p/2). It
is positive within its support and symmetric around zero. The
nodes of even order B-splines are located at points {k} and the
odd order nodes at points {k + 1/2},k € Z. Denote

2 2 (MP(k)}, wP2 {MP (k + %) } . keZ. (3.10)

Due to the compact support of B-splines, these sequences are fi-
nite. We will use for our constructions only splines of odd order
p = 2r — 1. In Table I, we present the sequences t? and w” for
some values of p.

The z transforms T?(z) and WP(z) of the sequences t? and
w? are Laurent polynomials. They are called the Euler—Frobe-
nius polynomials [28]. As in Section II-A, to predict the odd
samples {z(2k + 1)} of the signal x, we use the values at the
midpoints of the splines, which interpolate the even samples
{z(2k)}. Such a construction is described in [5], [6]. In this
case, we get for the spline of order p the following prediction
filter:

@3.11)

It follows from (2.1) that if the analysis wavelet 1/;1 has p van-
ishing moments, then applying the wavelet transform to a poly-
nomial of degree p — 1 produces the zero detail array d; . It hap-
pens if the spline, which interpolates samples of a polynomial
of degree p — 1 on the grid {2k}, coincides with this polynomial
at the points {2k + 1}. Since polynomial splines of order p are
piecewise polynomials of degree p — 1, their maximal order of
approximation is p. It means that the spline, which interpolates
a polynomial of a degree not exceeding p — 1, identically coin-
cides with this polynomial. Thus one can expect that the anal-
ysis wavelets, that were constructed using interpolatory splines
of order p, should have p vanishing moments. This is indeed the
case when splines of even order p = 2r are employed. There-
fore, the following statement is surprising.

TABLE 1
VALUES OF THE SEQUENCES t” AND w”

k 432 -1 0 I 2 3
t3 x 8 0o [o o 1 6 1 0 0
t5 x 384 0|0 1 76 230 76 1 0
t7 x 46080 | 0 [ 1 | 722 [ 10543 | 23548 | 10543 | 722 | 1
w3 X 2 00O 1 1 0 0 0
w? x 24 0 [0 [1 11 11 1 0 0
w7’ x 720 0 |1 57 302 302 57 1 0

Proposition 3.2 [5]: The rational functions U’ (z) are real-
valued. If p = 2r — 1, then

(z =2+ 271 (a)

_ L —lrmpr 2y
1-277U07(2") = tr(22?)

(3.12)

where o 2 z 4+ 2~ and &-(a) is a polynomial of degree r — 2.
Hence, the high-frequency analysis wavelet 1, that was derived
from the interpolatory spline of order p = 2r — 1, has 2r van-
ishing moments.

The rationale of Proposition 3.2 lies in the property of super-
convergence at the midpoints between the nodes, which is in-
herent to interpolatory splines of odd order 27 — 1 [36]. It means
that the spline of order 2r — 1 (degree 2r — 2), which inter-
polates samples of a polynomial of degree 2r — 1 on the grid
{2k}, coincides with this polynomial at the points {2k + 1}. In
other words, the spline of order 2r — 1 produces wavelets with
the same number of vanishing moments as the spline of order
2r. But the computational complexity of the transform with the
spline of order 2r — 1 is lower than the complexity of the trans-
form using the spline of order 2r. Moreover, wavelets that are
based on the spline of order 2r—1 are better localized in time do-
main than their counterparts that are based on the spline of order
2r. Therefore, we prefer to use splines of odd order p = 27 + 1.

2) Examples:

a) Example 1: p = 3 (quadratic interpolatory spline)

1+2
U(z) =4
i) a(l—i—az)(l—}—az—l)
C1ippap 2y (=24 271)

where a = 3 — 21/2 ~ 0.172. Filtering can be implemented via
the following cascade of operations:

yo(k) = da(z(k) + z(k + 1))
y1(k) = yo(k) — ayr(k — 1)
y(k) = y1(k) — ay(k + 1) (3.14)

The representation

4o 1 z
U3(z) =
i (2) 1+a<1+az—1+1+az>

enables a parallel filtering implementation.
Remark: The filter U,L-3 coincides with the filter Uj}, which
was derived from a cubic discrete spline. The analysis wavelet
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that was generated by the quadratic spline, has four vanishing
moments.
b) Example 2: p = 4 (cubic polynomial spline)

alz+1)(z71+22+2)
8(14 az)(l1+ az1)
(27t =24 2)2(z+4+271)
8(z72+ 4+ 22)

Ui(z) =

1 - 271042 =

where o = 2 — /3 &~ 0.2679.

Remark: We observe that the analysis wavelet that was gen-
erated from the cubic spline has four vanishing moments like the
wavelet that was generated from the quadratic spline. But the
structure of the filter UL-4, which determines the computational
cost of the implementation, is more complex than the structure
of U? and is similar to the structure of the filter U$, which is
based on the discrete spline of sixth order. However, U$ pro-
duces a wavelet with six vanishing moments.

c) Example 3: p = 5 (spline of fourth degree)

16(z+ 10+ 271 (1 + 2)
224762 +230 4+ 76271 4 2=2
(z—=2+2z1)3(z+ 271 -10)
24 47622 +230 4+ 76272 4 24
(3.15)

UP(z) =

1- 2107 (2%) =

The corresponding analysis wavelet has six vanishing moments.

3) Local Quasi-Interpolatory Splines: The useful property
of super-convergence at midpoints is inherent not only to in-
terpolatory splines but also to so-called local quasiinterpola-
tory splines of odd order, which can be constructed using FIR
filtering.

Shifts of B-splines form a basis in the space of splines.
Namely, any spline SP of order p on the grid {k} has the
following representation:

SP(x) =Y q()MP(x —1).

l

(3.16)

Denote q = {q(1)} and let Q(z) be the z-transform of q.

Definition 3.2: Let a function f be sampled on the grid
{k}, 2 {f(k)}, and F(z) be the z transform of f. A spline
SP of order p given by (3.16) is called local if the array q of its
coefficients is derived by FIR filtering the array f

(3.17)

where I'(z) is a Laurent polynomial. The local spline of order p
is called quasiinterpolatory if it restores polynomials of degree
p—1.

It means that if f is a polynomial of degree p — 1, then the
spline S?(z) = f(x).

To predict the odd samples we use the values at the midpoints
of the splines, which quasiinterpolate the even samples. If w?
is the sequence defined in (3.10), then the FIR prediction filter,
which stems from a local quasiinterpolatory spline of order p, is

UP(2) 2 T(2)WP(2). (3.18)
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Explicit formulas for the construction of quasiinterpolatory
splines were given in [29]. Properties of quasiinterpolatory
splines and, in particular, their approximation accuracy were
studied in [36]. In this paper, we are interested in splines of
odd order p = 2r — 1. There are many FIR filters, which
generate quasiinterpolatory splines, but there is only one filter
of minimal length 2r — 1 for each order p = 27 — 1.

Proposition 3.3 [29]: A quasiinterpolatory spline of order
p = 2r — 1 can be constructed by filtering (3.17) with filters I
of length no less than 2r — 1. There exists a unique filter I';,, of
length 27 — 1, which produces the minimal quasiinterpolatory
spline S2"~1(x). Its transfer function is

r—1
T(z)=1+ Z’yk(z_l —242)k,
k=1

The coefficients 7, can be derived from the generating function

. 2r—1 o0
<2arcsmt/2> _ Z(—l)kvkt%.

t
k=0

Proposition 3.4 [36]: If f(x) is a polynomial of degree 2r
and f = {f(2k)}, then the following relation holds for the min-
imal quasiinterpolatory spline S2"~! of order 27 — 1 (degree
2r—2)forz = (2k+1+7),7 € [0,1]:

2 ) = flo) - 2 ) et

422 20 <(27’” ‘(212){’!2’"(7) - %«)

where bs(7) is a Bernoulli polynomial of degree s.

We recall that the values b, = bs(0) are called Bernoulli
numbers. If s > 1 is odd, then by = 0. Hence, we have

Corollary 3.1: 1f f(z) is a polynomial of degree 2r — 1 and
S$27=1 is a minimal quasiinterpolatory spline of order 2r — 1
(degree 2r — 2 ) then SZr=1(2k + 1) = f(2k + 1),k € Z.1If
f(z) is a polynomial of degree 2 and f = { f(2k)} then

SZ=Y2k 4+ 1) = f(2k + 1)+ f@I A

% — 1)ba,
Ar A % — (3.19)

Equation (3.19) implies the super-convergence property. This
property is similar to the property of interpolatory splines. The
minimal quasiinterpolatory spline of order 2r —1 (degree 2r —2)
restores polynomials of degree 2r — 1 at the midpoints between
nodes. The asymptotic representation (3.19) allows one to in-
crease the approximation accuracy of the minimal spline at the
midpoints. This is achieved via an upgrade of the filter I',,,. We
call the corresponding quasiinterpolatory spline extended and
denote it SZ+1,

Proposition 3.5: 1f the coefficients of a spline S2" 1 of order
2r — 1 are derived according to (3.17) using the filter I'.(2) =
I(z) — A"(271 — 2 + 2)" of length 27 + 1, then the spline
restores polynomials of degree 2 + 1 at the midpoints between
nodes.
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4) Examples:
a) Example 1: Minimal quadratic spline: The filters are

T(z) =1— o242
e 8
—2z71 4949222
U2 () =
. L2422 (27 + 44 2)
1= 213 (,2) = (= .

(3.20)

The corresponding analysis wavelet has four vanishing
moments.
b) Example 2: Extended quadratic spline

3
Fe(2) =T —(z7t =2 2
(2) = Tw(2) + g (=7 =2+ 2)
U3(z) = 3(272 4 23) —25(271 + 22) + 150(1 + 2)
' 256
1= 2 U3(:2) = (7' =2+ 2)°P2(2)
256

P3(2) 23272 + 18271 4+ 38+ 182 + 322

e

(3.21)

The corresponding analysis wavelet has six vanishing moments.

Remark: Donoho [14] presented a scheme where an odd
sample is predicted by the value at the central point of a
polynomial of odd degree which interpolates adjacent even
samples. One can observe that our filter U2, (3.20) coincides
with the filter derived by Donoho’s scheme using a cubic
interpolatory polynomial. The filter U3 (3.21) coincides with
the filter derived using an interpolatory polynomial of fifth
degree. Note that in Donoho’s construction, the update step
does not exist.

c) Example 3: Minimal spline of fifth order (fourth degree)

S5, 1 [ 2
Fm(z):l—ﬂ(z —2+z)+1152(z —242z)
1
U (2) = ———(47(2 3 Y +89(z2 3
5(2) = e (4T( 4 24 1 89(: 4 %)

—2277(27 " + 2%) + 15965(1 + 2))
. —(z71 =24 2)3P2(2)
1— —on 2 (Z m
27U () 27648
P2 (2) 2 47(z 4 + 2%) + 282(2 3 + 2%)
+1076(272 + 2%) + 3166a + 5414.
(3.22)

Like the quadratic extended spline, the minimal spline of fourth
degree produces an analysis wavelet with six vanishing mo-
ments. But the computational cost of the implementation of the
transform with the filter U3, is higher than that with the filter
U3,

C. Filters for the Update Step

In Sections II-A and III-B, we presented a family of filters
U for the predict step, which was derived from splines of var-
ious types. To complete the construction of the transform, we
need to define the filter V' for the update part. The fact that any

choice of these filters retains the perfect reconstruction prop-
erty of the transform is a great advantage of the lifting scheme.
Proposition 2.1 indicates that, in order to produce synthesis and
analysis filters with similar properties, it is advisable to choose
V(z) = U(z)/z where U is one of the filters U presented
above. In particular, the filter U may coincide with the filter U,
which is used for the prediction.

IV. APPLICATION OF THE TRANSFORMS
TO IMAGE COMPRESSION

We carried out a series of experiments to evaluate the
suitability of the wavelet transforms that are based on the
constructed filters for the compression of still images. The
experiments reveal that the performance of these transforms is
comparable to the performance of the 9/7 Daubechies transform
in the quality of the reconstructed image and computational
complexity. Moreover, due to the diversity of the devised
transforms, one can choose a transform, which is most adaptable
to a given class of images or to a specific image.

A. Employed Wavelet Transforms

‘We explore various combinations of filters for prediction and
update steps in the lifting methodology to obtain different trans-
forms. We describe here several transforms, which use the fol-
lowing five filters:

1+=2
(14 az)(1+az7!)
A .3 _—,2'_1—1—94-92—22
Fa(2) 2 UB(2) = -
. i(z—l—lﬁl—f—z_l)(l—i—z)
18 (14 271/3)(1 + 2/3)

Fi(z) 2 Ud(z) = 4a

Fy(z) 2 US(2)

Fi(z) 2 UX(2)

1

= ﬁ(3,2—2’ — 25271 4150 4 1502 — 2527 4 32°)
A 81+2)(z7 1 +6+2

Fi(2) 2 U3(2) = ot )

272428271 470+ 282 + 22’

We recall that the IIR filter F} is derived from a quadratic inter-
polatory spline [see (3.13)], the FIR filter F5 is derived from a
quadratic minimal quasiinterpolatory spline [see (3.20)], the IIR
filter F3 is derived from interpolatory discrete spline of sixth de-
gree [see (3.5)], the FIR filter F} is derived from a quadratic ex-
tended quasiinterpolatory spline [see (3.21)], and the IIR filter
F5 is derived from an interpolatory discrete spline of eighth de-
gree [see (3.9)].

d) Remark: The performance of the transforms that use the
filter U? is almost identical to the performance of the transforms
that use the filter U, but the computational complexity of the
former is higher. Therefore, we do not present here the results
of the application of the filter U?.

By combining the above filters, we construct a number of
transforms, which we label as PpUuw. Here, p means the index
of the filter F},, which is used for the update step in the lifting
scheme and w is the index of the filter, which is used for the up-
date step. For example, P1U3 designates the transform, which
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performs the predict step using the filter F(z) and the up-
date step using the filter F3(z)/z. We denote by B9/7 the 9/7
Daubechies’s transform.

Proposition 4.1: The synthesis ¢(z) and the analysis ¢(z)
scaling functions associated with the transforms PpUw are con-
tinuous and:

* ifthe filters F, and F), are FIR, then ¢(z) and ¢(z) have
compact support;
* if the filter F,, is IIR and F, is FIR, then ¢(z) decays
exponentially as || — oo and ¢(z) has compact support;
* if the filter F), is IIR and F, is FIR, then ¢(z) and o(x)
decay exponentially as |z| — oo;
* ifthe filters F, and F), are IIR then ¢(x) and ¢(z) decay
exponentially as |z| — oo.
We summarize in Table II the properties of the transforms,
which we employed in our image compression experiments. The
following abbreviations are used in the table.

VmA Number of vanishing moments of the analysis high-
frequency wavelet.

VmS  Number of vanishing moments of the synthesis high-
frequency wavelet.

RA Regularity of the analysis scaling function . C’* means

that ¢ is continuous together with its k derivatives.
RS Regularity of the synthesis scaling function ¢.

Add  Number of additions per pixel in the implementation of
one of the transforms (cascade mode for IIR filters)

Mult  The same for multiplications.

LFA  Length of the analysis filter H.

LFS  Length of the synthesis filter H.

Comments on Table II

* All the presented transforms are carried out through lifting
steps. Filtering with IR filters is implemented in either
cascade or parallel mode with special treatment of the
boundaries of the images (Appendix I—Section I). Par-
allel filtering on several processors can reduce the CPU
time of the implementation.

* Factorization of the B9/7 transform, as suggested in [2]
and [13], speeds up the computation. The number of
operations in Table II is computed with respect to this
factorization algorithm. The 2-D wavelet transforms are
applied separately to the rows and columns of the 2-D
array. However, for lifting implementation of 2-D P2U2,
P4U4, and B9/7 transforms, which use FIR filters, it is
possible to merge row and column operations. This merge
reduces the computational cost of the implementation ([2,
App. 1I, Sec. II]).

* Itis clear from the table that even by using a cascade com-
putation, the cost of the implementation of the transforms
P1U1, P3U3, and P1U3 is close to the cost of the appli-
cation of the transform B9/7.

e It is well known that the scaling function of a wavelet
transform is the limit function of a corresponding subdi-
vision scheme [12], provided that the Kroneker delta is
the initial data. Therefore, we base our investigation of
the regularity of the scaling functions of the devised trans-
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TABLE 11
PROPERTIES OF THE TRANSFORMS EMPLOYED
IN THE IMAGE COMPRESSION EXPERIMENTS

Trans. VmA VmS RA RS Add Mult LFA LFS
PIUl | 4 4 cl 1 cz s 6 00 00
P2U02 | 4 4 co |l ct s 4 11 5
P3U3 | 6 6 c? ot 12 6 00 00
P4U4 | 6 6 ct1c? |12 6 15 7
PIU3 | 4 6 ct1Tcrl10 7 00 00
P2U4 | 4 6 cv T c?Tl10 5 13 5
P5U5 | 8 8 crlco |16 12 00 00
B7/9 4 4 Ol ct|s 4 9 7

forms on the technique that was developed by Dyn et al.
[15], [16] for the analysis of the regularity of the limit
function of subdivision schemes. Unlike [15] and [16], we
deal with the IIR filters. Therefore, a proper modification
of the technique is required. This investigation will be re-
ported in a different paper.

In the next six figures, we display a few filters and wavelets
associated with the presented transforms. All the figures are
identically organized. Each of them contains four pictures. If
these pictures are counted from left to right, then the first column
displays the frequency responses of low-pass H and high-pass
G synthesis filters, the second column displays the frequency re-
sponses of low-pass H and high-pass G analysis filters, the third
column displays the synthesis scaling function ¢ and wavelet 1),
the fourth column displays the analysis scaling function ¢ and
wavelet 1Z Fig. 1 illustrates the transform P1U1, Fig. 2 illus-
trates the transform P2U2, Fig. 3 illustrates the transform P3U3,
Fig. 4 illustrates the transform P4U4, Fig. 5 illustrates the trans-
form P5US, and Fig. 6 illustrates the transform B9/7.

Comments on Figs. 1-6: We observe that, unlike B9/7, all the
devised low-pass synthesis filters and high-pass analysis filters
have flat frequency responses. In particular, it is true for the IIR
filters. The rest of the filters are flat up to a small bump near
the cutoff. The filters of the transform P5US have the flattest
frequency response and the steepest cut-off. Its scaling functions
are most regular among the presented transforms.

V. IMAGE COMPRESSION RESULTS

The devised transforms were applied to achieve compression
for a number of still benchmark images. Their performance is
comparable with the popular B9/7. In this section we apply the
transforms to four images presented in Figs. 7 and 8. These are
512 x 512 8 bit per pixel (8 bpp) images. The following exper-
iments were conducted.

1) Each image was decomposed up to six scales with the
wavelet transform using the B9/7 transforms and the
transforms PpUw,p,u = 1,...,5, that are listed in
Table II.

2) The transforms’ coefficients were coded using the SPIHT
algorithm [27]. This algorithm enables us to achieve an
exact predetermined compression ratio. We coded the co-
efficients with different compression ratios (CR): 1:10
(0.8 bpp), 1:20 (0.4 bpp), 1:30 (4/15 bpp), 1:40 (0.2 bpp),
and 1:50 (4/25 bpp).
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A

Fig. 1.

-

Filters and wavelets associated with the P1U1 transform.

A

S\

Fig. 2. Filters and wavelets associated with the P2U2 transform.

A\

Fig. 3.

Filters and wavelets associated with the P3U3 transform.

)

A

N
L

Fig. 5.

Filters and wavelets associated with the PSUS transform.

AMMhhhh

A

Fig. 6. Filters and wavelets associated with the B9/7 transform.

1001



1002

50 100 150 200 250 300 350 400 450 500

Fig. 7.

Fig. 8.

3) The reconstructed image was compared with the original
image and the peak signal-to-noise ratio (PSNR) in deci-
bels was computed

N2552
ey (w(k) — @(k))2

Lena: The PSNR values of “Lena” are presented in Table III.
All the PpUw transforms have a slightly better PSNR than the
B9/7 transform for most of the compression ratios except when
P2U2 is used at CR = 10. The complexity for both trans-
forms is the same. The transforms P1U3, P4U3, and P3U3 per-
form equally. Their synthesis scaling functions have four con-
tinuous derivatives. We can see that if we go beyond or below
the smoothness of these transforms (P1U1 and P5US5) then the
performance is degraded. In Fig. 9 we display a zoom from the
reconstructed “Lena” (compressed to 1:40). In the compression

PSNR = 10log,, ( ) dB.  (5.23)

Left: “Lena.”

Left: “Car.”
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Right: “Fabrics.”

we used the B9/7 and P4U3 transforms. Note that, although both
portions are almost indistinguishable, there are details which are
better restored by the P4U3 transform.

Barbara: The PSNR values of “Barbara” are presented in
Table IV. We observe from Table IV that the transforms P3U3
and P1U3, where the synthesis wavelets have six vanishing mo-
ments and the scaling functions belong to C*, perform better
than the transforms with four vanishing moments and less reg-
ular scaling functions. The P5US transform, where both analysis
and synthesis wavelets have eight vanishing moments and the
scaling functions belong to C* and C?, respectively, produces
the best results. In Fig. 10, we display a zoom from the recon-
structed “Barbara” (compressed to 1:40). In the compression,
we used the B9/7 and P5US transforms. Note that the texture
of the tablecloth and the scarf is better revealed with the PSUS
while the leg of the table is displayed more accurately with the
B9/7 transform.
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TABLE III
PSNR OF THE “LENA” IMAGE
CR | B9/7 P1UI P2U2 | P3U3 | P4U4 | PIU3 | P4U2 | P4U3 | P5US
10 37.70 | 37.82 37.67 | 37.85 37.79 37.85 37.71 37.84 | 37.80
20 34.53 | 34.71 3470 | 34.72 34.68 | 34.75 34.63 3473 | 34.67
30 32.33 | 32.62 32.56 | 32.69 | 32.59 | 32.65 32.57 32.67 | 32.75
40 31.42 | 31.63 31.52 31.67 | 31.61 31.67 | 31.54 | 31.68 | 31.60
50 30.70 | 30.91 30.82 30.93 30.90 | 30.95 30.85 30.96 | 30.87

200 250 350 400

250

200 300 350 400

Fig. 9. Fragment of “Lena” reconstructed from 40:1 compression. Left: the B7/9 transform was used: PSNR = 31.42. Right: P4U3 transform was used:

PSNR = 31.68.
TABLE 1V
PSNR OF THE “BARBARA” IMAGE
CR | BY/7 P1UI | P2U2 | P3U3 | P4U4 | P1U3 | P4U2 | P4U3 | P5US
10 33.01 | 33.39 | 3291 3372 | 3332 | 33.51 33.06 | 33.46 | 33.81
20 28.93 | 29.13 [ 28.90 | 29.32 | 29.10 | 29.24 | 28.99 | 29.22 | 29.39
30 26.99 | 27.03 | 26.91 2733 | 27.17 | 27.15 | 27.04 | 27.15 | 2745
40 2578 | 25.74 | 25.65 | 2595 | 2574 | 25.83 | 25.69 | 25.78 | 26.06
50 25.10 | 25.00 | 24.86 | 25.14 | 2495 | 25.05 | 2490 | 25.02 | 2523

Car: The PSNR values of “Car” are presented in Table V. As
in “Lena,” here the PpUw transforms, except for the highly reg-
ular transform P5US, produce a slightly better PSNR than the
B9/7 transform in any compression ratio. The reason for that
may lie in the presence of small details in the image, which
are better captured by the wavelets with shorter effective sup-
port. We display a zoom from the reconstructed “Car” (com-
pressed to 1:40) in Fig. 11. The B9/7 and P1U3 transforms were
used. While the horizontal lines on the left hand side of the frag-
ment are better displayed in the B9/7 picture, the P1U3 trans-
form is slightly advantageous in restoring arcs and letters on the
right-hand side.

Fabric: The PSNR values of “Fabric”are presented in
Table VI. As in the above examples, the transform P1Ul
produces a better PSNR than the B9/7 transform for any
compression ratio. The same is true for more complicated
transforms such as P1U3 and P4U3. The latter transform
produces the best PSNR among all the listed transforms. In
Fig. 12, we display a zoom from the reconstructed “Fabric”
(compressed to 1:40). In the compression we used the trans-

forms B9/7 and P4U3. Although it is difficult to destinguish
between them, it seems that P4U3 produces a superior visual
display such as the scissors and the texture of the tablecloth.
The P3U3 transform, which uses filters that are derived from
discrete spline of sixth order, produces a high PSNR on all test
images. But there are singular cases when it was outperformed.
The P1U1 transform combines low computational costs with a
good performance. P1U1 transform uses filters that were de-
rived from the quadratic interpolatory spline. The performance
of the transforms P1U3 and P4U3 suggests that it in some cases
it is better to use different filters for the predict and update steps.
The transform P5U5, which uses filters derived from the dis-
crete spline of eighth order produces good results for the com-
pression of “Barbara”. Therefore, it justifies the usage of highly
regular wavelets with a high number of vanishing moments.

VI. CONCLUSION

In this paper, we proposed an efficient technique that generates
awide range of new biorthogonal symmetric wavelet transforms.
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50 100 150 200 250

Fig. 10. Fragment from “Barbara” reconstructed from 40:1 compression. Left: B9/7 filter was used: PSNR = 25.78. Right: P5US transform was used: PSNR =

26.06.
TABLE V
PSNR OF THE “CAR” IMAGE
CR | B9/7 PIU1 | P2U2 | P3U3 | P4U4 | P1U3 | P4U2 | P4U3 | P5US5
10 32.57 | 32.63 | 32.72 | 32.52 | 32.59 | 32.66 | 32.69 | 32.64 | 32.35
20 28.38 | 28.53 | 28.46 | 28.46 | 28.47 | 28.53 | 2849 | 28.51 | 28.32
30 26.78 | 26.99 | 26.89 | 2692 | 2694 | 27.02 | 2695 | 27.0 26.83
40 25.05 | 25.19 | 25.11 25.15 | 25.17 | 2522 | 25.16 | 2520 | 25.12
50 2440 | 2452 | 2443 | 2446 | 2449 | 2456 | 2448 | 24.55 | 2437

100 150 200 250 300

Fig. 11.

This technique is based on the usage of discrete and polynomial
interpolatory and quasiinterpolatory splines for the design of
filters for the predict and update operations in lifting schemes of
the wavelet transform. These are the linear phase filters which
have flat frequency responses. By combining different designed
filters for the predict and update steps, we can devise practically
unlimited forms of wavelets which have a predetermined number
of vanishing moments that are as smooth as required. When
transforms that are based on splines of higher orders are

200

50 100 150 250

Fragment of “Car” reconstructed from 40:1 compression. Left: B9/7 filter was applied: PSNR = 25.05. Right: P1U3 transform: PSNR = 25.22.

implemented, it is advisable to switch from time-domain to
frequency-domain implementation as described in [4] and [5].
Then, an increase in the number of vanishing moments and
the regularity of wavelets does not affect the computational
cost of the implementation.

We explored the applicability of the newly designed trans-
forms to still image compression. The new transforms and the
biorthogonal 9/7 transform were incorporated into SPIHT in
order to compare their performances. The performance (quality
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TABLE VI
PSNR OF THE “FABRIC” IMAGE
CR | BY/7 P1UI | P2U2 | P3U3 | P4U4 | PI1U3 | P4U2 | P4U3 | P5US
10 3495 | 3496 | 34.80 | 34.97 3496 | 3499 | 34.89 | 3499 | 34.92
20 31.53 | 31.53 31.44 | 31.53 31.51 31.55 31.47 | 31.57 | 31.47
30 29.62 | 29.79 | 29.73 29.75 29.77 | 29.81 29.77 | 29.82 | 29.83
40 2890 | 29.00 | 28.93 29.02 | 28.98 | 29.02 28.97 | 29.04 | 28.99
50 28.41 | 28.52 28.44 | 28.52 | 28.50 | 28.54 | 28.46 | 28.55 | 2847

50 100

150 200 250

50 100 150 200 250

Fig. 12. Fragment of “Fabric” reconstructed from 40:1 compression. Left: B9/7 transform was applied: PSNR = 28.90. Right: P4U3 transform: PSNR =

29.04.

and computational cost) of the presented transforms proved to
be comparable with the 9/7 transform. Most of the filters that
are employed in the transforms are IIR.

A number of authors [1], [37] studied the performance of fam-
ilies of wavelet transforms that use FIR filters for image com-
pression. The most comprehensive investigation on this topic
was reported in [20]. The results of these studies as well as the
results of our experiments suggest that it is difficult to single out
properties of the transforms that are most valuable for image
compression. We believe that a trade-off between properties
such as the number of vanishing moments of analysis wavelets,
the regularity of synthesis wavelets, the flatness of the frequency
response and the steepness of its transition band, and the spatial
localization of the wavelets, is the key to achieve better com-
pression. This is exemplified by the popular B9/7 transform as
well as the transforms P3U3 and P1U1.

Analysis of the regularity of the devised wavelets will be re-
ported in an another paper. In addition, we plan to design a
coding scheme which can utilize specific properties of the newly
constructed transforms. These transforms will be tested on video
sequences and seismic data.

APPENDIX 1
IMPLEMENTATION OF RECURSIVE FILTERS

Application of wavelet transforms to finite-length sig-
nals and, in particular, to images, requires an extension of
signals beyond their boundaries [8]. The extension is even
more important in our scheme since we implicitly assumed

in our construction that the signals are defined on infinite
intervals. When the filter banks are symmetric, the HH
extension in the terminology of [8] is most efficient. It means
that the signal x = {z(k)},k = 1,...N, is symmetrically
extended with the repetition of boundary samples through
#(1).2(-1) =
2(2),...x(—=k) £ a(k + 1) and (N + 1) 2 z(N),
2(N+2) 2 a(N—-1),...2(N+k) 2 (N — k+ 1). This
results in periodization of the signal with period 2N. This
extended signal is denoted by % and its z transform is X (z).
Recursive filtering of finite-length signals requires additional
treatment of the boundaries. Each of the recursive filters
Fi(z) 2 U3(2) 3.13), F3(z) 2 US(z, and F5(z) 2 US(z)
(3.9) comprises a block of type

both ends of the interval. Namely, z(0) 2

142z
(14 az)(1+az"1)’
We describe the application of the filter F' to a finite-length

signal x. We begin with the parallel mode. Equation (1.24) is
equivalent to

F(z) = (1.24)

1 1 z

Fz) = 14+ <1+az1 + 1+az)'
Denote

X > .

Yl(Z) = Ticzz)_l = Z(_a)”Z*nX(Z)
n=0

X > .

Ya(2) f;ji =Y (~a) X (2). (125

n=0
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Then, the signals y; (k) and y2(k) can be computed in time do-
main in either recursive or nonrecursive modes

yi(k) = &(k) —ayi(k — 1) (1.26)
y2(k) = 2(k + ) —aya(k+1)
— yi(k )+ Z —n)

ya(k) = E(k+ 1)+ > (=) #(k+n+1).
" (1.27)

We can use (1.26) for the computation of y; (k) and y2 (k) on the
interval k = 1,2,..., N provided we know 1 (0) and yo(N +
1), respectively. To evaluate these samples, we employ the non-
recursive (1.27). We have

y1(0) = 2(0) + ;(—a)"fi'(—n)
~ (1) + z:(—a)"x(n) (1.28)
y2(N +1) = Z(N +2) +Z #(N +n+2)
N—n) (129)

N—l)—I—Z(—

where d < N is the prescribed depth of initialization. The whole
operation is called the initialization of the filter.
Recursive parallel filtering of the finite-length signal x by the
filter F' is implemented as follows.
1) Evaluate y;(0) from (1.28) and yo(N + 1) from (1.29).
2) Calculate y; (k) = x(k) —ay1(k—1),k=1,...N and
yo(k) =x(k+1) —ay(k+1),k=N,... 1
3) The result of filtering is y(k) = (y1(k) + y2(k))/(1 +
a),k=1...N.
Equations (1.27) and (1.29) imply that y2(N) = y1(N). Hence,
it follows that

y1(N)+y2(N)  2y1(N)
y(N) = 1+a T dta (1.30)
The cascade algorithm has the following form.
1) Evaluate y;(0) from (1.28).
2) Calculate y; (k) = ©(k) — ay1(k— 1),k =2,...N.

3) Evaluate y(N) from (1.30).

4) Calculate y(k) = y1(k) + y1(k+1) —ay(k + 1),k =
N —1,...1. Note that the depth of the initialization does
not affect the perfect reconstruction property of the trans-
forms since in lifting schemes the reconstruction steps are
the reversed decomposition steps. But the results of lossy
compression deteriorate if this depth is insufficient.

APPENDIX II
2-D IMPLEMENTATION OF TRANSFORMS WITH FIR FILTERS

The 2-D array x 2 {z(n,m)},n,m =0...N — 1is to be
transformed into four subarrays: x — ssUsd UdsUdd, where
ss is the smoothed low-frequency section in horizontal and ver-
tical directions, sd is low frequency in the vertical direction and
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high frequency in horizontal direction, ds is low frequency in
the horizontal direction and high frequency in the vertical direc-
tion, and dd is the high-frequency section of details in both the
horizontal and vertical directions. Conventionally, the 2-D trans-
form of x is implemented in a separable way (tensor product).
In [2], a direct 2-D lifting implementation of the transformB9/7
is presented. We describe the 2-D lifting implementation of the
transform 7.

Notation: Leta = {a(n,m)},n,m = 0...M — 1,be a
2-D array and a be a 2M-periodic HH-extension of the array
in both vertical and horizontal directions. Then L, - a means
the left shift of the extended array. Namely, L, - a(n,m) =
a(n,m + r),m = 0...M — 1. Similarly, the right shift is
R, -a={R,-a(n,m)} ={a(n,m —7r)},m=0. M—l

The upper shift is U, -a = {U, - a(n, )} = {a(n
r,m)},n = 0...M — 1. The lower shiftls -a = {D,
a(n,m)} ={a(n —r,m)},n=0...M — 1.

T2 Transform.

The parameters are: « = —9/16,8 = 1/16,7 = —a/2,6 =
—/2.

Decomposition:
a) Split: x = ee U eo U oe U oo.
b) Predict:
i) de = oe + a(ee + Uy -ee) + f(Dq-ee +
Uy - ee).
ii) dd = oo + a(de + L; - de + eo + Uj - eo)
+6(Ry-de+ Ls -de + Dy - eo + Us - e0).
¢) Update:
i)sd = eo + a(ee + L;-ee) + S(Ry -ee
+L2 -ee) + y(dd + D7 -dd) + 6(Uy -dd +
D, - dd).
ii) ss = ee + y(de + Dy -de + sd + Rj -sd)

+(S(U1 ~de+D2 ~de+L1 'Sd+R2 Sd)
iii) ds = de + y(dd + Ry - dd) + 6(Lq -dd +
Rs -dd).
d) Normalization: ss = 2ss,dd = dd/2. Reconstruction
of the 2-D array x from four subarrays of coefficients:
ssUsd UdsUdd, ss — x is conducted in reverse order.
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