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Abstract

We present a method for construction of multiwavelet frames for manipulation of discrete
signals. The frames are generated by three-channel perfect reconstruction oversampled multi-
filter banks. The design of the multifilter bank starts from a pair of interpolatory multifilters.
We derive these interpolatory multifilters from the cubic Hermite splines. We use original pre-
processing algorithms, which transform scalar signals into vector arrays that serve as inputs
to the oversampled analysis multifilter banks. These pre-processing algorithms do not degrade
the approximation accuracy of the transforms of the vectors by multifilter banks. The post-
processing algorithms convert the vector output of the synthesis multifilter banks into scalar
signal. The discrete framelets, generated by the designed filter banks, are symmetric and have
short support. The analysis framelets have four vanishing moments, whereas the synthesis
framelets converge to Hermite splines supported on the interval [-1,1].

1 Introduction

As wavelet analysis grows into a well-developed and widely applied theory, much research effort have
focused on multiwavelets and, more recently, on wavelet frames also called framelets. Multiwavelet
transforms, whose investigation was initiated in [1, 2, 16, 18, 20], are associated with several scaling
functions. A basis for L?(R) is formed by translations and dilations of several generating wavelets.
Such a scheme provides more flexibility in design and applications compared to the conventional
wavelet transforms. In particular, it is possible to achieve certain approximation accuracy using
waveforms with shorter support than with standard wavelet analysis. Once appropriate coding
schemes are available, multiwavelet transforms have a strong potential to achieve good image com-
pression [9, 15]. Wavelet frames correspond to a single scaling function and several wavelets and
provide redundant expansions of functions. Construction methods with extensive investigation of
the properties of wavelet frames were presented in [7, 8, 24, 21, 13, 12, 22, 23]. A natural idea
is to construct frames that correspond to multiwavelet transforms. To the authors knowledge, by
now only [14] presents a detailed investigation in this direction. There a general theory of multi-
wavelet frames in L? is developed and an algorithm for the construction of these frames have been
presented. The construction algorithm in [14] starts from any two refinable vector functions.
Unlike [14], in this paper we focuse on multiwavelet frames in the signal space I3 rather than in
the functional space L?. Oversampled filter banks provide a natural source to devise wavelet-type
frames in the signal space [6, 10, 4]. In the multiwavelet case, the filter banks consist of matrix
filters, the so-called multifilters. We discuss three-channel multifilter banks with downsampling
factor N = 2. They produce frames with minimal redundancy. We propose a generic method to
design a perfect reconstruction multifilter bank starting with an arbitrary interpolatory ”low-pass*
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multifilter. For the design of such a multifilter, we use properties of the interpolatory cubic Hermite
splines. These splines are frequently used for multiwavelet constructions [18, 20, 25, 26, 19, 3]. They
produce multifilters with a favorable combination of properties: short impulse response, linear phase
and good approximation accuracy. The coefficients of the filters are integers that accelerate the
implementation. However, different interpolating aggregates can be used for the presented scheme.

To exploit the useful properties of the multifilter bank originating from the cubic Hermite
splines, the input to the analysis multifilter bank must be a vector array with a special structure.
To produce such an array from the original scalar signal, a pre-processing procedure is required.
This procedure can be organized as filtering the original signal by a critically sampled two-channel
filter bank. This vector array serves as an input to the main oversampled analysis multifilter
bank, which produces three vector streams. For the multiscale processing, the latter operation is
iterated using the vector array produced by the “low-pass” multifilter as an input . The synthesis
procedure consists of application of the synthesis multifilter bank to the three vector streams, which
creates a vector array. A post-processing filter bank, which is critically sampled, transforms this
vector array into a scalar signal. We present three different pre(post)-processing filter banks, which
were introduced in our previous paper [3] that was devoted to the design of multiwavelet bases
in signal space. The filters in the filter banks are linear phase, have short impulse response and
retain the approximation accuracy inherent in the main block-wise filter banks. Filtering can be
implemented in a fast lifting mode. The combination of the pre(post)- processing filter bank with
the analysis(synthesis) multifilter bank forms Multiple Input Multiple Output (MIMO) filter banks.

The filter banks produce frames in the signal space that consist of translations of several com-
pactly supported generating signals, which we call discrete framelets. Usage of Hermite splines
enables us to devise framelets with useful properties for signal processing. All are symmetric or an-
tisymmetric, with very short support. The “high-frequency” analysis framelets have four vanishing
moments. The synthesis framelets converge in the sense of the “cascade algorithm” [11] to Hermite
splines, which are supported on the interval [-1 1] and have explicit representation. It is interesting
to point out that the limit functions do not depend on the employed post-processing filter bank.

The paper is organized as follows. In Section 2 we outline the necessary facts on multifilter
banks and pre-(post)processing filter banks and explain their relation to the frames in signal space.
Section 3, which is central in the paper, is devoted to the design of perfect reconstruction multifilter
banks with interpolatory multifilters. In addition, we devise multifilter banks that are based on
Hermite splines. In Section 4 we present three pre-(post)processing filter banks that are adjusted to
the above multifilter banks. In Section 5 we establish some properties of the analysis and synthesis
framelets, such as symmetry and vanishing moments. We prove that the discrete synthesis framelets
converge to Hermite splines, which are supported on the interval -1 1]. In Section 6 we display the
devised framelets.

2 Multifilter banks and frames

2.1 Multifilter banks

Let H = {H(l)},c7 be the matrix sequence:

A [ hi(l) hia(l)
Bl = ( hai (1) haa(l) > L€

and 7 2 {Z(D)} = (21(1),22(1))T, I € Z, be a vector signal. The following operation

J=HxZ < jr) =Y H@r - DI
!

is called the matrix-vector convolution or multifiltering the signal #. The matrix sequence H =
{H(l)},cz is called multifilter.



The z—transform of the vector signal ¥ = {#(l)} and of the multifilter H = {H(l)},c7 are:

2 P z E 2 = hi(2)  haa(2) Gg=H=xZ Y (2) = H(2) X (2
£(e) 2 3130, B 23 (1) e ) =B P = HE)XC)

Throughout the paper we assume that z = e/* and all the multifilters components {H(l)} are
real-valued. We designate a multifilter by its z-transform.

In this paper, we consider only 3-channel multifilter banks with downsampling factor N = 2.
The analysis multifilter bank consists of the multifilters i (z) and the synthesis multifilter bank
consists of the multifilters H*(z), k& = 0,1,2. We denote the output signals from the analysis
multifilter bank by !, k = 0,1,2. These signals are used as the input to the synthesis multifilter
bank. Then, the analysis and synthesis formulas become

H'(1/2)X (2) + B (~1/2) X (~2)

7o) = %ﬁk(n —20) F(n) & YF(2?) = 5 , k=0,1.2(1)
2 ~ 2
F(1) = > HMI-2n) M (n) & X(2) = Y HF(2)YR(2?). (2)
k=0neZ k=0

Remark The signals %! have double superscript indices {k,1}, where k corresponds to the

~ k
index of the analysis multifilter H , which produces the signal. The second index 1 means the first
decomposition scale. The multiscale transforms will be introduced in Section 2.4.

2.1.1 Polyphase representation

The z-transforms of a vector signal ¥ and a multifilter H can be represented in the following
polyphase mode

—

X(2) = E(z*) +27'0(2%), H(z) = H(2?) + 2 'H,(z?),

where
E(z) 23 27kek), O()2 Y z%a(k), ak) 2 #(2k), a(k) = Z(2k + 1),
keZ kcZ
H(2) 23 27 H(2k), Ho(z) 2> 2 *H(2k +1).
keZ keZ

Application of the time-reversed multifilter H to the signal & is represented by

g(r) =2 H(k —r)Z(k) & G(z) = H(1/2)X(2) = Ge(2%) + 271 Go(2?), )
Ge(2) = Ho(1/2)E(2) + Ho(1/2)0(2),  Go(z) = Ho(1/2)0(2) + 2H,(1/2)E(2).
Thus, the analysis and synthesis Eqgs. (1), (2), respectively, can be rewritten as
: 70(2) e\ ;
( E) ) —P@)-| Vi) |, | Vi) | =Base)- ( L) ) ,
O(Z) Y’Q(Z) Y’Q(Z) (Z)
where ~0( ) ~0( )
H (z) H (2
5002 [ i 1 A (H)(2) Hi(z) HI(2)
P2 miG) Be) | e () Y ) ) ()



are the analysis P(z) and synthesis P(z) block-wise polyphase matrices .

If the output vector signal 7 is equal to the input signal Z then the analysis and synthesis
multifilter banks form a perfect reconstruction multifilter bank. Analytically, this property is
expressed via the polyphase matrices as:

P(2)-P(1/2) = <1§ 102 ) (5)

where I is the 2 x 2 identity matrix. Thus, the synthesis polyphase matrix has to be a left inverse
of the analysis matrix. Obviously, if such a matrix exists, it is not unique.

A necessary condition for (5) to hold is that the analysis matrix P(z) has a full rank of 4 on
the unit circle |z| = 1. However, if this condition is satisfied then there exists at least one solution
to (5), namely, the parapseudoinverse of P:

P(z) = P (2)

1>

- - -1
(P*(z) : P(z)) P*(2).
Here we use the common notation H*(z) 2 H(1/2)T.

2.2 Pre-(post)processing filter banks

The goal of the pre-processing is to generate from the scalar signal f(k) the vector signal

Z(k) 2 (z1(k),22(k))T, k € Z, with some desired properties, which serves as an input to the
analysis multifilter bank. The post-processing procedure has to restore the scalar signal from the
vector, which is the output from the synthesis multifilter bank.

A straightforward way to convert a scalar signal f(k) into a vector array is to use its polyphase

components as the coordinates of the vector :c( ) = t(k ) (fo(k), fo(k)T < X(2) = T(2), where
fe(k) 2 £(2k), fo(k)  f(2k +1) and T(z) £ (F

array (k) to have necessary properties, the array

X(z) =R(1/2)-T(z), T(z)=R(z)-X(z), where (6)
- Rl(2) Rl(z Rl(z) R%(z -
CTOEY (i N TR EY (e I TR
RZ(z) R3(2) Ry(2) R3(2)
These procedures are equivalent to processing by two-channel critically sampled filter banks. As

usual, F'(z) means the z-transform of the signal f(k). The filter banks, whose polyphase matrices
are R"(z) and R"(z), are defined as:

z,) F,(2))". However, in order for the vector
k) is subjected to the transform:

H~._
Al

R"(2) = RU(2%) 4+ 27 'R"(2?), R'(2) = R\(z}) + 27 'R(%), r=1,2. (7)
Then
R"(1/2)F (2 R (—1/2)F(—= 2
x, () = AR ERIIES) |y p) = 3 R(2)X,(). (s)

The polyphase components of X (z) are

E(z) = Re(1/2)Te(2) + Ro(1/2)To(2), O(2) = Re(1/2)To(2) + 2Ro(1/2)Te(2). (9)
Here, Re(1/2), Ro(1/2), To(z) and Th(z) are the polyphase components of R(1/z) and T'(z),
respectively:

R.(1/2) = szR (2k), Ro(1/z) = szR 2k +1),

k‘EZ k‘EZ
. B f(4k‘) _ _ f(4k+2)



The four-fold polyphase components of the signal f(n) are
Fo(2) 23 27" f(dk +n), n=0,1,2,3, FP(2) £ (Fo(2), Fi(2), Fa(2), Fs(2))" .
keZ
The block-wise 4 x 4 polyphase matrices are defined to be

R z R z z) 27! Z
~ A( R.(2) Ro()>7 Rp(z)é<Re() Ro(z)
R,(2) Re(2)

- =RP(1/2)"L
27 1R,(2) Re(2) >

Then, due to (9), the pre-processing procedure can be represented as

E(Z> = RP(1/2) - FP(2
(a@)—R“/) (). (10)

Applying the analysis multifilter bank to the output from the pre-processing filter bank, we obtain

YO(2) i i )
Y1) | =Py/2)- ( 50 ) —8(1/2)- Fr(2),
72(2)

el
—~

where _ _ _

S(z) 2P(z) - RP(2) (11)
is a 6 X 4 polyphase matrix of the oversampled MIMO filter bank that transforms the scalar signal
f(k) into the vector arrays of the coefficients Y"(k), » = 0,1,2. The transform is illustrated by the

diagram in Fig. 1. The synthesis procedure can be represented as

f(dn) () . ERPENTE
flan+n | |F@) Rray L(z) 5 ra@

1 z — 11
ran+) | Ee | ( - 0(z) = P(/z) Y (z)~ il
fantn) | R r'(2)| |

S$(1/2)

Figure 1: Transform of the scalar signal f(k) into arrays of coefficients by MIMO analysis filter
bank with the polyphase matrix S(z) .

) A(2) Xo(z
T(2) = R(2) - X(2) = F7(2) = R¥ () - ( 0(2) ) =SE- e
Y“(z
where
S(z) 2R7(2) - P(2), (12)

is a 4 x 6 polyphase matrix of the oversampled MIMO filter bank that transforms arrays of the
coefficients Y"(k), r = 0,1,2, into the polyphase representation of the scalar signal f(k). This
transform is illustrated by the diagram in Fig. 2.
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Figure 2: Transform of arrays of coefficients into the scalar signal f(k) by MIMO synthesis filter
bank with the polyphase matrix S(z).

2.3 Frames

In the rest of the paper we use the following notation. If f(k) and g(k) belong to the space Iy of

square summable signals then (f,g) 2 >wez f(k)g(k) is the inner product in lp. If @ = (a1, a2)”

and b = (b1,b2)T then (@, l;>2 2 a1bi + asbs is the scalar product in R%2. We use the notation

@, g] = ( \1,9) )

(az,g)

for the “inner product” of the vector signal @(l) with the scalar signal g(l).

Definition 2.1 A system ® = {(Z)j}jeZ of signals forms a frame in the signal space ls if there exist
positive constants A and B such that for any signal € lo

AFIP <Y 0P < BIIFIP
N/

If a system @ is a frame then there exists another frame ® = {¢i}icz in the signals space such
that any signal f can be expanded into the sum f = . _7(f, ®;) ¢;. The frames ® and ® can be
interchanged. Together they form the so-called bi-frame.

Following is the condition for the analysis filter bank to provide a frame expansion in the signal
space (Cvetkovi¢ and Vetterli [10]).

Proposition 2.1 ([10]) A FIR analysis filter bank provides a frame expansion of the signals f € Iy
if and only if its polyphase matriz is of full rank on the unit circle |z| = 1.

Corollary 2.1 ([10]) A FIR analysis filter bank with the polyphase matriz G(z) implements a
frame expansion of signals f € Iy if and only if there exists a matriz G(z) of stable rational
functions', such that G(z)G(1/z) = cl.

Corollary 2.2 A perfect reconstruction filter bank, whose analysis polyphase matriz consists of
Laurent polynomials and the synthesis polyphase matriz consists of stable rational functions produces

a bi-frame of the signal space ls.

We describe the structure of the frame expansion in our setting.

!rational functions that do not have poles on the unit circle |z| = 1.



If the rank of the pre- processmg polyphase matrix R( ) is equal to 2 then there exists the
post-processing matrix R(z) = R! (1/z) and the pre-post processing formulas can be represented
by a biorthogonal basis expansion.

Denote by {©{(k)} and {¢9(k)}, k € Z, the impulse response of the filters R!(z) and R?(z),

respectively, and let @°(k) 2 (LY(k), gog(k))T. Eq. (8) implies the following representation of the
signal f:

B =S sk —20) + 3 aa )@k — 20) = S(FD), @ (k — 20)s. (13)

leZ. leZ. e

From (8) we have

Xi(2) = (R (1/2)F(2) 5 Xalz) = (B2(1/2)F(2) (14)

€ €

where the subscript -, means the even polyphase component. Denote by {3{(k)} and {33(k)}, k €
Z, the impulse response of the filters R'(z) and R2(z), respectively, and let G°(k) 2 (&V(k), @g(k))T.

Then, Eq. (14) can be rewritten as

=> U —-2k)f(1) = |- — 2k), £ . (15)
1eZ

Remark. If the rank of the pre-processing polyphase matrix f{(z) is equal to 2 then the relation
X(z) = R(1/2) - T(z) is bijective. Consequently, the relation (10) is bijective as well. Hence, the
rank of the matrix RP(z) is equal to four. If the matrix P(z), defined in (4), has a full rank 4
then the analysis polyphase matrix é(z), defined in (11), has a full rank four. The corresponding
analysis filter bank provides a frame expansion of signals and there exists the synthesis filter bank
whose polyphase matrix S(z) is given by (12).

Let PNI’"(Z) and H"(l), | € Z, r = 0,1,2, be the impulse response of the multifilters I:I"(z) and
H"(z), respectively. Equations (13) and (2) imply that

Fk) =Y (#(1), @k —21)), Z<ZZHT (I—2n)y 1<n>,sz°(k—2l>>
leZ 17 \r=0neZ 2
2 2
=> <z7“1<n> D H(1—2n)" Pk - 2l>> =3 7" (n), @ (k- 4n)),
r=0neZ leZ o 1=0neZ

where

r1
—-r,1 é rnN\T 2071, _ ()01’ (k) r =
& (k) éﬂ(zw(k 20) (%( ) 0,1,2.

From (1) and (15) we have

=Y H(n-20)ZFn)=Y_ H(n-2) Y & k- 2n)fk) (16)

nel nez, keZ

=D fk) Y H'(n—21) &k —2n) = [&% —4l>,f} ,r=0,12,
keZ nes
where ”1(]4;)
Sl A NGO _on — [ P1 r—
70 2 S A2 (20 ). r=012



Thus, we obtained six analysis and six synthesis waveforms that implement the frame expansion of

a scalar signal f(k) in the following way

-> <f, (- 4n)> PV (n — 4k) + <f, Pt - 4n)> oyt (n — 4k)
neZ

+ (£, @ (= am) o1 (n— 4k) + (£, @y (- — 4m)) 0} (n — 4k)
~2,1

+ (£ @M —an)) @ = ak)+ (£, @3 (= ) ¢ (n — ak).

f(k)

2.4 Multiscale processing
As it is common in multiwavelet theory, we extend the transform to coarser scales by recursive
application of the multifilter bank to the output from the multifilter H°. To be specific, for the

second decomposition scale we have

=Y H'(n-2) i (n), r=0,12,

neZ
ZZHW—%ZHW—Qm —i—ZZHkl—Qn (n).
r=0necZ meZ r=lneZ
The analysis and synthesis waveforms of the second scale are
~r 2
>r2 r > k
leZ
&N HT ()T (- 41) = < ‘P;ZQ(Z) ) Cr=0.1.2
e ey~ (k)

Then, we get the following frame expansion of the signal f(k):

=SS5 B 8 = 88) + (5, B~ 800 52— )

EZT 0

+Z< 5L ,_4n)> o1 (n — 4k) + <f7 Gt (- — 4n)> oot (n — 4k).

f(k)

By iterating these procedures down to coarser scale J, we get the expansion

f(k’) Z <f’ ~0J( 2J+1n)> (P(IJ,J(._2J+1 ) <f7 ~0, J( 2J+1n)> 80(1)’J('—2J+1n)
ne
2 J
IS B =20} (= 2+ (f, B — 2 ) (- — 2,
r=1j=1
where
pri F(V 3091k — i) — [ P (F)
F9 (k) 2 Yy HT(OF(k — 271 (¢g](k) ) .

F (k) & Yoz HT ()T @1 (k — 291) = ( (pgjgg ) r=0,1,2, j=1,...,.J



A

Let éo(z) 2), R%(z ))T denote the z-transforms of the vector

R(2), F()) and 8(2) 2 (B

signals @0 (k) and @°(k), respectively. Let ori (z
@I (k) and g™ (k), respectively. Eq. (1

(
)

and ®"J(z) denote the z-transforms of the vector

signals 7) implies the following relations
N 1
(i)“r,j(z) _ Hr( QJ)(I)OJ 1( H O 2" (I)O )
n=j—1
‘ 1
3 (z) = H (%)% () = )z HO(22)T8%(2), r=0,1,2, j=1,...,J.
n=j5—1

We call the signals 4,3” J (k) and @™/ (k) the discrete analysis and synthesis framelets of j-th scale,
respectively.

3 Construction of multifilter banks

3.1 Filter banks with interpolatory multifilters

Definition 3.1 We call a multifilter H interpolatory if, being applied to the upsampled subarray
g2 {e1(k),ea(k)TY = (z1(2k), 22(2k))T, k € Z, it retains this subarray (up to multiplication by a
constant diagonal matriz)

Y(z) = H()E(:?) = A (E(zQ) +z_1}70(22)>, AR < Aol fz )

It follows from (3) that the z-transform of the interpolatory multifilter H is
H(z) =A (I + Z_IHO(ZQ)) or H(z) = (I + z_lHo(z2)) A.
We consider perfect reconstruction multifilter banks, where the multifilters
_ A 3
H'(2) = 5 (12 + z—lA(ZQ)) . OH(z) = (TIp 4 2 LA(z2) A7 (18)

are interpolatory. Then, the polyphase matrices become

_ Al /2 AA(Z)/2
_( AT OHIG) B 5o | al
PO = (At i) H ) PO S
From the perfect reconstruction property (5) we have
Py(2)P1(1/2) = Q). (19)

where

af I ~A(1/z)
Q(z) = ( —A(z) 2I,— A(2)A(1/2) ) |

Thus, construction of a perfect reconstruction multifilter bank with given interpolatory multifilters

H° and B’ is reduced to the factorization (19) of the matrix Q(z). We consider the block-triangle
factorization:

Pi(z) = \}Q < II;(Z) V(()z) > . Puz) = 12 < I02 _\%S) ) 7

9



I:IO(Z) =AI2 + z_lA(ZQ))/Z Ho(z) = I+ z_lA(zQ))A_1 (20)
H'(2) = (I - = 'AG2)VE, H'(:) = (I — = 'AG)/VE
ﬁz(z) =27 1V(2?2)/V2, H%(2) = 271V (Y /V2,

where V(z) and V(z) are a pair of matrix functions that satisfy
V()V(1/2) = W(2) 22 (12 - A(Z)A(1/z)) .
In this construction, the multifilters H! and H' are interpolatory.

3.2 Multifilter banks related to Hermite spline

It was described in Section 3.1 how to expand a pair of interpolatory multifilters ﬁo(z) and Ho(z) to
the perfect reconstruction multifilter bank. From (20) we get that for the analysis multifilter H O(z

)
to restore and the multifilter ﬁl( ) to eliminate some regular vector signals, the multifilter A( )
must have the following property: If the z-transform of the signal #(k) is X (z) = E(22)+ 2 10(2?)

then it is necessary that
A(2)E(z) = O(2) and z7'A(2)0(z) ~ E(z). (21)

In [3], we derived such a multifilter from the cubic Hermite splines. We recall that the cubic
Hermite spline on the equidistant grid {2hk}, k € Z, is a continuously differentiable function,
which coincides with cubic polynomials on the intervals (2hk,2h(k + 1)), k € Z. The spline
S(t), t € [2hk,2h(k+1)], is completely determined by its values and slopes at the boundary points
2hk and 2h(k +1).

Let 5(k) = (s1(k), k)", k € Z, be a vector sequence and S(t) be a Hermite spline such that

S(2hk) = 5(k) A s1(k)
hS'(2hk) )  \Usa(k) )
Given the vectors 5(k) and 5(k + 1), we can find the values of the spline S and its derivative at
the midpoints of the intervals:

S(h(2k + 1)) = Fs1(k) + Ssa(k+ 1) + Lsa(k) — dsalk + 1),

hS'(h(2k + 1)) = —=3s1(k) + 2s1(k + 1) — 2s0(k) — Lso(k +1). (22)

From (22), we define the multifilter A(z) as

A(z) & % ( 20+2)  (==1) ) . (23)

The multifilter A(z) has the following approximation property.

Proposition 3.1 ( [3]) Assume Z(t) is a cubic polynomial and

(k) = ( fg}f}zm ) CEk) = F2K), Gk) = T2k +1), X(2) = B(:2) 4+ 210(:2).  (24)

Then, . . . . . .
A(2)E(2) = O(2) and 2 'A(2)0(z) = E(2).

10



Define the multifilters M(z) 2 I, + 2 'A(2?) = Sz FM(k) and L(z) 2 I, — 2 1A(2?) =
> w2 FL(k). It follows from Proposition 3.1 that the multifilter M restores and the multifilter L
eliminates cubic polynomials in the following sense.

Corollary 3.1 Assume Z(t) is a cubic polynomial and Z(k) is given by (24). Then,
Z Mk —n)Z Z L(k —n)Z(k) = (0, 0)T.

The above properties of the multifilters M and L suggest to use them as the "low-pass“ and the
"high-pass“ multifilters, respectively, provided the input vector signal Z(k) has a special structure.
The vector signal (k) is derived from the original scalar signalby the pre-processing procedure. If
this scalar signal represents a function from C! sampled on the grid {hk/2} then the components
of the vector signal Z(k) have to be of the form z,(k) = G(hk), x2(k)~ hG'(hk), where G(t) is
a function from C'. In particular, if the original scalar signal is a sampled cubic polynomial then
vector signal must be Z(k) = (Z(hk), hZ'(hk))T, where Z(t) is some cubic polynomial.

However, as a result of application of the multifilter M(1/z), followed by downsampling, to
#(k) = (Z(hk),hZ'(hk))T, we get m(k) = 2(Z(2hk), hZ'(2hk))T. Therefore, in order to use this
vector array as the input for the transform in the coarser scale we have to rescale it by multiplication

with the matrix A/2 where
A 1 0 -1 _ 1 0
Hlaa) (o)

214+2) (1—-2)
3(z—1) —(1+2) )
According to (18), we define the analysis and synthesis multifilters to be

=0 A R (2 A 2(z4+2+1/2) z—1/z
H(Z)_2(12+ Al ))_8< 3(1/z—2) 4—1/z—2) )

(2(z+2+1/z) 1/z—z>A1

I

A(z) = ZA(1)z) =

H(2) = (I + 2 "A(%)) Al = (25)

3(2—1/2) 4—1/2—2) ) 4

11/ — (s L 1 22—-2-1/z2) z—1/z
H1/2) = H(z) = \f(:[z Al )) 4\f< 3(1/z — z) 4+1/z—l—z)>’ (26)

H?(z) = 271V (2%)/V2, H?(2) = 27'V(2?)/V2, (27)

where V(z) and V(z) are derived from the factorization of the matrix function

- - 2—z—1/z z—1/z
V(:)V(1/2) = W(z) 22 (12 —A(z)A(l/z)) = % ( (_3(2_ 1;2; 8+2Z+2;Z ) . (28)

Proposition 3.2 The multifilter ﬂo(z) reproduces (up to a constant factor) cubic polynomials and
the multifilter H!(2) eliminates these polynomials.

To complete the formation of the perfect reconstruction multifilter bank, a factorization of the
matrix function W(z) is needed. We propose two schemes for the factorization.

Let V(2) A 1 ( v11(2) v12(2) ) 7 V(z) a 1 ( 1:]11(2) U12(2) ) .

4\ vor(z) v2a(2) U21(2) U22(2)
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Multifilters with the shortest impulse response: Assume vi3(z) = 021(2) = 0. Then, we get
v11(2)011(1/2) = =24+ 2 = 1/z, v11(2)012(1/2) = 2 — 1/ =,
v91(2)011(1/2) = =32 4+ 3/z, wv22(2)022(1/2) + v21(2)012(1/2) = 84 22 + 2/=.

The simplest factorization is

V(z):i<3(z,z;11) zgl)’ V(z):i<(261) (ifi)) (29)

The impulse responses of the multifilters V and V, defined in (29), are the shortest possible.
Each comprises two terms only.

Proposition 3.3 Let V(z) and V(z) be constructed according to (29). Then, the multifilter
H?(z) = 271V (2?) eliminates polynomials of first degree.

Proof: Let #(k) = (ak 4+ b,a)”. Then

VA = V(1/2)E() s i = (ORI D) (),

A trivial factorization with maximal elimination order. We define
(2—2—-1/2) 1/z—=z
3(z—1/2) 8+2:+2/z )

A 1

V(z) 21, V() 2W(l/z) = — ( (30)

16

Proposition 3.4 Let V(z) and V(z2) be constructed according to (30). Then, the multifilter
H2(2) = 271V (2?) H%(2) eliminates polynomials of third degree.

Proof: Similar to the proof of Proposition 3.3

4 Pre-(post)processing filter banks

The goal of pre-processing is to create from the scalar signal f(k) the vector signal Z(k) =
(z1(k), z2(k))T, k € Z, such that if f(k) represents a function from C' sampled on the grid {hk/2}
then the components of Z(k) are z1(k) = G(hk), x2(k) ~ hG'(hk), where G(t) is a function from
Cl. The vector signal Z(k) serves as an input to the analysis multifilter bank. To retain the approx-
imation accuracy of the multiwavelet frame transform, it is necessary for the pre-(post)processing
scheme to be exact on polynomials.

Definition 4.1 Let f(k) be a polynomial of degree r sampled on the grid {hk/2}. If x1(k) = Z(hk)
and xo(k) = hZ'(k), where Z(t) is a polynomial of the same degree r, then we say that a pre-
(post)processing scheme is exact on polynomials of degree r.

Proposition 4.1 If a pre-(post)processing scheme with the polyphase matrices

(R R Rz RY(2)
R<Z)‘(Rz<z> R2<z>>’ R(z) <R£<z> Rz<z>>

1>

18 exact on constants then

Re(1) = Ry(1), Re(1) = Ry(1) <= ) ai(2) =Y @2 +1), Y P2 =) ¢l +1).

e leZ leZ e

12



Proof: straightforward.

We briefly outline three pre-(post)processing schemes that fit the Hermite spline- based multi-
wavelet frame transforms. These schemes were introduced in our previous paper [3]. One of these
scheme with very short filters, is exact on quadratic polynomials and two schemes with longer
filters, are exact on polynomials of fourth degree.

Haar scheme: We define the analysis and synthesis polyphase matrices as
R () 2 1 1 Al (12 —1
i) 2 (1 g )e R =RI= (15 ). 63
respectively.
Proposition 4.2 ([3]) The pre-processing scheme (31) is exact on quadratic polynomials.

A scheme exact on polynomials of fourth degree: The analysis and synthesis polyphase ma-

trices are
~ Al (1/z424—2 z+24-1/z
Ry(1/2) = o < " 06 06 > (32)
~ 1 /96 z—-24—-1/z
— 1 _
Ra(2) =R,y (1/2) = 33 ( 96 z+24—1/z >
respectively.

Proposition 4.3 ([3]) The pre-processing scheme (32) is exact on polynomials of fourth
degree.

Another scheme that is exact on polynomials of fourth degree: The analysis and synthe-
sis polyphase matrices are

~ al 18 18
R3(Z)_64(1/z—64—z 1/z—|—64—z)’ (33)

- 1 [ 2+464—1/z —18
_ 1 _ -
Ra() = R0/ =6 (1500 )

respectively.

Proposition 4.4 ([3]) The pre-processing scheme (33) is exact on polynomials of fourth
degree.

5 Properties of analysis and synthesis framelets

In this section we show that the waveforms generated by the designed multifilter banks possess
valuable properties for signal processing: they have linear phase and short support. Analysis
framelets have four vanishing moments, and the synthesis framelets converge to continuous functions
that are Hermite splines.

Proposition 5.1 All the discrete framelets gbq’j(k:), cpg’j(k), r=0,1,2, j € N, generated by the
multifilter banks in Sections 3 and 4 are symmetric, whereas the framelets p5” (k), @y’ (k) are
antisymmetric.

13



Proof: Assume that the Haar pre-processing scheme is applied. It follows from (31) that the
z-transform of the pre-processing filter bank is

R(z) 2711 [ DY(2)
) )\ -2 ) T ) )
where ®)(z) and ®9(z) are the z-transforms of the pre-processing framelets @0(k)) and @9(k),

respectively. The function ®9(z) is symmetric and ®J(z) is antisymmetric about the inversion
z — 1/z (up to a shift). The z-transform of the framelet @%*

)\ _gore (0 ) _A (2 +2+41/280() + (2 - 1/20)25(:)
) - ( a(2) > iE < 3(1/22 — 21)F0(=) + (4 - 1/22 — 22)BY(2)
1 ( 3224+ 524+8+8z1 4527243273 )

5224+ 7z44—4z"1 — 7272 5,73

Hence, Cf(l)’l(z) is symmetric and (ng’l(z) is antisymmetric about the inversion z — 1/z. The
same can be said about @?’j (z) and i)g’j(z) due to the relation $%4(z) = H*(22’)$%~1(z). Thus,
framelets (,5(1]’] (k), j € Z, are symmetric and @g’J (k) are antisymmetric about 1/2. The proof of
this property for the rest of the analysis framelets, for the synthesis framelets and the fourth-order
pre(post)-processing schemes is similar.l

5.1 Vanishing moments of discrete analysis framelets

Definition 5.1 We say that a signal ¢ = {g(k)},c7 has r vanishing moments if for any polynomial
P.(t) of degree not exceeding r —1 Y, 7 g(k)P.(hk) =

Proposition 5.2 Assume that Haar pre-processing scheme (31) is used. Then, the discrete framelets
<pm ,m=1,2 j €N, have three vanishing moments. The same is true for the discrete framelets
27 pmmded that H2( ) =2V (z )/\/i and V, defined in (30), is used. If V, defined in (29), is
used then the discrete framelets vy have two vanishing moments.

Proof: Let the signal f(k) 2 Py(hk/2) be a sampled quadratic polynomial and Z(k) = (z1(k), z2(k))" ,
k € Z, be the output from the pre-processing filter bank. Recall that =1 (k) = Z2(hk) is a sampled
quadratic polynomial and z2(k) = hZj(hk). Proposition 3.2 implies that

Z»(2hk)
=2 A= 2k) 3(n) = ( ohZ,(2hk) )

neZ
ZQ(nh'_l)
TR § H(n j 7 (n) = . T :
~ () <h29_1Z§(nh23_1)

For j =1 we have from (16)

T ) N R—— Zy(nh2) \ [0
() -2 mo ()= ()

because the multifilter H! eliminates polynomials up to third degree. For j > 1 we have
1,5 i—1
f - Zo(nh2? 0
(er” =S A WP ) = S B () ._21(", .)_1 _ .
<5027Jaf neZ ne’z h2] ZQ(nhQJ ) 0
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If the multifilter H? is designed according to (30) then it eliminates polynomials up to third degree.
From the same calculations as above we get

(w?¢>):<o>.
(037, f) 0

However, if H? is designed according to (29) then it eliminates only polynomials of first degree.
Therefore, in this case, the discrete framelets go%;ﬂ , m = 1,2 have two vanishing moments.l

Proposition 5.3 Assume that either the pre-processing scheme (82) or the scheme (83) is used.
Then, the discrete framelets cp},{], m = 1,2, j € N, have four vanishing moments. The same is true
for the discrete framelets %7 provided that H2(z) = 2_1{7(22)/\/5 and V, defined in (30), is used.
If \7, defined in (29), is used then the discrete framelets go%’f have two vanishing moments.

Proof: Similar to the proof of Proposition 5.2.

5.2 Scaling function and framelets related to the synthesis filter bank

A classical method to derive a scaling function from a low-pass filter consists of recursive application
of the filter to the impulse signal and substitution of the values of the output signals into the diadic
rational points of the real line [11]. The wavelets are obtained by the application of the high-pass
filters to the derived scaling function. A similar scheme works for the multifilter case. We present
the construction for the synthesis filter banks that results in Hermite splines, which allow explicit
representation.

Let 70 2 {(x(l](k), xS(k))T}k z be a vector array and S(¢) be a Hermite cubic spline interpo-
€

lating the array #°, that is

., where §(1) 2 ( g,((tt)) >

Application of the synthesis multifilters H”, r = 0, 1, 2, to the upsampled vector signal ¥ produces
the vector arrays 2! (k) = Y, .7 H"(k—2n)Z°(n). We define the following sequences of the vector
arrays
(k)= H(k—2n)&7""(n), j=2,3,.., r=0,1,2.
nez

Proposition 5.4 If the synthesis multifilters H" are defined by FEq. (25) then

; S” (k277 .
7 (k) = < zjs,(, (kz)f) ) §=2,3,..,7=0,1,2, (34)

where S”(t) is a Hermite cubic spline such that

S\
<Swwmm):x“”
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Proof: We begin with the case j = 2. Due to Egs. (25), (22) and Proposition 3.1
2000y — A-lznly — (S (2kh) o2
= (2k) = A" (k) = < hSv(2kh) ) h=2"%r=0,1,2k €7,
_ S”(2kh) ST ((2k +1)272)
—=r,2 _ . 1=r,1 _ X _
(2k+1)=A- A7 (k) = A ( hS™ (2kh) ) ( 2728 ((2k +1)272%) )

Assume that (34) is true for j = J — 1. Repeating the above calculations with h = 277 instead of
h = 272, we obtain (34) for j = /.M

Remark. Obviously, the spline S°(¢) coincides with the spline S(¢) that interpolates the array

;
0V ) #2100 )

.
Denote

where §(k) is the Kronecker delta. Let ¢9(t) and 09(¢) be Hermite splines, which interpolate & and

&9, respectively. These splines are supported on the interval (—1, 1) and have explicit representations

[ @+ 1)2(=2t+1), te[-1,0] [+ 13, te]-1,0]
oi(t) = { (t—1)%2(2t + 1), t €0,1], oi(t) = { (t—1)%, telo,1]. (35)

Denote by o7, (t) the Hermite cubic spline such that

o (k/2) Sl A 1)
=& (k) = H"(k—2n)¢,(n), m=1,2, r=0,1,2. (36)
( (o) (k/2)/2 2

Let R™(z), m = 1,2, be the transfer functions of a FIR post-processing filter bank and 50( ) =
(R'(2), RQ(Z))T be the z-transform of the vector signal 3°(k). Let @™/ (k) = (gpg’ (k), ¢ ( )) , T =

0,1,2, be the discrete synthesis framelets of the j-th scale, as defined in (17). Let p J(t), j €
Z.,m = 1,2, be continuous piecewise linear functions such that piy (k279-1) = @l (k), k €
Z, m=1,2.

Theorem 5.1 If the transfer function R'(1) = c then the sequences p:ﬁj(t), jE€Zy,m=12,
converge uniformly and

lim p}/(t) = So7,(0). (37)

Jj—o0

Remark It is worth to note that the limit functions for pfhj (t) does not depend on the employed
post-processing scheme. Choice of the post-processing scheme affects only the speed of convergence.

Proof: in Appendix.

The Hermite spline S(¢) such that

S(k/2) o[ m(k)
( S'(k/2)/2 ) - = ( (k) ) o ket

can be expanded into the sum

=Y m(k)ol(2t — k) + na(k)o9 (2t — k).
keZ
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It is readily seen from Eq. (36) that
m(k T (k
gt = ) g = () ez o0
51 (k)
Hence, it follows that
01(t) = Xkez P11 (K)o
o3(t) =D kez Ma(k)o

Define the vector functions

[ P\ af o) w2\ a  o1(®) .
¢@—<w®>_<ﬁ®>’ww_(%@>—<%®>’ b

Equation (38) implies the following refinement relations

—Oo =O

=Y H(k)T3(2t - k), =Y H'(K)TE2t—k), r=1,2.

keZ keZ

Thus, @(t) is a scaling vector function and Jr(t), r = 1,2, are continuous vector framelets.

6 Examples

Scaling vector function, generated by the synthesis multifilter H? (Eq. (25)), consists of the

pair of Hermite cubics o (t), 09(¢) (Eq. (35)), which are supported on the interval [-1,1] and

belong to the space R!. They are displayed in Figure 3

L L L L L . L L L L L
-15 -1 -05 0 05 1 15 15 -1 -05 0 05 1 15

Figure 3: Pair of scaling functions generated by the synthesis multifilter bank. Left: ¢;(t) = o0(t),
right: ¢o(t) = o9(2).

Framelet ¢! (Eq. (39)), generated by the synthesis multifilter, H! (Eq. (26)) consists of the
pair of Hermite splines 11 (t), 14 (t), which are supported on the interval [-1,1] and belong to
the space C'!. Equations (26) and (38) imply the following representation of the framelet:

Vi(t) = 4\[ (=209 (2t — 1) + 409 (2t) — 207 (2t — 1) + 309 (2t — 1) — 309(2t + 1)),
Vi(t) = 4\1/5 (o2t +1) — 0P(2t — 1) + 09(2t + 1) + 409 (2t) + 05 (2t — 1)) .

They are displayed in Figure 4.
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Figure 4: Pair of framelets generated by the synthesis multifilter H!. Left: 1 (t), right: 13 ().

Framelets 02, generated by the synthesis multifilter H2 (Eq. (39)), consists of the pair of Hermite
splines 9?(t), ¥3(t). We presented in Section 3 two modes (Eqs. (29) and (30)) of the
factorization of the matrix W(z) (Eq. (28)), which lead to two different framelets 1.

Framelet resulting from factorization (29):

Vi(t) = 4\1/5 (o9(2t +1) — 0f(2t — 1) + 309(2t — 1) + 309(2t + 1)) ,

1
_74\/5

The framelets are supported on the interval [-1,1]. They are displayed in Figure 5.

Y3(t) (032t +1) —o3(2t — 1))

~0.25 L L L L L ~0.03 L L L L L
<15 -1 -05 0 05 1 15 15 -1 -05 0 05 1 15

Figure 5: Pair of framelets generated by the synthesis multifilter H? using factorization (29). Left:
$i(t), right: ¥3(t).

Framelet resulting from factorization (30):

(1) = jia?@t S0y, i) = jﬁogm ).

The framelets are supported on the interval [0,1]. They are displayed in Figure 6.

Conclusions

In this paper we presented a new group of multiwavelet frames in the space of square summable dis-
crete signals. The paper can be regarded as an extension of our previous paper [3] that was devoted
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Figure 6: Pair of framelets generated by the synthesis multifilter H? using factorization (30). Left:
$i(t), right: ¥3(t).

to the design of multiwavelet bases in the signal space using cubic Hermite splines. The redundancy
inherent in frame expansions of signals provides more flexibility in design and implementation of
the transforms compared to the one-to-one bases expansions. The frame multifilters, introduced
in Section 3, are shorter and have simpler structure than the basis multifilters in [3]. The wave-
forms have shorter supports. On the other hand, diversity of the involved waveforms enhances the
adaptation abilities of the expansion. In addition, missed coefficients can be restored. Therefore,
the multiwavelet frames have a potential to be useful in signal denoising, feature extraction and
error correction while the signal is transmitted through a noisy channel. We conducted successful
experiments on erasure recovery [5] using the wavelet frames designed in [4]. The outputs from the
experiments with multiwavelet frames will be presented in our next paper.

The method to construct multiwavelet frames starting from the interpolatory multifilters, which
is developed in the paper, is generic. It can be performed using interpolating aggregates other than
cubic Hermite splines. On the other hand, employing Hermite splines of higher order will lead to
better approximation accuracy and wider diversity of waveforms.

Appendix

Proof of Theorem 5.1: Define for j = 2,3, ... the sequences of vector arrays

(k) £ 3 HO(k—2n)€ ' (n) = E5 (2) = [[ B0 (Y )EL(:Y), m=12r=0,12
=0

neZ
T (1 o (k277)
= ( 273 (o3, (k27) ) |

Assume that the impulse response ¢?(k), | = 1,2, of the FIR filters RY(z) vanish when |k| > K.
Application of the post-processing filter bank to the vector arrays 5;% (k) produces the scalar arrays

f = Y on@ Ak -2 Y (o) 2k -0, (40)

|21—k|<K |21—k|<K

Due to Proposition 5.4,

On the other hand, Eq. (13) implies
1

Fpd(2) = (B (%), 8°(2)2 = EL( ) H )T [[ B8 = EL("), 8 (2)2

—m
I=j—1
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Hence, it follows that

F7 (k) = @Y7 k), f37 (k) = 57 (k).

Proposition 4.1 implies that Y7 ¢(2l) = >",c7 ¢7(21+1) = ¢/2. Let M be a positive constant

such that |(o],) ()] < M, t € R,m = 1,2, r = 0,1,2. Let L be a positive constant such that
> ez 165(1)| < L. Then, we derive from (40):

W (k) = on (k27970 YT Ak —20) + 27T (k) = Sop (k27 + 27T (k),
|21—k|<K

where |Y (k)| < (K + L)M. Hence, Eq. (37) follows.l
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