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Abstract This paper presents robust algorithms to decon-
volve discrete noised signals and images. The idea behind
the algorithms is to solve the convolution equation sepa-
rately in different frequency bands. This is achieved by using
spline wavelet packets. The solutions are derived as linear
combinations of the wavelet packets that minimize some pa-
rameterized quadratic functionals. Parameters choice, which
is performed automatically, determines the trade-off be-
tween the solution regularity and the initial data approxi-
mation. This technique, which id called Spline Harmonic
Analysis, provides a unified computational scheme for the
design of orthonormal spline wavelet packets, fast imple-
mentation of the algorithm and an explicit representation of
the solutions. The presented algorithms provide stable solu-
tions that accurately approximate the original objects.

Keywords Deconvolution · Wavelet packet · Spline ·
Regularity

1 Introduction

Deconvolution is a required operation in many signal
processing applications such as system identification, spec-
troscopy, seismic processing, image deblurring, to name a
few. This is an active area of research with many publica-
tions. No universal algorithm has been developed so far.
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The reason lies in a diversity of applications and in the
intrinsic ill-posedness of the problem. The ill-posedness
of the problem stems from the fact that a direct convolu-
tion of a signal (in applications, convolution means, for ex-
ample, measuring a signal by an instrument, transmission
through a channel, propagation of a seismic signal through
the earth, observation of a distant or small object through an
optical device) results in smoothing. Measurements of the
convolved signal are typically available in a discrete set of
points and comprise errors. Thus, a straightforward inver-
sion of the convolution operator leads to an amplification
of these errors. Therefore, this inversion is far from being
stable and robust. A number of approaches have been sug-
gested to overcome this instability starting from the classi-
cal work by Wiener [27]. Recently, wavelet based methods
[6, 7, 14] were presented. However, by now, the most effi-
cient deconvolution algorithms are based on Tikhonov reg-
ularization method [22, 23] and related schemes [16, 20].
Non-quadratic constrains, which result in sparse solutions
are investigated in [11]. Wavelets and regularization meth-
ods that are based on Fourier transform, were combined in
[10, 12, 19, 24].

Naturally, in problems where convolution is involved,
Fourier transform is widely used. However, in signal process-
ing applications, some contradiction exists between contin-
uous convolution, which physical devices produce, and the
discreteness of the processed data. Spline functions enable
to overcome this contradiction by mapping the discrete data
into spaces of smooth functions. An additional advantage
of using splines for deconvolution applications lies in their
abilities to effectively control the smoothness of the solution.
The Spline Harmonic Analysis (SHA) technique, which
was developed in [29, 31, 32], combines the splines ap-
proximation abilities with the computational strength of the
Fast Fourier transform. The SHA perfectly matches the so-
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lution of convolution-related problems. In addition, SHA
appears useful for the construction of wavelet transforms
in spline spaces [1, 32]. A non-periodic version of this har-
monic analysis was presented in [33, 34].

A fast spline-based algorithm for solving the convolution
integral equation, which is based on Tikhonov regulariza-
tion, was presented in [2]. According to Tikhonov regular-
ization methodology, the approximated solution is derived
as a minimizer of a parameterized functional consisting of
two components. One is the discrepancy functional, which
measures the approximation of the available data. The other
is the stabilizer, which controls the regularity of the solution.
The numerical regularization parameter provides a trade-off
between the approximation and the regularity. This parame-
ter is derived automatically. Its value depends on the relative
shares of the coherent signal and the noise in the available
data.

The relative parts of the coherent signal and the noise
in different frequency components of the data are differ-
ent. To take this into account, we propose to solve the con-
volution equation separately in different frequency bands,
while the regularization parameters are to be found accord-
ing the signal-to-noise ratio in each band. This approach sig-
nificantly extends the adaptation abilities and the robustness
of the method. Practically, this scheme is implemented via
the application of the orthonormal spline wavelet packets.
These wavelet packets, which are constructed by using the
SHA, provide a split of the frequency domain of a signal
or an image into a set of bands whose overlap is minimal.
The Best Basis methodology [8, 26] enables to find an op-
timal partition of the frequency domain for the given signal
or image. The SHA provides a unified convolution-tailored
computational framework for the design of wavelet packets,
selection of the Best Basis, fast implementation of the so-
lution and automatic choices of the parameters in different
wavelet packet subspaces. Another method to select essen-
tial frequency bands is presented as the Block Pursuit al-
gorithm (BPA). This method, which, to some extent, is re-
lated to the Matching Pursuit [18], enables, in several cases,
to achieve a superior restoration quality at the expense of
much higher computational cost compared to the Best Basis
scheme. The solutions are explicitly represented by splines.
Their values at integer grid points are calculated by appli-
cation of the inverse fast Fourier transform (FFT), while the
values at diadic or triadic rational points can be calculated
by using fast subdivision algorithms [35, 36].

Together with the general problem of restoration of the
signal (image), which was subjected to convolution and cor-
rupted by noise, the presented algorithm efficiently handles
two extreme cases: pure deconvolution when noise is not
present and denoising when convolution is not used.

The paper is organized as follows. In Sect. 2, we for-
mulate the problems to be solved and provide some needed

facts about periodic splines and outline the SHA. The stan-
dard Tikhonov scheme of an approximated solution of the
convolution equation in one and two dimensions is described
in Sect. 3. In Sect. 4, we construct the spline wavelet packets.
The algorithms for solution of the one-dimensional convolu-
tion equation in separate wavelet packet subspaces is given
in Sect. 5. Section 6 does the same for the two-dimensional
convolution equation. Numerical results from the experi-
ments on deconvolution and denoising of images are given
in Sect. 7.

2 Preliminaries

2.1 Notation and Formulation of the Problems

The one-dimensional convolution equation is g(x) =∫ ∞
−∞ h(x − s)f (s) ds. Here f is an unknown sought after

function, h is the kernel and g is the given data function.
Typically in applications, the functions h and the unknown
function f are compactly supported then, necessarily, g has
a compact support as well. Then, the deconvolution prob-
lem can be reduced to finding an N -periodic solution of the
equation

g(x) = h(x) � f (x) =
∫ N

0
h(x − y)f (y) dy, (2.1)

where the unknown function f (x), the blurring kernel h(x)

and the data function g(x) are N -periodic. If h(x) ∈ Cl and
f (x) ∈ Cm then g(x) ∈ Cl+m+1.

In most practical situations, the available data is being
sampled on the grid {xk}. These samples are corrupted by a
random noise e = {ek}. Then, only approximated solutions
are possible. We assume that the grid is uniform {xk = k}.
Let N = 2j (j ∈ N) be the number of nodes on the grid.
Denote g = {g(k)}N−1

k=0 , h = {h(k)}N−1
k=0 and z = g + e. The

two-dimensional periodic convolution equation is defined as

g(x, y) = h(x, y) � f (x, y)

�=
∫ N

0

∫ N

0
h(x − s, y − t)f (s, t) ds dt, (2.2)

where the unknown function f (x, y), the blurring kernel
h(x, y) and the data function g(x, y) are N -periodic. In two-
dimensional case, the term periodic means N -periodicity in
both directions.

We assume that the kernel h and the data function g

have continuous derivatives in both directions. We assume
that the data is sampled on the grid {(k, n)}. The samples
are corrupted by a random noise e = {ek,n}. In addition,
we assume that only samples from the periodic kernel h

on the grid {(k, n)} are known. Thus, we have at our dis-
posal N -periodic arrays z and h such that z = {zk,n} =
{g(k,n) + ek,n}, h �= {h(k,n)} and k,n = 0, . . . ,N − 1.
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In the sequel the following notation will be used.

ω
�= e2πi/N . The Discrete Fourier Transform (DFT) of a

vector a �= {ak}N−1
k=0 and its inverse (IDFT) are â(n)

�=
∑N−1

k=0 ω−nkak, and ak = N−1 ∑N−1
n=0 ωnkâ(n), respectively.

The circular discrete convolution c �= {ck}N−1
k=0 of N -periodic

signals a �= {ak} and b �= {bk} is c = a ∗ b ⇐⇒ ck =∑N−1
l=0 ak−lbl . Then, the DFT of the convolution is ĉ(n) =

â(n)b̂(n).

The 2D direct and inverse DFTs of an array a �= {ak,n} are

â(κ, ν)
�= ∑N−1

k,n=0 ω−kκ−nνak,n, ak,n = N−2 ×
∑N−1

κ,ν=0 ωkκ+nνâ(κ, ν), respectively. The circular discrete

convolution c �= {ck,n} of periodic arrays a and b �= {bk,n}
and its DFT are linked by c = a ∗ b ⇐⇒ ck,n =∑N−1

l,m=0 ak−l,n−mbl,m ⇐⇒ ĉ(κ, ν) = â(κ, ν)b̂(κ, ν).
We propose to find the approximated solutions of (2.1)

and (2.2) as linear combinations of 1D and 2D periodic
spline wavelet packets, respectively. For this, we utilized
the Spline Harmonic Analysis (SHA), which provides an
explicit construction of wavelet packets with a fast imple-
mentation of the algorithm.

2.2 Outline of SHA

The core of the SHA technique is the introduction of special
orthogonal bases in periodic spline spaces. The elements of
the basis of the space of N-periodic splines of order p are
called the exponential splines (ES). They are the counter-
parts of the Fourier exponential functions (FEF) and their
properties are similar to the properties of the FEF. In partic-
ular,

1. The ES are orthogonal to each other;
2. The ES interpolate the FEF;
3. The convolution of two ES is a ES;
4. The integer shift of a ES results in its multiplication by a

FEF;
5. A derivative of a ES is a ES.

These properties lead to significant operational advantages
once splines are represented via the ES bases. In particular,

1. The ES coordinates of a spline are calculated via the FFT;
2. The Parseval identities for splines and their derivatives

hold;
3. Continuous and sampled convolutions of two splines are

reduced to multiplication of their coordinates;
4. Interpolation of the grid data is explicit;
5. When convolution equations are solved, all the calcula-

tions are reduced to simple operations in the coordinates
domain. Return to the spline domain is implemented by
the application of the inverse FFT;

6. Introduction of the ES enables explicit construction of
the spline wavelet packets that facilitates operations with
them.

2.2.1 Periodic Splines

The centered B-splines of the first order on the grid {k} is

B̃1(x)
�=

{
1, x ∈ [−1/2,1/2],
0, otherwise.

The periodization of the spline B1(x)
�= ∑

l∈Z
B̃1(x + lN)

is called the N-periodic B-spline of the first order on the grid
{k}. The Fourier expansion of the B-spline is:

B1(x) = 1

N

∞∑

n=−∞
Cn(B

1)e2π inx/N ,

Cn(B
1)

�=
∫ N

0
e−2π inx/NB1(x) dx = sin(πn/N)

πn/N
.

The periodic B-spline of order p is defined via the iter-

ated circular convolution Bp(x)
�= B1(x) � Bp−1(x). Re-

spectively, its Fourier coefficients are

Cn(B
p) = (

Cn(B
1)

)p

⇐⇒ Bp(x) = 1

N

∞∑

n=−∞

(
sin(πn/N)

πn/N

)p

e2π inx/N .

The B-spline Bp(x) is symmetric about zero and non-
negative. Its support (up to periodization) is (−p/2,p/2).
The spline Bp(x) consists of pieces of polynomials of
degree p − 1 that are linked to each other at the nodes
{(k + p/2)} such that Bp(x) belongs to the space Cp−2.

Throughout the paper, we assume that the splines are of
even order. Thus, the nodes coincide with the grid points.
The definition of Bp(x) implies that

Bp � Bm(x) = Bp+m(x) ∈ Cp+m−2. (2.3)

Translations of B-spline Bp(x) form a basis in the space
of N-periodic splines of order p, which have nodes on the
grid {k}. We denote this space by p S . A spline Sp(x) ∈p S
and its Fourier coefficients are

Sp(x) =
N−1∑

k=0

qkB
p(x − k),

Cn(S
p) = q̂(n)Cn(B

p) = q̂(n)

(
sin(πn/N)

πn/N

)p

,

(2.4)

q̂(n)
�=

N−1∑

k=0

ω−knqk, qk = 1

N

N−1∑

n=0

ωknq̂(n),

k, n = 0,1, . . . ,N − 1.

(2.5)
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It follows from (2.3) that the convolution of two periodic
splines

S
p

1 � Sm
2 (x) = S

p+m

3 (x) ∈ p+mS ⊂ Cp+m−2 (2.6)

is a spline, whose order is equal to the sum of the orders of
the convolved splines.

2.2.2 Exponential Splines

There exist orthogonal (in the Hilbert space L2[0,N] sense)
bases in the spaces p S of periodic splines, which re-
semble the Fourier basis of the space of periodic func-
tions that consist of complex exponential functions. From
now on, when there is no confusion, the order p indi-
cator will be omitted. Therefore, the notation S(x) ∈p S
means that it is the N -periodic spline of order p on the
grid {k}.

Assume that a spline S(x) ∈p S is represented as in (2.4).
After substituting (2.5) into (2.4), we get

S(x) =
N−1∑

k=0

B(x − k)
1

N

N−1∑

n=0

ωnkq̂(n)

= 1

N

N−1∑

n=0

ξnβn(x), (2.7)

where the exponential splines β
p
n (x) are defined as

β
p
n (x)

�=
N∑

k=0

ωnkBp(x − k) =
N−1∑

k=0

ω−nkBp(x + k) (2.8)

and the coordinates are ξn = q̂(n).
The functions βn(x) are the N -periodic splines from the

space p S , whose coefficients in the B-spline basis are {ωnk}.
The spline sequence {βn(x)} is N -periodic with respect to n.
Thus, the spline βn(x) can be interpreted as a periodic ver-
sion of the Zak Transform [15, 28] of the B-spline B(x).
The non-periodic exponential splines were introduced by
Schoenberg [21, p. 17].

The Fourier coefficients of exponential splines are calcu-
lated by using (2.4) and (2.8):

Cm(β
p
n ) = Cm(Bp)

N−1∑

k=0

ωk(m−n)

= Nδn
m(mod N)

(
sin(πm/N)

πm/N

)p

, (2.9)

where δn
m is the Kronecker delta. Then, the Fourier series

expansion of β
p
n (x) is:

β
p
n (x) = 1

N

∞∑

m=−∞
e2π imx/NCm(β

p
n )

=
∞∑

m=−∞
e2π i(n/N+m)x

(
sinπ(n/N + m)

π(n/N + m)

)p

= (sin(πn/N))p
∞∑

m=−∞
ω(n+mN)x

(
1

π(n/N + m)

)p

.

(2.10)

For further use, we single out the sequence

u
p
n

�= β
p
n (0) =

N−1∑

k=0

ω−nkBp(k)

= sinp(πn/N)

∞∑

m=−∞

(
1

π(n/N + m)

)p

= sinp(πn/N)

(π(n/N))p
+ O(n−p), (2.11)

which can be explicitly calculated by applying the DFT to
the B-splines samples.

The sequences u
p
n are N -periodic and strictly positive.

They are symmetric about N/2 where they attain their min-
imum. Their maxima, which are equal to 1, are attained at
{kN}∞k=−∞.

2.2.3 Properties of Exponential Splines

We list some properties of exponential splines, which are
needed for the spline wavelet packets construction and for
the deconvolution algorithm implementation.

Orthogonality: The exponential splines {βp
n }N−1

n=0 form an
orthogonal basis for the space p S .

Proof Equation (2.7) implies that the set {βp
n }N−1

n=0 forms a
basis for the space p S . It follows from (2.9) and from the
Parseval’s identity that the inner product of β

p
n ∈ p S and

β
q
l ∈ q S

〈βp
n ,β

q
l 〉 =

∫ N

0
β

p
n x)β

q
l (x) dx

= 1

N

∞∑

m=−∞
Cm(β

p
n )Cm(β

q
l )

= δn
l N(sin(πn/N))p+q

×
∞∑

m=−∞

(
1

π(n/N + m)

)p+q

= δn
l Nu

p+q
n , (2.12)

〈βp
n ,β

p
l 〉 = δn

l Nu
2p
n , ‖βp

n ‖2 = Nu
2p
n . (2.13)

�
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Derivatives:

〈(βp
n )(s), (β

q
l )(s)〉

= 1

N

∞∑

m=−∞
(2πm/N)2sCm(β

p
n )Cm(β

q
l )

= δn
l N(2 sin(πn/N))2s(sin(πn/N))p+q−2s

×
∞∑

m=−∞

(
1

π(n/N + m)

)p+q−2s

= δn
l N(wr

n)
2su

p+q−2s
n =⇒

‖(βp
n )(s)‖2 = N(wn)

2su
2p−2s
n , wn

�= 2 sin
πn

N
. (2.14)

Shift: The exponential splines are the eigenvectors of the
shift operator.

Proof For all d ∈ Z

βn(x +d) =
j−r∑

k

ω−nkBr(x + (d +k)) = ωndβn(x). (2.15)

�

Convolution: The convolution of two exponential splines is
an exponential spline:

β
p
n � β

q
l = Nδl

nβ
p+q
n . (2.16)

Proof If f (x) and h(x) are N -periodic functions and
g(x) = f (x) � h(x) then C(g)(r) = C(f )(r) · C(h)(r).
This property together with (2.9) imply (2.16). �

Interpolation: Exponential splines interpolate exponential
functions at grid points.

Proof From (2.18), we get β
p
n (k) = ωnkβ

p
n (0) =⇒

β
p
n (k)/u

p
n = e2πink/N . This property highlights the rela-

tionship between exponential functions and exponential
splines. �

Orthonormal bases: By normalizing the exponential splines
{βp

n }, we obtain the orthonormal basis {γ p
n } of p S . Equa-

tion (2.13) implies

γ
p
n (x)

�=
√

1

Nu
2p
n

β
p
n (x),

‖(γ p
n )(s)‖2 = W

p,s
n

�= u
2(p−s)
n

u
2p
n

(

2 sin
πn

N

)2s

.

(2.17)

The following relations exist

γn(x + d) = ωndγn(x), (2.18)

γ
p
n � γ

q
l = √

NU
p,q
n δl

nγ
p+q
n ,

U
p,q
n

�=
√√
√
√u

2(p+q)
n

u
2p
n u

2q
n

(2.19)

√
Nu

2p
n

u
p
n

γ
p
n (k) = e2πink/N ⇐⇒ γ

p
n (k) = wnk

√
N

V
p
n ,

V
p
n

�= u
p
n√
u

2p
n

.

(2.20)

2.2.4 Representation of Periodic Splines by Exponential
Splines Basis

Equations (2.7) and (2.17) imply that the expansion of any
spline Sp ∈ p S via the orthonormal exponential spline basis
is

Sp(x) =
N−1∑

k=0

qkB
p(x − k)

=
√

1

N

N−1∑

n=0

σnγ
p
n (x), σn =

√

u
2p
n q̂(n). (2.21)

This expansion imposes a specific form of harmonic
analysis methodology onto the spline space, where the ex-
ponential splines {γ p

n (x)}N−1
n=0 act as harmonics and the co-

ordinates {σn}, n = 0, . . . ,N − 1, which we refer to as to the
SHA-spectrum of the spline Sp(x), act as the Fourier coef-
ficients. Originally, this construction, which is called SHA,
was presented in its final form in [32] but some of its com-
ponents were exposed in [29, 30]. The usage of SHA signif-
icantly simplifies many operations on splines. We describe
some of these operations.

Parseval identity: From (2.17), we get:

‖Sp‖2 = 1

N

N−1∑

n=0

|σn|2,

‖(Sp)(s)‖2 = 1

N

N−1∑

n=0

|σn|2Wp,s
n .

(2.22)

Convolution: Let Sp ∈ p S be represented as in (2.21) and
Sq(x) = N−1/2 ∑N−1

l=0 ηlγ
q
l (x) ∈ q S. From (2.19), we

have

Sp � Sq(x) =
N−1∑

n,l=0

σnηlγ
p
n � γ

q
l (x)

=
√

1

N

N−1∑

n=0

U
p,q
n σnηnγ

p+q
n (x) ∈ p+q S. (2.23)
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Interpolation: Assume the spline Sp(x) interpolates the
data {zk} on the grid {k}. Then, by using (2.20), we get:

Sp(k) =
√

1

N

N−1∑

n=0

σnγ
p
n (k)

= 1

N

N−1∑

n=0

σnV
p
n ωkn = zk ⇐⇒ σn = ẑ(n)

V
p
n

.

(2.24)

Hence, the discrete Parseval identity follows:

N−1∑

k=0

|Sp(k)|2 = 1

N

N−1∑

n=0

|σnV
p
n |2

= 1

N

N−1∑

n=0

|σn|2 (u
p
n )2

u
2p
n

. (2.25)

Remark 2.1 If a spline Sp(x) ∈ p S is represented as
S(x) = ∑N−1

n=0 σnγ
p
n (x), then its values at the grid

points {k}, which are given in (2.24), are calculated by
the inverse DFT. The values at the dyadic {2−rk} or the tri-
adic {3−rk} rational points are calculated using fast simple
subdivision algorithms [35, 36].

Sampled convolution: By combining (2.23) and (2.24), we
get the grid samples of the convolution of two splines.

Sp � Sq(k) = 1

N

N−1∑

n=0

ωknQ
p,q
n σnηn,

Q
p,q
n

�= U
p,q
n V

p+q
n = u

p+q
n√

u
2p
n u

2q
n

.

(2.26)

2.2.5 Exponential Splines—2D Case

The 2D B-spline is defined as a product of 1D B-splines

Bp,q(x, y)
�= Bp(x)Bq(y). Similarly, we can define the

N -periodic 2D normalized exponential splines γ
p,q
κ,ν (x, y)

�=
γ

p
κ (x)γ

q
ν (y). 2D splines are defined as linear combinations

of the 2D basis splines

Sp,q(x, y)
�=

N−1∑

k,n=0

sk,nB
p(x − k)Bq(y − n)

= 1

N

N−1∑

κ,ν

σκ,νγ
p,q
κ,ν (x, y), (2.27)

σκ,ν = ŝ(κ, ν)

√

u
2p
κ u

2q
ν ,

ŝ(κ, ν)
�=

N−1∑

k,n=0

ω−kκ−nνsk,n,

sk,n = 1

N2

N−1∑

κ,ν

ωkκ+nν σκ,ν√
u

2p
κ u

2q
ν

.

The spaces of 2D splines Sp,q(x, y) are denoted by p,q S .
The splines γ

p,q
κ,ν (x, y) form an orthogonal basis of p,q S and

the coordinates {σκ,ν} of a spline Sp,q(x, y) in this basis are
called its 2D SHA spectrum. Extension of the SHA to 2D
spline spaces is straightforward. In particular,

Parseval identities:

‖(Sp,q)(s,t)x,y ‖2 = 1

N2

N−1∑

κ,ν

Wp,s
κ Wq,t

ν |σκ,ν |2, (2.28)

where W
p,s
n is defined in (2.17).

Convolution: Let

Sp̃,q̃ (x, y) = 1

N

N−1∑

κ,ν

μκ,νγ
p̃,q̃
κ,ν (x, y) ∈ p̃,q̃ S. (2.29)

Then the convolution

Sp,q � Sp̃,q̃ (x, y)

= 1

N

N−1∑

κ,ν

σκ,νμκ,νU
p,p̃
κ Uq,q̃

ν γ (p+p̃),(q+q̃)
κ,ν (x, y)

∈ (p+p̃),(q+q̃)S,

Sp,q � Sp̃,q̃ (k, n)

= 1

N2

N−1∑

κ,ν

ω(kκ+nν)σκ,νμκ,ν Qp,p̃
κ Qq,q̃

ν (2.30)

where Unp,q and Q
p,q
n are defined in (2.23) and (2.26),

respectively.

3 Regularized Spline Solution to the Convolution
Equation (Tikhonov Solution)

In this section, we briefly outline a scheme, which is based
on Tikhonov regularization, of a spline approximation to the
solution of (2.1). This scheme is presented in full details
in [2]. In addition, the convergence of the approximated so-
lution to the exact one is analyzed in [2].
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3.1 One-dimensional Case

In this section, we operate in the spline space p S . Given
a sampled data array z = {zk} and a kernel data array
h = {h(k)}, we construct the interpolatory spline χ(x) =
N−1/2 ∑N−1

n=0 μnγ
q
n (x) ∈ q S , μn = ĥ(n)/V

q
n , which inter-

polates the kernel h(x) on the grid {k}.
The solution to (2.1) is approximated by the spline

from p S . Define the functional on the space p S to be

Jρ(S)
�= ρI (S) + E(S), where I (S)

�= ‖S′‖2, E(S)
�=

∑N−1
i=0 (χ � S(i) − zi)

2 and ρ is a numerical parameter. If
the spline S(x) ∈ p S is represented as in (2.21) then, due to
(2.22) and (2.26),

I (S) = 1

N

N−1∑

n=0

|σn|2Wp,1
n ,

E(S) = 1

N

N−1∑

n=0

|σnμnQ
p,q
n − ẑ(n)|2.

(3.1)

Hence, it follows that the spline

Sp
ρ (x) =

√
1

N

N−1∑

n=0

σn(ρ)γ
p
n (x),

σn(ρ) = μnẑ(n)Q
p,q
n

An(ρ)
, where

An(ρ)
�= ρW

p,1
n + (|μn|Qp,q

n )2, (3.2)

minimizes the functional Jρ(S).
Assume we are able to estimate the variance var(e) = ε2

of the error vector. The regularization parameter ρ is derived
from the solution of the following problem.

Problem FRP: Among the splines Sρ defined in (3.2), find a
spline Sρ(ε) that minimizes the functional I (Sρ) under the
constraint E(Sρ)/N ≤ ε2.

Loosely speaking, we are looking for the smoothest
spline among the splines Sρ , for which the standard devi-
ation of the vector {χ � Sρ(i)} from the data vector z does
not exceed the standard deviation of the vector z from the
exact data vector g = {g(i)}.

Denote e(ρ)
�= E(Sρ)/N . It can happen that some co-

ordinates μn of the interpolatory spline χ are zero. Then,
denote by ζ the set of indices for which μn = 0. If ζ is

not empty then denote μ(z)
�= N−2 ∑

n∈ζ |ẑ(n)|2. It follows
from (3.2) that

e(ρ) = 1

N2

N−1∑

n=0

(
ρW

p,1
n |ẑ(n)|
An(ρ)

)2

= 1

N2

∑

n/∈ζ

(
ρW

p,1
n |ẑ(n)|
An(ρ)

)2

+ μ(z).

The function e(ρ) grows strictly monotonically while
e(0) = μ(z) and limρ→∞ e(ρ) = N−2‖z‖2.

On the other hand, the function

i(ρ)
�= I (Sρ) = 1

N

∑

n/∈ζ

W
p,1
n |Qp,q

n μnẑ(n)|2
(ρW

p,1
n + (|μn|Qp,q

n )2)2

decays strictly monotonically while limρ→∞ i(ρ) = 0.
Hence, it follows that, if N−1‖z‖ > ε then Problem FRP

has a unique solution Sρ(ε)(x) ∈ p S , where the value of the
parameter ρ(ε) is derived from the equation

ẽ(ρ)
�= 1

N2

∑

n/∈ζ

(
ρW

p,1
n |ẑ(n)|
An(ρ)

)2

= ε̃2,

ε̃2 �= ε2 − N−2
∑

n∈ζ

|z(n)|2.
(3.3)

Note that ε̃2 is the variance evaluation of the “filtered” errors
vector

ẽ �= {ẽk}N−1
k=0 , ẽk = 1

N

∑

n/∈ζ

ωknê(n). (3.4)

3.2 Two-dimensional Case

Assume z = {zk,n} and h = {h(k,n}N−1
k,n=0 are available data

arrays. For simplicity, from now on, we assume that x

and y components of the 2D splines have the same order.
Thus, γ

p
κ,ν(x, y) will stand for γ p(x)γ p(y) and Sp(x, y)

will stand for Sp,p(x, y) ∈ p,p S .
Assume that χ(x, y) = N−1 ∑N−1

κ,ν=0 μκ,νγ
q
κ,ν(x, y) ∈

q,q S , μκ,ν = ĥ(κ, ν)/(V
q
κ V

q
ν ), is the spline that interpolates

the sampled kernel h.
Like in the 1D case, we approximate the solution of

the deconvolution problem by the spline Sp
ρ(x, y) ∈ p,p S ,

which minimizes the functional Jρ(S)
�= ρI (S) + E(S),

where I (S)
�= ‖S′

x‖2 +‖S′
y‖2, E(S)

�= ∑N−1
k,n=0(S �χ(k,n)−

zk,n)
2. By using (2.28)–(2.30), we derive the solution to the

minimization problem

Sp
ρ (x, y) = 1

N

N−1∑

κ,ν=0

σκ,ν(ρ)γ p
κ,ν(x, y),

σκ,ν(ρ) = μκ,ν ẑ(κ, ν)Q
p,q
κ Q

p,q
ν

Aκ,ν(ρ)
,

Aκ,ν(ρ)
�= ρDκ,ν + (|ηκ,ν |Qp,q

κ Qp,q
ν )2,

Dκ,ν
�= Wp,1

κ + Wp,1
ν .
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Selection of the regularization parameter ρ is similar to
the 1D case. We derive it from the equation N−2E(pSρ) =
ε2, where ε2 �= N−2 ∑

k,n e2
k,n is the variance’s estimate of

the zero-mean error array. This equation is equivalent to

∑

κ,ν /∈θ

(
ρDκ,ν |ẑ(κ, ν)|

Aκ,ν(ρ)

)2

+ μ(z) = ε2,

where θ is the set of indices {κ, ν} such that ηκ,ν = 0, and

μ(z)
�= ∑

(κ,ν)∈θ |z(κ, ν)|2.

Remark The regularization parameter ρ provides a trade-
off between the approximation of the available data z and
the regularity of the solution. The value of ρ is determined
by the relative contributions of the coherent signal and of
the noise into the data z. These contributions are different in
different frequency bands. Therefore, we gain better adap-
tivity of the algorithm if the values of the parameter ρ are
derived differently for different frequency bands. This can
be efficiently implemented by introducing the spline wavelet
packets.

4 Construction of the Spline Wavelet Packets

We construct wavelet packets using the SHA technique,
which was presented in Sect. 2. The wavelet packets to be
constructed are symmetric and well localized in both time
and frequency domains. Orthogonality relations between
groups of wavelet packets exist. In addition, the SHA tech-
nique simplifies the operations on these objects, especially
convolution operations. The construction is based on the re-
lations between exponential splines from spline spaces of
different resolution scales.

4.1 Split of the Spline Space

4.1.1 Spline Spaces of Different Resolution Scales

Denote by p S r,0, r ∈ N, the space of N-periodic splines of
even order p on the grid {2rk}. This is N/2r -dimensional
space, where a basis consists of shifts of B-splines

Br(x)
�= 1

N

∞∑

n=−∞

(
sin(2rπn/N)

2rπn/N

)p

e2π inx/N . (4.1)

A spline S(x) ∈ p S r,0 can be represented as

S(x) =
N/2r−1∑

k=0

qkBr(x − 2rk),

Cn(
pSr) = q̂(n)Cn(Br) = q̂(n)

(
sin(2rπn/N)

2rπn/N

)p

q̂(n)
�=

N/2r−1∑

k=0

ω−2r knqk,

qk = 2r

N

N/2r−1∑

n=0

ω2r knq̂(n),

k, n = 0,1, . . . ,N/2N/2r−1 − 1.

Obviously, a spline, whose nodes are located at the even
grid points {2k} belongs at the same time to the whole space
p S of splines with nodes at {k}. Thus, p S r,0 ⊂p S r−1,0 ⊂
· · · ⊂p S 0,0 ≡p S . Similarly to the space p S , we introduce
the orthogonal bases of exponential splines in the spaces
p S r,0:

pβr,0
n (x)

�=
N/2r−1∑

k=0

ω2r nkBr(x − 2rk)

= 2−r

∞∑

m=−∞
e2π i(n/N+2−rm)x

×
(

sinπ(2rn/N + m)

π(2rn/N + m)

)p

, (4.2)

pur
n

�= pβr,0
n (0) = 2−r

∞∑

m=−∞

(
sinπ(2rn/N + m)

π(2rn/N + m)

)p

. (4.3)

A spline S(x) ∈p S r,0 is represented as

S(x) = 2r

N

N/2r−1∑

n=0

ξn
pβr,0

n (x), (4.4)

and the coordinates ξn = q̂(n). The inner products

〈pβ
r,0
n , qβ

r,0
l 〉 = δn

l 2−rNp+qur
n

=⇒ ‖pβ
r,0
n ‖2 = 2−rN2pur

n.

Thus, the exponential splines, which form an orthonormal
basis in the space p S r,0, are

pγ
r,0
n (x)

�=
√

2r

N2pur
n

pβ
r,0
n (x),

S(x) =
√

2r

N

N/2r−1∑

n=0

σ r,0
n γ r,0

n (x),

σ r,0
n =

√
2pur

nq̂(n).

(4.5)

Remark 1 For splines on the initial scale (r = 0), we retain
the previous notation: β

p
n ≡ pβ

0,0
n , γ

p
n ≡ pγ

0,0
n , u

p
n ≡ pu0

n.
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4.1.2 Two-scale Relations

The spline space p S r,0 is a subspace of p S r−1,0. Therefore,
the basic splines {βr,0

n (x)} can be expressed via the splines
{βr−1,0

l (x)}.

Theorem 4.1 The two-scale relation

βr,0
n (x) = ar−1,0

n βr−1,0
n (x) + a

r−1,0
n+2−rN

β
r−1,0
n+2−rN

(x) (4.6)

where a
r−1,0
n

�= 1/2 cosp(2r−1πn/N) holds for n = 0,1,

. . . ,2−rN − 1.

Proof From the separation between even and odd terms in
the Fourier series in (4.3), we get:

βr,0
n (x) = 1

2r

∞∑

m=−∞
e2π i(n/N+2−r+1m)x

×
(

sin 2π(2r−1n/N + m)

2π(2r−1n/N + m)

)p

+ 1

2r

∞∑

m=−∞
e2π i((n+2−rN)/N+2−r+1m)x

×
(

sin 2π(2r−1(n + 2−rN)/N + m)

2π(2r−1(n + 2−rN)/N + m)

)p

= (cosπ(2r−1n/N))p

2r

∞∑

m=−∞
e2π i(n/N+2−r+1m)x

×
(

sinπ(2r−1n/N + m)

π(2r−1n/N + m)

)p

+ (cosπ(2r−1(n + 2−rN)/N))p

2r

×
∞∑

m=−∞
e2π i((n+2−rN)/N+2−r+1m)x

×
(

sinπ(2r−1(n + 2−rN)/N + m)

π(2r−1(n + 2−rN)/N + m)

)p

.

Comparison between the last equation and (4.3)
yields (4.6). �

Corollary 1 The two-scale relation

γ r,0
n (x) = br−1,0

n γ r−1,0
n (x) + b

r−1,0
n+2−rN

γ
r−1,0
n+2−rN

(x),

br−1,0
n

�=
√

2pur−1
n

22pur
n

cosp

(
2r−1πn

N

) (4.7)

for the normalized exponential splines holds for n = 0,1,

. . . ,2−rN − 1.

The norms of the splines γ
r,0
n and γ

r−1,0
n are equal to one.

Hence, we have

(br−1,0
n )2 + (b

r−1,0
n+2−rN

)2 = 1, n = 0,1, . . . ,2−rN − 1.

(4.8)

Denote by p S r,1 the orthogonal complement to p S r,0 in the
space p S r−1,0. We construct an orthonormal basis that char-
acterizes p S r,1. Define the splines

γ r,1
n (x) = br−1,1

n γ r−1,0
n (x) + b

r−1,1
n+2−rN

γ
r−1,0
n+2−rN

(x),

br−1,1
n

�= ω2r−1nb
r−1,0
n+2−rN

= ω2r−1n

√√
√
√

2pur−1
n+2−rN

22pur
n

sinp

(
2r−1πn

N

) (4.9)

Proposition 4.1 The set of splines {γ r,1
n (x)}2−rN−1

n=0 forms
an orthonormal basis for the space p S r,1.

Proof The orthogonality of the splines {γ r−1,0
n (x)}N/2r−1−1

n=0

results in the orthogonality of γ
r,1
n (x) to each γ

r,0
l (x) ∈

p S r,0 and, when n �= l, to γ
r,1
l (x) ∈ p S r,1. Due to (4.8),

‖γ r,1
n ‖2 = (b

r,0
n+2−rN

)2 + (b
r,0
n )2 = 1. It remains to estab-

lish the orthogonality relation between γ
r,1
n (x) and γ

r,0
n (x).

From (4.7) and (4.9), we have:

〈γ r,1
n γ r,0

n 〉 = br−1,1
n br−1,0

n + b
r−1,1
n+2−rN

b
r−1,0
n+2−rN

= ω2r−1n(b
r−1,0
n+2−rN

br−1,0
n − b

r−1,0
n+2−rN

br−1,0
n )

= 0. (4.10)

�

Proposition 4.2 The splines γ
r,l
n (x) are the eigenvectors of

the shift operator

γ r,l
n (x + 2rk) = ω2r nkγ r,l

n (x), d = 0, . . . ,2−rN − 1.

(4.11)

Proof At the initial scale, we have from (2.15) that
γ

0,0
n (x + k) = ωknγ

0,0
n (x). At the first scale for l = 0,1

γ 1,l
n (x + 2k) = b1,l

n γ 0,0
n (x + 2k) + b

1,l
n+N/2γ

0,0
n+N/2(x + 2k)

= ω2knγ 1,l
n (x).

For r > 1, (4.11) is derived by induction. �

Note that the union {γ r,0
n (x)} ∪ {γ r,1

n (x)}, n = 0, . . . ,

2−rN − 1, forms an orthonormal basis for the entire space
p S r−1,0.
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4.1.3 Refined Split of the Spline Space into Orthogonal
Subspaces

The spline space p S r−1,0 is split into the orthogonal sum
p S r−1,0 = p S r,0 ⊕ p S r,1. If r > 1, then we can apply a
similar procedure to the space p S r−1,1. As a result, we
get the decomposition p S r−1,1 = p S r,2 ⊕ p S r,3. In general,
the space p S r−1,l is decomposed into the orthogonal sum
p S r−1,l = p S r,2l ⊕p S r,2l+1 by the following procedure. As-

sume that the set of splines {γ r−1,l
n (x)}N/2r−1−1

n forms an or-
thonormal basis of the space p S r−1,l . We construct a new or-
thonormal basis that consists of two different blocks, which
are orthogonal to each other, using the coefficients b

r−1,0
n

and b
r−1,1
n defined in (4.7) and (4.9).

Define two sets of orthonormal splines by using the coef-
ficients b

r−1,l
n defined in (4.7) and (4.9):

γ r,2l+m
n (x) = br−1,l

n γ r−1,l
n (x) + b

r−1,l

n+2−rN
γ

r−1,l

n+2−rN
(x),

m = 0,1, n = 0, . . . ,2−rN − 1.

Denote by p S r,2l and p S r,2l+1 the linear spans of the or-
thonormal systems {γ r,2l

n (x)}2−rN−1
n=0 and {γ r,2l+1

n (x)}2−rN−1
n=0 ,

respectively. Their mutual orthogonality is established sim-
ilarly to Proposition 4.1. Thus, p S r−1,l = p S r,2l ⊕ p S r,2l+1

and the union {γ r,2l
n (x)} ∪ {γ r,2l+1

n (x)}, n = 0, . . . ,

2−rN − 1, forms its orthonormal basis.
Consequently, the spline space p S can be decomposed

into a series of orthogonal sums

p S = p S 1,0 ⊕ p S 1,1 = p S 2,0 ⊕ p S 2,1 ⊕ p S 2,2 ⊕ p S 2,3

= · · · =
2r−1⊕

l=0

p S r,l . (4.12)

4.2 Transforms of the Spline’s Coordinates

Let a spline S(x) ∈ p S r−1,l be represented by

S(x) =
√

2r−1

N

N/2r−1−1∑

n=0

σ r−1,l
n γ r−1,l

n (x)

=
√

2r

N

N/2r−1∑

n=0

σ r,2l
n γ r,2l

n (x)

+
√

2r

N

N/2r−1∑

n=0

σ r,2l+1
n γ r,2l+1

n (x).

Recall that the sums in the right hand side of the above equa-
tion are the orthogonal projections of the spline
S(x) ∈ p S r−1,l onto the mutually orthogonal subspaces
p S r,2l and p S r,2l+1. The inner products for m = 0,1,

n = 0,1, . . . ,N/2r − 1 are

〈S,γ r,2l+m
n 〉 =

√
2r

N
σ r,2l+m

n

= 〈S,br−1,m
n γ r−1,l

n + b
r−1,m

n+2−rN
γ

r−1,l

n+2−rN
〉

=
√

2r−1

N
(br−1,m

n σ r−1,l
n + b

r−1,m

n+2−rN
σ

r−1,l

n+2−rN
)

=⇒ σ r,2l+m
n

=
√

1

2
(br−1,m

n σ r−1,l
n + b

r−1,m

n+2−rN
σ

r−1,l

n+2−rN
).

(4.13)

Denote for n = 0,1, . . . ,N/2r − 1

B̃r−1
n

�=
⎛

⎝
b

r−1,0
n b

r−1,0
n+2−rN

b
r−1,1
n b

r−1,1
n+2−rN

⎞

⎠

=
⎛

⎝
b

r−1,0
n b

r−1,0
n+2−rN

ωn2r−1
b

r−1,0
n+2−rN

−ωn2r−1
b

r−1,0
n

⎞

⎠ . (4.14)

Then, we can rewrite (4.13) as

(
σ

r,2l
n

σ
r,2l+1
n

)

=
√

1

2
B̃r−1

n ·
⎛

⎝
σ

r−1,l
n

σ
r−1,l

n+2−rN

⎞

⎠ . (4.15)

Equations (4.8), (4.9) and (4.10) imply that the matrices
B̃r−1

n are unitary and the inverse matrices

Br−1
n

�= (B̃r−1
n )−1 = (B̃r−1

n )∗

=
⎛

⎝
b

r−1,0
n ω−n2r−1

b
r−1,0
n+2−rN

b
r−1,0
n+2−rN

−ω−n2r−1
b

r−1,0
n

⎞

⎠

=
⎛

⎝
b

r−1,0
n ω−n2r

b
r−1,1
n

b
r−1,0
n+2−rN

−ω−n2r
b

r−1,1
n+2−rN

⎞

⎠ .

Hence, the inverse transform is
⎛

⎝
σ

r−1,l
n

σ
r−1,l

n+2−rN

⎞

⎠ = √
2Br−1

n ·
(

σ
r,2l
n

σ
r,2l+1
n

)

,

n = 0, . . . ,2−rN − 1,

⇐⇒ σ r−1,l
n = √

2(br−1,0
n σ r,2l

n + ω−n2r

br−1,1
n σ r,2l+1

n ),

n = 0, . . . ,2−r+1N − 1. (4.16)

Starting from r = 0, subsequent iteration of the relation
(4.15) provides the coordinates for the orthogonal projec-
tions of the spline S(x) = N−1/2 ∑N−1

n=0 σnγn(x) ∈ p S 0,0
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onto the subspaces p S r,l . On the other hand, subsequent ap-
plication of the relation (4.16) enables to derive the SHA
spectra of splines from the subspaces p S r,l .

4.3 Wavelet Packets: 1D

4.3.1 Definition of Spline Wavelet Packets

The complex-valued basis splines γ
r,l
n (x) (4.9) are well lo-

calized in the frequency domain but their supports in the
time domain occupy the whole interval [0,N) (up to peri-
odization). We introduce a family of orthonormal bases for
the spline space p S , whose elements are real-valued and lo-
calized in time domain. Denote

ψr,l(x)
�=

√
2r

N

N/2r−1∑

n=0

γ r,l
n (x) ∈ p S r,l . (4.17)

Proposition 4.3 Translations {ψr,l(x − 2rk)}, k = 0, . . . ,

N/2r − 1, of the splines ψr,l(x) form an orthonormal basis
for p S r,l . The translations {ψr,l(x − 2rk)},
l = 0, . . . ,2r − 1, k = 0, . . . ,N/2r − 1, form an orthonor-
mal basis for the entire space p S .

Proof The spline ψr,l(x − 2rk) is orthogonal to any spline
ψr,l̃(x − 2r k̃), for l̃ �= l. This is true because they belong
to the mutually orthogonal subspaces. The inner product of
two splines from the same subspace is

∫ N

0
ψr,l(x − 2rk)ψr,l(x − 2r k̃) dx

= 2r

N

N/2r−1∑

n,ñ=0

ω−2r (kn−k̃ñ)

∫ N

0
γ r,l
n (x)γ

r,l
ñ

(x) dx

= 2r

N

N/2r−1∑

n=0

w−2r n(k−k̃) = δk̃
k , k = 0, . . . ,N/2r − 1.

�

The splines ψr,0(x) and ψr,1(x) are the periodic Battle-
Lemarié father and mother wavelets [5, 17], respectively.
The splines ψr,l(x) with arbitrary l = 0,1, . . . ,2r − 1, are
periodic orthonormal wavelet packets.

4.3.2 The SHA Spectra of Spline Wavelet Packets

All the spaces p S r,l ⊂ p S , thus, the wavelet packets be-
long to the initial spline space p S 0,0. To use them, we need
to know the SHA spectra {νr,l

n }N−1
n=0 of these wavelet pack-

ets and their coordinates in the orthonormal basis {γn(x)},
n = 0, . . . ,N − 1, of the space p S .

At the initial scale we have ψ0,0(x) = N−1/2 ∑N−1
n=0 γn(x)

=⇒ ν
0,0
n = 1.

When r > 0, we derive the spectra using (4.16). Here are
examples of the spectra of the first and second scales.

Wavelet packets from the first scale: For m = 0,1,
pψ1,m(x) = N−1/2 ∑N−1

n=0 ν
1,m
n γn(x) where

ν1,0
n = √

2b0,0
n =

√
2pu0

n

2pu1
n

cosp

(
πn

N

)

,

ν1,1
n = √

2b1,1
n = ωn

√
2pu0

n+N/2
2pu1

n

sinp

(
πn

N

)

.

Wavelet packets from the second scale: For m = 0,1,2,3,
pψ1,l(x) = N−1/2 ∑N−1

n=0 ν
2,m
n γn(x) where

ν2,0
n = √

2b2,0
n ν1,0

n =
√

2pu1
n

2pu2
n

cosp

(
2πn

N

)

ν1,0
n

=
√

2pu0
n

2pu2
n

cosp

(
πn

N

)

cosp

(
2πn

N

)

,

ν2,1
n = ω2n

√
2pu0

n

2pu1
n

2pu1
n+N/4

2pu2
n

cosp

(
πn

N

)

sinp

(
2πn

N

)

,

ν2,2
n = ωn

√
2pu0

n+N/2
2pu2

n

sinp

(
πn

N

)

cosp

(
2πn

N

)

,

ν2,3
n = ω3n

√
2pu0

n+N/2
2pu1

n

2pu1
n+N/4

2pu2
n

× sinp

(
πn

N

)

sinp

(
2πn

N

)

.

Similarly, the SHA spectra of the wavelet packets from
the lower resolution scales are derived.

4.3.3 Structure of the SHA Spectra of Spline Wavelet
Packets

Since the SHA spectra {σn}N−1
n=0 of splines are the DFT

of real sequences of the B-splines coefficients (up to real
symmetric multipliers), then the sequence of absolute val-
ues {|σn|}N−1

n=0 are symmetric about N/2 − 1/2. Therefore,
it is sufficient to consider the spectra only for n = 0, . . . ,

N/2 − 1.
The coefficients of the wavelet packets of the initial scale

are all 1. From (2.11) and (4.3), the coefficients are

ν1,0
n = √

2
sinp(πn/N)(2π(n/N))p

sinp(2πn/N)(2π(n/N))p
cosp

(
πn

N

)

× (1 + O(n−p)).

Thus, it follows that ν
1,0
n /

√
2 is close to one when n is small

and monotonically decays to zero when n tends to N/4.
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Fig. 1 Right: Wavelet packets
of order 4 from the first
resolution scale. Left: Their
SHA spectra

Fig. 2 Right: Wavelet packets
of order 10 from the first
resolution scale. Left: Their
SHA spectra

Fig. 3 Right: Wavelet packets
of order 10 from the second
resolution scale. Left: Their
SHA spectra

Fig. 4 The SHA spectra of
wavelet packets of order 10
from the third resolution scale

The higher the order p of splines is, the closer the shape of
the SHA spectrum {ν1,0

n /
√

2} is to the rectangle [0,N/4] ×
[0,1]. We have |ν1,1

n | = ν
1,0
n+N/2. Therefore, the magni-

tudes of the SHA spectrum {|ν1,0
n |/√2} mirror the spectrum

{ν1,0
n /

√
2} about N/4 − 1/2. In other words, the SHA spec-

tra {ν1,0
n /

√
2} and {ν1,1

n /
√

2} can be interpreted as the fre-
quency responses of the half-band low-pass and high-pass
digital filters, respectively. They split the full frequency band
[0,N/2 − 1] into two halves.

Similarly, the SHA spectra {ν2,0
n /2} and {ν2,1

n /2} of the
wavelet packets from the second scale split the frequency
band [0,N/4 − 1] into two halves, whereas {ν2,3

n /2} and
{ν2,2

n /2} halve the band [N/4,N/2 − 1]. The spectra of the
wavelet packet coefficients from level r constitute a 2r -band
split of the interval [0,N/2].

As a result from the above construction, we have a ver-
satile library of symmetric waveforms of different shapes,
smoothness and spans. They are not compactly supported
but are well localized in time domain. Their SHA spectra are
near rectangular and their supports produce a collection of
different splits of the band [−N/2,N/2]. Since we have the
expansions of these waveforms in terms of the orthonormal
exponential spline bases {γ p

n (x)}N−1
n=0 , then the operations

of convolution, differentiation, translation and finding inner

products become straightforward. Therefore, it is only nat-
ural to use these waveforms to deal with the deconvolution
problem. The practical computational cost of the operations
does not depend on the order of the involved splines. Once
the solution is found, it can be explicitly calculated at any
point on the real axis.

We display in Figs. 1–4 the wavelet packets and their
SHA spectra. Figures 1 and 2 compare the wavelet pack-
ets of the first resolution scale of orders 4 and 10, respec-
tively. These are the Battle–Lemarié wavelets. One can ob-
serve that, while the wavelets of fourth order are better local-
ized in time domain, the spectra of the tenth order wavelets
are near rectangular. Figure 3 displays the wavelet packets
of order 10 from the second resolution scale and their SHA
spectra that split the frequency domain into four bands. In
Fig. 4, we display the division of the frequency domain into
eight bands by SHA spectra of the tenth order wavelet pack-
ets from the third resolution scale.

4.3.4 Wavelet Packets Bases

Assume that a spline Sr,l(x) ∈ p S r,l . Then, it can be ex-
panded via the orthonormal wavelet packets basis. Equa-
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tions (4.11) and (4.17) imply that

Sr,l(x) =
N/2r−1∑

k=0

s
r,l
k ψr,l(x − 2rk)

=
√

2r

N

N/2r−1∑

k=0

s
r,l
k

N/2r−1∑

n=0

γ r,l
n (x − 2rk)

=
√

2r

N

N/2r−1∑

n=0

γ r,l
n (x)

N/2r−1∑

k=0

ω−2r nks
r,l
k

=
√

2r

N

N/2r−1∑

n=0

σ r,l
n γ r,l

n (x). (4.18)

Thus, the coordinates of the spline Sr,l(x) ∈ p S r,l in two
orthonormal bases of the space are linked via the DFT as

σ r,l
n =

N/2r−1∑

k=0

ω−2r nks
r,l
k ,

s
r,l
k = 2r

N

N/2r−1∑

n=0

ω2r nkσ r,l
n . (4.19)

Assume that a spline S(x) ∈ p S is represented by the
wavelet packet expansion S(x) = ∑N−1

k=0 skψ(x − k). Then,
its representation in exponential orthonormal basis S(x) =
N−1/2 ∑N−1

n=0 σnγn(x) is derived from the FFT calculations
of the coefficients σn = ∑N−1

k=0 ω−nksk .
Iterated application of the relation (4.15) provides the

coordinates σ
r,l
n of the orthogonal projections Sr,l(x) of

the spline S(x) onto the subspaces p S r,l , r = 1, . . . ,R,
l = 0, . . . ,2r − 1. Then, by utilizing (4.19), we find the co-
ordinates s

r,l
k in the wavelet packets bases {ψr,l(x − 2rk)}

of the projections Sr,l(x). These computations are fast, be-
cause they consist of forward and backward application of
fast Fourier transform.

Once these coordinates are calculated, we are able to
represent the spline S(x) via variety of orthonormal bases,
which are constituted by the wavelet packets {ψr,l(x −2rk)}
that belong to different combinations of the subspaces p S r,l .
In order to select an orthonormal basis, which provides, in
a sense, an optimal representation of the spline S(x), we
implement the Best Basis algorithm [8, 9]. For this, we cal-
culate the entropy cost function

Er,l �= −
N/2r−1∑

k=0

|sr,l
k |2

‖S‖2
loge

|sr,l
k |2

‖S‖2
(4.20)

for all the subspaces p S r,l . The Best Basis tree is derived by
comparison between the entropies of the “parent” subspaces
p S r,l and the entropies of the “offsprings” subspaces pair
p S r+1,2l ∪ p S r+1,2l+1.

5 Block Based Algorithm for Deconvolution: 1D Case

Assume we are given two vectors z = {zk} and h = {h(k)},
where zk = g(k) + ek , h(x) and g(x) are the kernel and the
output of the convolution equation (2.1), respectively. The
input function f (x) has to be approximated. A global regu-
larized solution to this problem was described in Sect. 3. The
regularization parameter ρ for this solution was selected ac-
cording to the relative contributions to the available signal z
from the input function f (x) and from the noise. But these
contributions are different for different frequency compo-
nents of the signal z. Therefore, to enhance the flexibility of
the solution, we propose to solve the convolution equation
separately for different frequency bands. The wavelet packet
bases, which were described in Sect. 4, provide tools for fast
implementation of this approach. To be specific, we approxi-
mate f (x) by a spline from the space p S . This spline is a lin-
ear combination of the wavelet packets {ψr,l(x − 2rk)} that
belong to different subspaces p S r,l of the spline space p S .
For this we need to embed the basic operations such as con-
volution, inner products, etc into the subspaces p S r,l .

5.1 Partial Solution of the Convolution Equation
in the Subspace p S r,l

5.1.1 Splines from the Subspaces p S r,l

Assume that the spline S(x) ∈ p S r,l . Then, it can be ex-
panded via the orthonormal wavelet packets basis
{ψ1,l(x − 2rk)}, where ψr,l(x) = N−1/2 ∑N−1

n=0 ν
r,l
n γ

p
n (x).

By using (4.11), we get

S(x) =
N/2r−1∑

k=0

skψ
r,l(x − 2rk)

=
√

1

N

N/2r−1∑

k=0

sk

N−1∑

n=0

νr,l
n γ

p
n (x − 2rk)

=
√

1

N

N−1∑

n=0

νr,l
n σnγ

p
n (x), (5.1)

where σn = ŝ(n) is N/2r -periodic sequence. Grid points
samples of the spline S(x) are

S(k) = 1

N

N−1∑

n=0

σnV
p
n νr,l

n ωnk =⇒ Ŝ(n) = σnV
p
n νr,l

n .

(5.2)

It stems from the discussion in Sect. 4.3.3 that multiplica-
tion of the DFT {â(n)} of a vector a = {ak}N−1

k=0 ∈ R
N with

the SHA spectrum {νr,l
n } of the wavelet packet ψr,l(x) can

be regarded as a band-pass filtering of this vector. Denote by
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R
r,l the subset of R

N , which consists of the “filtered” vec-
tors b = {bk}N−1

k=0 , whose components can be represented

as bk = N−1 ∑N−1
n=0 ωknν

r,l
n αn. Equation (5.2) implies that

the vector {ak}N−1
k=0 belongs to R

r,l . The same is true for the
sampled convolution.

Assume that we have the spline

χ(x) =
√

1

N

N−1∑

n=0

μnγ
q
n (x) ∈ q S. (5.3)

Proposition 5.1 If the spline S(x) ∈ p S r,l then θ
�= {θk

�=
χ � S(k)}N−1

k=0 belongs to R
r,l .

Proof Let S(x) be represented as in (5.1). Equation (2.26)
implies that

θk = 1

N

N−1∑

n=0

σnQ
p,q
n μnν

r,l
n ωnk

=⇒ θ̂ (n) = σnQ
p,q
n μnν

r,l
n . (5.4)

Thus, θ ∈ R
r,l . �

In other words, Proposition 5.1 claims that the DFT of
the sampled convolution of a spline from p S r,l with a ker-
nel spline lies within the spectral band defined by the SHA
spectrum {νr,l

n }. Thus, if we are looking for the solution’s
component S(x) ∈ p S r,l , then we have to use the compo-
nent of the output data, which belongs to R

r,l . For this, we
filter the data array z. The FFT ẑ(n) = ∑N−1

k=0 ω−nkzk is cal-
culated. Denote

ẑr,l(n) = νr,l
n ẑ(n), z

r,l
k = 1

N

N−1∑

n=0

ωnkẑr,l(n). (5.5)

5.1.2 Solution of the Minimization Problem
in the Subspace p S r,l

Assume that the spline χ(x), which interpolates the ker-
nel data h, is represented as in (5.3). Denote by Sρ(x) ∈
p S r,l the spline, which minimizes the functional J r,l

ρ (S)
�=

ρI (S)+Er,l(S), where I (S)
�= ‖S′‖2, Er,l(S)

�= ∑N−1
k=0 (θk −

z
r,l
k )2, θk

�= χ � S(k) and ρ is a numerical parameter.
Assume that the spline S(x) ∈ p S r,l is represented as

in (5.1). Due to (2.22) and (2.17),

I (S) = 1

N

N−1∑

n=0

|σnν
r,l
n |2Wp,1

n ,

W
p,1
n

�= u
2(p−1)
n

u
2p
n

(

2 sin
πn

N

)2

.

Equations (5.4) and (5.5) imply that Er,l(S) = N−1 ×∑N−1
n=0 |νr,l

n σ nμnQ
p,q
n − ẑr,l(n)|2 and the functional

NJ r,l
ρ (S) =

N−1∑

n=0

(ρ|σnν
r,l
n |2Wp,1

n

+ |σnν
r,l
n μnQ

p,q
n − ẑr,l(n)|2)

=
N−1∑

n=0

|σnν
r,l
n |2(ρW

p,1
n + |μnQ

p,q
n |2)

+ 2−r+1 RE (σnμnν
r,l
n Q

p,q
n ẑ

r,l
(n))

+ |ẑr,l(n)|2. (5.6)

The minimum of J r,l
ρ (S) is achieved when

ζ r,l
n

�= σnν
r,l
n = μnQ

p,q
n ẑr,l(n)

An(ρ)
,

An(ρ)
�= W

p,1
n ρ + |μnQ

p,q
n |2,

Q
p,q
n

�= u
p+q
n√

u
2p
n u

2q
n

.

(5.7)

Hence, the minimal spline

Sρ(x) =
√

1

N

N−1∑

n=0

ζ r,l
n γ

p
n (x) ∈ p S r,l ,

Sρ(k) = 1

N

N−1∑

n=0

ωkn u
p
nζ

r,l
n√

u
2p
n

.

(5.8)

Thus, the values of the spline at the grid points are the IFFT

of the sequence λ
r,l
n

�= u
p
nζ

r,l
n (u

2p
n )−1/2.

The convolution of the spline Sρ(x) with the kernel spline
χ(x) defined in (5.3) is

θρ(x)
�= χ � Sρ(x) =

√
1

N

N−1∑

n=0

μnU
p,q
n ζ r,l

n γ
p+q
n (x),

θρ(k) = 1

N

N−1∑

n=0

ωknμnQ
p,q
n ζ r,l

n .

(5.9)

Thus, the values of the convolution at the grid points are

found by IFFT of the sequence τ
r,l
n

�= μnQ
p,q
n ζ

r,l
n .

5.1.3 Selection of the Regularization Parameter

Assume that we are able to evaluate the errors vector
e = {ek}N−1

k=0 , ek = N−1 ∑N−1
n=0 ωknê(n), whose variance

var(e) = ε2 ≈ N−1 ∑N−1
k=0 (ek)

2. Denote êr,l(n) = ν
r,l
n ê(n)

and e
r,l
k = N−1 ∑N−1

n=0 ωnkêr,l(n).
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Denote (εr,l)2 �= ∑N−1
k=0 (e

r,l
k )2 = N−1 ∑N−1

n=0 |êr,l(n)|2.
The function

εr,l(ρ)
�= Er,l(Sρ) = 1

N

N−1∑

n=0

(
ρ|ẑr,l(n)|Wp,1

n

An(ρ)

)2

grows monotonically from zero to N−1 ∑N−1
n=0 |ẑr,l(n)|2 =

∑N−1
k=0 (z

r,l
k )2 as ρ grows from zero to infinity. Therefore, we

propose to derive ρm,l from the equation εr,l(ρ) = (εr,l)2.

5.1.4 Modeling the Noise

We assume that the error vector e is a zero mean Gaussian
white noise. Typically, the convolution kernel h(x) is ef-
ficiently bandlimited. Then, its significant Fourier coef-
ficients Cn(h) occupy a relatively narrow band around
zero, −K < n < K , K < N/2. Hence, the FFT coeffi-
cients of the data vector z{ẑ(n)}n∈[K,N/2−1]∪[−N/2,−K] ≈
{ê(n)}n∈[K,N/2−1]∪[−N/2,−K]. By relying on the fact that the
power spectrum {|ê(n)|2} of the white noise e is close to a
constant for all n = −N/2, . . . ,N/2 − 1, we evaluate the
variance

σ 2 ≈ 1

(N − K)2

∑

n∈[K,N/2−1]∪[−N/2,−K]
|ẑ(n)|2. (5.10)

We model the noise vector as a zero mean Gaussian
random process ẽ = {ẽi}N−1

i=0 , whose variance is σ 2. Let
{̂ẽ(n)}N−1

n=0 be the FFT spectrum of the model vector ẽ. Then,
we estimate the values (εr,l)2, which are needed for the pa-
rameter ρ selection, as

(εr,l)2 ≈ 1

N

N−1∑

n=0

|νr,l
n

̂̃e(n)|2. (5.11)

Remark 5.1 To make the estimation in (5.11) robust, it is
advisable to calculate (εr,l)2 several times using different
realizations of the random process ẽ and to average the re-
sults.

Another option for the noise evaluation is to use the
scheme in [13].

5.2 Approximated Solution for the Convolution Equation
in the Space p S

5.2.1 Selection of the Subspaces p S r,l

It was mentioned in Sect. 5.1.1 that if we are looking for
the solution’s component S(x) ∈ p S r,l then we have to use
the output data from the subset R

r,l . We select the relevant
subspaces p S r,l in the following way:

1. Construct the spline

Z(x) =
√

1

N

N−1∑

n=0

υnγ
p
n (x), υn = ẑ(n)

√
u

2p
n

u
p
n

, (5.12)

which interpolates the data z.
2. Apply the spline coordinates transform of order p to the

array {υn} down to the scale J as was defined in Sect. 4.2.
This way we find the coordinates {υr,l

n } of the data spline
projections onto all the subspaces p S r,l , r = 1, . . . , J ,
l = 0, . . . ,2r − 1.

3. Apply the Best Basis algorithm to the transform co-
efficients {υr,l

n }. As a result, we obtain the list RL =
{(r̄, l̄)} such that the shifts of the wavelet packets ψr̄,l̄(x),
(r̄, l̄) ∈ RL, form an optimal basis for the spline Z(x).
The list RL determines the subspaces p S r̄ ,l̄ , where we
find the partial solutions of the convolution equation.

4. Since the kernel spline χ(x) is bandlimited, it may hap-
pen that the overlap of its SHA spectrum with some of the

SHA spectra of the wavelet packets ψř,ľ(x), (ř, ľ) ∈ RL,
is (almost) empty. It means that the data component

zř ,ľ = {zř,ľ
k } (see (5.5)) contains (almost) no contribu-

tion from the function f (x) that we are looking for.
Thus, the projection of the spline Z(x) onto the sub-

spaces p S ř ,ľ are pure noise. To detect such “empty” sub-

spaces, we calculate the norms of the splines �r̄,l̄(x)
�=

χ � ψr̄,l̄ (x), (r̄, l̄) ∈ RL and define some threshold T .
We reduce the list of subspaces RL to the shorter list
RL by discarding the pairs (ř, ľ) such that the norms

‖�ř,ľ‖ < T .

5.2.2 Scheme for the Approximated Solution
of the Convolution Equation (2.1)

• Evaluate the error vector that means to estimate the partial
variances (εr,l)2 of noise (5.11).

• Construct the kernel spline χ(x) (5.3).
• Construct the data spline Z(x) (5.12).
• Implement the transform of order p of the spline Z(x)

coordinates (Sect. 4.2).
• Apply the Best Basis algorithm to the transform coeffi-

cients.
• Define the reduced list RL = {(r̄, l̄)} of the appropriate

subspaces.
• Determine the optimal values ρr̄,l̄ of the regularization pa-

rameter for each pair (r̄, l̄) ∈ RL (Sect. 5.1.4).
• Find the partial solutions Sρr̄,l̄

(x) ∈ p S r̄ ,l̄ for each pair

(r̄, l̄) ∈ RL (5.8).

The approximated solution to (2.1) is S(x) =∑
(r̄,l̄)∈RL Sρr̄,l̄

(x) ∈ p S .
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6 Block Based Algorithm for Deconvolution: Outline
of the 2D Case

As in Sect. 3.2, we assume that z = {zk,n} and h =
{h(k,n}N−1

k,n=0 are the available data arrays. We assume that
the x and y components of the 2D splines have the same
order. Thus, Sp(x, y) will stand for Sp,p(x, y) ∈ p,p S . We
approximate the solution f (x, y) of (2.2) by a spline from
the space p,p S , which is a linear combination of the 2D
wavelet packets that belong to different subspaces of the
spline space p,p S .

6.1 2D Wavelet Packets

Denote γ r,l,l̃
κ,ι (x, y)

�= γ r,l
κ (x)pγ r,l̃

ι (y). Obviously, the splines
pγ r,l,l̃

κ,ι (x, y) with the same scale index r are mutually or-
thogonal and their norms are equal to 1. The 2D spline space
p,p S r,l,l̃ ⊂ p,p S is defined as the linear span of the splines
γ r,l,l̃
κ,ι (x, y), l, l̃ = 0, . . . ,N/2r − 1:

S(x, y) = 22r

N

N/2r−1∑

κ,ι

σ r,l,l̃
κ,ι

pγ r,l,l̃
κ,ι (x, y) ∈ p,p S r,l,l̃ . (6.1)

The splits (4.12) of the 1D spline spaces generate the splits
of the space p,p S into mutually orthogonal subspaces:

p,p S r−1,l,l̃ = p,p S r,2l,2̃l ⊕ p,p S r,2l+1,2̃l ⊕ p,p S r,2l,2̃l+1

⊕ p,p S r,2l+1,2̃l+1

=⇒ p,p S =
⊕

r,l,l̃

p,p S r,l,l̃ ,

r = 1, . . . , J , l, l̃ = 0, . . . ,N/2r − 1. Together with the or-
thonormal bases {γ r,l,l̃

κ,ι (x, y)}, κ, ι = 0, . . . ,N/2r , of the

subspaces p,p S r,l,l̃ ⊂ p,p S , there exist orthonormal bases

that consist of 2D wavelet packets shifts

S(x, y) =
N/2r−1∑

k,n=0

s
r,l,l̃
k,n ψr,l,l̃ (x − 2rk, y − 2rn) ∈ p,p S r,l,l̃ ,

(6.2)

where

ψr,l,l̃ (x, y)
�= ψr,l(x)ψr,l̃(y) = 1

N

N/2r−1∑

κ,ι

pγ r,l,l̃
κ,ι (x, y),

s
r,l,l̃
k,n = 22r

N2

N/2r−1∑

κ,ι

ω2r (nι+kκ)σ r,l,l̃
κ,ι .

(6.3)

Each wavelet packet can be expanded via the orthonormal
basis {γκ,ι(x, y) = γκ(x)γι(y)} of the initial space p,p S :

ψr,l,l̃ (x, y) = 1

N

N−1∑

κ,ι=0

νr,l,l̃
κ,ι γ p

κ,ι(x, y)

and its SHA spectrum {νr,l,l̃
κ,ι = νr,l

κ νr,l̃
ι } is the tensor prod-

uct of the SHA spectra of the 1D wavelet packets ψr,l(x)

and ψr,l̃(y). We display in Fig. 5 the SHA spectra of two
wavelet packets of order 10 from the second scale. One
can observe that the spectra have near–parallelepiped shape.
The spline S(x) ∈ p,p S r,l,l̃ , which is expanded as in (6.1)
and (6.2), has the following representation in the initial
space p,p S

S(x, y) = 1

N

N−1∑

κ,ι=0

σ r,l,l̃
κ,ι νr,l,l̃

κ,ι γκ,ι(x, y). (6.4)

Assume the spline S̃(x, y) = N−1 ∑N−1
κ,ι=0 σ̃κ,ιγ

p
κ,ι(x, y) ∈

p,p S is expanded by the orthonormal basis of the space p,p S .
Then, the wavelet packet coefficients {σ̄ r,l,l̃

κ,ι } of the projec-

tion of the spline onto all the spaces p,p S r,l,l̃ , r = 1, . . . , J ,
l, l̃ = 0, . . . ,2r − 1, are calculated via the application of the
2D transform of the coordinates {σκ,ι}. The 2D transform is

Fig. 5 The SHA spectra of wavelet packets of order 10 from the second resolution scale Left: ψ2,2,3(x, y). Right: ψ2,3,1(x, y)
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implemented by an iterated application of the 1D transform
subsequently to the rows and columns of the array {σκ,ι}.

The 2D wavelet packets {ψr,l,l̃ (x − 2rk, y − 2rn)},
which belong to different subspaces p,p S r,l,l̃ of the spline
space p,p S , provide a variety of orthonormal bases of this
space. To apply the Best Basis methodology in this case,
we compare the entropies of the wavelet packet coefficients

{sr−1,l,l̃
k,n } of the projection of a spline onto the “parent”

spaces p,p S r−1,l,l̃ with these for the projection onto the “off-

spring” spaces p,p S r,2l,2̃l , p,p S r,2l+1,2̃l , p,p S r,2l,2̃l+1 and
p,p S r,2l+1,2̃l+1.

6.2 Partial Solution of the Convolution Equation
in p,p S r,l,l̃

Define the functional I (S)
�= ‖S′

x‖2 + ‖S′
y‖2 in the spline

space p,p S . If the spline S(x) belongs to the subspace
p,p S r,l,̃l then

I (S) = 1

N2

N−1∑

κ,ι=0

|σ r,l,l̃
κ,ι νr,l,l̃

κ,ι |2(Wp,1
κ + Wp,1

ι ),

W
p,1
n

�= u
2(p−1)
n

u
2p
n

(

2 sin
πn

N

)2

.

(6.5)

Let the spline χ(x, y) = N−1 ∑N−1
ν,ι=0 μν,ιγ

q
ν,ι(x) ∈ q,q S

interpolates the kernel h(x, y). Then,

χ � S(x, y) = 1

N

N−1∑

κ,ι=0

μν,ισ
r,l,l̃
κ,ι νr,l,l̃

κ,ι Up,q
κ Up,q

ι γ p+q
ν,ι (x)

∈ p+q,p+q S,

U
p,q
n

�=
√√
√
√u

2(p+q)
n

u
2p
n u

2q
n

.

As in 1D case, the data array is filtered. Denote
ẑr,l,l̃ (κ, ι) = νr,l,l̃

κ,ι ẑ(κ, ι), where ẑ(κ, ι) = ∑N−1
k,n=0 ω−(kκ+nι) ×

zk,n, and z
r,l,l̃
k = N−2 ∑j

n ω(kκ+nι)ẑr,l,l̃ (κ, ι).

Define the functional in the subspace p,p S r,l,̃l

Er,l,l̃ (S)
�=

N−1∑

k,n=0

(χ � S(k,n) − z
r,l,l̃
k,n )2

= 1

N2

N−1∑

κ,ι=0

|νr,l,l̃
κ,ι μν,ισ

r,l,l̃
κ,ι Qp,q

κ Qp,q
ι − ẑr,l,l̃ (κ, ι)|2,

Q
p,q
n

�= u
(p+q)
n√
u

2p
n u

2q
n

.

The spline

Sρ(x, y) = 1

N

N−1∑

κ,ι=0

ζ r,l,l̃
κ,ι γ p

κ,ι(x, y), where

ζ r,l,l̃
κ,ι = μ̄ν,ιQ

p,q
κ Q

p,q
ι ẑr,l,l̃ (κ, ι)

Aν,ι(ρ)
,

Aν,ι(ρ)
�= ρ(Wp,1

κ + Wp,1
ι ) + |μν,ιQ

p,q
κ Qp,q

ι |2,

minimizes the functional J r,l,l̃
ρ (S)

�= ρI (S) + Er,l,l̃ (S). The
values of the spline Sρ(x, y) at the grid points Sρ(k,n) =
N−2 ∑N−1

κ,ι=0 ω(kκ+nι)ζ r,l,l̃
κ,ι u

p
κ u

p
ι /

√
u

2p
κ u

2p
ι are calculated via

the application of the 2D IFFT of the sequence λr,l,l̃
κ,ι

�=
ζ r,l,l̃
κ,ι u

p
κ u

p
ι /

√
u

2p
κ u

2p
ι .

Selection of the Regularization Parameter: Like in
Sect. 5.1.4, we evaluate the zero-mean errors array e =
{ek,n}N−1

k,n=0, ek,n = N−2 ∑N−1
κ,ι=0 ω(kκ+nι)ê(κ, ι), whose

variance var(e) = ε2 ≈ N−2 ∑N−1
k,n=0(ek,n)

2. Denote

êr,l,l̃ (κ, ι) = νr,l,l̃
κ,ι ê(κ, ι). Then,

e
r,l
k = 1

N2

N−1∑

κ,ι=0

ω(kκ+nι)ê(κ, ι),

(εr,l,l̃ )2 �=
N−1∑

k,n=0

(e
r,l,l̃
k,n )2 = 1

N2

N−1∑

κ,ι=0

|êr,l,l̃ (κ, ι)|2.

We derive an optimal value ρr,l,l̃ from the equation
εr,l,l̃ (ρ) = (εr,l,l̃ )2, where the function

εr,l,l̃ (ρ)
�= Er,l,l̃ (S̃ρ)

= 1

N2

N−1∑

κ,ι=0

(
ρ|ẑr,l,l̃ (κ, ι)|(Wp,1

κ + W
p,1
ι )

Aκ,ι(ρ)

)2

grows monotonically.

6.3 Scheme for the Approximated Solution
of the Convolution Equation in the Space p,p S

Best Basis Algorithm (BBA):

1. Evaluate the error array e.
2. Construct the spline χ(x, y) ∈ q,q S that interpolates

the kernel h(x, y).
3. Construct the spline Z(x, y) ∈ p,p S that interpolates

the data array z.
4. Implement the 2D transform of order p of the spline

Z(x, y) coordinates.
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5. Apply the Best Basis algorithm to the transform coef-
ficients.

6. Estimate the overlap of the SHA spectra of the wavelet

packets ψr̄,l̄,
¯̃
l (x, y), which constitute the Best Basis,

with the spectrum of the kernel spline χ(x, y). Discard
the subspaces related to the wavelet packets whose
spectra overlap with the χ spectrum is negligible.

7. Define the reduced list RL = {(r̄, l̄, ¯̃
l)} of the appro-

priate subspaces.
8. Determine the optimal values ρ

r̄,l̄,
¯̃
l

of the parameter

for each triple (r̄, l̄,
¯̃
l) ∈ RL.

9. Find the partial solutions S̃ρ
r̄,l̄,

¯̃
l
(x, y) ∈ p S r̄ ,l̄ for each

pair (r̄, l̄) ∈ RL.
10. The approximated solution to (2.1) is

S(x, y) =
∑

r̄ ,l̄,
¯̃
l

Sρ
r̄,l̄,

¯̃
l
(x, y) ∈ p,p S.

A Variation of BBA—Block Pursuit Algorithm (BPA):

1. Evaluate the error array e.
2. Construct the spline χ(x, y) ∈ q,q S that interpolates

the kernel h(x, y).
3. Let z0 = z and S0(x, y) ≡ 0.
4. Construct the spline Z0(x, y) ∈ p,p S that interpolates

the array z0.
5. Implement the 2D transform of order p of the spline

Z0(x, y) coordinates.
6. Select a single subspace p,p S r,l,l̃ such that the L2

norm of the projection of Z(x, y) onto this subspace
is maximal.

7. Estimate the overlap of the SHA spectra of the wavelet

packet ψr̄,l̄,
¯̃
l (x, y) with the spectrum of the kernel

spline χ(x, y).
8. Determine the optimal values ρ

r̄,l̄,
¯̃
l

of the parameter

for the selected subspace p,p S r,l,l̃ .
9. Find the partial solutions S̃ρ

r̄,l̄,
¯̃
l
(x, y) ∈ p S r̄ ,l̄ .

10. Let S1(x, y)
�= S0(x, y) + S̃ρ

r̄,l̄,
¯̃
l
(x, y).

11. Calculate θk,n
�= η � S̃ρ

r̄,l̄,
¯̃
l
(k, n).

12. Put z1 �= {z0
k,n − θk,n}.

13. The algorithm stops when the overlap of the SHA

spectra of the wavelet packet ψr̄,l̄,
¯̃
l (x, y), which is se-

lected at some iteration, with the spectrum of the ker-
nel spline χ(x, y) becomes negligible.

14. Iterate the procedures starting from Item 4 using z1

instead of z0.

Output: The approximated solution to (2.1) is

S(x, y) =
∑

r̄ ,l̄,
¯̃
l

Sρ
r̄,l̄,

¯̃
l
(x, y) ∈ p,p S.

Remark 6.1 The described algorithms can be utilized for
signals and images denoising when the convolution is not
present. In this case, the general scheme remains unchanged
with the exception that the kernel array h is reduced to δ(k)

for 1D signals and to δ(k,n) for images. In this case, the
approximated solution produced by the global Tikhonov al-
gorithm, which was described in Sect. 3, is the so-called
smoothing spline [25].

Remark 6.2 The Block Pursuit algorithm, which is some-
what related to the Matching Pursuit [18], is much more
computationally expensive compared to BBA but, typically,
it produces more accurate results for the pure deconvolution
(without noise).

7 Numerical Experiments

We conducted a number of experiments to demonstrate the
performance of the proposed solution for the convolution
equations in one and two dimensions. Three groups of ex-
periments were carried out:

Denoising: Restoration of objects corrupted by Gaussian
noise.

Pure deconvolution: Restoration of objects blurred by con-
volution with a band-limited kernel. In this case, the contri-
bution of the input signal into the stop-band of the kernel is
not available. In addition, although noise is not introduced,
some measurements errors present. Therefore, the problem
remains ill-posed. The advantage of the block based meth-
ods over the global ones consists in the accurate tuning
the subspaces where the solution is looked for to the pass-
band of the kernel. The Block Pursuit Algorithm does this
more precisely compared to the Best Basis Algorithm due
to wider choice of the available subspaces.

Noised deconvolution: Restoration of objects blurred by
convolution and corrupted by Gaussian noise.

In order to reduce the size of the paper, we present only im-
age restorations results. We compared between the perfor-
mance of the Best Basis Algorithm (BBA) and the Standard
Regularized Deconvolution Algorithm (SRA). SRA was im-
plemented by using the Matlab function deconvreg. For
the examples on pure deconvolution we present the results
from the application of the Block Pursuit Algorithm (BPA),
which produces the most accurate restoration of images at
the cost of excessive computational load. In the experiments
where noise was present, BPA did not outperform BBA. We
compared the visual results and the Peak Signal to Noise
Ratio (PSNR) in decibels

PSNR
�= 10 log10

(
NM2

∑N
k=1(xk − x̃k)2

)

dB
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Fig. 6 Barbara. Top left:
Original; Top right: Noised
image, STD = 25; Center left:
Restored by SRA,
PSNR = 24.63. Bottom left:
Fragment of the image restored
by SRA. Center right: Restored
by BBA, PSNR = 26.27. Spline
wavelet packets of the fourth
order from 3 scales were used.
Bottom right: Fragment of the
image restored by BBA

where {xk}Nk=1 are the original samples of the signal (image),
M = maxk |xk| while {x̃k}Nk=1 are the restored samples of the
signal (image).

All the images are of size 512 × 512 pixels.

7.1 Denoising Experiments

As was mentioned in Remark 6.1, the BBA restores noised
images, which were not subjected to convolution.

Barbara denoising: We restored the Barbara image, which
was corrupted by Gaussian zero-mean noise with different
standard deviations (STD). The PSNR results are given in
Table 1.
We see that BBA produces higher PSNR values in compar-
ison to SRA. Visually, it provides better resolution of the
image details. Figure 6 displays the restored image from
an input image affected by noise with STD = 25.

Boats denoising: The Boats image, which was corrupted by
Gaussian zero-mean noise with different standard devia-
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Fig. 7 Boats. Top left: Original.
Top right: Noised image,
STD = 25. Bottom left:
Fragment of the image restored
by SRA, PSNR = 27.26. Bottom
right: Fragment of the image
restored by BBA,
PSNR = 27.27. Spline wavelet
packets of the fourth order from
3 scales were used

Table 1 PSNR values for the Barbara image that was restored from
noised inputs

STD/PSNR 10/28.13 15/24.6 25/20.17 50/14.15

SRA 28.7 26.61 24.63 23.02

BBA 30.86 28.65 26.27 23.58

Spline order/scale 10/3 8/3 4/3 4/3

Table 2 PSNR values of the restored Boats image from noised inputs

STD/PSNR 10/28.13 15/24.6 25/20.17 50/14.15

SRA 31.2 29.35 27.26 24.78

BBA 31.75 30.01 27.80 24.90

Spline order/scale 10/3 4/2 4/3 4/3

tions (STD), was restored. The PSNR results are given in
Table 2.
We see that BBA produces higher PSNR values in compar-
ison to SRA for all the noise patterns except for noise with
STD = 50. Visually, it provides better resolution of the im-
age details. The restoration of the image from the input,
which was affected by noise with STD = 25, is displayed
in Fig. 7.

Table 3 Th ePSNR values of the restored Lena image from blurred
inputs

STD/PSNR 3/25.65 5/23.42 10/20.61 15/19.11

SRA 33.77 29.55 25.61 23.79

BBA 36.67 32.01 27.33 25.26

Spline order/scale 4/1 10/2 10/2 10/2

BPA 35.41 32.7 27.83 25.54

Spline order/scale 4/4 4/2 6/4 4/4

7.2 Pure Deconvolution Experiments

The presented algorithms proved to be highly efficient for
image restoration, which were convolved with Gaussian ker-
nels. Noise was not added. Following are a few examples.

Lena pure deconvolution: We restored the Lena image,
which was blurred by convolving with Gaussian kernels
with different standard deviations (STD). The PSNR re-
sults are given in Table 3.
As in the denoising experiments, BBA produces higher
PSNR values in comparison to SRA. Visually, it pro-
vides better resolution for the image details. In most cases,
BPA restores the image even better than BBA but its
computational cost is incomparably higher than that of
BBA. Restoration of the image from the input, which
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Fig. 8 Lena. Top left: Original.
Top right: Lena blurred by
kernel with STD = 10,
PSNR = 20.61. Center left:
Fragment of the image restored
by SRA, PSNR = 25.61. Center
right: Fragment of the image
restored by BBA,
PSNR = 27.33. Spline wavelet
packets of the tenth order from
two scales were used. Bottom
left: Fragment of the original
image. Bottom right: Fragment
of the image restored by BPA,
PSNR = 27.83. Spline wavelet
packets of the fourth order from
two scales were used

was blurred by a kernel with STD = 10, is displayed in
Fig. 8.
We observe that, in spite of having strongly blurred input,
BBA and BPA provided a satisfactorily restored image.
This is not true for the performance of SRA. BBA and, es-
pecially, BPA produce much less oscillating artefacts than
SRA.

Barbara pure deconvolution: Barbara image, which was
blurred by convolution with Gaussian kernels with differ-
ent standard deviations (STD), was restored. The PSNR
results are given in Table 4. BBA produces higher PSNR

values in comparison with SRA. Visually, it provides
better resolution of the image details. Figure 9 displays
the restoration of the image from the input that was
blurred by a kernel with STD = 3. We observe that
texture resolved by BBA and BPA is better than what
was resolved by SRA. In addition, contrary to SRA,
they do not produce artefacts (on the face and hands,
for example). The restoration by BPA is almost per-
fect.

Cameraman pure deconvolution: We restored the Cam-
eraman image, which was blurred by convolution with
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Fig. 9 Barbara. Top left:
Original. Top right: Barbara
blurred by kernel with STD = 3,
PSNR = 22.84. Center left:
Fragment of Barbara restored by
SRA, PSNR = 24.86. Center
right: Fragment of Barbara
restored by BBA,
PSNR = 27.17. Spline wavelet
packets of the fourth order from
one scale were used. Bottom
left: Fragment of the original
Barbara. Bottom right:
Fragment of Barbara restored by
BPA, PSNR = 28.3. Spline
wavelet packets of the fourth
order from three scales were
used

Table 4 PSNR values of the restored Barbara image from blurred in-
puts

STD/PSNR 3/22.84 5/21.71 10/19.8 15/18.6

SRA 24.86 24.05 22.89 21.92

BBA 27.17 24.55 23.47 22.71

Spline order/scale 4/1 10/1 10/2 10/2

BPA 28.3 24.7 23.60 22.87

Spline order/scale 4/3 4/3 4/3 4/3

Gaussian kernels with different standard deviations (STD).
The PSNR results are given in Table 5.
BBA and especially BPA produce higher PSNR val-
ues in comparison to SRA. Visually, it provides bet-
ter resolution of the image details. Figure 10 displays
the restored image from an input that was blurred by
kernel with STD = 5. We see that the image restored
by SRA contains some ringing artefacts, which, to a

Table 5 PSNR values for the restored Cameraman image from blurred
inputs

STD/PSNR 3/22.61 5/21.08 10/19.0 15/17.95

SRA 28.62 25.62 22.45 21.08

BBA 30.57 27.48 23.75 22.18

Spline order/scale 4/1 4/1 10/1 4/2

BPA 31.04 27.98 24.14 22.41

Spline order/scale 4/3 4/3 4/3 4/4

lesser extent, takes place in the BBA restoration. How-
ever, the image restored by BPA is free from these arte-
facts. It is hardly distinguishable from the original im-
age.

7.3 Noised Deconvolution Experiments

In the third series of experiments, we applied the Best Ba-
sis algorithm to restore images, which were convolved with
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Fig. 10 Cameraman. Top left:
Original. Top right: Cameraman
was blurred by kernel with
STD = 5, PSNR = 21.08.
Center left: Fragment of the
restored Cameraman by SRA,
PSNR = 25.62. Center right:
Restored Cameraman by BBA,
PSNR = 27.48. Spline wavelet
packets of fourth order from 1
scale were used. Bottom left:
Original. Bottom: Restored
Cameraman by BPA,
PSNR = 27.98. Spline wavelet
packets of fourth order from 3
scales were used

Gaussian kernels. In addition, the images were corrupted by
zero-mean Gaussian noise. Following are a few examples.

Goldhill noised deconvolution: The Goldhill image, which
was blurred by convolution with different Gaussian kernels
and was corrupted by noise with constant STD = 2, was re-
stored. Table 6 presents the PSNR results where Gaussian
noise was constant with STD = 2 while blurring varied.
In all the experiments, BBA produces higher PSNR values
in comparison to SRA. Visually, it provides better resolu-
tion of the image details. Figure 11 displays the restored
Goldhill from the input blurred by a kernel with STD = 3
and corrupted by a Gaussian noise with STD = 2.

Table 6 PSNR values for the restored Goldhill image from noise
(STD = 2) and blurred with variable Gaussian kernels

STD(kernel)/PSNR 1/26.68 2/26.5 3/25.08 4/24.09 5/23.32

SRA 31.63 28.61 27 26.04 25.38

BBA 32.34 28.96 27.36 26.20 25.46

Spline order/scale 8/1 12/2 4/2 4/2 4/2

We observe that, set aside higher PSNR, the BBA-restored
image is cleaner and sharper in comparison to the image
restored by SRA.
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Fig. 11 Goldhill. Top left:
Original. Top right: Blurred
Goldhill by kernel with
STD = 3 and corrupted by noise
with STD = 2, PSNR = 25.08.
Bottom left: Restored by SRA,
PSNR = 27. Bottom right:
Restored by BBA,
PSNR = 27.36. Spline wavelet
packets of fourth order from 2
scales were used

Table 7 PSNR values for the restored Goldhill image from blurred
(Gaussian kernel, STD = 2) and noised input

STD(noise)/PSNR 1/26.59 3/26.36 5/25.93 10/24.32 50/13.94

SRA 29.23 28.19 27.61 26.76 24.34

BBA 29.47 28.57 28.07 27.12 24.57

Spline order/scale 10/2 10/2 4/2 6/3 6/4

Table 7 presents the PSNR results for the experiments
where blurring was constant (convolution with Gaussian
kernel, STD = 2) while the STD of noise varied.
In all the experiments, BBA produces higher PSNR val-
ues in comparison to SRA. Visually, it provides better res-
olution of the image details. Figure 12 displays the re-
stored Goldhill from input that was blurred by a kernel
with STD = 2 and corrupted by strong Gaussian noise with
STD = 50.
We observe that, set aside the higher PSNR, the Goldhill
restored by BBA is cleaner and sharper in comparison to
the restored Goldhill by SRA.

Lena noised deconvolution: Lena, which was blurred by
convolution with different Gaussian kernels and was cor-
rupted by noise with constant STD = 2, was restored. Ta-
ble 8 presents the PSNR results where a Gaussian noise
was constant with STD = 2 while blurring varied.

Table 8 PSNR values for the restored Lena image from noised
(STD = 2) and blurred with variable Gaussian kernels

STD(kernel)/PSNR 1/29.82 2/27.32 3/25.56 4/24.31 5/23.36

SRA 34.13 30.25 28.25 27 26.01

BBA 34.85 30.8 28.61 27.26 26.33

Spline order/scale 4/1 4/2 4/2 10/3 6/3

In all the experiments, BBA produces higher PSNR val-
ues in comparison to SRA. Visually, it provides better res-
olution of the image details. Figure 13 displays the re-
stored Lena from an input that was blurred by a kernel with
STD = 3 and corrupted by Gaussian noise with STD = 2.
We observe that, set aside higher PSNR, the BBA better re-
stored texture (hat, for example) in comparison to the per-
formance of SRA.
Table 9 presents the PSNR results from the experiments
where blurring was constant (convolution with Gaussian
kernel, STD = 2) while the STD of the noise varied.
In all the experiments, BBA produces higher PSNR val-
ues in comparison to the performance of SRA. Visually, it
provides better resolution of the image details. Figure 14
displays the restored Lena from the input that was blurred
by kernel with STD = 2 and corrupted by strong Gaussian
noise with STD = 50.
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Fig. 12 Goldhill. Top left:
Original. Top right: Blurred
Goldhill by kernel with
STD = 2 that was buried in
noise with STD = 50,
PSNR = 13.94. Bottom left:
Restored Goldhill by SRA,
PSNR = 24.34. Bottom right:
Restored Goldhill by BBA,
PSNR = 24.57. Spline wavelet
packets of sixth order from 4
scales were used

Table 9 PSNR values for the restored Lena image from blurred
(Gaussian kernel, STD = 2) and noised input

STD(noise)/PSNR 1/27.43 3/29.15 5/26.63 10/24.79 50/13.98

SRA 31.14 29.70 28.97 27.88 24.72

BBA 31.62 30.39 29.52 28.29 25.14

Spline order/scale 12/2 4/2 4/2 6/3 4/4

We observe that, set aside the higher PSNR, the BBA-
restored Lena is sharper in comparison to the restored Lena
by SRA.

7.4 Restoration of the Severely Damaged Fingerprint
Image

The BBA proved to be successful in the restoration of im-
ages, which were severely damaged either by blurring or by
noise or by both. We illustrate this claim by restoring Fin-
gerprint image. Figure 15 displays the original image and
three images that were damaged by different causes.

We observe that in all the damaged fingerprints the struc-
ture of the fingerprint is almost indistinguishable. Figure 16
displays the results of the reconstruction of the damaged im-
ages. Left figures show the reconstruction by SRA while
the right figures show the reconstruction by BBA. The sin-

gle bottom figure displays the restored fingerprint by BPA.
The PSNR values for the BBA-restored exceed those of the
SRA-restored ones and their visual quality is incomparably
better. The BPA-restored C10 image is advantageous over
the BBA one.

8 Conclusions

We presented a block based algorithm (BBA) that provides a
stable approximated solution to recover signals and images
that are blurred and noised. The solution is provided by a
spline function, which is a linear combination of orthonor-
mal wavelet packets that are related to different resolution
scales and frequency bands. The introduction of diversity of
spline wavelet packets enables to have flexible adaptation of
the algorithm to the available data satisfying desirable prop-
erties of the solution. The adaptation is achieved automati-
cally. The only a priori information needed is noise estima-
tion, which is discussed in Sect. 5.1.4. The Spline Harmonic
Analysis technique, which perfectly fits to convolution prob-
lems, enables to have an explicit construction of a diverse
library of spline wavelet packets and yields powerful tools
for fast implementation of the algorithm.
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Fig. 13 Lena. Top left:
Original; Top right: Blurred
Lena by a kernel with STD = 3
and corrupted by noise with
STD = 2, PSNR = 25.56.
Bottom left: Restored Lena by
SRA, PSNR = 28.25. Bottom
right: Restored Lena by BBA,
PSNR = 28.61. Spline wavelet
packets of the fourth order from
2 scales were used

The basic idea of the method is to implement the regu-
larized deconvolution of signals (images) separately in dif-
ferent frequency bands by assuming that the relative por-
tions of the coherent signal and noise are different in dif-
ferent frequency bands. Representation of a signal (image)
in a variety of frequency bands is achieved by its expan-
sion with orthonormal bases formed from translations of the
spline wavelet packets. The spectra of these wavelet packets
are close to rectangular and form a variety of splits of the
signal’s frequency domain. An optimal split is achieved by
using the Best Basis scheme (BBA). Additional adaptation
abilities stem from varying orders of the involved splines
and the depths of the decomposition. Another adaptation
scheme is implemented via the so-called Block Pursuit algo-
rithm (BPA), which, to some extent, is related to the Match-
ing Pursuit method.

The conducted experiments prove the efficiency of the
algorithm for solving the general problem of deconvolved
noised signals (images). In addition, it was even efficient in
the two extreme cases: 1. Denoising of the object, which was
not convolved. 2. Deconvolution of an object when noise is
not present. Since the presented methods extend the classi-
cal Tikhonov regularization method, we compared their per-
formance with the performance of the standard regularized
deconvolution method (SRA) (implemented by the Matlab

function deconvreg). In all the experiments, the BBA
produced better visual quality and higher PSNR in compar-
ison to SRA performance. The advantage of the BBA was
overwhelming in the pure deconvolution experiments and in
the experiments on the reconstruction of severely damaged
images. However, in this latter experiments, BPA produced
better results than BBA. It was achieved at the expense of
much heavier computational load. While the processing of a
512 × 512 image by BBA requires from a fraction to a cou-
ple of seconds (depending on the kernel’s passband and the
depth of decomposition), BPA processing on the other hand
took minutes.

We tested the dependency of the results on the splines
orders and on the decomposition depth. In most deconvo-
lution experiments, the best results were achieved by us-
ing of cubic splines (fourth order), which was not the case
in the denoising experiments. A theoretical investigation is
needed to explain these phenomena. In our opinion, the rea-
son is the structure of the spectra of the wavelet packets
(see Figs. 1–4). In the pure deconvolution experiments, BBA
achieved the best results by using the wavelet packets from
one or two finest resolution scales, while BPA involved three
to five scales. BBA did the same in the experiments when
noise was present.
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Fig. 14 Lena. Top left:
Original. Top right: Blurred
Lena by kernel with STD = 2
that was buried in noise with
STD = 10, PSNR = 24.79.
Bottom left: Restored Lena by
SRA, PSNR = 27.88. Bottom
right: Restored Lena by BBA,
PSNR = 28.29. Spline wavelet
packets of the fourth order from
4 scales were used

Fig. 15 Fingerprint. Top left:
Original. Top right: The affected
fingerprint image by adding
Gaussian noise with
STD = 200, PSNR = 2.1
(N200). Bottom left: The
fingerprint was convolved with a
Gaussian kernel with STD = 10,
PSNR = 15.71 (C10). Bottom
right: The fingerprint was
convolved with a Gaussian
kernel with STD = 2 and
affected by Gaussian noise with
STD = 100, PSNR = 7.87
(C2N100)
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Fig. 16 Fingerprint. Top:
Restoration from the input
N200. Left: SRA,
PSNR = 16.42. Right: BBA,
PSNR = 17.84. Second from
top: Restoration from the input
C2N100. Left: SRA,
PSNR = 17.06. Right: BBA,
PSNR = 18.48. Second from
bottom: Restoration from the
input C10. Left: SRA,
PSNR = 16.53. Right: BBA,
PSNR = 20.25. Bottom: BPA,
PSNR = 21.6

The designed library of spline wavelet packets supplied

with an efficient implementation scheme can serve as a tool

in many other applied problems where an adaptive split of

the frequency domain is needed. One of such application is

acoustic pattern recognition [3, 4].
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