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ABSTRACT
Motivation: Maximum likelihood (ML) is an increasingly pop-
ular optimality criterion for selecting evolutionary trees. Yet the
computational complexity of ML was open for over 20 years,
and only recently resolved by the authors for the Jukes–Cantor
model of substitution and its generalizations. It was proved
that reconstructing the ML tree is computationally intractable
(NP-hard). In this work we explore three directions, which
extend that result.
Results: (1) We show that ML under the assumption of
molecular clock is still computationally intractable (NP-hard).
(2) We show that not only is it computationally intractable to
find the exact ML tree, even approximating the logarithm of
the ML for any multiplicative factor smaller than 1.00175 is
computationally intractable. (3) We develop an algorithm for
approximating log-likelihood under the condition that the input
sequences are sparse. It employs any approximation algorithm
for parsimony, and asymptotically achieves the same approx-
imation ratio. We note that ML reconstruction for sparse inputs
is still hard under this condition, and furthermore many real
datasets satisfy it.
Contact: tamirtul@post.tau.ac.il

1 INTRODUCTION
Understanding the origin and evolution of extant and extinct
species is a fundamental scientific quest. Today, phylogenetic
trees are widely used as the accepted evolutionary model, and
are mostly based upon molecular sequences (amino acid or
DNA) data. The space of candidate trees grows exponentially
with the number of species, implying that even on modern
computers an exhaustive search over all trees is infeasible
(except for few species, no more than ∼20).

Two frequently used reconstruction criteria are maximum
parsimony (MP) and maximum likelihood (ML). But are
they solvable in a computationally efficient manner? MP
was proved intractable almost 20 years ago (Day et al.,
1986). The analogue question for ML remained unsolved.
This created a strange situation, because most practitioners
believe that ML is computationally harder than MP. Namely,
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computer programs running on the same sets of sequences
tend to take much longer to solve ML than MP. Yet ML
remained ‘unclassified’, leaving the existence of an efficient
ML algorithm a possibility.

In Chor and Tuller (2005), we resolved this question (the
full version is available from http://www.cs.tau.ac.il/∼bchor/
and http://www.cs.tau.ac.il/∼tamirtul/). We showed that ML
on phylogenetic trees is indeed computationally intractable,
or NP-hard. Important ingredients in that work are the quantit-
ative relations between MP and ML, which were investigated
in Tuffely and Steel (1997). These relations are also used in
the present work.

In this paper we explore three extensions of the intractability
result. First, we show that even when restricting the trees to
satisfy the molecular clock assumption, ML reconstruction
remains computationally hard. Even though molecular clock
is violated for general phylogenetic trees (Goodman, 1981),
it seems to hold for cases of closely related species (Yoder
and Yang, 2000; Gaunt and Miles, 2002; Margoliash, 1963;
Zuckerkandl and Pauling, 1962, 1965). Furthermore, it was
widely used in reconstruction of phylogenetic trees (e.g. Nei
et al., 2000; Graur and Li, 1999). This stronger hardness
result sheds further light on the intractability of ML, which
remains invariant under certain restrictions, such as molecular
clock.

We then investigate the hardness of ML approximation, and
show it is is NP-hard to approximate log-ML within any factor
1 + ε where ε < 0.00175. The value ε = 0.00175 is indeed
rather small, but this preliminary result suffices to show that
ML reconstruction does not have a polynomial time approx-
imation scheme (Papadimitriou, 1993). It is challenging task
to find larger ε. As to an upper bound, in contrast to parsi-
mony, where a factor 2 approximation is known, no constant
factor approximation algorithm for log ML has been found
so far.

Finally, we develop an approximation algorithm for log ML
under a sparseness condition on the problem’s input. Given
an A approximation algorithm for parsimony, our algorithm
achieves the same A approximating ratio for log-ML asymp-
totically (for long enough input sequences). We note, however,
that ML reconstruction is still computationally hard even for
sparse inputs. To the best of our knowledge, this algorithm
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is the first such with provable performance guarantees for
approximating log-likelihood under any reasonable, general
restriction. We demonstrate a few results of running our
algorithm on synthetic and real datasets.

2 MODEL, DEFINITIONS AND NOTATIONS
In this section we describe the model and basic definitions that
we will use later.

Definition 2.1. [Phylogenetic trees and characters
(Tuffely and Steel, 1997)] A phylogenetic tree on n leaves is a
tree T = (V (T ), E(T )) having no vertices of degree two, and
such that each leaf (degree one vertex) is given a unique label
from [n] = {1, . . . , n}. For convenience, we identify each leaf
with its label. A non-leaf vertex is called an internal vertex.
A function λ : [n] → {0, 1} is called a state function for T ;
if λ̂ : V (T ) �→ {0, 1} is such that λ̂ agrees with λ on the
leaves of T , then λ̂ is called an extension of λ (on T ). In
a similar way we define the functions λk : [n] �→ {0, 1}k and

λ̂k : V (T ) �→ {0, 1}k . This last function is called a labelling

function for T . If λ̂k(v) = s, we say that the s is the label of
vertex v.

Given a labelling λ̂k , let de(λ̂k) denote the number of dif-
ferences between the two labels at the endpoints of the edge
e ∈ E(T ).

Definition 2.2. [MP score] LetS = [s(1), s(2), . . . , s(n)] ∈
{0,1}n×k be a set containing n binary strings of length k. Let

T be a binary tree with n leaves. Let λ̂k : V (T ) �→ {0, 1}k be a
labelling function for T that agrees with S on the leaves. The

parsimony score for T and the labelling, pars(S, λ̂k , T ), is

the value of
∑

e∈E(T ) de(λ̂k) for this labelling. The MP score

for S is pars(S) = minλk ,T pars(S, λk , T ). The ‘MP tree (s)’
for the set S is a tree (or trees) and labelling that attain this
minimum score.

In the likelihood setting, the basic model we use is the Neyman
(1971) two-states model. For a tree T , let p = [pe]e∈E(T )

(0 ≤ pe ≤ 1/2) be the edge probabilities vector. According
to the model:

• The probability of a net change of state (from ‘1’ to ‘0’
or vice versa) occurring across the edge e (a ‘mutation
event’) equals pe (the ‘edge mutation probability’ of e).

• Mutation events on different tree edges are independent.

• Different sites mutate independently.

Let S = [s(1), s(2), . . . , s(n)] ∈ {0,1}n×k be the observed
(given) sequences of length k over n taxa (n leaves). The
likelihood, L(S|T , p), of observing such S, given the tree T

with r ≤ n−2 internal nodes and the edge probabilities vector

p is defined as

L(S|T , p) =
k∏

i=1

∑
a∈{0,1}r

∏
e∈E(T )

m(pe, Si , ai), (1)

where a ranges over all combinations of assigning char-
acters states (0 or 1) to the r internal nodes of T . This
notion of ML is termed maximum average likelihood in Steel
and Penny (2000). Each term m(pe, Si , ai) is either pe or
(1 − pe), depending on whether in the i-th site of S and a,
the two endpoints of e are assigned different characters states
(and then m(pe, Si , ai) = pe) or the same characters states
(and then m(pe, Si , ai) = 1 − pe). The ML solution(s) for
a specific tree T is the point (or points) in the edge space
p = [pe]e∈E(T ) (where 0 ≤ pe ≤ 1/2) that maximizes the
expression L(S|T , p). The global ML solution(s) is the pair
(or pairs) (T , p) maximizing the likelihood over all trees T of
n leaves and all edge probabilities p (see, Felsenstein, 1981;
Steel, 1994; Tuffely and Steel, 1997, for more details). It is
easy to see that by site independence, an equivalent way to
define the likelihood of observing S in the weighted tree T is:

L(S|T , p) =
∑

λ∈{0,1}k×r

∏
e∈E(T )

pde(λ)
e · (1 − pe(λ))k−de(λ) (2)

For the hardness results for ML, our reductions are from
a ‘gap’ version of vertex cover problem on specific graphs
(degree three graphs) (Berman and Karpinski, 1999). Given
an input to the vertex cover problem, G = (V , E), we gen-
erate a set of string, S, as input to our ML problem. The first
string in S consists of the all zeros string, that is,

00...0...00︸ ︷︷ ︸
k

and for every edge e = (i, j) ∈ E there is a string S(e):

i−1︷ ︸︸ ︷
00..00 1

j−i−1︷ ︸︸ ︷
00..00 1

k−j︷ ︸︸ ︷
00..00︸ ︷︷ ︸

k

where only the i-th and the j -th characters are set to 1. We
call these strings ‘edge strings’. We point out that the trans-
formation itself (from the graph G to this set of sequences) is
identical to the one for MP by (Day et al., 1986).

In Chor and Tuller (2005) we show that if L is the likelihood
of the ML tree, n is the number of vertices in the original graph,
m is the number of edges in the original graph, and c is the
size of the smallest cover, then as n → ∞,

− log(L)

(m + c) log(n)
→ 1.

In particular, this gives an inverse relation between likeli-
hood and minimum cover size: larger L implies smaller c,
and vice versa.
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Fig. 1. Canonical and non-canonical trees.

Canonical trees, or variants of them, play an important role
in the proof of this relationship. We say that a tree has a
canonical form if the following properties hold (see Fig. 1):

Definition 2.3.

1 There is an internal node (called the ‘root’ for clarity,
even though the trees are unrooted) that has the all
zero leaf as a son, and the edge-probability of the edge
going to this leaf is 0.

2 All leaves are at depth either 1 or 2 from the root.

3 If a leaf is at depth 2 from the root, then the subtree
that contains that leaf has two or three leaves. In this
case, all two or three sequences at the leaves share a
‘1’ in the same position. We denote subtrees with 1, 2,
or 3 leaves by TC1 , TC2 , and TC3 , respectively.

We will also deal with the trees TC1 , TC2 , and TC3 in isolation,
detached from a canonical tree. In this case, the detached node
is labelled by the all 0 vector, in accordance with the situation
when it is connected to the canonical tree.

3 RESULTS
3.1 Molecular clock
Let pe denote the ‘edge mutation probability’ of an edge,
e. In a standard Poisson model, qe = − 1

2 ln(1 − 2 · pe) is
the expected number of mutations along an edge e. Unlike
the pes, the qes terms are additive (along paths in the tree),
so qe is usually taken as the ‘edge length’ of e (Hendy and
Penny, 1993). The transformation pe � qe is invertible, as
pe = 1

2 · (1 − e−2·qe ). The probability that the character states
differ at the endpoints of a path � in a tree, equals p� =
1
2 · (1− e−2·q�), where q� is the sum of qe values of the edges

in � (Hendy and Penny, 1993). Under the molecular clock
assumption, trees contain an internal node (‘root’) such that
the distance from each leaf to the root is the same. Let

q1 = −1

2
· ln(1 − 2 · p)|p= 2

n
= −1

2
· ln

(
1 − 4

n

)
,

and q2,3 = q1/2 = − ln(1 − 2 · p2,3)/2.

Our molecular clock trees will have distance q1 from the root
to each of the leaves. The edges are of lengthq1 orq2,3. The fol-
lowing lemma shows that for n large enough, p2,3 is arbitrarily
close to 1/n.

Lemma 3.1. p2,3 = (1/n) + O(1/n2).

Proof. p2,3 = 1
2 · (1 − √

1 − (4/n)). Using Taylor series
expansion, we get

√
1 − (4/n) = 1− (2/n)+O(1/n2). Thus

p2,3 = (1/n) + O(1/n2).

The likelihood of the best tree under molecular clock is upper
bounded by the likelihood of the ML tree. By the results of
Chor and Tuller (2005) and the relation above, we show that
the likelihood of the best tree under the molecular clock is not
too low, compared to the likelihood of the ML tree. We get
the desired NP-hardness result for ML tree under molecular
clock using these two relations.

In our proof, we modify a canonical tree to fit the molecular
clock assumption. We start from an original, canonical tree
that does not satisfy the molecular clock assumption. In the
modification, the decrease in the log-likelihood is relatively
small. For a canonical tree TCa, let T 1

Ca denote a tree with the
same topology as TCa, such that the length of all the edges in
its TC2 and TC3 subtrees equals q2,3, the edges’ lengths in its
TC1 subtrees are q1, and the length of the edge going from the
root to the all zero leaves is q1 (and not 0 as in Definition 2.3).
Since the distances of all the leaves from the root in T 1

Ca is
q1, this tree satisfies the molecular clock condition. Let p1

Ca
denote these edges probabilities, and let p∗

Ca denote the best
edge probabilities for a canonical tree with the same topology
as T 1

Ca. We will show that for every ε there is an n0 such that
for n > n0:

1 >
log(Pr(S|TCa, p∗

Ca))

log(Pr(S|T 1
Ca, p1

Ca))
> (1 − ε).

In Chor and Tuller (2005) we showed that for n large enough,
there is a canonical tree whose log-likelihood is close to the
log-likelihood of the ML tree. Given such a canonical tree,
we have two additional steps in our proof. At first, we change
the length of the edge from the root to the all zero string to q1.
Then we change the length of the edges in all TC1 subtrees to
q1, and in all TC2 and TC3 subtrees to q2,3 (in these subtrees,
paths from a leaf to the root have two edges). After these two
changes, the distances of all the leaves from the root is q1. We
will show that these two stages cause relatively small decrease
in the log-likelihood. Let TCa be a canonical tree, let T 0

Ca be
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a tree identical to TCa, except the length of the edge from
the root to the all zero leaf is changed to q1 (instead of 0 as
in TCa).

Lemma 3.2. For every ε > 0 there is an n0 such that for
n > n0:

Pr(S|T 0
Ca, p0

Ca)

Pr(S|TCa, p∗
Ca)

≥ 1

e2
− ε.

Proof. Let h denote the vertex that is the common root of
T 0

Ca and TCa. Then

Pr(S|T 0
Ca, p0

Ca)

=
∑

s∈{0,1}n

Pr(S|h = s, T 0
Ca, p0

Ca)

=
∑

s∈{0,1}n

Pr(0n|h = s) · Pr(S\{0n}|h = s, T 0
Ca, p0

Ca)

> Pr(0n|h = s) · Pr(S\{0n}|h = 0n, T 0
Ca, p0

Ca)

= Pr(0n|h = s) · Pr(S|p∗
Ca, TCa)

=
(

1 − 2/n − O(1/n2)
)n · Pr(S|p∗

Ca, TCa)

= (e−2 − ε) · Pr(S|p∗
Ca, TCa).

Corollary 3.3. By Lemma 3.2

log(Pr(S|p0
Ca, T 0

Ca)) = log(Pr(S|p∗
Ca, TCa)) + O(1)

Lemma 3.4. The optimal edge length for each TC1 is 2/n.

Proof. By direct calculations.

By combining Lemma 5 from Tuffely and Steel (1997),
which describes a connection between the log-likelihood and
the parsimony score of a tree, together with direct (though
somewhat tedious) calculations, we get the following:

Let T MC
C1

denote a tree identical to TC1 , but whose its edge

length is q1. Let T MC
C2

, T MC
C3

denote trees identical to TC2 ,
TC3 , respectively, but whose edges’ length is q2,3. Recall
that all these trees have one leaf labelled 0n. Let MLMC

1 (n),
MLMC

2 (n), MLMC
3 (n) denote the log-likelihood of these trees,

respectively.

Lemma 3.5. There are constants d1, u1, d2, u2, d3, u3

(which do not depend on n) such that for all n:

1. −2 · log(n) + d1 ≤ MLMC
1 (n) ≤ −2 · log(n) + u1.

2. −3 · log(n) + d2 ≤ MLMC
2 (n) ≤ −3 · log(n) + u2.

3. −4 · log(n) + d3 ≤ MLMC
3 (n) ≤ −4 · log(n) + u3.

Theorem 3.6. ML under molecular clock is NP-hard.

Proof. Let TCa be a canonical tree with degree d of
the root. By Theorem 4.8 in Chor and Tuller (2005), the

log-likelihood of TCa is −(m + d) · log(n) + θ(n). The log-
likelihood is the sum of log-likelihoods of the various subtrees.
From Lemmas 3.2, 3.4, and 3.5, the log-likelihood of T 1

Ca is
−(m + d) · log(n) + θ(n). Thus for every ε there is n0 such
that for n > n0

log(Pr(S|TCa, p∗
Ca))

log(Pr(S|T 1
Ca, p1

Ca))
> (1 − ε).

Let TML and p∗
ML denote the ML topology and edge probab-

ility, respectively, for our inputs, by theorem 5.9 in Chor and
Tuller (2005) for every ε there is n0 such that for n > n0 :

log(Pr(S|TML, p∗
ML))

log(Pr(S|TCa, p∗
Ca))

> (1 − ε).

Thus Theorem 5.9 in Chor and Tuller (2005) holds even when
replacing TCa by T 1

Ca. We can use this last relation to show
that ML for trees under molecular clock is hard.

3.2 Hardness of approximating ML
NP-hard problems greatly differ in their approximabilities
(Ausiello et al., 1998). In this section, we prove that it is
NP-hard to approximate ML on phylogenetic trees to within
any multiplicative factor smaller than 1.00175. Our starting
point here is a gap vertex cover problem (Karpinski, 2001) that
was also used in Chor and Tuller (2005). It is known that the
following gap vertex cover problem, GAP − VC3, is NP-hard
(Karpinski, 2001): Given a degree 3 graph G = (V , E), does
it have a vertex cover smaller than 144n/284, or is every ver-
tex cover larger than 145n/284, where n = |V |, m = |E|.
(For vertex covers in the intermediate range there is no
requirement.)

Using this VC gap, we derive a gap for log ML using the
fact that if G has a cover of size c then the log-likelihood of
the reduction strings is (1 + o(1))(m + c) log n. For degree
3 graphs, m ≤ 3n/2. Denoting by [c�, cu] the gap interval, this
yields a [(1 + o(1))(m + c�) log n,(1 + o(1))(m + cu) log n]
gap for log ML. Dividing the right-hand side by the left-hand
side, the ratio is at least (3/2+145/284)/(3/2+144/284) >

1.001754, implying that approximating log-likelihood to
within 1.001754 is hard.

Definition 3.7. Gap problem for log-likelihood, gap −
log − ML[L1, L2]

Input: A set of sequences, S, two negative numbers, L1

and L2.
Question: Does S have a tree with log-likelihood larger than
L1, or is the log-likelihood of each tree smaller than L2?
(In case the log ML is in the intermediate range, there is no
requirement.)

Let n denote the length of the strings in the ML problem, let m
denote the number of strings in the ML problem, let ε denote
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an arbitrary small positive number. Let

Ld(ε) = −(1.5 · n + 145n/284) · log n · (1 − ε),

and let

Lu(ε) = −(1.5 · n + 144n/284 · n) · log n · (1 + ε).

Theorem 3.8. For every ε > 0 the gap problem GL −
ML[Ld(ε), Lu(ε)] is NP-hard.

Proof. Given an instance < G = (V , E) > of gap−VC3,
we use the same input set to our problem as in the reduction
in Chor and Tuller (2005). By our construction, since G has
degree 3, any cover is of size �(n) = �(m). By Theorem 5.11
of Chor and Tuller (2005), if there is a vertex cover of size
|C| in G then the maximum log-likelihood of the tree for this
ML instance is

−(|E| + |C|) · log n + O((n · log n)/(log log n)).

Thus for every ε > 0 there is an n0 such that: For all n > n0,
if every vertex cover in G is of size ≥(145/284) then the
log-likelihood of every tree in our reduction is

≤ −
(

1.5 · n + 145

284
· n

)
· log n · (1 − ε).

If there is a vertex cover in G of size ≤144/284, then there is
a tree with log-likelihood ≥−(1.5 ·n+ (144/284) ·n) · log n ·
(1 + ε). Let

Ld2(ε) = −
(

m + 145

284
· 2 · m

3

)
· log m · (1 − ε), and

Lu2(ε) = −
(

m + 144

284
· 2 · m

3

)
· log m · (1 + ε).

Claim 3.9. Since in the reduction in Theorem 3.8, 2m/3 <

n < 2m, we can use the same reduction to show that GL −
ML[Ld2(ε), Lu2(ε)] is NP-hard.

3.3 Approximation for sparse inputs
In this section, we consider a special type of inputs, termed
sparse, under the Jukes–Cantor substitution model (Jukes and
Cantor, 1969; Tuffely and Steel, 1997). We give an algorithm
that finds a tree structure which approximates maximum log-
likelihood for this model. Assuming an efficient local ML
algorithm for optimizing the edge length of a given tree,
the resulting tree approximates maximum log-likelihood for
sparse inputs. The high level of the approximation is as fol-
lows: We first run the approximate parsimony algorithm,
producing an ‘initial tree’. Now, we identify one of the edges
going to one of the leaves as a root. While the tree has a
large subforest (large will be defined soon), we uproot such
a subforest and connect all its components directly to the
root. When we terminate, the modified tree has only small

000..011010

0010000000

001000:000

:1000000::

11:0001:00

11000:1001

100100100.

0:00000101

.000...00101

0.....001..111

k

n

)k(f1
'1'

)k(f2 '1'

Fig. 2. Sparse input the for ML problem.

subforests hanging off its root. We now run the local ML
algorithm on this tree. The resulting weighted tree is the
output, and we claim its log-likelihood approximate log ML.

Definition 3.10. Let n, k, c denote the number of input
strings, the length of these strings, and the number of possible
characters states, respectively. An input for the ML problem
is sparse, if the following properties hold (see Fig. 2, where
x = 0): There are two slow functions of k, f1, f2 : N �→ N ,
and a character state, x, such that every input string has a
few characters that differ from x, and every site has a few
characters that differ from x. More precisely

1. each string contains no more than f1(k) sites whose
state is different from x;

2. in each site there are no more than f2(k) strings whose
state at the site is different from x;

3. the functions f1, f2 satisfy f 5
2 (k) · f 2

1 (k) = o(log(k)).1

We note that the strings generated by our reduction from ver-
tex cover are sparse with respect to the functions f1(k) =
2, f2(k) = 3. Consequently

Observation 3.11. ML for sparse inputs is NP-hard.

Lemma 3.12. Given a sparse input for the ML problem
under the Jukes–Cantor substitution model, we can translate
it to an equivalent sparse input, where one of the input strings
is the all zero string.

Equivalence means the same likelihood. We omit the (easy)
proof.

Lemma 3.13. The parsimony score for a tree with n

different strings at its leaves is at least n − 1.

Proof. Omitted.

1The third condition can be relaxed: for every ε > 0, f 4+ε
2 (k) · f 2

1 (k) =
o(log(k)). We chose f 5

2 (k) to simplify the proof.
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In this section (unlike Section 3.1) the root is defined at dis-
tance zero from the all zero leaf. The following lemma will
be used for proving the approximation ratio of our algorithm.
The lemma suggests that for sparse inputs, there is a tree whose
log-likelihood is arbitrarily close to the log-likelihood of the
ML tree, and it can be rooted such that all the leaves in the
tree are relatively close to the root. To achieve this, we use a
process similar to the proof in Chor and Tuller (2005). Given
an ML tree, we uproot its subforests, and connect them to the
root. The main difference is the size of these subforests. In
Chor and Tuller (2005) their size is log log(k), while here we
will take them to be of size f 5

2 (k).

Lemma 3.14. Let S = [s(1), s(2), . . . , s(n)] be a sparse
input to the ML problem, where S1 is the all zero vector. Sup-
pose each site contains less than f2(k) non-zero characters,
and each string contains less than f1(k) non-zero characters.
Then there is a tree such that the size of each subtree rooted
at its root is at most f 5

2 (k), and for k large enough the ratio
of its log-likelihood and the log-likelihood of the ML tree is
arbitrarily close to 1.

Proof. We start with a general ML tree, and look for a
subforest whose size is in the range [f 5

2 (k)/2, f 5
2 (k)]. When

such a subforest is found, we uproot it and move it to the
root. We modify Theorem 5.7 in Chor and Tuller (2005),
by allowing f 5

2 (k) non-zero characters per site, instead of
3. We can now show that in each such step, the degrada-
tion in the parsimony score is at most 2(f2(k) + 1)4. By
a direct calculation, every such subtree has at most f 5

2 (k) ·
f1(k) non-zero characters. By Tuffely and Steel (1997), this
implies that in each step the log-likelihood is decreased by
at most

� = 2 log(k)(f2(k) + 1)4 + (f 5
2 (k) · f1(k))2.

The total log-likelihood decrease is at most L� ≤ 2n�/

f 5
2 (k), namely

L� ≤ 2n(2 log(k)(f2(k) + 1)4 + (f 5
2 (k) · f1(k))2)

f 5
2 (k)

.

Out of the k sites per string in the f 5
2 (k) leaves, at most

f1(k)f 5
2 (k) sites are non-zero. Thus for large enough k, the

MP tree for each subforest is its ML tree: by Lemma 3.13,
the total parsimony score of the final tree is �(n), thus the
log-likelihood of this tree, and of the ML tree is O(−n ·
log(k)). The proof follows since by the sparsity of the
input,L�/(n · log(k)) →0.

Corollary 3.15. For sparse inputs, a MP tree under
the constraint that each subtree, rooted at the root, has less
than f 5

2 (k) leaves, can be augmented with edge lengths to
give a 1 + o(1) approximation to the log-likelihood of input
sequences.

We propose the following algorithm, MLstruct, for finding an
ML tree structure, given an algorithm for approximating MP:

1. Find the topology of the approximate MP tree.

2. While the root has subtrees with more thanf 5
2 (k) leaves,

uproot subforests of size f 5
2 (k) and move them to the

root.

3. Use hill climbing or other local heuristic search for
finding the length q(e) of the edges in the resulting tree.

We can guarantee the algorithm will find a structure, such
that if the edge lengths are optimal the approximation ratio is
constant. We do not deal here with edge length optimization,
where the standard approach is local heuristic search.

The approximation ratio of the algorithm stems from
Corollary 3.15, the fact that log-likelihood ratio between
the most parsimonious tree and the tree our algorithm finds
in stage 2, is arbitrarily close to 1 for large enough k

and the approximation ratio of the parsimony algorithm
itself:

Lemma 3.16. Suppose the parsimony algorithm has
approximation ratio A, and the local ML hill climbing
algorithm is optimal. For k → ∞, MLstruct achieves an
approximation ratio

log(Pr(S|T MLstruct)

log(Pr(S|T ML)
→ k→∞A.

Proof. By Lemma 3.14 there is a tree such that the size of
each subtree rooted with the root is less than O((2·f2(k)+1)4)

and the ratio between the log-likelihood of the tree and the ML
tree is o((n · log(k) + L�)/(n · log(k))).

This is since we end up with a tree with log-likelihood
greater than �(n · log(k)), and the total decrease in the log-
likelihood is at most L�. According to Theorem 4.5 in Chor
and Tuller (2005) and by Tuffely and Steel (1997) the log-
likelihood of the tree , T ML

c , with the best likelihood under
the constraint that the size of each subtree rooted at the root is
O(f 4

2 (k)), is: Pars(T ML
c ) · log(k) + o(Pars(T ML

c ) · log(k)) =
�(n · log(k)).

The ratio between the parsimony of the truncated tree found
by the approximating algorithm and the tree with the best
parsimony under the constraint that the size of each subtree
rooted with the root is, at most, O((2 · f2(k) + 1)4, and is
bounded from above by:

n ·
(

1 + 2 · (f2(k) + 1)4

(f2(k))5

)/
n → 1.

Consequently, if we start with a tree whose parsimony score
is A · OPT, and k is large enough, we get approximation ratio
arbitrarily close to A for the log-likelihood.

Corollary 3.17. By using, for example, the
2-approximation algorithm of Bonet et al. (1998), we get an
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approximation algorithm for log ML for sparse inputs with
asymptotic approximating ratio of 2.

Let Cp(n, k) be the complexity of the algorithm for finding
the approximating MP tree. The complexity of finding the
structure of the approximate ML tree is

Cp(n, k) + O
(
f 5

2 (k) ·
(
n/f 5

2 (k)
))

= Cp(n, k) + O(n),

since we can find a subforest of size O(f 5
2 (k)) for uprooting

and moving to the root in O(f 5
2 (k)) time. The complexity of

finding edge length by hill climbing is discussed , for example,
in Hendy et al. (1994).

The suggested algorithm is only a general framework for the
actual algorithm. In practice, we apply the basic algorithm for
each of the leaves as the root (the all-zero sequence), and try
different sizes of the uprooted subforests, in order to increase
the likelihood of the tree compared to the initial tree (found
by the MP algorithm). We choose the final tree with the best
likelihood.

The overall complexity of the algorithm remains polynomial
even when applying these steps.

4 SIMULATED AND REAL DATASETS
4.1 Synthetic datasets
In order to evaluate our method we first used the following
procedure for generating synthetic datasets:

We chose a phylogenetic tree topology of five taxa (see
Fig. 3), and the two states model of Neyman. We repeated the
following step five times. Each time we changed the constant
maxe, which affects the number of constant positions in the
sampled dataset (we checked maxe in the range 0.1..0.5 ).

Repeat the following steps 100 times:

• Sample the length of each edge in the tree from the
uniform distribution [0, maxe].

• Sample sequences of length 10 000 sites.

• Construct a solution tree by our algorithm.

• Compare the likelihood of the constructed tree to that of
the ML tree, by checking all the possible tree structures.

The results are summarized in Table 1. For each dataset
(a different maxe, that is, different average number of constant
sites) we calculated: the failure probability of our method to
find the ML tree, the average ratio between the log-likelihood
of the tree of our method and the ML tree, and the worse ratio
between the log-likelihood of the tree our method find and
the ML tree. Our method had the best performances when the
percentage of constant sites is high (above 70%, correspond-
ing to maxe = 0.1), but became worse for lower percentage
of constant sites.

In the second test, we ran our method on synthetic datasets
of Hendy and Holland (2003). This dataset was constructed by
sampling trees which satisfy the molecular clock assumption.

1

5

32 4

Fig. 3. The tree used for generating Monte Carlo samples.

Table 1. The results of implementing our method on synthetic datasets

% Const sites 73 53 39 32 25

aver approx 1.00001 1.0004 1.0008 1.00005 1.0001
worse approx 1.0005 1.0389 1.0758 1.0027 1.0027
Prob 
= ML 0.02 0.03 0.06 0.04 0.04

We generated random datasets each with different ratio of constant sizes, the average
approximation ratio, worse approximations ratio, and calculated the probability of not
finding the ML structure for each dataset. Our method has the best performances when
the percentage of constant sites is high (above 70% or maxe = 0.1), but become worse
for lower rate of constants sites.

Table 2. The results of implementing our method on synthetic datasets of
(Hendy and Holland, 2003)

Topology Average approx Worse approx Prob 
= ML

Comb 1.001102 1.025427 0.478906
Fork 1.000170 1.018377 0.082715
Giraffe 1.000420 1.025712 0.226758

The dataset includes samples from different tree topologies
(Comb, Fork and Giraffe). For each topology we checked 256
different sets of parameters which are described in table 1 of
Hendy and Holland (2003). For each set of parameters we
sampled 10 inputs of lengths 100, 200, 400 and 800. We
emphasise that some of the inputs here were not sparse. For
each of the inputs we used our method, we compared the
likelihood of the constructed tree our method found to that
of the ML tree, by checking all possible tree structures. The
results are summarized in Table 2. For each dataset (which
was sampled from different tree topology) we calculated the
probability that our method does not construct the ML tree,
the average ratio between the log-likelihood of the tree our
of method and the ML tree, and the worse ratio between the
log-likelihood of the tree our method find and the ML tree.
Our method find trees—whose likelihood is very close to the
likelihood of the ML—tree, the average approximation ratio
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Pan troglodytes

Gorilla gorilla

Pongo pygmaeus
 Chlorocebus aethiops sabaeu

 Mus musculus

Fig. 4. The result of applying our algorithm for approximating the
log-likelihood. The input to the algorithm is the α fucosyltransferase
gene of five mammals.

is 1.001102, 1.000170 and 1.000420, for the Comb, Fork, and
Giraffe topologies respectively.

The next stage was comparing our method to PHYLIP:
We generated a few sparse datasets of 20 sequences and
compared the performances of our method to the perform-
ances of PHYLIP. For these datasets we got similar per-
formance, namely the two methods found trees with similar
log-likelihood.

4.2 Biological datasets
In this section we demonstrate the performances of our
algorithm on a biological dataset. The dataset includes
the α fucosyltransferase DNA sequences (length around
1400 bp). It was analyzed for the five species: Pan
troglodytes (chimpanzee, GenBank/EBI accession numbers
AB015634), Gorilla gorilla (gorilla, GenBank/EBI acces-
sion numbers AB015635), Pongo pygmaeus (orangutan,
GenBank/EBI accession numbers AB015636), Chlorocebus
aethiops sabaeus (vervet monkey, GenBank/EBI accession
numbers D87934) and Mus musculus (mouse, GenBank/EBI
accession numbers AF064792) (Apoil et al., 2000). We used
Jukes–Cantor model for DNA substitution. We applied the
package MEGA (Kumar et al., 1994) for finding the MP tree
structure (or approximation of it). The algorithm of Fitch
(1971) and the connection between the the log-likelihood of
a tree and the parsimony score of the tree due to Tuffely and
Steel (1997) were used for finding bounds on the quality of
the result (when compared to the log-likelihood of the optimal
tree). Given a tree structure, the lengths of the edges (qe) were
determined by hill climbing (as in other methods). The result-
ing tree is shown in Figure 4, the edges’ lengths in the figure
are scaled according to the edges length we found, and the
log-likelihood of the tree is −2655.705947.

In order to evaluate our result, we checked all the 15 possible
topologies for these datasets; for each topology we searched
the edge length spectrum for ML tree. We discovered that our
tree is the ML tree (of course, the algorithm itself does not
perform an exhaustive search).

5 DISCUSSION AND CONCLUSION
In this work, we further explored the computational and
algorithmic aspects of ML reconstruction of phylogenetic

trees. We showed ML is NP-hard even when restricted
to trees under molecular clock. We showed that there is
no efficient approximation algorithm for log-likelihood that
achieves approximation ratio lower than 1.00175 (unless
P 
= NP). We developed an ML approximating algorithm for
sparse inputs under the Jukes–Cantor model. The algorithm
achieves approximation ratio A for the log-likelihood, given
an algorithm for edge length optimization, and another
algorithm with approximation ratio A for parsimony. The
algorithm is of practical interest, since many biological data-
sets are sparse. Furthermore, by combining approximation
algorithms and heuristics, one may gain practical performance
that improves upon both.

It is interesting to compare our results, which establish the
computational hardness of ML reconstruction, to a number
of works in the PAC learning (Kearns et al., 1994) and the
phylogenetic algorithms communities (Erdos et al., 1999a,b;
Csuros and Kao, 2001). These works essentially show that
if data is sampled according to a ‘well behaved’ tree (edges
are neither too long nor too short), then with high probab-
ility the original tree can be efficiently reconstructed (up to
a small error in edges’ lengths), given only a short sample
size. Where, then, does the intractability of ML reconstruc-
tion stem from? If the data is sampled from a model that
substantially deviates from a tree, then these reconstruction
methods do not guarantee anything. Indeed, the ‘data’, or
sequences, in our reduction are not induced by a tree. But
what happens if the data is induced by a tree? It is well
known that ML is consistent, meaning that if the sample size
is large enough, the ML tree will be the original tree (Chang,
1996). But how large is ‘large enough’? The best upper bound
to date, by Steel and Szekely (2002), is exponential in the
number of species. If this bound is indeed tight, then ML
reconstruction may be hard even if the data is induced by
a tree. (Preliminary results that the likelihood function has
multiple maxima even for tree-generated data may support
such conjecture.) If, however, the truth is that a polynomi-
ally long sample size suffices to guarantee that the ML tree
will be the original tree with high probability, then the above
mentioned methods do in fact find the ML tree for such well
behaved data.

Interesting questions remain open. What about approxim-
ation algorithms of log-likelihood for general inputs? How
does our method perform for non-sparse inputs? It is desir-
able to identify regions of the sequence space where ML is
tractable. Here we ignored the complexity of finding edge
length for a given tree structure. But in actuality, it is not
even known what the complexity of the problem is where the
sequences and the unweighted tree are given, and the goal is to
find optimal edge lengths. In practice, local search techniques
such as EM or hill climbing seem to perform well, but no proof
of performance is known. Multiple maxima (Steel, 1994; Chor
et al., 2000) shed doubts on the (worst case) correctness of this
approach.
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