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A generic technique for construction of a ternary interpolatory subdivision schemes,
which is based on polynomial and discrete splines, is presented. These schemes have
rational symbols. The symbols are explicitly presented in the paper. This is accompanied
by a detailed description of the design of the refinement masks and by algorithms that
verify the convergence these schemes. In addition, the smoothness of the limit functions is
investigated. The ternary subdivision schemes, whose construction is based on continuous

splines, become tools for fast computation of interpolatory splines of arbitrary order at
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1. Introduction

Subdivision started as a tool for efficient computation of spline functions. Now, it
is an independent subject with many applications. It is being used for the devel-
opment of new methods for curve and surface design, approximation, generation
of wavelets and multiresolution analysis and also for solving some classes of func-
tional equations. Many research paper have been written over the years on various
subdivision schemes including binary subdivision schemes.

12,13 where it was showed that

Ternary subdivision schemes were investigated in
there exists a family of three and four point ternary subdivision schemes, whose limit
functions belong to C* and C?2, respectively. They used finite refinement masks and
showed that the fundamental functions, which were generated by ternary subdivi-
sion schemes, have smaller support than their binary counterparts. For continuity
analysis of the ternary schemes, they used the generating function formalism tech-
nique that was developed in !.

A generic technique for construction of different interpolatory binary subdivision
schemes, which are based on polynomial and discrete splines, was introduced in 3.
These schemes have rational symbols and infinite masks but they are competitive
(regularity, speed of convergence, computational complexity) with schemes that
have finite masks. Exponential decay of the basic limit functions of schemes with
rational symbols is proved in 3. This property guarantees the convergence of such
schemes on initial data of power growth. A similar approach resulted in construction
of a diverse library of wavelet and frame transforms, which proved to be efficient in
signal and image processing applications 456,

In the present paper, we investigate univariate Ternary Interpolatory Subdivi-

sion schemes (TISS) that are derived from continuous and discrete interpolatory

splines. Our analysis extends the technique that was developed in 123 for binary
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schemes. We present a detailed analysis that enables to verify the convergence and
the smoothness of TISS. We also show how to derive refinement masks from contin-
uous and discrete splines. A fast algorithm for computation of interpolatory splines
of arbitrary order at triadic rational points is described.

The paper is organized as follows. Basic notation and fundamentals of subdivi-
sion schemes are given in section 2. Section 3 presents the main results on TISS.
Sections 4 and 5 show how to design refinement masks and how to implement the
corresponding TISS. Examples of spline-based TISS are given in section 6. The Ap-
pendix describes how to evaluate the coefficients of TISS with infinite masks using
the discrete Fourier transform. In addition, the scheme for verifying the convergence

of TISS is also presented in the Appendix.

2. Notation and fundamentals of interpolatory subdivision schemes

Interpolatory subdivision schemes (ISS) are refinement rules, which iteratively refine
the data by inserting values that correspond to intermediate points. This is done
by using linear combinations of values in the initial points, while the data in these
initial points are retained. Non-interpolatory schemes also update the initial data
in addition to the inserted values in intermediate points. Stationary schemes use
the same insertion rule at each refinement step. A scheme is called uniform if its
insertion rule does not depend on the location in the data. To be more specific, a
univariate stationary uniform subdivision scheme with ternary refinement, denoted
by S,, consists of the following: The function {f*}, which is defined on the grid
Gk = {j/3k}jeZ: fF(5/3%) = fF, is extended onto the grid G**! by filtering the
array {ff};.7 to become:

f]kﬂ = Zajfglflk. (2.1)
1eZ

This is one refinement step. The next refinement step employs f]’-chl

as an initial
data. The array a = {ay }, .7 is called a refinement mask of a subdivision scheme S.
We assume that the series >, <7, ak is absolutely convergent. A subdivision scheme

S with the refinement mask a is denoted by S,. The z-transform of a mask a is

defined by a(z) = Y, 7 axz". It is also called the symbol of S,. Throughout the
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paper, we assume that z = e ™. We work with infinite masks and assume that
there exist Laurent polynomials T'(z) and P(z) such that the symbol is
T(z)
_ k _
a(z) = Z agz” = PG
kel
If S, is interpolatory then ag = 1 and agr = 0 for all k € Z, k # 0.

The sequence of the values f]’-c at level k is represented by its z-transform Fj(z) that
is formally defined as Fj(z) = ZjeZ fjkzj. Equation (2.1) implies that

k—1 _
Fis1(2) = a(2)Fe(2%) = Fipa(2) = Fi(z*) [ alz®). (2.2)
1=0

The TISS Eq. (2.1) can be split into:

:ﬁﬂ = fik )
b = sz asiar L
Definition 2.1. Given an initial data £© = {f?} € £1, j € Z, denote by f*(t) the
sequence of polygonal lines (second order splines) that interpolate the data generated
by S, at the corresponding refinement level { f¥(37%5) = f]k =Sk}, jez . If
{f*(t)} converges uniformly at any finite interval to a continuous function f*(t),
as k — oo, then we say that the subdivision scheme S, converges on the initial data
O and f>°(t) is called its limit function. If S, converges for any f° € £y then S, is
called the convergent TISS.

3. Convergence and regularity of TISS with infinite masks
3.1. Preliminary results

We restrict the admissible initial data to the sequences f = {f]o} € (1, j €Z. The

symbol a(z) = T'(z)/P(z) is subject to the following requirements:

P1: The Laurent polynomials P(z) and T(z) are symmetric about inversion:
P(z71) = P(z), T(27') = T(z). Thus, they are real on the unit circle
|z] = 1.

P2: The roots of the denominator P(z) are real, simple and do not lie on the unit

circle |z| = 1.
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P3: The symbol a(z) is factorized as follows:
a(z) = (L+27" +27%)q(2), q(1) = 1. (3.1)

In the sequel, we say that a subdivision scheme S, belongs to the class P if its
symbol a(z) possesses the properties P1- P3.

The above properties imply that the coefficients a; of the mask of the scheme
S, of the class P are symmetric about zero. If P1 and P2 hold then P(z) can be

represented as follows:

1 _ _
P)=J] = +ma)A+mmz"), 0<|nl<lpl<..|lnl=e?<1 g>0.

n

(3.2)

Proposition 3.1. If the symbol of a scheme S, is a(z) = T(z)/P(z) and Eq. (3.2)
holds then the mask satisfies the inequality |a;| < Ae 9l where A is a positive

constant.

Proof: Assume that the degree t of T'(z) is less than the degree p of P(z). If Eq.

(3.2) holds then the symbol can be represented as follows:

T AT_}'; AT_L T oo
Z()z S E

n=1 n=1 7=0

*Z z]Jra 2! Z/ﬁ 'ynj,a ZA
where
o] <l Y IAY < Aem, o] | < |yl Y|4, < Aem 9. (3.3)
n=1 n=1

If ¢ > p then a polynomial of degree ¢t —p is added to the expansion (3.3). Obviously,
this addition does not affect the decay of the mask a(j) as j tends to infinity. H

Lemma 3.1. Let S, be the subdivision scheme whose symbol is a(z) = T'(2)/P(z)
and the Laurent polynomial P(z) satisfies the properties P1 and P2. If Eq. (3.2)
holds then for any finite initial data f° the following inequalities

fF < A emo3 (3-4)

hold, where Ay, are positive constants.
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Proof: The mask of the scheme S, decays exponentially, i.e. |a;j| < Ae™9/. Due
to Eq. (2.2), Fi(2) = a(2)Fo(23) = T1(2)/Pi(2), where T}(z) £ T(2)Fy(z3) and
Py(2) = P(2). Hence, the roots of Pi(z) are p} = —v,, 1 <n <r, and, therefore,

| fj1| < A; e 99, The next refinement step produces the following z— transform:

_ Th(z)
PQ(Z)’

The roots of Py(z) satisfy the inequality |p2| < ¢/|y.] = e9/3. Hence, 1171 <
Age™99/3 Then, Eq. (3.4) is derived by induction. B

Fy(2) = a(2)Fy(2?) Py(2) = P(2)P(2®).

Denote A fj’.C 2 Jkﬂ — fj’-C and the z-transform of the difference sequence {A fj’-“}
by Qi(2). Then, Qx(2) = (271 — 1) Fi(2).
Proposition 3.2. If Eq. (3.1) holds then

Qr+1(2) = q(2)Qr (%) (3.5)

Equation (3.5) implies that there exists a ternary subdivision scheme of differ-

ences Sy defined by:
Sq A= "giaAfl. (3.6)
1eZ

Denote by F(z; f) the z-transform of a sequence f 2 {f;}- Then, the z-transform of
the difference sequence A f = {Af;}is F(z;Af)=(z"1=1)F(z; f) and F(2;S.f) £
a(z)F (5 f).

We get

F(z;AS.f) = (271 = 1)F(2;Sof) = (27 = Da(2)F(2%; f)

Thus, A(S.f) = S,Af.
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TISS originated from the second order (first degree) interpolatory
splines We define the values f51% as the values at the points (i + 1/3) 37* of the

piece-wise linear spline, which interpolates the data f¥ on the grid {S_ki}. Then,

k+1 _ rk

31 - Jq

RTINS SR

k
fsi =% fF+3- ffa

2 2
A (22 4+2+1
Fin(2) = aun(@) B, aun() 2 EEZE (37)

3.2. Convergence of subdivision schemes
k A k
Denote || f*||c = max; 7 [f;*|. Then, we have

A
15 e < 1Sl loes where 180 2 maxd S lagel 3 Jaseals 3 laseral
kel kel kel

After L refinement steps, the following inequality holds

17 e < ISEN Nl where [SEI S max$ D7 Jaf [0 80 n=0,..,851,
keZ
(3.8)
and aLL] is the mask of the operator S whose symbol is alfl(z) =
a(z),...,a(z3"7").

Theorem 3.1. Let S, be a TISS of Class P and S, be the subdivision scheme of
differences defined by Eq. (3.6). The scheme S, converges if for some L € N

1Sl = i < 1. (3.9)

Remark A subdivision scheme whose norm satisfies the inequality (3.9) is called

contractive.

Proof: Recall that f¥(t) are the second order splines that interpolate the subse-
quently refined data f*(37%i) = f¥ i € Z, where the initial data is {f2}. We prove
that {f*(t)},cyz is a Cauchy sequence that is for a given € > 0 there exists Ny € N
such that for all n,m > Ny: sup, g [f"(t) — f"(t)] <e.

We can write f™(t) — f™(t) = Y7} DF1(t), where DF1(t) = FEEL() — £R(2).
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Denote g5 = fF, g5ty = (ffy +2fF)/3, 938y = (2fF + fF1)/3. From Eq.
(3.7) we have Gji1(2) = auin(2)Fi(2), where ajin(2) = 2% (2724271 + 1)2/3.
The maximal absolute value of the piecewise linear function D**1(t) at the interval

[3=%i,37%(i + 1)] is reached at its breakpoints. Therefore,

[DM ()] < max {|[ £ — g5 (| (1F570 — ositll}
sup [D*F1(8)] = sup |71 (1) — g1 () = [/ = g e (3.10)

teR te
From Eq. (3.1), we have a(z) = (272 + 27 + 1)q(2), ¢(1) = 1. Thus, q(2) —
(242" +1)/3= (27" = 1)r(2), r(2) = 3,7, ™m2" and we have

Fry1(2) — Gra1(2) = a(2) Fi(2”) — auin(2) Fi(2°)

=2+ 4 1) (g(2) - (Z;gm)Fk(zS) =2+ 27 4 )27 = Dr(2)Fre(2?)
= (277 = Dr(2)Fs(2°) = 7(2)Qu(2°) (3.11)

where Q(2) = (Af*)(z). The rational function r(z) has the same denominator as
a(z) and, by Proposition (3.1), the coefficients |r,,| < Ce=9"l, g > 0. Therefore,
Ir(2)] <2,e7 |rnl = R < 0o. Equation (3.11) implies that
FE =gttt = g AL (3.12)
jGZ
By combining Egs. (3.10) and (3.12) we get

sup [ (1) — g" 1) = I = 0 Moo = 11D ricai Al

te]R jEZ
<Dl A oo = R 1A oo = R- (1S5 AF|oo-
nGZ
Using Eq. (3.9), we obtain
n—1
sup [£7(t) — f™ ()] = sup | D [FFE) — R0 = sup| Z [FEPH () — ¢ @)
teR teR p=m

< Zsup\f’““() g <R ZIIS‘“AfOHOOS ZRuL~max A< AT,

k=mteR k=m k=m

wheren:uf<1, A>0,n>L. 1

The proof of the next proposition is straightforward.
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Proposition 3.3. If TISS S, converges on the initial data f° and f* = S, f*1
then

Jim Adf* = 0. (3.13)

Remark The key practical problem in the application of TISS algorithms with infi-
nite masks is the evaluation of the sums of the coeflicients in (3.9). We present in the
Appendix a method to evaluate the coefficients via the discrete Fourier transform

and an algorithm for verifying the convergence of such subdivision schemes.

Basic limit function

Definition 3.1. Let S, be a convergent TISS. Assume that the initial data is the
Kronecker delta £° = {6(k)}, .z Then, the limit function p(t) = 52 fO(t) is called
the basic limit function (BLF).

If the mask of the subdivision scheme is finite then its BLF exists and has a
compact support. This is not the case for the schemes with infinite masks. However,
for the class of TISSs that we deal with, the BLF's exist and decay exponentially

when their arguments grow.

Theorem 3.2. Let S, be a TISS of Class P and S, be the subdivision scheme of
differences defined by Eq. (3.6). If for some L € N, the inequality (3.9) holds, then
there exists a continuous BLF @,(t) of the scheme S,, which decays exponentially
as t — oo. Namely, if (3.2) holds then for any e > 0 a constant ®. > 0 exists such
that the following inequality |4 (t)| < ®.e~ 9=t holds.

A similar fact about the binary ISS has been established in 2. The proof of the
statement for the TISS almost literally coincides with the proof in the binary case
provided in 3. Therefore, we omit it in the present paper. We also refer to 2 for the

proof of the following fact.

Corollary 3.1 (3). Assume that TISS S, satisfies the conditions of Theorem 3.2.
Then, for any initial data f© = {f](-)}jeZ, the limit function f°°(t) can be represented
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by the sum
SO =) flealt =), (3.14)
J

where @, (t) is the BLF of the scheme S,.

3.3. Smoothness of the limit functions

In this section, we establish conditions for a TISS to produce a limit function that

possesses some number of derivatives.

Lemma 3.2. Assume that the support supp(¢) of a function ¢ € C(R) is compact
and the identity ), 7 (x —i) = 1,z € R, holds. If S, is a convergent TISS then

Jim. %(Skf% P35 — ) = 5®fO(1). (3.15)
je

Proof: We evaluate the difference

en(@) 2137 (5%10); w(8bz — ) — 5% f0(x)] = | Y 1(S*£0); — 5= 1O (@) (3% — )]

jel jel.
<D ONSHS0); = 8= OB e — ) + D 1S O(B7F) — 8% O () |[v(3%a — )
jel. jel
= > 1S3 = 2 @) [ 3k — j)l,
JE kK,

where gr, = {j : 3¥2 — j € supp(¥)) A j € Z}. Due to compactness of supp(1)),
[4x, is a finite set. For j € gk, x —37%j = y € 3 Fsupp(¢). Due to the uniform
convergence of S, at the interval Q, s = {y : ||z — Y|l < 0} and due to the
continuity of S f0(x), for any € > 0, there exists N(e, (2, s5) such that ex(z) <
eM||Y]|oo, Yk > N(€,Qy5). A

>

We introduce the divided differences (df*); = 3EAfE = 3%( ]k+1 — [, &=
3k AT fE,

It follows from Proposition 3.2 that if S, is a TISS, whose symbol a(z) is fac-
torized as a(z) = (1+ 271 + 272)q(z), ¢(1) = 1, then the subdivision scheme S,
such that

dfFtt = S wdf* (3.16)
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has the symbol all(2) = 3q(2) = 3a(2)/(=~2 + =~ +1).
Denote
a(2) 2 3a()) (=2 + 2 +1)7 U2 2 allz)/ (=2 4 2 4 1) = ab I (z)3, j=0, 1.
(3.17)

The function ¢Vl(2) is the symbol of the subdivision scheme of differences S

Adﬁ_H = ZZGZ qg]—mAdf'

Lemma 3.3. Assume that the subdivision scheme Sq[j+1] is contractive. Then, the

scheme S,;) is contractive as well.

Proof: Consider the case when L =1 in Eq. (3.8). Assume

+1 +1 +1
1Sgu+n oo = max § S 1a5 M, ST g S Iabhi, P <u<
icl icl icl

From to Eq. (3.17),

a[j+1](z) — q[j+1](z) (272 R 1) — al[j+1] _ [J+1] + q[J+1] 1[121]'

Hence,

+1 [i+1] j+1 +1
Z“J ]|—Z| g +q3]k 1+q:[s]k2]

1€Z ZEZ
j+1 [7+1] +1
< SIS 3 1+ S 165 <
1€Z ZGZ 1€Z

We have similar estimations for the sums . _» |a;,::~_11\ and ), 7 \ag,:rlﬂ Thus,
[1Sai+1lloo || < 3p. But, by definition, gl/)(z) = ali+1(2)/3 and we have ||S,1[|oo|| <
n <l

The proof for L > 1 is similar.ll

Corollary 3.2. Assume that S, is a TISS, whose symbol a(z) is factorized as

a(z) = (%Z_H)ma[m] (z), al™(0) = 3. (3.18)

If the subdivision scheme S, is contractive then the schemes S,u, j = 1,..,m

and S, are convergent.
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Proof: The convergence of S, follows from Theorem 3.2 and Lemma 3.3.1

Theorem 3.3. Assume that S, is a TISS of class P whose symbol is factorized as
in Eq. (3.18) and the subdivision scheme Sq[m] is contractive. Then, S, converges on

any initial data f° € 1y to the limit function S°f° € C™ and

dm o0 o0 m
Moreover, for j = 1,..,m, the scheme S, with the symbol all(z) =

(3/(2’2 +27t+ 1))J, satisfies
di

Sund(SE0) = & (SEHL 1)), S, 10 = 2822 . (3.19)

Proof: The convergence of S, and S,i1, j = 1, .., m, follows from Corollary 3.2. We
prove the theorem for m = 1. Assume that the initial data ¢" = § is the Kronecker
delta. Then, p* = S¥§ and p> = (), which is the BLF of S,. From (3.16) dp**+1 =
S, mdp*. We introduce the sequence of the second order splines {gk(az)}kez, z €R,
which interpolate the subsequently refined data g*(37%5) = dgoé?, J € Z, while the
initial data is {d@Y}. Since S,n is convergent, the sequence of functions { g¥(x)}, 7
at any finite interval converges uniformly to a limit function g = S%,Aé € C(R).
Define the piecewise constant function h*(z) 2 (de®);, 37Fj <z <37F(j+1), j€
Z.
It is clear that

9" (@) = h*(2)] < [|Ade®]|,

and, from Eq. (3.13) we get that h*(x) converges uniformly to g(x). All the func-
tions considered here decay exponentially and that | [“_ g(t)dt — [ h¥(t)dt| <
I lg(t) — R*(t)|dt,. Thus, the sequence {[*__h¥(t)dt : k € Z} converges uni-
formly to the function ffoo g(t)dt. From the definition of h*(x) we get
| = Y (stauete - i)
- jel
where ¢(z) = 1 — |z|,x € [-1,1]. Since S, is convergent, Lemma (3.2) im-

plies that [“_ R*(t)dt converges uniformly to ¢(x) , and, therefore, @(z) =
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7 g(t)dt, Lo(z) =g(z) = S°5Ad € C(R). We conclude from (3.14) that for all
the initial data f© € ¢1, (3.19) holds with m = 1. The proof for m > 1 is similar.l

4. TISS derived from interpolatory splines

In this section, we present two families of TISS of type P, which are derived from
the continuous and the discrete interpolatory splines.

The subdivision scheme, which originated from continuous splines, is presented
in 4. In the present paper we briefly outline this scheme. The subdivision scheme,

which is based on discrete splines, will be described in more details.

4.1. TISS based on continuous splines

We denote by &P the space of polynomial splines o?(z) of order p (degree p — 1)
defined on the uniform grid g° 2 {k}, k € Z, such that the arrays {S?(k)}, k € Z,
belong to I;. The refinement mask of the subdivision scheme is derived from the

following:

Continuous Spline Triadic Insertion Rule (CSTIR): We construct on the
grid g’ 2 {k:3_j} ,7=0,1,..., k € Z, a spline S7, which interpolates the sequence
2 {fg} on the grid g’/. Then,

[T =87 (k3797Y), kel

In this section, we use a signal processing terminology in which refinement masks
designate a filter.

Note that the value of a spline at any point can be expressed as a linear com-
bination of its values at grid points. In other words, any value f,zﬂ can be de-
rived by some filtering of the sequence /. We present explicit expressions for these
filters for splines of arbitrary order. Moreover, it turns out that for any j € N,
f]g =59 (kS_j) , k € Z. Thus, we obtain a fast algorithm for computing the val-

ues of a spline from &”, which interpolates the sequence f* on the grid g° at triadic

rational points {k:3_j} , keZ.
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4.1.1. Interpolatory splines

The centered B-spline of the first order is the characteristic function of the interval
[—1/2,1/2]. The centered B-spline of order p is the convolution MP?(z) = MP~!(z)x*
MY (z) ,p>2.

The B-spline of order p is supported on the interval (—p/2,p/2). It is positive
within its support and symmetric about zero. The B-spline MP consists of pieces
of polynomials of degree p — 1 that are linked to each other at the nodes such that
MP € CP~2. Nodes of B-splines of even and odd orders are located at points {k}
and {k + 1/2}, k € Z, respectively.

The explicit representation of a B-spline is

0= gy S (1) (4597

where ¢ = (t + |t|)/2. Shifts of B-splines form a basis in GP. Namely, any spline
oP(z) € GP has the following representation:

oP(z) =Y qp MP(x — k).

kEZ

The z—transform of the sampled B-spline

UP(z) £ Y 2F MP(k) (4.1)
kel
is a Laurent polynomial, which is symmetric about inversion. Its roots are real,

simple and do not lie on the unit circle |z| = 1 (see 1911)

. This polynomials UP(z)
can be calculated explicitly for any order p of the splines.

Assume that the values of the spline at the grid points SP(k) = fy, k € Z. The
z—transform is Y, 7 2% SP(k) = q(2)UP(z) = f°. Thus, the z—transform of the

coefficients of the spline, which interpolates the data f° is

0 z
q(z) = (J;p((z)) :

4.1.2. Subdivision with refinement masks derived from continuous splines

When the subdivision is implemented according to CSTIR where continuous splines

are involved, the symbol of the schemes can be presented explicitly.
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Theorem 4.1 (). The symbol CP(z) of the TISS S%., which is generated by

CSTIR with a continuous interpolatory spline of order p, is

(271 4+ 14 2)PUP(2)
3p=1UP(23)

CP(z) = ; (4.2)

where the Laurent polynomial UP(z) is defined in Eq. (4.1). The scheme S%, is of
type P.

The symbol CP(z) can be represented in a polyphase form:

OP(z) = 3 F e = 207, (%) + CJ(%) + 7 OO (),

kel
A A
Cy(z) = Z 2" ey Chi(2) = Z 2 Chrt1-
keZ keZ

Respectively, the z-domain representation of the subdivision step is

FFHR) = CP () fH(2%) = 250 (2°) + f5 () + 27 (D),
fTI:L(Z) = ng(z)fk(z)’ m= _170’ L.

The scheme SZ is interpolatory, therefore, C{(z) = 1. Due to the symmetry of
UP(2), CP(2) = C2y(z71).

Examples of symbols:

Linear spline:

_ z+4+ 2
C¥z)=C?(z7) = 3 (4.3)
14 2°1)?
C2(2) = 102 +1 4 202, () = CHIET) ;Z )

This is a single symbol in the family, whose mask is finite. All the masks,
which were derived from splines of higher orders, are infinite but exponen-
tially decaying.

Quadratic spline:

(z+6+z_1) (z—|—1+z_1)3
9(z3+6+273) ’

_ 252 + 46 4+ 271
Ciz)=C2(z71) = 9z+6+2 1)

(4.4)

C3(2) =




June 3, 2010 12:24 WSPC/WS-IJWMIP 3SD11-paper

16 A.Z. Averbuch, V.A. Zheludev, G.B. Fatakhov, E.H. Yakubov

Cubic spline:

(z44+20)(z+14271)" 2% 4 60z + 93 + 82!

CH(z) = Ci(z) = CL(z7) =

27 (22 +44273) ’ 2T (z+4+271)

Spline of fourth degree:
224762 +230+ 7627 +272) (2414 271)°
81 (26 4 7623 + 230 + 7623 + 276) ’

62522 + 115162 + 16566 + 239621 + 272
81 (22 +762+230+76z"1+272)

C%(2) = (

Ci(z) =C% (1) =

Spline of fifth degree:

(224262 +66+262"" +272) (2 + 1+ 271)°
243 (25 + 2623 4 66 + 26273 + 276) ’
23 + 101822 + 10678z + 14498 + 29336271 + 32272
243 (22 + 262 4 66 + 262=1 + 272) '

C%(z) =

Ci(z) = C%(71) =

Convergence: An important fact about TISS S% originated from continuous in-
terpolatory splines is established in 4. Namely, it was proved that values of the
spline oP(z) at any set of triadic rational points oP(k377) can be calculated by

successive applications of the CSTIR to the initial data array f°.

Theorem 4.2 (). Assume that the spline of(z) belongs to &P, ob(k) = fY and
0 = {fg} € ly. Let CP be the mask, whose symbol is defined by Eq. (4.2). Assume
that for j € N, fI = {f,g} is the array whose z-transform is derived from the
relation FIT1(2) = CP(2)F7(23). Then, of(k377) = fl, jeN.

Corollary 4.1. The TISS S¢, which is generated by CSTIR with the continuous
interpolatory spline of order p, converges to the spline of (), which interpolates

the initial data array of(k) = fp.

Recall that splines of order p have p — 2 continuous derivatives.

Remark If the initial data is the delta sequence fP = §(k) then we get f,g =
LP(k37") where LP(z) is the fundamental spline in the space &P, which, on the
other hand, is BLF of the TISS SZ. It decays exponentially. Therefore, we can
extend the assertion of Theorem 4.2 from splines belonging to &GP to splines that

interpolate sequences of power growth.
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Remark Theorem 4.2 provides an efficient algorithm for fast calculation of the

interpolatory spline at triadic rational points.

4.2. Refinement masks originated from discrete splines

In this section, we use a special type of the so-called discrete splines for the design
of the refinement mask. The discrete splines are defined on the grid {k}, 7 and
they are the counterparts of continuous polynomial splines. The discrete splines
were used in 7% for the construction of wavelets and wavelet frames.

The refinement mask of the subdivision scheme is derived from the following:

Discrete Spline Triadic Insertion Rule (DSTIR): On the grid {k}, 7, we
construct the discrete spline df (k) of order p with the base N' = 3 such that d¥ (3k) =
fl, k € Z. Then,

i, =d&@k+r), r=-101keZ (4.5)

4.2.1. Discrete B-splines

The sequence

L lifj=0,...,N—1, N eN,
By(j) = .

0 otherwise
is called the discrete B-spline of the first order, whose base is IN. Higher order
B-splines are defined as discrete convolutions by the recurrence BY, = B * Bﬁfl.

Obviously, the z-transform of the B-spline of order p is
BR(z) = A4zt 4224 42Ny p=12. ...

Since N = 2M +1 is odd, then we can introduce the so-called the centered B-spline
to be

2 = (2D}, (1) £ BR (14 Mp) < RB(2) = (zM + ...+ 2 M)P,

4.2.2. Interpolatory discrete splines

In our construction, we use discrete splines with the base N = 3 and drop the

index -y in the notation of the B-spline. Thus, 7?(I) and RP(z) will stand for
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R (1) and R (z), respectively. Similarly to continuous splines, a discrete spline
d? = {d”(l)},.7 of order p on the grid {3n} N is defined as a linear combination
with real-valued coefficients of shifts of the centered B-splines:
()2 3" ha?(1-3n) & DP(2) = H(z*)R?(2).

Denote by 72(1) £ (r+3l), r = —1,0,1, the polyphase components of the discrete
B-spline. Then, the polyphase components dP({) = dP(r+3l), r = —1,0,1, of the
discrete spline dP(l) are

@12 Y her?(1-3n) & DY(z) = H(2)RE(2), r = —1,0,1.  (4.6)
Proposition 4.1 (7). The component R} (z) is symmetric about the inversion z —
1/z and positive on the unit circle |z| = 1. All the components RE(z) have the same

value at z = 1:
RP(1) = RE(1), r=-1,1. (4.7)

The scheme for designing the refinement masks, which uses discrete splines, is
similar to the scheme that is based on continuous splines. We construct the discrete
spline d?, which interpolates the data x = {z(l)},.7 on the sparse grid {3/} and
calculate the values of the constructed spline at the points {3/ £1}. Using Eq. (4.6),

we find the z-transform of the coefficients of an interpolatory spline to be

(1) = 2(l) & DE(z) = H(2)RE(2) = X(2) = H(z) = gg(é))- (4.8)
The z-transforms of d? is
P(z) = H(z)RP(2) =TP(z z pzéRg(Z)
Di(2) = H(2)R}(2) = T7(2)X(2), T7(2) RG) (4.9)

Equation (4.7) implies that TP(1) = 1.
In order to calculate the polyphase components RP(z), we have to solve the
following system:
RP(2) = Ry(2%) + 2 RV, (%) + 271 - R{(2%)
RP(z- e2m‘/3) = RA(2%) 1 pe2mi/3, RP (%) 4oy lem2mi/3 RY(2%)

RP(z- e 2m/3) = RE(2%) + 2e~27/3 . RP (%) + 2~ 1e2™i/3 . RP(:3).
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Thus,

p D( . . 27Ti/3 D( s . ,—2mi/3

Rg(z3):R(z)+R(z e )+ RP(z-e )
3
D D(~ . 527i/3),—27i/3 D( s . p—2mi/3\ 27i/3
R’il(z?’):z_lR (z) + RP(z-¢ Je +RP(z-¢ Je (4.10)
3

R;i)(ZS) _ ZRp(Z) +RP(Z . 62‘11'z/3)€27r1/3 _|_Rp(z . 6_27”/3)6_27”/3.

3
We define the symbol of the refinement mask of TISS derived from the discrete

splines of degree p to be

TP(2) = 2T (2%) + 14 27 'TP(23)

where
7, () = R"ipli(z?’) R+ R ezm/?))efz_mm 4 RP(z- 6:277_1*/3)6%2‘/3
R{(2°) RP(2) + RP(z - €27i/3) 4 RP(z - e—27i/3)
I A

RP(z)=(z+1+4+1/2)".

Hence, it follows that
_ 3RP(z) + (RP(z - €2™/3) + RP(z - e=2™/3)) (1 + 2 cos &)
RP(z) + RP(z - €>™/3) + RP(z - e=27/3)
B 3(z+1+1/2)P
(z+141/2)P + (e27i/32 + 1 4 e~ 2mi/3 /2)P 4 (e=2mi/3z 41 + e27i/3 /)P

T7(2)

Proposition 4.1 implies that the derived subdivision schemes belong to Class P.

4.2.3. Ezamples of refinement masks derived from discrete splines

Linear TISS, p=2:

24z 241/z
T2, = 222 72 ) = 22U
3 3
T2y = GFLEZ)
3
Quadratic TISS, p=3:
3(2+ 2) 32+1/z2)
TP4(2) = ————, T° ="
1,3(2) P+ T+ 1/ 7173(2) 741/
—1\3
T3(Z):(Z+1+Z )

234 T+ 23
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Cubic TISS, p=4:

1/z+16 + 10z z+16+10/z

T4 _ 4 _

13(2) 4z4+19+4/2" ~13(2) 4z +19+4/2
1 —1\4

T4(Z) _ (Z+ +z )

4273 4194423

5. Implementation of TISS originated from splines

From the signal processing point of view, implementation of TISS is an iterated
filtering coupled with the upsampling of the initial dats sequence f°. The derived
symbols of the subdivision masks serve as the transfer functions of the filters. The
masks serve as the impulse responses (IR) of the filters. All the derived filters except
for the filters derived from the second order splines have infinite IR (IIR). But, since
the transfer functions are rational and do not have poles on the unit circle, filtering
can be implemented in a fast recursive way. We briefly outline the implementation
procedures. In 3, it is discussed in more details.

There are two ways to implement the derived subdivision schemes: polyphase

and direct filtering.

5.1. Polyphase filtering

One way is to implement the filter ® = {®r}, k € Z, is by using the so-called
polyphase representation of the filter:
B(z) = 20_1(2%) + D (2) + 27101 (%), @,(2) 2 Zz*kfbgkﬂ, r=—1,0,1.
keZ

Then, the polyphase representation of the array f7*! is

FI(2) = 2P (%) + BT (D) + 2 (D),
Fit (2) 2> 2 =@ (2)F(2), r = -1,0,1.
keZ
Thus, in order to retrieve the sub-arrays { fg,j ¢11}7 we have to filter the array
f,ﬂ} with the filters whose transfer functions are ®11(z), respectively. Recall that

j+1

3k flz}
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Example: Implementation of the filter C?

The z-transform of these filters given in Eq. (4.4) is:

C3(z) = 252 +46+z2"1 o 252446+ 271

9(z+6+2"1  9(1+az)(l+azt)

where a@ = 3 — 2v/2 ~ 0.172. Then, application of the filter T? to a data array
f = {fx}, whose z-transform is F'(z), is implemented as a subsequent application of

the three filters:
C=0,0,0-f

The filters are defined by their z-transforms:

1 1
14+ az"t’ 1(2) 14+ az

U(z) = % (252 446+ 271), W, (2)
Thus, filtering is carried out in three steps:

F}(z) = W()F() <= J} = G (25ua +46f + fier)
F2(2) = W2 P! () = (Lt az ) F2(2) = F'(2) = [ = fi iy,

G(2) = U (2)F?(2) <= (1 4+ a2) G(2) = F?(2) <= gx = ¥ — agrs1-

The filter ¥ has finite IR (FIR) unlike the filters ¥; and ¥,.. Application of the filter
U, is called a causal recursive filtering. Here, for the calculation of the term f,?,
the previously derived term f7_, is exploited. Application of ¥, is called anti-causal
recursive filtering. All these procedures are implemented in a fast way. Computation
of splines of higher orders uses filters, which are factorized into longer cascades of
the same structure.

How to choose the initial values for recursive filtering was shown in 7. Here we
use this result.

d
frfA+d (~a)"fa

n=1
d
gn =[x+ Z(_a)an—n
n=1

where d is the prescribed initialization depth.
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5.2. Dairect filtering

Equation (4.2) suggests that, when several steps of the subdivision with continuous
splines carried out, a direct application of the filter TP is preferable. It follows from
Eq. (4.2) that

UP(2)[Ti (== + 1+ 2%)P

Ur(2%) 'FO(Z3j)-

FIH(z) = C7(2)-F7(2%) = 1:[ P23 FO(zY) =
=1

For example,

P(2)(z 1 2)P(z73 23)P (279 29P
Fo(py = LT+ )(Up(;i)+ PET 12 pogeny,

Thus, the subdivision is implemented via the following steps:

(1) The IIR filter with the transfer function 1/UP(z) is applied to the data array
£,

(2) The produced array is upsampled® and filtered with a FIR filter, whose transfer
function is (27! + 1 + 2)P (repeated j times).

(3) The produced array is filtered with a FIR filter whose transfer function is U?(z).

Note that in this case, the IIR filtering is applied only once.

6. Examples of spline-based TISS

In this section, we provide the results about the convergence and smoothness of the

TISS that were originated from quadratic and cubic discrete splines.

Quadratic interpolatory discrete spline
The symbol of the TISS S, is

(z+1+271)3
BHT4273 0

a(z) =
The symbol of the appropriate scheme of differences is :

a(z)

2724271417

q(z) =

aUpsampling means replacing an array {ax} by the array {ax} such that asx = ax and agx+1 = 0.
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The algorithm, which verifies the convergence of TISS, is used. We get |[S]]| =
0.6 < 1, therefore, the quadratic TISS S, is convergent. From the algorithm, which
verifies the rate of smoothness, we get HS;[”H =0.6 < 1. Thus, S, € C*.

Cubic interpolatory discrete spline

The symbol of the TISS S, is

a(z) = (z+1+2z71)4
T 423419442737

The symbol of the appropriate scheme of differences is :

a(z)

==

Since [|S,|| = 0.52223 < 1, the cubic TISS S, is convergent. From the algorithm,
which verifies the rate of smoothness, we get ||Sq1[2]|| = 0.81818 < 1. Thus, S, € C?.

Fig. 6.1. The basic limit functions: Left: quadratic discrete spline TISS. Center: cubic discrete
spline TISS. Right: linear spline TISS
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Appendix: Evaluation of coefficients of subdivision masks via the

discrete Fourier transform

Assume L =1 in Eq. (3.9). L > 1 is treated similarly. Assume that N = 2P, p € N.

The discrete Fourier transform (DFT) of an array P = {xi}fc\':/ ’ N/2 and its inverse
(IDFT) are
N/2 N/2
&P = Z e 2mhn/Ngb and ab = % Z e2mikn/Ngb. (6.1)
k=—N/2 k=—N/2

We assume that z = e~*. The coefficients of the masks decay exponentially, i.e.

0o o'} 0o N-1
1— N—-1
<= S < 3t a (S ) (2 - M)
k=1

k=N k=N k=1 L=y l—n
(6.2)

where B = A/(1—7), 0 < v < 1 and A is some positive constant. We need to

evaluate the sums

(o]
Sap = Z lask+pl, p € {—1,0,1}.
k=—c0
Denote
— T 671-0 ° i
A(9) = a(e—) = P((e—i@; =3 age
k=—oc0

The function A is calculated at the discrete set of points

00 00 N/2—-1 0o

an :A(%Tn) — Z 6727rzkn/Nak _ Z 6727rzn(k+lN)/Nak — Z < Z 6727Tzrn/Nar+lN)
k=—o00 k=—o00 r=—N/2 Il=—o0
1eZ
N/2—1 0o
_ Z e—27rzrn/N( Z arJrlN)
r=—N/2 l=—oc0

o
Or = Z Apr4IN = Qp +f¢)r7 wr - Z Qr 4N

l=—o0 1eZ)\0

From Eq.(6.2) we get

[t < 2BaN = lar| = |or] —i—a,],v, |aiv\ < 2B~N. (6.3)
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The samples ¢y, are derived from the application of IDFT:

N/2—1

Op = — E e27rikn/Ndn.
n=—N/2

By using Eq.(6.3), we can evaluate the sums that we are interested in as follows:

N/4—1 N/4-1

oo
Sap =Y laserol+2 D lasktpl = D> leskrnl + o,
k=—N/4 k=N/4 k=—N/4
N/4-1 0o
PN = Z |aé\;€+p| +2 Z |ask+pl, [on| < B(N+2)7N-
k=—N/4 k=N/4

Hence, it follows that by doubling N we can approximate the infinite series Sy ;, by
the finite sum ofl\fp = ,Ij:/ 671\11/ 4 |93k+p|, whose terms are derived from the appli-
cation of the DFT. An appropriate value of N can be derived theoretically using
estimations on the roots in the denominator. Practically, we can iterate the cal-
culations by gradually doubling N until the result from calculating agz becomes
identical to aé\{p (up to a machine precision). The same approach is valid for the

evaluation of the sums ; \qéﬁ)J_J for any L.

The algorithm that verifies the convergence of S, with the mask a(z):

(1) Compute: ¢(2) = a(2)/(z72 + 271 + 1).
(2) set gi) = q(e2"™/N), N=2¢, peN, —N/2<n< N/2—1.
(3) Verify that S,z is contractive:
for L=1,...M
(a) fori=0,...3L -1
Compute {K;}3 0" s Ki=3 105, il ~ SNV ese,—il,
where ¢ = N~} ng:];m e%"ki/NZ]iLL] for N sufficiently large.
(b) If max{K;} <1, 0<i<3l -1
then S, is contractive, therefore S, is convergent. Stop!
else
compute %LH) _ q(L+l)(e—27rin/N)’

where ¢(Lt(2) = [[71) q(z* "), N=27, pe N, -N/2<n < N/2-1.

(4) If after M iterations .S; is not contractive. Stop!
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