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Lifting Scheme for Biorthogonal Multiwavelets
Originated from Hermite Splines

Amir Z. Averbuch and Valery A. Zheludev

Abstract—We present new multiwavelet transforms of multi- and for some other classes of nonbalanced multiwavelets [21],
plicity 2 for manipulation of discrete-time signals. The transforms  [23], [24]. However, this is not the case for transforms that are
are implemented in two phases: 1) Pre (post)-processing, which 15564 on Hermite multiwavelets. In order to implement a vector
transforms the scalar signal into a vector signal (and back) and S . - -

2) wavelet transforms of the vector signal. Both phases are per- wavelet transform, Wh'_c_h is based on cubic Hermite spllr_1es,
formed in a liting manner. We use the cubic interpolatory Her- We need to have coefficients that are samples from the signal
mite splines as a predicting aggregate in the vector wavelet trans- and its derivatives. Usually, the values of the derivatives are
form. We present new pre(post)-processing algorithms that do not ynavailable and have to be evaluated from the signal samples.

degrade the approximation accuracy of the vector wavelet trans- A pre(post)-processing algorithm for multiwavelet transform,
forms. We describe two types of vector wavelet transforms that are X . . . . .
which used cubic Hermite spline as scaling functions, was

dual to each other but have similar properties and three pre(post)- : ) ; R

processing algorithms. As a result, we get fast biorthogonal algo- Presented in [17]. This algorithm is similar to the forward and
rithms to transform discrete-time signals that are exact on sampled backward Haar wavelet transform. However, this preprocessing
cubic polynomials. The bases for the transform are symmetricand  algorithm degrades the approximation accuracy of the cubic
have short support. Hermite splines. If the splines are constructed with the proper
Index Terms—Hermite spline, liting scheme, multifilter, multi-  coefficients, then the cubic polynomials can be restored. The
wavelet transform. above preprocessing scheme allows only restoration of linear
polynomials. We are unaware in the literature of the existence of

|. INTRODUCTION any pre(post)-processing algorithms for Hermite multiwavelet

. . . . transforms of degrees higher than three.
ERMITE splines are piecewise polynomials of degree Recently, lifting schemes [6], [19], [20] became very popular

i 2n — 1 thgtf he}[\r/]en CO[\tln::.!OUS fthrIV]?.tl\:eS. Thfsefo]{ construction of biorthogonal wavelet transforms. They are
Splines were used for the construction ot the first examples @iy - -onsume relatively little memory, and have inherent tools

multlyvavelets [11]2 [13]'.[14]' In these works, the ge_neratm%r custom design of filter banks. In its simplest form, the lifting
functions of Hermite splines were employed as scaling fungéheme consists of three steps:

tions for the multiresolution analysis, and the correspondin . . .
y P g 1) splitting the signal into even and odd sub-arrays;

wavelets were derived. Unlike the popular Geronimo, Hardin, 5 dict tthe odd th hii binati f
Massopust (GHM) multiwavelets [9], the bases generated ) prediction of the o array through tinéar comoinations o
even samples and extraction of the predicted values from

by these multiwavelets are not orthogonal. In [4], [12], [16], L )

and [17], the dual scaling functions and multiwavelets were thg existing ones, .

constructed. This construction produced biorthogonal bases for3) Iifting (“pda‘”_’g) the even array using an already updated

Ls(R) or Ly([a, b]), but this theory cannot be directly applied Odd. array Wh'ch smooths this array.

to processing of discrete-time signals. While the original sign#iS Possible to predict an odd sample through the value of a

is scalar, the input stream to the multiwavelet transform muaglynomial that interpolates adjacent even samples [8], [19].

be a vector array. This array is produced by the so-call¥d [1] and [2], we used for pr(_adlct|on polynomial and discrete

preprocessing of the signal. Reconstruction of the scalar sighrpolatory splines, respectively.

from the vector array is called postprocessing. Therefore, aln this paper, we utilize an approach thatis close to [1] and [2]

multiwavelet transform of a signal actually consists of twépr the lifting construction of interpolatory multiwavelet trans-

phases: 1) Pre(post)-processing, which transforms the sca@4ms. We use the interpolatory cubic Hermite splines as a pre-

signal into a vector one (and back), and 2) wavelet transforli§ting aggregate in the vector wavelet transform phase rather

of the vector signal. than for the construction of scaling functions. Recently, other
For the so-called balanced multiwavelets [10], [15], thBaPers such as[7], [10], and [22] linked between lifting schemes

pre(post)-processing phase is trivial. Relevant pre(post)—p&ﬂd multiwavelet transforms, but these papers were using nei-

cessing algorithms were devised for the GHM multiwavelet§er Hermite splines nor any pre(post)-processing procedures.
Characteristic features of our construction of the biorthogonal

. . . _multiwavelets are as follows.
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Interpolation: We construct an interpolatory lifting scheme Throughout the papef will denote a Hermite spline con-
for the vector wavelet transform using cubic Hermite splinestructed on the equidistant gri@ik}, £ € Z, h € R, satis-
Therefore, we stay completely in the discrete-time setting.  fying the conditionsS(2hk) = s1(k), hS'(2hk) = sa2(k).

Pre(post)-ProcessingWe present pre(post)-processing In the sequel, we will need to have the values of the spline
algorithms, which do not degrade the approximation accuragyand its derivative in the midpoints of the intervals. They are
of the transforms. These algorithms are derived by lifting tHgven by the following formulas:

Haar pre(post)-processing that was mentioned previously.

Diversity: We present two types of vector wavelet trans- S(h(2k + 1)) = 3 51(k) + 1 s2(k)
forms, which are dual to each other but have similar properties, + % si(k+1) - i s2(k +1)
and three pre(post)-processing algorit_hms. I_Each of these RS’ (h(2k + 1)) :_% s1(k) — %32(,6)
vector wavelet transforms can be combined with each of the 3 1
pre(post)-processing algorithms. tislk+ D) —gst+D. @21

As aresult, we get fast biorthogonal algorithms to transforgquations (2.1) provide an approximation scheme of the fourth
discrete-time signals. The bases for the transform are symmegiger in the following sense:
and have short support. The analysis wavelets have four vanproposition 2.1: AssumingF € C*. If si(k) = F(2hk)
ishing moments. This approach to both the vector wavelet aﬁﬂdSQ(k) = hF'(2hk), then
the pre(post)-processing transforms is generic and allows an ex- .
tension in g straightforward manngr to handle hlgher. order ac- S(h(2k + 1)) = F(h(2k + 1)) — h_ F(4)(h(2k +1))
curacy. This approach can be applied to the construction of mul- 24
tiwavelet transforms using non-Hermite interpolants. +o (h4F<4)) (2.2)

The paper is organized as follows. In Section II, we recall
some facts about cubic Hermite splines and establish their ap-h.S’(h(2k + 1)) = hF'(h(2k + 1)) + o (h‘*F(‘*)) . (2.3)
proximation properties that are of use in the sequel. In Sec-
tion 1ll, we introduce the primal and dual modes of the liftingn particular, if ' is a cubic polynomial, thel§(h(2k + 1)) =
wavelet transform of discrete-time vector signals using the Her{h(2k + 1)). If " is a polynomial of fourth degree, then
mite spline as a predictor. In Section IV, we analyze the strubS’(k(2k + 1)) = hF'(h(2k + 1)).
ture of multifilter banks that are generated by the above lifting The proof is straightforward.
wavelet transform. We determine conditions for the multifilter Notation: Let M = {M (k) }xrcz be a matrix sequence
banks to have the perfect reconstruction property, establish the . .

e o A <m11(k) m12(k)>
approximation accuracy of the multifilters, and use the control M(k)=
tools inherent to the lifting scheme in order to bring the proper- may (k) maa(k)
ties of the dual filters close to the properties of the primal ones. . |, A ., .
Section V is devoted to the construction of lifting algorithms fof "4 = {d(k)} = (g1(k), g2(k))" be a vector signal. The

. . ollowing operation

pre/postprocessing. These algorithms are exact on the polyno-
mials up to fourth order. Iq Section VI, we study the 'blorthog.- F=M=xg e J(r) = Z M(r = k)§(k) (2.4)
onal analysis and synthesis bases for the space of discrete-time
scalar signals that are generated by the pre/post-processing pro- ] ) o
cedures and by one step of the multiwavelet transforms. In Sé%-ca”fd the matrix-vector convolution or multifiltering the
tion VII, we introduce bases of the multiwavelet transforms t9/9nalg. The sefM = {M(k)}rcz is called the multifilter,
all levels. In Section VIII, we present some discussion on the !N the sequel, the-transform will be frequently used. We

possible application of the developed multiwavelet transform@trOduce t_hgz -ransforms of the vector signgll= {5(k)} and
of the multifilter M = {M (k) }rcz as follows:

k

a0 2 ko —
Il. PRELIMINARIES G2 > 2 kgk), =1

A cubic Hermite spline, which is defined on the grid A Lk mi1(z)  mia(2)
{te}, k € 7, is a piecewise polynomial functiafi belonging M(z) 2 > 2 *M(k) = <m () m (7)> :
to C*. Inside the intervalgty, tx+1), it coincides with cubic kcz 2 22
polynomials that are determined by the boundary conditions ; js easily verified that

7 =M= G < J(z) = M(2)d(). (2.5)
S(te) =s1(k),  S'(t) = s2(k),  S(trqr) = su(k+1)
!
. = 1
F(trr) =s2(k+1) ll. LIFTING SCHEME FOR THEAPPLICATION OF

wheres; (k) andsz (%) are predetermined values.fis a cubic WAVELET TRANSFORM ONVECTORSIGNALS

polynomial, P(¢) = s1(k) andhP'(t) = sa(k), k € Z, then  Assume that a signdl' € C' is sampled on the gri¢kh/2}
S(t) and P(t) are identical. andF = {F(kh/2)}, k € Z. In Section V, we will present
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preprocessing algorithms that transform this scalar array into  component of the vecta* = (s%(k), s§(k))%. Namely,

the sampled vector signal the rescaled@ array and its:-representation are
oA ; L (k
FE(fu(k), ()T wherefi(k) = (kh) OE < i ) , §(z) =R-5'(z)
fo(k) = h®'(kh), kel (3.6) 255 (k)
. . . A (1 0
and® is a function derived fronf". R = <0 2) . (3.9)

_ For now, assume that we are already given this vector signal
f- The lifting scheme for the wavelet transform was presentedReconstruction:Reconstruction is performed in reverse
originally in [19] and [20]. In its simplest form, it consists oforder. Given two updated vector arrag/$” andd*, we restore

three steps: the s array andf(z) in the following way.
1) Split 1) Undo rescalings“(z) = R™! - 5"(2).
2) Predict 2) Undo lifting:

3) Lifting or Update S -, . . -,
We apply the wavelet transform on the vector sigfialising °—° — B*d" < S(z) = §%(2) = B(2)d"(2). (3.10)
these three steps, and we add an additional step, which we calé) Undo predict: Restore the values of the S|ghal
4) Rescaling We introduce two mutually dual versions of the

transform. d(z) = d"(2) + A(z) 8(2). (3.11)
A. Primal Mode 4) Unsplit: Restore the signgﬁfrom its even and odd sub-
Decomposition: arrays. In thez-domain, we have

1) We split the vector signal into even and odd sub-arrays: f(z) = 8(22) + 2~ d(?). (3.12)
= 5+d, wheres(k) = f(2k), (k) = f(2k+1),k € Z.
The z-transforms ofs’andd are B. Dual Mode
52 =+ (f(z) + ﬁ(—z)) L diz =2 (ﬁ( )+ ﬁ(—z)) . Asbefore, we split the vector signal into even and odd sub-ar-
2 2 3.7) rays. For the primal construction, which was described above,
' the update step followed the prediction. In some applications,
2) We calculate the values in the point&k + 1)k} of it is preferable to have the u.pd.ate step before .the prediction
the Hermite spline that interpolat@sn the grld{Zkh} step and to gontrol ?he predmuon ;tep. In particular, such a
These values are used for prediction of the suyhihen dual scheme is used in adaptive nonlinear wavelet transform [3]
we update thel array by extracting the predicted value?y choosing different predictors for different fragments of the

from the existing ones. From (2.1), we have signal. o o _
We sum up the even array with its prediction that was derived

This update smooths the even array.
We update the odd array using the already updated even array

d'(z) =d(z) — A(2) 5(2) from the odd array
1(1+2) f(1-2 o . A(z) -
é 2 4 §%(z) = s(= z). 3.13
<_§ —i(l—kz))' () =) + 22 ) (3.13)
)i

Note thatA(z) is the z-transform of the two-tap multi-

filter
11 d%(2) = d(z) — 2B(2)5"(2). (3.14)
A=ACL, A0 A= <% —i) Rescaling
A(0) = <_§ j) . (3.8) §(z) =R 5%(2). (3.15)
4 4

Reconstructiors implemented in a reverse order.

3) The last step updates the even afaging the new array . .
d* and some multifilteiB §Uz) =R -8(2). d(z)=d"(2) + 2B(2)5"(2).
- - 5(2) =5%2) — 2 TA(R) d(2).  flz) = 5(2%) + 2 Ld(2?).
=54+ Bxd" <= 3(z) = 5(2) + B(x)d"(2). ) ) (z)d(2) () () (=)
In Section IV-B, we explain how to choods. IV. MULTIFILTER BANKS
4) While the input vector signaf = (f1(k), f2(k))*

related [in the spirit of (3.6)] to the gritlh and f(k) ~ A Structure of Multifilter banks

h®'(kh), the s array is related to the coarse grédh. The operations on vector signals, which we implemented in
Therefore, if we intend to go into coarser scales using tlaelifting manner, can be viewed as processing the signal by
updateds array instead of: we have to double the secondbiorthogonal perfect reconstruction multifilter banks.
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1) Primal Mode: We define a family of matrix filters  The following assertion is readily verified.

through theirz-transforms 2) Dual Mode: Similar to the primal mode, we obtain
G(2)2 - <I— Af"’)) 5U(%) =5 [A9() () + B (=2) f(-2)]
1/ 1 /1 d"(z%) =4 |G (=) + Gi(-2)(-2)]
5(‘;“‘2) ‘1(72)
=2z ) Vl L i where
1<?_Z> 1<5+4+Z> ﬂd(z)éR{HA(’ﬂ
Hy(2) £ R+ B(:%)G(2)] (4.16) . ? )
’ AG?) Gi(z) 2 ( _B(-*R 1Hd(z)) . (422)
H(z) 2 [I+ z } R . .
z The reconstruction formula is
1/1 1/1 . o
2 (z “”) 8 <; - ) flz) = H}(z)5"(z*) + GY(2)d"(z*) (4.23)
_% <1_2) é(_l+4_z> where
z z d ; A 1 B A(22)>
Gy 21 ~ (I-H(2)zB(=")). (4.17) ¢B=7 <I 2

Hi(2) 2 [T+ 22G%2)B(z})] R 4.24
Theorem 4.1:The primal decomposition transforms of the b(2) [ (2)B( )] ( )

vector signalf into d* | J 5" can be represented as filteriffig  Proposition 4.1: If the commutation propert(z)A(z) =
with the multifilters G andHy, followed by downsampling:  A(z)B(z) holds, then the multifilters of the dual mode are re-
lated to the reconstruction multifilters of the primal mode in the

02 =[G + G=2T(=2)] <= d"()  following way:
—Z 2k =) f(r) (4.18) Hy(z) =RH{(2)R, H(z) =R 'HY2)R™!
) Gb(z):%éﬁ(z), G(z)=2Gi(z).  (4.25)

57(2%) = 5 [Au(2)[(2) + Hu(=2) f=2))| = 5" (k)

= Z Hy(2k =) - f(r). (4.19) . Approximation Properties of the Multifilters

. . Definition 4.1: Let ® be a differentiable function and
Reconstruction of the signdlfrom 5" andd® can be imple-
mented as filtering the arrays with the multifiltebb and Gy, Flk) = < ®(nk) ) k) = < fi(k) )

respectively, preceded by upsampling h&'(hk) 2f2(k)
f(z) = H(z)5"(2%) + Gp(2)d" (). (4.20) = { } F={rw) (4.26)
The reconstruction multifilter$I and Gy, and the decomposi- = f(2k ﬂ(’@ = fl2k+1), §={5k)}
tion multifilters G- andHj, form a perfect reconstruction filter — { } { Tk — 1)} _ (4.27)
bank. This means that the following relations are true forBny
We say that a multifiltelC possesses the approximation prop-
HEZ)H b(z) + Gb({)G( z) =21 erty of orderr + 1if C+§=d, C+d_ = Fforany® = P,,
H(z)Hp(—2z) + Gp(2)G(—2z) =0. (4.21) whereP, is a polynomial of degree. We say that a multifilter
) ) D reproduces polynomials of degreéf there exists a number
Proof: Using (3.7), we write a such that for anyp = P, D x f = af". A multifiiter Do
- . . . . eliminates such polynomials if for any = P, Dg  f = 0.
d"(2%) =3 [ ( (2) = f(= )> A2 (f ( (2) + f(- ))} We say that a two-tap multifilte® = {Q(—1), Q(0)} is sym-
_1 7 metric if [Q(—1);| = |Q(0)]. 4, 7 =1, 2.
T2 [(71 A() )+ (=21~ A=) f(= 7)} Proposition 4.2:
=1 [é‘r(z)f(z) + G(—z)f(—z))} . 1) The two-tap muI_tifiIterA = {A(-1), A(0)} defined in
(3.8) is symmetric and possesses the fourth-order approx-
The even array is treated similarly. imation property.
The reconstruction formula (4.20) is derived by substituting) There is no symmetric two-tap multifilter other thanthat
(3.10) and (3.11) into (3.12). possesses the fourth-order approximation property.

The perfect reconstruction relations (4.21) follow immedi3) There is no symmetric two-tap multifilter that possesses the
ately from the previous definitions of (4.16) and (4.17). m fifth-order approximation property.
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Proof: 2. Therefore, as it is clear from (3.14), to supply the dual de-

1) The approximation property of the symmetric two-tap muFomposition myltifilteréﬁ with the property of elimination of
tifilter A follows from Proposition 2.1. In the-domain, it cubic polynomials and to stay with two-tap symmetric multi-

is equivalent to the relation filters, we have to choosB such that:B(z) = A(z)/2. This
means that
AR & o
(2) = 11(2) (428) B ={B(0), BO)}, B(0) = A(-1)/2 = B(1) = A(0)/2.

_ _ _ L (4.31)
which must hold wherb is a cubic polynomial and(=) is Proposition 4.3: Once the multifilter B is chosen as in
constructed as in (4.26). (4.31), the primal decomposition multifiltdH;, (dual recon-

2) LetC = {C(-1), C(0)}, where struction multifilter HI{) reproduces cubic polynomials. The
Ly dual decomposition multlfllterG (primal reconstruction
a b a b .
C(0) :( )7 C(-1) = < ) (4.29) multifilter Gy,) eliminates cublc polynomials. Namely, if
c d ¢ d f'=(P(kh), hP'(kh))T, thenHy,  f = f7, Gfi « f = 0.

be a symmetric two-tap multifilter with the fourth-order ap- ~ Proof: If f () is constructed as in (4.27), we have

proximation property. Herej denotes a number whose ab- . . A(?) .
solute value is equal to the absolute value of the number Gi(2)f(2) =2 <f(2) — R™'HY(2) (Z))
Assume thatb(z) = z*, h = 1 and that the vectors, d_ "
are defined as in (4.27). Then, whee: 2k, we have =2 <f(z) _ ALY *(z)> =0

z
O(0)d- ’“ +1) =5k = Hy(2)f(2) =R (f() + BGAG) () = [ (2).

¢ )(% y o

Remark: We chooseB as the shortest multifilter that sup-

a 3
<a ) < ¢ + Y ) = < ! 2) — plies dual transform with properties similar to the primal one.
¢ 3(t+1)° ot However, many more various options for chooslgre pos-
(a+a)t —a+a+b+by? sible. A detailed discussion of these options will be described in
+3(a+a—2b+2b)t—a+a+3b+35=t3 our next paper.

(c+ é)t3 Y 3(—ctitdt d)tQ Thus, we construc_ted two schemes of the wavelet trgn;for_m
5 . 5 . 5 of vector-signals, which are dual to each other and are similar in

+3(e+é—2d+2d)t —ct+ i+ 3d+3d=3t" their properties. The multifilters, which are used in these trans-

forms, are finite, symmetric, and possess the fourth-order ap-

proximation property in the sense of Definition 4.1. The input to

the transforms must be a sampled vegtor (f1(k), f2(k)*

) such thatf; (k) = ®(kh) are samples of a functiod on the

grid {kh} and f2(k) = h®'(kh). To retain the fourth-order ap-
proximation, the difference

To satisfy these identities, we have to choase 1/2 = a,
b=1/4=—bc=-3/4=—¢d=—1/4=d. Hence, it
follows thatC = A.

3) Assume®(z) = z*. Then, we haved(0) 5(0) + A(—
5(1) — d = (h*/2 0)7.

Corollary 4.1: The dual decomposition multifiltefH¢
(primal reconstruction multifilted) reproduces cubic poly- fo(k) — h®'(kh) = O (h4<1>(4)) Vo et (4.32)
nomials. The primal decomposition multifilteG (dual
reconstruction multifilterG) eliminates cubic polynomials.  To perform the multiwavelet transforms of scalar signals, we

Namely, if f' = (P(kh), hP'(kh))T, then have to design pre- and post-processing algorithms. The goal
T 3 a2 = of the preprocessing is to create from the scalar sampled signal
HYxf=2f" Gxf=0 (4.30) g — [F(kR/2)} the vectorf = (fi(k), f2(k))T that satisfies

the property (4.32). The post-processing procedure must restore
the scalar signal from the vector that is an output of the inverse
wavelet transform.

Proof: By using definitions (4.22) and (4.16), relations
(4.30) follow immediately from (4.28).

Let us turn now to the dual decomposition multifilt€k
(primal reconstruction multifilteiGy,) and the primal decom-
position multifilterHy, (dual reconstruction multifilteFL) that
depend on yet undefined multifiltd. Thus far, we requiredthe  When we have pre/post-processing schemes that are finite,
entries ofB(z) to be Laurent polynomials anB(z) to com- symmetric, and possess the approximation property (4.32), they
mute withA(z). We have a remarkable freedom in choodB\g fit the vector wavelet transforms constructed in the previous sec-
We use this opportunity to supply theBedependent multifil- tions. In this section, we will derive these schemes.
ters with properties similar to (4.30). Therefore, the properties An obvious way to produce such avecfals to takef (k) =
of the reconstruction multifilters are getting close to propertigs(kh) and to findf» (k) as an approximation tv’(kh) fromthe
of the decomposition multifilters. sampleq F'(Ih/2)}. However, it can be proved that if we require

To get insight on how to choodB, we observe (3.13) and the post-processing filters to be finite and symmetric, we cannot
(3.14). From (3.13), we see that for any cubic polynonii#l= achieve in this way an approximation order higher than two.

V. LIFTING ALGORITHMS FORPRE/POST-PROCESSINGPHASES
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Therefore, we chose not to leayg(k) = F(kh) unchanged TABLE |

but to update them using neighboring sampﬂéé{lh/2)}. In POST-PROCESSIN(;(LEF[) AND PREPRO(|:_|ESS|N§R|GHT) MULTIWAVELETS
. . L . : OF ZERO LEVEL FOR THE HAAR ALGORITHM

other words, we will convert the input sign&linto a function®

Sfu§h(thé>v;§k) = <I>(kh|), f2§k) %bhq)’({fh), andl (4.32)”holds. A 0 |t & 0 11

If {F(Ih/2)} are samples of a cubic polynomial, we will require 5 >

that f1 (k) = ®(kh) and fa(k) = hd'(kh). pilk) |1 |1 Pilk) | 1/2 ] 1/2
Similar to the multiwavelet transforms, we construct and po(k) | -1/4 | 1/4 @3k [-2 |2

implement the preprocessing by lifting steps. It is common
in lifting algorithms that the calculations are performed °
place,” and post-processing is performed in a reverse order.
Denotes(k) = F(kh) andd(k) = F((k + 1/2)h). We start s""(k)
the construction of the preprocessing algorithms with a simple s*(k)
scheme that illustrates our approach and serves as a basis for s(k) :Su(k,) _ %du(k)
)

'rf-"ost processing is implemented in reverse order

higher order algorithms. Similar algorithm is presented in [17].

A. Orthogonal Scheme of Third Approximation Order (Haar F(kh) =s(k). (5.36)
Algorithm)

Let us update the andd arrays as follows:

It is readily seen that

Suk) =56 (=L ((k+3) b) + F((k + k)

d"(k) =d(k) — s(k) = F((k+ 1/2)h) — F(kh) + 24F ((k+ 3) h) + 24F (kh)
s“(k) =s(k) +d"(k)/2 +F (k=) h) — F((k — 1)h))
=(F((k+1/2)h)+ F(kh))/2 (5.33) f2(k) =F({(k+1/2)h) — F(kh). (5.37)
and put Proposition 5.2: Assume thaf#" € ¢°, and
A1 3 1
A = E), py=2am).  Gag PO Tw e h) H et b2l e 5 h)
+24F(z) — (F(z —h)+ F (z — 5 h)).
The post-processing is implemented in reverse order Then, f1(k) = ®(kh) and fo(k) = hd' (kh) + O(R5F®). In
" w particular, if F(z) is a polynomial of fourth degree, thar(x)
d'(k) = f(k)/2, s"(k) = fi(k) is a polynomial of fourth degree as well, afid k) = h®’(kh).
s(k) =s"(k) —d"(k)/2 Proof: Let F(z) = «*. Then
d(k) =d"(k) + s(k),  F((k+1/2)h) = d(k) (z) =1z +1/2ha® + L h%2% + = h3z — s n*
F(kh) =s(k). (5.35)
and
/ _ 3 2 2 3
Denote thatb(z) 2 (1/2)(F(x+h/2)+ F(z)). The following ~ ®'(#) =22 + 3 ha® + 5 17z + g 1°.
assertion is readily verified by using Taylor expansion. In turn

Proposition 5.1: AssumeF’ € C3. Then, fi(k) = ®(kh), - s .
and fo(k) = h®'(kh) + O(hPF®). If F(z) is a quadratic (z+1/2h)*—a* = 2ha®+ 3 R2a®+§ hPx+ {5 bt = hd' ().
polynomial, then®(x) is a quadratic polynomial as well, andWe have similar equations faF(z) = =7, r = 0, 1, 2, 3

N (1.
f2(k) = h® (_kh)' . . oy Hence, the assertion of the proposition follows. [ |
TaE'e ' denylneswaflnlte length vector signaf = (7, ¢3) Let us define the post- processmg and preprocessing multi-
andg? = (¢, 9T, which we call the post-processing a”QNavelets@O (0, o7 and@® = (39, $9)7, respectively,
the pre-processing multlwavelets of zero level, respectlvem Table 1.

We can observe that? (k) = ¢{(k)/2 and@5(k) = 2¢5(k).  Scheme II:Another way to increase the approxima-
This pre/post-processing scheme is, actually, the orthogoggh order of the Haar scheme is to update the—rather
Haar wavelet transform of a signal. than the s*—array. We do it in the following way.

d=(k) = d*(k) + (s*(k + 1) — s*(k — 1))/32 while
B. Schemes of Fifth Order taking f1(k) = 9/16 s*(k) and fa(k) = d**(k).

Now, we update the arrays’ and d* produced in (5.33) Post-processing is implemented in reverse order

in order to increase their approximation order while retaining 4 k) = fo(K),  s"(k) = 36 f1(k)

the symmetry and finite support of the corresponding multi- u . ’ . o u

wavelets. d"(k) =d""(k) — 55 (s"(k+1) = s"(k — 1))
Scheme I:Let us update the-array as followss"* (k) = s(k) =s"(k) - 5 d"(k)

sU(k)— (d*(k+1)—d“(k—1))/48, whereag; (k) £ s*(k)/2 d(k) =d“(k) + s(k), F((k+3)h)=dk)

and fo(k) 2 d*(k). F(kh) = s(k). (5.38)
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TABLE I TABLE Il
POST-PROCESSING(TOP) AND PREPROCESSINGBOTTOM) MULTIWAVELETS POST-PROCESSING(TOP) AND PREPROCESSINGBOTTOM) MULTIWAVELETS
OF ZERO LEVEL FOR SCHEME | ALGORITHM OF THE FIFTH ORDER OF ZERO LEVEL FOR SCHEME || A LGORITHM OF FIFTH ORDER
k -2 -1 0 1 |2 3 k -2 -1 0 1 2 3
¢h(k) | 0 0 |2 2 |0 0 (k) | 1/36 | —1/36 | 16/9 | 16/9 | —1/36 | 1/36
wy(k) | 1/48 | 1/48 | —1/2|1/2 | —1/48 | —1/48 k) |0 0 -1/2|1/2 |0 0
@h(k) | —1/96 | 1/96 | 1/4 |1/4|1/96 | —1/96 @) | o 0 9/32 | 9/32 |0 0
¢3(k) | O 0 -1 1|0 0 @) | -1/64 | —1/64 | -1 |1 1/64 | 1/64
It is readily seen that s(2) = fi(z) = f2(2)/4,d(2) = fi(= )+f2( z) /4. Substituting
these relations in the identi + 271 d(2?), we
A0 = 6 (P (64 3) ) + F(0) oo W) = o) + 27 ()
falk >= F((k=1h) — g F ((k— 3) h) — F(kh) 2T 50
+F(( 1Y R) + & F((k+ 1h) F(z) = fi(z%)e ( )+ F2(2*)5(2) = f(z ) (2). (6.44)
+EF((k+2)n). (5.39) Here, ©%(z) = z7t + 1 andp)(z) = (»71 — 1)/4 are the
z-transforms of the post-processing S|gna?sand<p defined
Denote thatd(z) :9/32(F(x+1/2h)+F(x)). by Table I, andg®(») = (¢{(2), ¥3(2))*. Going from the

Proposition: AssumeF’ € C°. Then, f1(k) = ®(kh), and z-domain in (6.44) to the time domain yields (6.40). Equations
f2(k) = h®'(kh) + O(WPF®). If F(z) is a polynomial of (6.41) stemimmediately from (5.33). The biorthogonal relations
fourth degree, the®(z) is a polynomial of fourth degree as(6.42) are readily verified. [ |
well, and fo(k) = h®’'(kh). Corollary 6.1: Assume thatF is a quadratic polynomial

Proof: This proofis similar to the proof of Proposition 5.2.sampled on the gri¢/2 and¢? and thatgd are the pre-pro-
The post- processmg and pre-processing multivaveiéts= cessing wavelets for the Haar algorithm. Then, the inner
(9, eNT and G0 = (Y, $9)7, respectively, are as shown inproductsf; (k) = (F, 3%(- — 2k)), k € Z are the values of a

Table 111, quadratic polynomial sampled on the g#i#l, and the products
fo(k) = (F, ¢9(- — 2k)) are the values of its derivative times
VI. BASES FOR THESPACE OFDISCRETETIME SIGNALS h. In the case when the wavelet§ and¢9 are derived from

the schemes of fifth order ariHl is a sampled polynomial of

fourth degree, the inner products are samples of a polynomial
In the previous section, we introduced three post-(pre)-prgf fourth degree and of its derivative t|mésrespect|vely

cessmg pairs of multiwavelets of zero leg? = (9, )" Summarlzmg, the sets of signal®{(- — 21), (- — 20)},

and g° = (49, ¢9)7, respectively. Their translations formyz0(. _ ar), 39(- — 2k)} form a biorthogonal pa|r0f bases for

three biorthogonal bases for the space of scalar discrete- tlmg signal space. Once we have the expansion (6.40), we can pro-

signals. Namely, the following assertion holds. ceed with the vector wavelet transforms described in Section I11.
Proposition 6.1: The signaF = {F'(kh/2)}xcz canberep- The pasis signalg® = (09, DT and@® = (39, T are,

resented as follows. to some extent, discrete counterparts of the synthesis and anal-

F(l) = F(hl/2) = Z FL(k)2(1—2k) +Z Fo(k)pQ(1—2k). ysis scaling functions used in the conventional multiwavelet
analysis.

A. Bases of Zero Level

(6.40)
The coefficients are B. Bases of the First Level

B = (F. &°(. — 2k B = (F. 30— 2k)). (6.41 We show that the transformations of the vector sighgte-
fulk) = (F, &i( Do Jalk) = (F. 2o ). (6:41) sented in Section Il lead to re-expansion of the original signal
Moreover, the following biorthogonal relations hold. F with respect to new biorthogonal pairs of bases.
0 S0/ o 1) Synthesis BasesiVe begin with the primal reconstruction
(pr( = 20), G1(- = 2k)) =& formula (4.20), which we rewrite as

(P2 —20), (- — 2k)) =8} (6.42) N s
(P2 = 20), G5 — 2k)) =0 f(z) = Fi(=) + fy(=) wherefi,(z) 2 H(z) - 5" (%)
(Q3(- — 20), @3- — 2k)) =0. (6.43) and

2) - d(2?). 6.45
Proof: We present the proof only for the algorithm of third f”( ) G (2) (=) ( )
order that was introduced in Section V-A. The other two cas€®rrespondingly, the-transform of the signdf', which is given

can be similarly treated. by (6.44), is split into the sum
LetF(z) =Y, 2~'F(I) be thez-transform of the signaF, AP, 0T =20
and s(z), d(z), f1(z), and f2(z) are thez-transforms of the F(z) =Fu(2) + ¥o(2), Fulz) = (=) - ¢7(2)

arrayss(k), d(k), fi(k), and fo(k). From (5.35), we derive Fyu(2) 2£,(z)7 - 3°). (6.46)
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Fig. 1. Primal (left four pictures) and dual (right four pictures) synthesis multiwavelets of first level. The post-processing algorithm of Behsmsdd.

Let us con5|deth(7 Due to (6.45), we havé&,(») = A similar expansion holds with the usage of the dual synthesis
se(zHT . H(z ) - @0(z) = 5vr (YT . g1(z), where multiwavelets of the first level.

Fl(x) = H(A)T - 0(Z) = (¢1(2), e3(2)* G =" HI(k)T -3 - 2k)

P(z) 2 Hii(23)2(2) + Hou (22)3(2) . k o

P22 HiolD)el(2) + Ha(P)el(z).  (647) VD=2 GBI -2 (659)

Finally, we have in the-domain
Actually, (6.51) and (6.53) define three pairs of primal and three

Fi.(z) = s{(«)e1(2) + s5(z")e3(2). (6.48) pairs of dual synthesis multiwavelets of the first level according
Similarly, we can derive the representation in (6.49) and (6.5@, the one choice from three available post-processing multi-
shown at the bottom of the page. By swnchmg into the timeaveletsg °. We display the synthesis multiwavelets related to
domain, we observe that thevectorsz *(» )andz/; (z) arethe the post-processing Scheme Il in Fig. 1.

z-transforms of the vector signals 2) Analysis BasesTo interpret the coefficients in the ex-
Z H(k 01 — 2k) pansion formulas (6.52), we turn to the decomposition formula
(4.18). Switching into the time domain, we obtain
Z Gy(k)T - 3O — 2k). (6.51) du(ky =" G@k —r)- f{r). (6.54)

We call the vector signat ! (1) = (¢1(1), ©3(1)T andy }(1) = )

However, (6.41) implies that
(1,1, 3. ,(1))" the primal synthesis multivavelets of the (6.41) imp

first level. firy=>"FD@°(—2r). (6.55)
Remark: The matricesH (k)? that participate in the two- 7
scale equation (6.51) Lo Substituting (6.55) into (6.54), we have
e ) B (O Fu) = S Glak )-SR0 2
L1 0 L d (k)_ZG(Zk ) Z:F(l)ga (I —2r)
1 3
ayr=( Y _§j )5 Glak- )5 20)
8 8
coincide with the mask of the refinement equation for the cubic _ Z Z (l + 25— 4k). (6.56)

Hermite scaling functions (see, for example, [4]). Then, (6.48)
and (6.49) lead us to the following expansion of the signal.

F(r) =" st (Dl — 4r) + s87 (Db (1 — 4r)

’ ZG L F0(1+25) = (1), ¢3§(1))T. (6.57)
+dib(l)1/)ib(l —dr) + d;,b(l)z/}%,b(l —4r). (6.52)

Assume that we have the vector signal

Fy(z) =d (2T -3 (2) = di (M1, (2) + dy (1) 4 (2) (6.49)

YL, (2) 2 Guuu(22)(2) + Gar, 1 (22)8(2)

0 0
N ! 2 (6.50)
P3.4,(2) = G2, (2%)90(2) + Gaz,(27)9Y
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Fig. 2. Primal (left four pictures) and dual (right four pictures) analysis multiwavelets of the first level. The preprocessing algorithm of Behsmsdd.

Then, we derive the following representation for the expansiéorm a biorthogonal pair of bases for the signal space. We call

coefficients. the signals belonging to the é@; the primal synthesis wavelets
o of the first level. The signals from the §?e}; are called the primal
=> F)yy'(l - 4k) analysis wavelets of the first level.

, - Similarly, we can derive the dual pairs of bases
dih) = (B, 9l —aB) oo

dy(k) = (F, P3(- — 4k)). DL 2 {pl (- —4l), oy (- — 41)

Using similar reasoning, we obtain the relations for stepef- (- — Ak), 9y (- — 4k)}
ficients, provided that the vector signal Fd A 1 d(. _ 4k, @é’d(- ~ 4k)

Fi() ZHb )-@(1+25) = (61,,(D), g5, ()" (6.59) P — 4D, Py — 4D}

and the corresponding expansions of the sigriallo get it,

was defined. The coefficients are we replace the primal multifiltter#1, Gy, Hy, and G in the

gy 51 two-scale relations (6.51), (6.57), and (6.59) by the dual multi-
5Tk = zl: F)¢a(l = 4k). ©-60) fiters HY, G4, HY, andGy. These multifilters are defined in
Section IV-A.
Equations (6.60) and (6.58) imply that the biorthogonal rela- Actually, we have six different pairs of bases. They corre-
tions between the signals of the first level spond to three pre/post-processing schemes and to two modes
1 . of the multiwavelet transform (see Fig. 2).
(p1( = D), @1,,(- = 4k)) =61 Remark: The synthesis multiwavelets, produced with the
(p3(- — 4l), @3 (- — 4k)) =br1 usage of post-processing Schemes | and Il, are very similar
(p1(- — 4l), @3 (- — 4k)) =0 in their appearance. The same can be said about the analysis
1 -1 N multiwavelets.
(2 = dD), 61,,(- = 4k)) =0. (6.61) Theorem 6.1:In the case when the Haar preprocessing
(PL(-—40), P (- — 4k)) =6k, algorithm is used, the prlmlali and dual analysis wavelets of
Tl 1o _ the first level 41, ¢/ and Py ,z/) ¢ have three vanishing
ij( 4, 1/1?1)( Ak)) =k, moments. When the fifth- ordlér preprocessmg algorithms are
(P1(- = 4l), 93 (- — 4k)) =0 used, the analysis wavelets have four vanishing moments.
(P3(- — A1), ¢t (- — 4k)) =0. (6.62) Proof: First, we consider the primal wavelet$ and<.

Assume tha¥F (k) = k", andk € Z. This array can be viewed
Moreover, each signal! is orthogonal to any signah!, and as a polynomial of degreesampled on the gridh/2, h = 2.
each@* is orthogonal to any)* signal. Equation (6.58) implies that
Summarizing, we may argue that the sets of signals
Z PR = (F, 1) = di(0)

L= {ph(-—4D), gb(- — A1), i (- — 4k), 9} (- — 4k)} N
wa "= (F, ¢3) = d3(0). (6.63)

L2 {gh (- — 4k), 3} (- — 4k), PL(- — 40), P3(- — 4D} :
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Fig. 3. Left pair of pictures: Primal synthesis wavelets, i ,,7 = 4, 3, 2, 1, and their Fourier spectra. Right pair of pictures: Waveleds v} ,, i =
4, 3, 2, 1, and their Fourier spectra.
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Fig.4. Leftpair of pictures: Dual synthesis wavelefs,, ;i = 4, 3, 2, 1, and their Fourier spectra. Right pair of pictures: Waveldts , 5, = 4, 3, 2, 1,
and their Fourier spectra.

From (6.54), we have applied at the first step. Therefore, in this stage, we have
. four different ways to represent the sigrfal We outline the

<d1 (0)> _ Z C?(l) ) <f1(_l)> ) situation when both first and second steps of the multiwavelet

d4(0) - f2(=0) transform are implemented in the primal mode. Other three

cases are similarly treated.
Here,fis a vector signal derived fror®' by pre-processing.  Proposition 7.1: As a result of the three steps of the mul-
Due to Corollary 6.1;(—1) are the values of a polynomial oftiwavelet transform (pre-processing and two steps of vector
degreer sampled on the grid-i, and f>(—1) are the values wavelet transform), the sign®l = {F(kh/2)} is expanded as
of its derivative multiplied by:. From Corollary 4.1, we have follows.

di(0) = d3(0) = 0.

For the dual wavelets, the proof is similar, with the difference”(r Z di (D1 (1 —4r) + dy (D3, (1 — 47)
that Proposition 4.3 should be employed instead of Corollary
6.1. u + Z sUE )31 — 8r) + 5572 (D3(1 — 8r)
VII. EXTENSION OF THEMULTIWAVELET TRANSFORMS + dl b( i (1= 8r) + d;“f(l)z/)% (1= 8r). (7.64)

TO COARSERLEVELS

Once we applied the multiwavelet transform of the first level he synthesis multiwavelets of the second Iayélandz/; are
on the vector S|gnaf we are in a position to decompose thelerived from the first level multiwaveletg!® through the two-
signal into coarser levels. To arrive at the second level, wgeale equations
should apply our lifting procedure described in Section Ill on

the vector arrays™" given by (3.9) or (3.15), rather than on Z2() Z H(k L1 — 4k)
/- Note that at the second step of the decomposition, we are
free to apply the primal or the dual multiwavelet transform, Z Gy(k L1 — 4k). (7.65)

regardless of whether the primal or the dual transform was
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o

Fig. 5. Left pair of pictures: Primal analysis wavelgt$ ,, 1/:;, i = 4,3,2,1, and their Fourier spectra. Right pair of pictures: Wavelgls, , 1,7;;, 1=
4, 3, 2, 1, and their Fourier spectra.
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Fig. 6. Left pair of pictures: Dual analy5|swavelei$ bt 5.1 =4, 3,2, 1,and their Fourier spectra. Right pair of pictures: Wavefdtsy; ,,i =4, 3, 2, 1,
and their Fourier spectra.

The coefficients of the expansion are the inner products of the Proof: Assume thaF (k) = k", k € Z. This is a polyno-

signal F' with the analysis multiwavelets mial of degreer sampled on the gri&~/2, h = 2. Equation
R - (6.58) implies that
42 (k) =Y () 2(1 - 8k)
: - Z LR = (F, 1) = di"*(0)
)2k = ) PG~ 8k).
: ) Z P3( F, ¢3) = d3*(0).

The analysis multiwavelets of the second- Ieﬁél andz/7 are

derived from the first-level multiwaveletg} through the two- Erom (6.54) and (4.19), we have
scale equations

! o 200\ g~ g (T

A <d;,2§0§) -2 0 (o)
l

220 ZHb ). G+ 4s). (7.66) Fur( ZHb —20 — k) - f{k)

As in the first level, all analysis multiwavelets of the second
level have the vanishing moments property. Again, we consid&herefis a vector signal derived fror®' by preprocessing.
the case when both first and second steps of the multiwaveDate to Corollary 6.1,f,(—[) are the values of a polynomial of
transform are implemented in the primal mode. degreer sampled on the grig-l4, and fo(—!) are the values
Theorem 7.1:In the case when the Haar preprocessing abf its derivative muItipIied byh. Then, from Proposition 4.3,
gorithm is used, the analysis wavelets of the second lével we conclude thas}", (—I) are the values of a polynomial of
andwg have three vanishing moments. When the fifth-order prdegree sampled on the grid- 2Lk, andsy”, (—1) are the values
processing algorithms are used, the analysis wavelets have follits derivative multiplied by2A. From Corollary 4.1, we have
vanishing moments. d¥2(0) = dy2(0) = 0. n
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Fig. 7. (Left)Lenaand (right) a fragment of a stacked seismic section. Their sizes arg BlI2 pixels.

TABLE IV
ENTROPY AND ENERGY COMPACTION RATIOS AFTER THEAPPLICATION OF WAVELET AND MULTIWAVELET TRANSFORMSINTO FIVE LEVELS

Transform: | original | D8 | B7/9 |VP/1 |VP/2 | VP/3 [ VD/1 | VD/2 | VD/3
x(Lena) |7.49 |451 449 [431 [432 [423 |366 |367 |3.60
x(Seismic) | 6.57 |5.75 |562 |5061 [506 |5.057 |5.033 |5.029 |5.025

E(Lena) 0.34 0.9914 | 0.9917 | 0.9507 | 0.9510 { 0.9557 | 0.9760 | 0.9760 | 0.9789
E(Seismic) | 0.7 0.8713 | 0.8729 | 0.9392 | 0.9392 | 0.9396 j 0.9195 | 0.9199 |} 0.9207

Decomposition into coarser levels of the multiwavelet transvhere {b(k)}3, is the result after sorting the array
form is similarly performed. The property of vanishing mo{|a(k)|}}L,, in descending order. The entropy is calcu-
ments is retained at coarser levels. lated as follows.

In Figs. 3 to 6, we display some examples of synthesis and M
analysis wavelets. Here, the algorithm for post-processing of x(a) 2 Z
Scheme | is used. We do not display the corresponding pictures k=1 Z 2(1) Z a2(1)
for other schemes of post-processing because they are almost
T . . =1 =1
indistinguishable from the displayed ones.

a’(k
log, —; (%)

CL2 .
- (%) (8.68)

We denote the primal vector wavelet transforms byA/étid
the dual ones by VI, wherek is the index of the pre-pro-
cessing algorithmk = 1 stands for the Haar schenie= 2 for

An obvious direction for further research activity is in the apScheme | of fifth order, anét = 3 for Scheme Il of fifth order
plication of the devised multiwavelet transforms to signal andee Section V-B). By D8, we denote the orthogonal wavelet
image processing. One such application is image compressigansform with the eight-tap Daubechies filters and, by B7/9, the
To evaluate the potential of the transforms for data compressigibrthogonal wavelet transform with the 7/9 filters [5], which
we compared the energy compaction [see (8.67)] and the @nfrequently used in image compression. We applied the 1-D
tropies [see (8.68)] of the coefficients of the multiwavelet trangransforms up to the fifth decomposition level to columns of
forms of Lenaand a stacked seismic section (see Fig. 7) withoth images. We selected six columns (5 105 205 305 405 505)
those of some classical wavelet transforms. from each image. Note that in the seismic section, the columns

The values of the pixels are centered around the mean valug® seismic traces. We present the results of the entropy and the
As a measure for the energy compaction of the data array energy compaction ratio of the coefficients of the multiscale ex-

VIIl. DISCUSSION

{a(k)}1L,, we use the ratio pansion in Table IV. For comparison, we give the same informa-
M/10 tion on the original arrays.
Z b2(k) Remarks:
A i 1) Since the data we are operating on are given on finite
E(a)=——— (8.67) intervals, implementation of the above transforms near

M
ZGQ(k) the boundaries requires a special treatment. We per-
= formed symmetric extension on the boundaries of the
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scalar signals. Then, preprocessing algorithms produdedthe paper, but many more ways for using the customizing
vector signals whose first component was symmetricalgbilities are possible.

extended. The second component was antisymmetricallyWe devised new pre (post)-processing algorithms that are
extended. We used such an extension in the subsequenistom tailored” to the vector wavelet transforms and allow
steps of the vector wavelet transform. the latter to perform with the optimal approximation accuracy.
Lifting realization of the transforms enables fast impleNamely, the analysis multiwavelets constructed using our pre-
mentation. The computational cost of the five-level trangrocessing algorithms have four vanishing moments. The basis
form is lower than the cost of implementation of the B7/9vavelets we constructed are symmetric and have compact and
transform, even if the latter is conducted via a fast fashort supports.

torized algorithm [6]. Therefore, the decomposition into The presented transforms have a potential for a successful
five levels by the B7/9 transform requires 31/8 multipliapplication in image compression and especially to com-
cations and 31/4 additions per sample. The multiwavelptession of seismic data. It is worth noting that actually, the
transform with Haar preprocessing scheme requires 3%f@8nsforms are integer-to-integer. This is very useful for fast
multiplications and 39/8 additions per sample. When &SIC implementation of the transforms for digital signal
scheme of fifth order is used, these figures grow to 43f8ocessing. Our approach is generic. It allows construction of
and 47/8, respectively. multiwavelet transforms with higher approximation accuracy

We can observe from the table that in both cases, and espeind Hermite splines of higher degrees and appropriate
cially for the Lenaimage, the dual vector wavelet transform®ré (Post)-processing algorithms. Moreover, development of
produce smaller entropies than the primal ones. The resifi§npletely discrete multiwavelet transforms based on discrete

depend on the pre-processing algorithm. The pre-processftplogs of Hermite splines is promising.

Scheme Il of the fifth order produces the most efficient entropy
description of the coefficients. The coefficients of the multi-
wavelet transforms have smaller entropies than the coefficient?l]
of the wavelet transforms. The results of the calculation of the
energy compaction are different for different data. Eeng

the wavelet transforms result in better energy compaction int?!
comparison to multiwavelet transforms, but for the seismic
traces, the multiwavelet transforms outperform the wavelet[3]
transforms. We note that the computational cost of the imple-
mentation of the presented multiwavelet transforms is lower 4
in comparison with the cost of the lifting implementation of
the B7/9 wavelet transform [6] and is significantly lower than

5
the cost of the standard implementation of the B7/9 and D8[ ]

wavelet transforms. (6]
(7]

IX. CONCLUSIONS
We constructed a new family of biorthogonal multiwavelet (8]

transforms for discrete-time signals. A characteristic feature of[9
our approach is that we do not use scaling functions but, in-
stead, treat the multiwavelet transforms of the signals as a tigr[gO]
union of two phases: 1) Pre (post)-processing algorithms that
convert the scalar signal into the vector signal and back and 2}
the wavelet transform of the vector-valued signal. The construd=1!
tion, as well as the implementation, of both phases of the transz2]
forms are conducted in a lifting manner. This allows fast com{13]
putation and low use of memory and yields tools for a custom
design of the transforms. We use cubic Hermite splines as a pre]
dicting aggregate in the vector wavelet transform. The scheme
is interpolating, and, as such, it yields a relevant tool for Proq;s
cessing discrete signals.

We use the ability to customize the vector wavelet transfornt€l
in order to bring the properties of the dual transform close to
the properties of the primal one. By doing so, we produce twg17]
vector wavelet transforms with similar basic properties. Each of
the two modes of the wavelet transform is accompanied by anyg
one of three pre (post)-processing algorithms, which we present

REFERENCES

A. Z. Averbuch and V. A. Zheludev, “Construction of biorthogonal dis-
crete wavelet transforms using interpolatory splinesgpl. Comput.
Harmon. Anal, vol. 12, pp. 25-26, 2002.

A.Z. Averbuch, A. B. Pevnyi, and V. A. Zheludeyv, “Biorthogonal Butter-
worth wavelets derived from discrete interpolatory splin€SEE Trans.
Signal Processingvol. 49, pp. 2682-2692, Nov. 2001.

R. L. Claypoole, Jr., J. M. Davis, W. Sweldens, and R. Baraniuk, “Non-
linear wavelet transforms for image coding via liftingEEE Trans.
Signal Processingo be published.

W. Dahmen, B. Han, R.-Q. Jia, and A. Kunoth, “Biorthogonal multi-
wavelets on the interval: Cubic Hermite spline€dnstr. Approx.vol.

16, pp. 221-259, 2000.

|. Daubechies,Ten Lectures on WaveletsPhiladelphia, PA: SIAM,
1992.

|. Daubechies and W. Sweldens, “Factoring wavelet transforms into
lifting steps,”J. Fourier Anal. Appl.vol. 4, no. 3, pp. 247-269, 1998.

G. Davis, V. Strela, and R. Turcajova, “Multiwavelet construction via
the lifting scheme,” inVavelet Analysis and Multiresolution Methods
T.-X. He, Ed. New York: Marcel Dekker, 1999, Lecture Notes in Pure
and Applied Mathematics.

D. L. Donoho, “Interpolating wavelet transform,” Dept. Statist., Stan-
ford Univ., Stanford, CA, Preprint 408, 1992.

J. S. Geronimo, D. P. Hardin, and P. R. Massopust, “Fractal functions
and wavelet expansions based on several scaling functidn&gprox.
Theory vol. 78, pp. 373-401, 1994.

S. S. Goh, Q. Jiang, and T. Xia, “Construction of biorthogonal multi-
wavelets using the lifting schemeiXppl. Comput. Harmonic Analvol.

9, pp. 336-352, 2000.

T. N. T. Goodman and S. L. Lee, “Wavelets of multiplicity’ Trans.
Amer. Math. Sogvol. 342, pp. 307-324, 1994.

B. Han and Q. Jiang, “Multiwavelets on the interval,”, Preprint, 1999.
L. Hervé, “Multi-resolution analysis of multiplicityd: Application

to dyadic interpolation,”Appl. Comput. Harmonic Analvol. 1, pp.
299-315, 1994.

G. Strang and V. Strela, “Finite element multiwavelets,Ajpproxima-
tion Theory, Wavelets and ApplicatiQig P. Singh, Ed. Boston, MA:
Kluwer, 1995, pp. 485-496.

J. Lebrun and M. Vetterli, “Balanced multiwavelets, theory and design,”
IEEE Trans. Signal Processingol. 46, pp. 1119-1125, June 1998.

V. Strela, “A note on construction of biorthogonal multi-scaling
functions,” inContemporary Mathematic#\. Aldroubi and E. B. Lin,
Eds. New York: Amer. Math. Soc., 1998, pp. 149-157.

V. Strelaand A. T. Walden, “Orthogonal and biorthogonal multiwavelets
for signal denoising and image compressioRrbc. SPIE vol. 3391,
1998.

V. Strela, “Multiwavelets: Theory and applications,” Ph.D. dissertation,
Mass. Inst. Technol., Cambridge, 1996.



500 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 50, NO. 3, MARCH 2002

[19] W. Sweldens, “The lifting scheme: A custom design construction ¢ -

N o
biorthogonal wavelets Appl. Comput. Harmon. Analvol. 3, no. 2, pp. &= 5
186-200, 1996. o

[20] W. Sweldens and P. Schrdder, “Building your own wavelets at home,” ‘TEH &0 L,

Wavelets in Computer Graphics New York: ACM, 1996, pp. 15-87. '.|
[21] J. Y. Tham, L. Shen, S. L. Lee, and H. H. Tan, “A general approac
for analysis and application of discrete multiwavelet transforifsE
Trans. Signal Processingol. 48, pp. 457—-464, Feb. 2000.
[22] R. Turcajova, “Construction of symmetric biorthogonal multiwavelet;j&
by lifting,” Proc. SPIE vol. 813, pp. 443-453, 1999. i\
[23] X.-G. Xia, J. S. Geronimo, D. P. Hardin, and B. W. Suter, “Design olr

Valery A. Zheludev received the M.S. degree in
mathematical physics in 1963 from St. Petersburg
University, St. Petersburg, Russia. In 1968, he
received the Ph.D. degree in mathematical physics
from Steklov Mathematical Institute of the Academy
of Sciences of the USSR and, in 1991, received the
Dr. Sci. degree in computational mathematics from
Siberia Branch of the Academy of Sciences of the
USSR.

From 1963 to 1965, he was a Lecturer at Pedagog-
ical University, St. Petersburg. From 1965 to 1968 he

prefilters for discrete multiwavelet transform$EEE Trans. Signal Pro- was a Ph.D. student at St. Petersburg University. From 1968 to 1970, he was an
cessingvol. 44, pp. 25-35, Jan. 1996. Assistant Professor with Kaliningrad University. From 1970 to 1975, he was a
[24] X.-G. Xia, “A new prefilter design for discrete multiwavelet trans-Senior Researcher with the Research Institute for Electric Measuring Devices,
forms,” IEEE Trans. Signal Processingol. 46, pp. 1558-1570, June St. Petersburg. From 1975 to 1995, he was an Associate and then Full Professor
1998. at the St. Petersburg Military University for Construction Engineering. Since
1995, he has been a Researcher and then a Senior Researcher with the School
of Computer Science, Tel Aviv University, Tel Aviv, Israel, and with Paradigm

Amir Z. Averbuch was born in Tel Aviv, Israel. He tion theory,

from the Hebrew University, Jerusalem, Israel, inUniversity.
1971 and 1975, respectively, and the Ph.D. degree in
computer science from Columbia University, New

York, NY, in 1983.

From 1966 to 1970 and from 1973 to 1976, he
served in the Israeli Defense Forces. From 1976
to 1986, he was a Research Staff Member with the
Department of Computer Science, IBM T. J. Watson
Research Center, Yorktown Heights, NY. In 1987, he
joined the Department of Computer Science, School of Mathematical Sciences,
Tel Aviv University, where he is now Associate Professor of computer science.
His research interests include wavelet applications for signal/image processing
and numerical computation, multiresolution analysis, and scientific computing
(fast algorithms and parallel and supercomputing software and algorithms).

Geophysical, Ltd. His fields of research include wavelet analysis, approxima-

: ' . signal and image processing, geophysics, and pattern recognition.
received the B.Sc. and M.Sc. degrees in mathematics py - zheludev received the best Ph.D. thesis prize from St. Petersburg



