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Abstract

An arithmetic read-once formula (ROF for short) is a formula (a circuit in which the fan-
out of every gate is at most 1) in which the operations are {+,×} and such that every input
variable labels at most one leaf. In this paper we study the problems of identity testing and
reconstruction of read-once formulas. the following are some of the results that we obtain.

1. Given k ROFs in n variables, over a field F, we give a deterministic (non black-box)
algorithm that checks whether they sum to zero or not. The running time of the algorithm
is nO(k2).

2. We give an nO(d+k2) time deterministic algorithm for checking whether a black box holding
the sum of k depth d ROFs in n variables computes the zero polynomial. In other words,
we provide a hitting set of size nO(d+k2) for the sum of k depth d ROFs. If |F| is too small
then we make queries from a polynomial size extension field. This implies a deterministic
algorithm that runs in time nO(d) for the reconstruction of depth d ROFs.

3. We give a hitting set of size exp(Õ(
√
n + k2)) for the sum of k ROFs (without depth

restrictions). In particular this implies a sub-exponential time deterministic algorithm for
black-box identity testing and reconstructing of ROFs. As before, if |F| is too small then
we make queries from a polynomial size extension field.

To the best of our knowledge our results give the first sub-exponential time black-box identity
testing algorithm for the sum of (a constant number of) ROFs and the first polynomial time
identity testing algorithm for the sum of (a constant number of) ROFs, in the non black-box
setting.

Another question that we study is the following generalization of the polynomial identity
testing problem. Given an arithmetic circuit computing a polynomial P (x̄), decide whether there
is a ROF computing P (x̄). If there is such a formula then output it. Otherwise output “No”.
We call this question the read-once testing problem (ROT for short). Previous (randomized)
algorithms for reconstruction of ROFs imply that there exists a randomized algorithm for the
read-once testing problem. In this work we show that most previous algorithms for polynomial
identity testing can be strengthen to yield algorithms for the read-once testing problem. In
particular we give ROT algorithms for the following circuit classes: Depth-2 circuits (circuits
computing sparse polynomials), Depth-3 circuits with bounded top fan-in (both in the black-box
and non black-box settings, where the running time depends on the model), non-commutative
formulas and sum of k ROFs. The running time of the ROT algorithm is essentially the same
running time as the corresponding PIT algorithm for the class.

The main tool in most of our results is a new connection between polynomial identity testing
and reconstruction of read-once formulas. Namely, we show that in any model that is closed
under partial derivatives (that is, a partial derivative of a polynomial computed by a circuit in
the model, can also be computed by a circuit in the model) and that has an efficient deterministic
polynomial identity testing algorithm, we can also answer the read-once testing problem.
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1 Introduction

Let F be a field and C an arithmetic circuit in the variables x̄ = (x1, . . . , xn) over F. The output
C(x̄) is a polynomial in F[x1, . . . , xn]. Can we determine whether C(x̄) is the zero1 polynomial? This
is the well known polynomial identity testing problem (PIT for short). The celebrated Schwartz-
Zippel result [Zip79, Sch80] implies a polynomial time randomized algorithm for the PIT problem,
but the main question is whether we can do this deterministically. There are two scenarios in
which PIT is considered. In the black-box setting we can only access the unknown polynomial by
querying its values on inputs of our choice. Thus, a PIT algorithm basically gives a set of points
such that if the polynomial is non-zero then it must be non-zero on one of the points in the set
(such a set is known as a hitting set). The only information that we have about the polynomial is
that there exists a circuit of a certain form that computes it. In the non black-box setting we also
have the circuit computing the polynomial at our disposal, so the algorithm has much more power
in this setting. We shall consider both the black-box setting and the non black-box setting, and
will make clear when we consider each of the settings.

The problem of giving deterministic sub-exponential PIT algorithms is believed to be very
difficult. In particular it was shown that efficient PIT algorithms imply lower bounds for arithmetic
circuits [KI04, Agr05]. In view of the difficulty of providing sub-exponential deterministic PIT
algorithms for general arithmetic circuits, research focused on restricted models such as depth-2
and depth-3 circuits and non-commutative arithmetic formulas. It is a major open problem to give
sub-exponential time deterministic algorithms for PIT of bounded depth circuits and of multilinear
formulas.

The focus of this work is on models related to arithmetic read-once formulas (ROF for short).
An arithmetic read-once formula is a formula (a circuit in which the fan-out of every gate is at
most 1) in which the operations are {+,×} and such that every input variable labels at most one
leaf. Although read-once formulas form a very restricted model of computation they received a
lot of attention both in the boolean world [KLN+93, AHK93, BHH95b] and in the algebraic world
[HH91, BHH95a, BB98, BC98]. However, no deterministic sub-exponential time black-box PIT
algorithm for arithmetic ROF was known prior to this work. This sad state of affairs implies that
if we want to give efficient algorithms for bounded depth circuits or for multilinear formulas then
we should first try to find algorithms for read-once formulas. In view of this we study several
models related to ROFs and give new PIT algorithms for them. In particular, we give the first
deterministic sub-exponential time black-box algorithm for identity testing and reconstruction of
read-once formulas.

Theorem 1. There is a deterministic exp(Õ(
√
n)) time black-box algorithm for identity testing of

read-once formulas. In particular, this implies a sub-exponential time deterministic algorithm for
reconstruction of read-once formulas (that is, there is an algorithm that outputs a ROF comput-
ing the same polynomial). In case that |F| is too small we make queries to the black-box from a
polynomial size extension field.

In particular, we construct a hitting set of size exp(Õ(
√
n)) for read-once formulas, that also

enables the reconstruction of the formula. This result relies on the following theorem that studies
read-once formulas of relatively small depth.

Theorem 2. There is an nO(d) time deterministic algorithm for checking whether a black-box
holding an n-variate read-once formula of depth d (in the unbounded fan-in model) computes the
zero polynomial. In case that |F| is too small we make queries to the black-box from a polynomial

1As usual in this case, we ask whether C(x̄) is the identically zero polynomial and not the zero function over F.
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size extension field. As a consequence we also get a reconstruction algorithm of roughly the same
running time for depth d read-once formulas.

If fact, we prove the above theorem for the alternating model which is a generalization of the
(standard) unbounded fan-in model. The following result gives an efficient PIT algorithm (in the
non black-box setting) when the input is the sum of a small number of read-once formulas

Theorem 3. Given k read-once formulas in n variables, over a field F, there is a deterministic
algorithm that checks whether they sum to zero or not. The running time of the algorithm is nO(k2).

By combining ideas from the proofs of the previous theorems we are able to prove the following
theorems that strengthen the results of Theorems 1 and 2 2. Basically, the theorems show how to
perform black-box PIT when the input is a sum of a small number of read-once formulas.

Theorem 4. There is an exp(Õ(
√
n + k2)) time black-box deterministic algorithm for identity

testing for the sum of k read-once formulas. In case that |F| is too small we make queries to the
black-box from a polynomial size extension field.

Theorem 5. There is an nO(d+k2) time deterministic algorithm for checking whether a black box
holding a sum of k read-once formulas of depth d (in the unbounded fan-in model), in n variables,
computes the zero polynomial. In case that |F| is too small we make queries to the black-box from
a polynomial size extension field.

In fact we can generalize the previous theorems to the case where we have a sum of ROFs that
is read-k. That is, every variable appears in at most k of the formulas (see Definition 8.5).

Theorem 6. Let F =
∑̀

m=1
Fm be a read-k sum of ROFs. Then there is an exp(Õ(

√
n+ k2)) time

deterministic black-box PIT algorithm for F . If in addition we are guaranteed that the Fm’s are
depth d ROFs then there is an nO(d+k2) time deterministic black-box PIT algorithm for F . In the
non black-box setting there is an nO(k2) deterministic PIT algorithm for F .

In addition to giving PIT algorithms for models related to ROFs, we are interested in a gener-
alization of the problem, that we call the read-once testing problem (ROT for short).3

Problem 1. Given a circuit C (maybe as a black-box) computing some polynomial P (x̄), decide
whether P can be computed by an (arithmetic) read-once formula, and if the answer is positive then
compute the read-once formula for it.

This problem is a generalization of the PIT problem, as the zero polynomial is computable by
a read-once formula. Moreover, given a read-once formula it is easy to check whether it computes
the zero polynomial. Similarly to the PIT problem, there is an efficient randomized algorithm for
the read-once testing problem. Indeed by the results of [HH91] there is a randomized algorithm for
reconstructing read-once formulas, that are given as black-box, and then using the Schwartz-Zippel
randomized identity testing algorithm [Zip79, Sch80] we can check whether the read-once formula
that we computed, computes the same polynomial as the one in the black-box. The main question
is whether we can find an efficient deterministic algorithm for the read-once testing problem. We
show that if we have an efficient PIT algorithm for a circuit class M, that satisfy some closure
properties, then we can also solve the read-once testing problem for the class efficiently. Formally
we prove the following theorem.

2The reason for stating the theorems and their strengthening is that in order to prove the stronger theorems we
first have to prove Theorems 1 and 2.

3It may be more accurate to denote this problem as read-once testing and reconstructing, but for brevity we use
read-once testing.
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Theorem 7. Let M be a class of arithmetic circuits, that can compute any univariate linear
function (i.e. for every f = axi + b there is a circuit inM that computes it). Denote withMV the
class of circuits that contains all circuits of the form

C1 + C2 + C3 × C4,

where the Ci’s are circuits from L(M)4 and C2, C3 and C4 are variable disjoint. Assume that there
is a deterministic PIT algorithm that runs in time T (n, s), when given access (explicit or via a
black-box) to a circuit in n-variables, of size s, that belongs to MV . Then there is a deterministic
algorithm that runs in time poly(n, s, T (s, n)) that when given access (explicit or via a black-box)
to an n-variate circuit of size s from M, solves the ROT problem.

Note that for most circuit classes for which we have efficient PIT algorithms, we also have
efficient PIT algorithms for their “closure”, MV . As a corollary we get that all previous PIT
algorithms can be generalized to yield algorithms for ROT. In particular we obtain the following
results. We first give a strengthening of Theorems 3, 4 and 5.

Theorem 8. Let {Fm}m∈[k] be k read-once formulas in n variables, over a field F. Let F be their
sum, i.e. F = F1 + . . .+ Fk. Then we have the following algorithms.

1. There is a deterministic algorithm that given the ROFs {Fm}m∈[k] solves the ROT problem
and runs in time nO(k2).

2. There is a deterministic algorithm that given a black-box access to F solves the ROT problem
in time exp(Õ(

√
n+ k2)).

3. If in addition all the Fm’s are of depth d, then there is a deterministic algorithm that given
a black-box access to F solves the ROT problem in time nO(d+k2).

As before the results remain the same when F is read-k sum of ROFs and not just the sum of k
ROFs.

The following result strengthens many reconstruction algorithms that were given for the model
of sparse polynomials ([BOT88, GKS90, KS01] just to name a few). We are not sure however
whether our result is new, but we give it anyway (see last sentence of paragraph 4 on page 707 of
[BHH95a] that refers to [Lho91]).

Theorem 9. Given a black-box access to a polynomial P with m monomials (i.e. a polynomial
computed by a depth-2 arithmetic circuit with m multiplication gates) there is a polynomial (in
n,m) time algorithm that solves the read-once testing problem for P . If |F| is too small then we
make queries from a polynomial size extension field.

Our next result gives read-once formula testing for depth-3 circuits with bounded top fan-in.
This result generalizes the results of [DS06, KS07b, KS07a, AM07] who gave deterministic identity
testing algorithms for this model.

Theorem 10. Given a black box holding a depth-3 circuit C with k multiplication gates (i.e. a
ΣΠΣ(k) circuit) there is an exp(logO(k2) n) time algorithm that solves the read-once testing problem.
If C is a multilinear circuit then the running time of our algorithm is poly(n) (for a constant k).
If C is explicitly given to us then there is a polynomial time algorithm that solves the read-once
testing problem.

4L(M) is the class of all circuits of the form α · C + β for α, β ∈ F and C ∈M. See Definition 2.18.
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The last result of this kind concerns non-commutative formulas and generalizes the polynomial
identity testing result of [RS05] for this model.

Theorem 11. Given a non-commutative formula (in the non black-box setting) there is a polyno-
mial time algorithm (in the size of the formula) for the read-once testing problem.

1.1 Comparison to Previous Works

Read-once arithmetic formulas were studied before in the context of learning theory and exact
learning algorithms were given to them. We shall now discuss the different models in which it was
studied and highlight the differences from our work.

In [HH91] learning algorithms for read-once arithmetic formulas that use membership and equiv-
alence queries were given. A membership query to a ROF f(x̄) is simply a query that asks for
the value of f(x̄) on a specific input. An equivalence query on the other hand, gives the oracle
a certain hypothesis, h(x̄), and the oracle answers “equal” if f ≡ h or returns an input ᾱ such
that f(ᾱ) 6= h(ᾱ). Note that when it comes to deterministic PIT algorithms, equivalence queries
are irrelevant (as we can always give as an hypothesis the zero polynomial). Using this language,
our results for the black-box setting use only membership queries (both for the PIT and read-once
testing problems).

The results of [HH91] were later extended by [BHH95a] in two different ways. First, they
allowed the formulas to contain division gates (in addition to {+,×}), and secondly they allowed
the algorithm to use randomness instead of using equivalence queries. They also considered a model
in which justifying assignments (a notion that we later define) are given in advance to the algorithm.
Again, this approach is irrelevant when it comes to deterministic PIT algorithms. However, we do
use some of the techniques of [HH91, BHH95a] in our read-once testing algorithms. That is, we
use their ideas in order to construct a candidate ROF that may compute the same polynomial as
the one computed by the given circuit (recall Problem 1). The main difficulty is then to verify
deterministically that this ROF indeed computes the same polynomial as the given circuit. Indeed,
the main difference between the reconstruction problem and the read-once testing problem is that
in the reconstruction setting we are guaranteed that there exists a ROF for the given circuit, so if
we use the results of [HH91, BHH95a] we are guaranteed that we have the correct ROF, whereas
in the read-once testing setting we first have to check whether the polynomial can be computed
by a ROF and only then we can try and find the formula. Thus, when we use the reconstruction
algorithm we get a ROF and then we still have to verify that it does compute the same polynomial
as the given circuit (or black-box). This may seem like a small point, however this is exactly the
reason that we cannot use the results of [KS07b] to get a polynomial time black-box algorithm in
Theorem 10, and instead settle for the results of [DS06, KS07a] due to the additional structure
they guarantee.

1.2 Organization

The paper is organized as follows. In Sections 2 and 3 we give the basic definitions and notations.
In Section 4 we give several basic algorithms for ROFs (some of them already known but used in
this paper as well). Then in Section 5 we show how to convert PIT algorithms to ROT algorithms
and prove Theorem 7. In Section 6 we show how to use Theorem 7 to prove Theorems 9, 10 and 11.
New PIT algorithms for bounded depth and black-box ROFs is given in Section 7. Finally, in
Section 8 we give PIT algorithms for sum of ROFs.
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2 Preliminaries

For a positive integer n we denote [n] = {1, . . . , n}. For a graph G = (V,E) we denote with Gc

the complement graph. That is Gc = (V,E′) such that for i 6= j ∈ V we have that (i, j) ∈ E if
and only if (i, j) 6∈ E′. The following definitions are for a polynomial P ∈ F[x1, x2, . . . , xn] and an
assignment ā ∈ Fn:

Definition 2.1. We say that P depends on xi if there exist ā ∈ Fn, b ∈ F such that:

P (a1, a2, . . . , ai−1, ai, ai+1, . . . , an) 6= P (a1, a2, . . . , ai−1, b, ai+1, . . . , an).

We denote var(P ) ∆= {xi | P depends on xi}. Given a subset I ⊆ [n] we say that P is defined on I
if var(P ) ⊆ I.

Intuitively, P depends on xi if xi “appears” when P is listed as a sum of monomials. On the
other hand, a constant function P ≡ c is defined on every subset of [n].

Definition 2.2. Given a subset I ⊆ [n] and an assignment ā ∈ Fn we define P I
ā (x̄) to be the

polynomial resulting from substituting ai to the variable xi for every i ∈ I. In particular P I
ā (x̄) is

defined on [n] \ I.

Example 2.3. Let P (x1, x2, x3) = x2
1 +2x2x3 +4x1x

2
3, I = {1, 3} and ā = (0, 4, 1). Then var(P ) =

{1, 2, 3}, P I
ā (x̄) = P (0, x2, 1) = 2x2 and var(P I

ā (x̄)) = {2}.

Example 2.4. Let P (x1, x2, x3) = 2x2x3 + 1, I = {2} and J = {2, 3}. For ā = (0, 0, 0) we
get that P I

ā (x̄) = P (x1, 0, x3) = 1 and P J
ā (x̄) = P (x1, 0, 0) = 1. Note that var(P ) = {2, 3} but

var(P I
ā (x̄)) = ∅.

We can conclude that by substituting a value to a variable of P we, obviously, eliminate the
dependence of P on this variable, however we may also eliminate the dependence of P on other
variables and thus lose more information than intended. To conclude we give the following trivial
observation.

Observation 2.5. Let J ⊆ I ⊆ var(P ) be subsets of var(P ). Then for every assignment ā ∈ Fn it
must be the case that var(P I

ā ) ⊆ var(P J
ā ) ⊆ var(P ) \ J .

For the purposes of reconstruction and identity testing we cannot allow losing any information as
it would affect our final answer. We now define a lossless type of an assignment. Similar definitions
were given in [HH91] and [BHH95a], but we repeat the definitions here to ease the reading of the
paper (we also slightly change some of the definitions).

Definition 2.6 (Justifying assignment). Given an assignment ā ∈ Fn we say that ā is a justifying
assignment of P if for every subset I ⊆ var(P ) we have that

var(P I
ā ) = var(P ) \ I (1)

Though this definition is very intuitive, ensuring that a given assignment ā satisfies condition
1 for every I ⊆ var(P ) seems to be a computationally hard problem. The following proposition
provides an alternative and more useful definition:

Proposition 2.7. ā ∈ Fn is a justifying assignment of P if and only if condition 1 holds for every
subset I of size |var(P )| − 1.
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Proof. Let J ⊆ var(P ). If J = var(P ) then, obviously, var(P J
ā ) = ∅ = var(P ) \ J. Otherwise, let

x ∈ var(P )\J . Consider the set Ix = var(P )\{x}. From the definition: |Ix| = |var(P )|−1 and J ⊆
Ix, and thus condition 1 holds for Ix. Combining with Observation 2.5 we obtain ∀x ∈ var(P ) \ J :

{x} = var(P ) \ Ix = var(P Ix
ā ) ⊆ var(P J

ā ) ⊆ var(P ) \ J

and consequently var(P J
ā ) = var(P ) \ J. The second direction of the claim is trivial.

The justification notion can be both expanded and weakened:

Definition 2.8. Given an assignment ā ∈ Fn we say that ā is a weakly-justifying assignment of
P if condition 1 holds for |I| = 1 (we ignore sets I of size larger that 1).

Note that any justified assignment is also weakly-justified, but not vice versa. Later on we will
encounter several cases in which justification and weak-justification occur simultaneously. We can,
as well, define justification as a property of polynomials:

Definition 2.9. We say that a polynomial P is ā−justified if ā is justifying assignment of P . We
define the term ā-weakly-justified in a similar manner.

We shall make use of the following notations in some of our proofs and algorithms.

Definition 2.10. For n ≥ 1 let Pn(x̄) =
n∏

i=1
xi. When n = 0 we define P0(x̄) = 1.

For a set 0 ∈ W ⊆ F and k ≤ n let An
k(W ) be the set of all vectors in Wn with Hamming

weight at most k, that is the set of all vectors in Wn that have at most k non-zero coordinates.
We formalize it in the following definition.

Definition 2.11. For subsets W ⊆ F, I ⊆ [n] we define:

1. Characteristic sets w.r.t I: j ∈ [n], W I
j =

{
W j ∈ I
{0} j /∈ I

2. Cartesian product of characteristic sets.
∏

I(W ) = W I
1 ×W I

2 × · · · ×W I
n .

Meaning that the set I gives the indices of the non-zero coordinates of the vectors in
∏

I(W )

3. An
k(W )

⋃
I⊆[n]
|I|≤k

∏
I(W )

As required, the set of all vectors with at most k non-zero coordinates.

An immediate conclusion from the Definition 2.11 is that |An
k(W )| =

k∑
i=0

(
n

i

)
· (|W | − 1)i.

2.1 Partial Derivatives

The concept of a partial derivative of a multivariate function and its properties (for example: P
depends on xi if and only if ∂P

∂xi
6≡ 0) are well-known and well-studied for continuous domains (such

as: R,C etc.). Here we use the natural extension of the concept for polynomials over arbitrary
fields.
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Definition 2.12. Let P be a n variate polynomial over a field F and let di be the degree of xi in P .

For every variable xi, P can be uniquely written as P =
di∑

k=0

xk
i Pk(x̄), where Pk(x̄) are polynomials

in the rest of the variables. We define: ∂P
∂xi

∆=
di∑

k=1

kxk−1
i Pk(x̄).

Notice that this definition coincides with the ”analytical” one when F = R or C. The following
lemma is easy to verify.

Lemma 2.13. For a multilinear polynomial P the following basic properties hold:

• ∂P
∂xi

= P |xi=1 − P |xi=0.

• P depends on xi if and only if ∂P
∂xi
6≡ 0.

• ∂P
∂xi

does not depend on xi (in particular ∂2P
∂x2

i
≡ 0).

• ∂2P
∂xi∂xj

= ∂
∂xi

( ∂P
∂xj

) = ∂2P
∂xj∂xi

.

• ∀i 6= j ∂P
∂xi
|xj=a = ∂

∂xi
(P |xj=a).

• ā inFn is a justifying assignment of P if and only if ∀i ∈ var(P ) we have ∂P
∂xi

(ā) 6= 0.

Since the above properties trivially hold, we will use them implicitly. The following lemma
contains the equivalent derivation rules when we restrict ourselves to the multilinear polynomials
domain. That is, in all the cases we must ensure that the results of the specified arithmetic
operations are indeed, multilinear polynomials. As this is not the general case, it imposes various
(implicit) variable-disjointness restrictions. For example - a quotient of two arbitrary multilinear
polynomial is not necessarily a multilinear polynomial. Moreover, in some cases it might not be a
polynomial at all.

Lemma 2.14. Let P,G,Q be multilinear polynomials. Then the following derivation rules hold
(with the appropriate implicit restrictions)

1. Sum Rule. Let Q = P +G then trivially

∂Q

∂xi
=
∂P

∂xi
+
∂G

∂xi

2. Product Rule. Let Q = P ·G. In this case either ∂P
∂xi
≡ 0 or ∂G

∂xi
≡ 0 holds. Hence,

∂Q

∂xi
=
∂P

∂xi
·G+ P · ∂G

∂xi

3. Quotient Rule. Let Q = P
G . The equality

G2 · ∂Q
∂xi

= G · ∂P
∂xi
− P · ∂G

∂xi

can be obtained by applying the Product rule on P = Q ·G.
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4. Chain Rule. Let Q(y, z̄) be a polynomial such that P (x̄, z̄) ≡ Q(G(x̄), z̄). Then

∂P

∂xi
=
∂Q

∂y
· ∂G
∂xi

Notice that since Q is a multilinear polynomial, ∂Q
∂y does not depend on y.

From now, unless otherwise is specified, we denote by ∂P
∂xi

the discrete partial derivative of P
with regard to xi that is: P |xi=1 − P |xi=0.

Definition 2.15. For a non-empty set V = {xi1 , xi2 , xi3 , . . . , xi|V |} we define the partial derivative
with respect to V in the following way:

∂V P
∆=

∂|V |P

∂xi1∂xi2∂xi3
· · · ∂xi|V |

.

Similarly, for a subset I ⊆ [n], I = {i1, . . . , i|I|}, we denote

∂IP
∆=

∂|I|P

∂xi1∂xi2∂xi3
· · · ∂xi|I|

.

2.2 Some useful Facts about Polynomials

We conclude this section with two well-known facts concerning polynomials.

Lemma 2.16. Let P ∈ F[x1, x2, . . . , xn] be a polynomial. Suppose that for i ∈ [n] the degree of xi

is bounded by di, and let Si ⊆ F be such that |Si| > di. Let S = S1 × S2 × · · · × Sn. Then P ≡ 0 iff
P |S ≡ 0.

A proof can be found in [Alo99].

Lemma 2.17 (Gauss). Let P ∈ F[x1, x2, . . . , xn, y] be a non-zero polynomial and g ∈
F[x1, x2, . . . , xn] be such that P|y=g(x̄) ≡ 0. Then y − g(x̄) is an irreducible factor of P in the
ring F[x1, x2, . . . , xn, y].

2.3 Polynomials and Circuit Classes

Let M be a circuit class. We shall associate with it the polynomials that can be computed by its
circuits. We make the following notations that will be later used.

Definition 2.18. We shall use the following notations.

1. We say that the circuit class M contains the polynomial P if P can be computed by some
circuit C from M. We denote it by P ∈M.

2. We say that the circuit classM1 contains the circuit classM2 if it contains all its polynomials
(e.g. P ∈M1 =⇒ P ∈M2). We denote it by M1 ⊆M2.

3. Two circuit classes M1,M2 are called equivalent iff they contain the same polynomials (e.g.
M1 ⊆M2 and M2 ⊆M1). We denote them by M1

∼=M2.

4. Similarly we define union, intersection and subtraction of two circuit classes M1 ∪ M2 ,
M1 ∩M2, M1 \M2.

10



5. For a circuit class M we define the (discrete) Partial Derivatives of M as: ∂M ∆= { ∂P
∂xi
|P ∈

M, i ∈ [n]}.

6. For a circuit classM we define the linear closure ofM as: L(M) ∆= {α ·P +β|P ∈M, α, β ∈
F}.

Trivially, two equivalent circuit classes admit the same black-box PIT algorithms. Yet, they may
not admit the same explicit (non black-box) PIT algorithms due to structural difference between
them.

3 Read-Once Formulas and Read-Once Polynomials

In this section we give some basic definitions related to read-once formulas. Most of the definitions
are from [HH91], or are small variants of their definitions. We start by formally defining the notions
of a read-once formula, a skeleton of a read-once formula and a read-once polynomial.

Definition 3.1. A read-once arithmetic formula (ROF for short) over a field F in the variables
x̄ = (x1, . . . , xn) is a binary tree whose leafs are labelled with the input variables and whose internal
nodes are labelled with the arithmetic operations {+,×} and with a pair of field elements 5 (α, β) ∈
F2. Each input variable can label at most one leaf. The computation is performed in the following
way. A leaf labelled with the variable xi and with (α, β) computes the polynomial α · xi + β. If a
node v is labelled with the operation op and with (α, β), and its children compute the polynomials
fv1 and fv2 then the polynomial computed at v is

fv = α · (fv1 op fv2) + β.

The skeleton of a ROF f is the tree obtained from f after removing all the labels (α, β) from
the nodes (but keeping the operations and the input variables).

We say that a ROF (instance) f is non-degenerate if it depends on all the variables appearing
in it.

As our ROF model does not allow constants as inputs (as we let constants label the internal
nodes of the formula), we represent the constant polynomials with a special gate CONST that has
only one label, a. We denote by Ca the non-degenerate ROF computing the constant polynomial
P ≡ a.

Definition 3.2. A polynomial P (x̄) is a read-once polynomial (ROP for short) if it can be computed
by a read-once formula. For a ROP P we define ROF(P ) ∆= {f |f is a ROF computing P}.

A special class of ROFs that will play an important role in our proofs is the class of multiplicative
ROFs.

Definition 3.3. A ROF is called multiplicative ROF if it has no addition gates. A polynomial
computed by a multiplicative ROF is called a multiplicative ROP.

Note, because we allow gates to apply linear functions on the results of their operations, the
output of a multiplicative ROF can be more than a mere monomial.

Example 3.4. The polynomial (5x1 · x2 + 1) · ((−x3 + 2) · (2x4− 1) + 5) has a multiplicative ROF.
5This is a slightly more general model than the usual definition of read-once formulas.
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When considering read-once formulas of small depth we allow the tree to have unbounded fan-in
(and not just fan-in 2 as in the definition above). Moreover, we shall allow small depth ROF to
use generalized multiplication gates. A generalized multiplication gate on the inputs (x1, . . . , xk)
is allowed to compute any multiplicative ROP in its input variables.

Definition 3.5. An alternating read-once formula (AROF) over a field F in the variables x̄ =
(x1, . . . , xn) is a tree, of unbounded fan-in, whose leafs are labelled with the input variables and
whose internal nodes are labelled with either + or MUL. Each input variable can label at most one
leaf. Every leaf and every + gate are labelled with two field elements (α, β) ∈ F2. In addition,
any children of a MUL (+) gate is either a leaf or a + (MUL) gate (this is the reason for the
name alternating ROF). The computation is performed in the following way. A leaf labelled with
the variable xi and with (α, β) computes the polynomial αxi + β. If a node v, of fan-in k, is
labelled with + and (α, β) and its children compute the polynomials fv1 , . . . , fvk

then the polynomial
computed at v is

fv = α ·

(
k∑

i=1

fv1

)
+ β.

If v is labelled with MUL then it computes a multiplicative ROP in its input variables. That is, if v
computes the multiplicative ROP g, and its children compute the polynomials fv1 , . . . , fvk

, then the
output of v will be the polynomial

fv = g(fv1 , . . . , fvk
).

The skeleton of an AROF f is defined, as before, as the tree of f without the labels (α, β) on
the nodes (but with the operations and the input variables).

The depth of an AROF is defined as the depth of its tree. In other words, the length of the
longest path from a leaf to the root.

Definition 3.6. For a ROP P we define AROF(P ) ∆= {f |f is an AROF computing P}.

Example 3.7. The polynomial computed in Example 3.4 has an alternating ROF of depth 1 that
contains a single MUL gate.

3.1 The Gates-Graph of ROFs and ROPs

In this section we define the important notion of gates-graph of a ROF and a ROP. A similar notion
was defined in [HH91], but here we define it in a slightly more general form (so it is defined for
alternating ROFs as well).

Given a graph of computation of a ROF it is natural to define the first common gate of a subset
of the gates. A similar notion was presented in [BHH95a].

Definition 3.8. Let V ⊆ var(f), |V | ≥ 2 be a subset of the input variables of a ROF f . We define
the first common gate of V , fcg(V ), to be the first gate in the graph of computation of f common
to all the paths from the inputs of V to the root of the formula.

We note, that fcg(V ) is in fact the least common ancestor of the nodes in V when looking at the
formula as a tree. We now define for every read-once formula several new graphs that are related
to it. The notion of a t-graph of a ROF (where t is a type of a gate) was introduced and studied in
[HH91] for various types of gates (such as threshold gates, modular gate, division gates etc.). We
shall focus on +,× and MUL gates as these are the only gates appearing in our ROF’s. We now
give the definition of a t-graph that is slightly different from the one in [HH91].
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Definition 3.9 (t-graph). Let f be a ROF in the input variables var(f). Let t ∈ {+,×,MUL}
be a possible label of an internal node. The t-graph of the formula f is an undirected graph whose
vertex set is var(f) and its edges are defined as follows: there is an edge (i, j) if and only if the
arithmetic operation that labels the gate fcg(xi, xj) is t. We denote this graph with Gt

f .

The following simple lemma (whose basic form can be found in [HH91]) gives some basic prop-
erties of t-graphs. We state it here (mainly) for alternating ROF’s. We omit the proof as it is
implicit in the proof of Lemma 3 in [HH91].

Lemma 3.10. The graphs satisfy the following relations.

1. Let P be a ROP. Let A be an AROF computing P and let f be a ROF computing P . Then
G×

f = GMUL
A . In particular, the graphs G×

P
∆= G×

f and G+
P

∆= G+
f are well defined. As a result,

we shall focus on the graphs of the ROPs from now on instead of the graphs of the ROFs
computing them.

2. For every ROP P we have G×
P =

(
G+

P

)c. That is, the addition and the multiplication graphs
of each ROF f for P are simply complements to each other.

3. For every (alternating) ROF f exactly one of (GMUL
f ) G×

f and G+
f is disconnected. More

precisely, the type of the top gate of f is t if and only if Gt
f is connected. Alternatively, the

type of the top gate of f is t if and only if
(
Gt

f

)c
is disconnected.

We define the gates-graph of a ROF f as Gf
∆= G×

f . Similarly, we define GP the gates-graph of
a ROP P . The proof of the following claim is not difficult.

Lemma 3.11. Let P be a ROP. Then there is an edge (i, j) ∈ GP if and only if xi · xj appears in
some monomial of P . Moreover, if I is a clique in GP then there is some monomial in P containing∏
i∈I

xi.

Next, we bring an example of a family of multilinear polynomials that are not ROPs.

Example 3.12. The polynomial P (x1, x2, . . . , xn) = x1x2 + x2x3 + · · · + xn−1xn , n ≥ 4 is not
a ROP. Indeed, assume the contrary. Then by Lemma 3.11 we get that both the +-graph and the
×-graph are connected for this polynomial. This contradicts Lemma 3.10.

The following lemma (a variation of Lemma 3 in [HH91]) demonstrates the information that
lies inside the gates-graph by showing that from GP we can reconstruct a skeleton of an alternating
ROF f computing P . That is, we can construct a tree and label the internal nodes and the input
variables, such that there exists a labelling of a form (α, β) for the nodes and multiplicative ROPs
for the MUL gates for which the resulting ROF computes P .

Lemma 3.13. Given the graph GP of a read-once polynomial P we can construct the skeleton of
an alternating read-once formula computing P .

Proof. The proof is by induction on the number of variables in P which we denote by n (we shall
assume w.l.o.g. that P depends on all n variables). The claim is trivial for n = 1. For n > 1 we
have two cases. Either GP is connected or not. We shall describe only the case that the graph
is connected as the proof is similar for the disconnected case. As GP is connected we get by
Lemma 3.10 that the top gate of any alternating ROF for P is MUL. Consider the complement
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graph Gc
P . By the same lemma we see that it is disconnected, in particular it can be broken up to

2 or more connected components. Consider now an alternating ROF f for P . By Lemma 3.10 we
get that Gf = GP . In particular the top gate of f is MUL and there is a level of + gates below it.
Assume that the fan-in of the top gate in f is k. Then there exist a multiplicative ROF, M , such
that P = M(p1, p2, . . . , pk), where each pi is a ROP computed by one of the + gates below the top
gate of f . By Lemma 3.10 we get that there is a one to one correspondence between the connected
components of G+

f to the fi’s. Namely the variables appearing in pi form a connected component
in G+

f . By the induction hypothesis we can reconstruct the skeleton for all the pi’s from Gpi (which
can be deduced from GP ).

The following lemma is also an easy corollary of Lemma 3.10.

Lemma 3.14 (ROP Representation Lemma). Every ROP P (x) such that |var(P )| ≥ 2 can be
presented in exactly one of the following forms:

1. P (x̄) = P1(x̄) + P2(x̄)

2. P (x̄) = P1(x̄) · P2(x̄) + c

When P1, P2 are non-constant variable disjoint ROPs and c is a constant.

Proof. Let f be a ROF computing P . Let v be the top gate of f and f1, f2 be the inputs of v.
Clearly, f1,f2 are variable-disjoint ROFs. Now, If v is an addition gate then f = a · (f1 + f2) + b =
(a · f1) + (a · f2 + b). We set P1

∆= a · f1 , P2
∆= a · f2 + b and we are done. Otherwise, v is

multiplication gate. Therefore f = a · (f1 · f2) + b and we proceed similarly. Notice, that P1 and
P2 are not necessarily unique, however P can not be represented in both forms 1 and 2 according
to Lemma 3.10.

The following is another simple claim regarding representations of ROFs.

Lemma 3.15. Let P (x̄) be a ROP and v a node in a ROF f computing P . We denote by pv(x̄) the
polynomial that is computed by v. Then there exists a polynomial Q(y, x̄) such that Q(pv(x̄), x̄) ≡
P (x̄) and, in addition, pv and Q are variable-disjoint ROPs.

Proof. Consider f ’s graph of computation. Denote with ψ the sub-formula whose top gate is v.
Let ϕ be the rest of the graph. The output of ψ is wired as one of the inputs of ϕ. We denote this
input by y. We define Q to be the polynomial computed by ϕ. Consequently, Q(pv(x̄), x̄) ≡ P (x̄)
and pv, Q are variable-disjoint ROPs as they are computed by different parts of the same ROF.

3.2 Factors of ROPs

A nice property of ROPs is that every factor of a ROP is a ROP itself. We can use this fact to
develop an efficient factoring algorithm for ROPs.

Lemma 3.16. Every factor of a ROP is a ROP.

Proof. Let P (x̄) = h1(x̄)·h2(x̄)·· · ··ht(x̄) be a reducible ROP and its irreducible factors, respectively
(t ≥ 2). According to Lemma 3.14 P can be in exactly one of the following two forms:
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1. P (x̄) = P1(x̄) + P2(x̄). Notice that the hk-s are variable disjoint. Consequently there exist
xi, xj and distinct factors hk1 6= hk2 such that P1 and hk1 depend on xi and, P2 and hk2

depend on xj . Otherwise all the variables of P will be in the same factor thus implying t = 1.
Assume w.l.o.g. that i = k1 = 1, j = k2 = 2. Now, on one hand ∂2P

∂x1∂x2
= ∂2

∂x1∂x2
(P1+P2) = 0

since P1 and P2 are variable-disjoint. On the other hand ∂2P
∂x1∂x2

= ∂h1
∂x1
· ∂h2

∂x2
· h3 · · · · · ht. As

∂h1
∂x1

, ∂h2
∂x2

and other factors are non-zero, we reach a contradiction.

2. P (x̄) = P1(x̄) ·P2(x̄)+ c. As previously we can assume w.l.o.g. that P1 and h1 depend on x1,
P2 and h2 depend on x2 and hence P

h1
does not depend on x1. We get that (Lemma 2.14)

0 = h2
1 ·

∂

∂x1

(
P

h1

)
= h1 ·

∂P

∂x1
− P · ∂h1

∂x1
= P2 ·

(
h1 ·

∂P1

∂x1
− ∂h1

∂x1
· P1

)
− c∂h1

∂x1
.

By taking a partial derivative with respect to x2 we get that

∂P2

∂x2
·
(
h1 ·

∂P1

∂x1
− ∂h1

∂x1
· P1

)
= 0.

As we assumed that P2 depends on x2 we get that
(
h1 · ∂P1

∂x1
− ∂h1

∂x1
· P1

)
= 0. This implies

that c = 0. It follows that P1 and P2 are factors of P and that P1 and P2 are ROPs. A simple
induction completes the proof.

3.3 Partial Derivatives of ROPs

The following is a more algebraic definition of the gates-graph of a ROP P . The proof is immediate
from Lemma 3.11.

Lemma 3.17. Let P (x1, . . . , xn) be a ROP. Then (i, j) is an edge in the gates-graph GP if and
only if ∂2P

∂xi∂xi
6≡ 0. Moreover, for I ⊆ [n] we have that ∂IP 6≡ 0 if and only if I is a clique in GP .

Example 3.18. For every n ≥ 3, the polynomial P (x1, x2, . . . , xn) =
∑
i6=j

xixj is not a ROP.

The following is another important property of ROPs.

Lemma 3.19. A partial derivative of a ROP is a ROP

Proof. Let P be a ROP and i ∈ [n]. We prove the claim by induction on k = |var(P )|. For k = 0, 1
the claim is trivial. For k ≥ 2 we get by Lemma 3.14 that P can be in a one of the two forms:

1. P (x̄) = P1(x̄) + P2(x̄). Since P1 and P2 are variable disjoint we can assume w.l.o.g. that
∂P
∂xi

= ∂P1
∂xi

. In addition, |var(P1)| < |var(P )| and so by the induction hypothesis we get that
∂P
∂xi

= ∂P1
∂xi

is a ROP.

2. P (x̄) = P1(x̄) · P2(x̄) + c. Again we assume w.l.o.g. that ∂P
∂xi

= ∂P1
∂xi
· P2. As before, ∂P1

∂xi
is a

ROP. Since P1 and P2 are variable disjoint and P2 is a ROP, we have that ∂P
∂xi

= ∂P1
∂xi
·P2 is a

ROP as well.
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We now give a very useful property of the derivatives of ROPs.

Lemma 3.20 (2-nd Derivative Lemma). Let P (x1, x2, . . . , xn) be a ROP such that ∂2P
∂xi∂xj

6≡ 0 and
∂2P

∂xi∂xj
|xk=α ≡ 0 for some i 6= j 6= k and α ∈ F. Then either ∂P

∂xi
|xk=α ≡ 0 or ∂P

∂xj
|xk=α ≡ 0 holds.

Proof. First, notice that xj , xi ∈ var(P ). Let f ∈ ROF(P ) and let v = fcg{xj , xi}. Let G(x̄)
be the polynomial computed by v in f . From Lemma 3.15 there exists a ROP Q(y, x̄) such
that Q(G(x̄), x̄) ≡ P (x̄). Clearly, xj , xi ∈ var(G) \ var(Q). As ∂2P

∂xi∂xj
6≡ 0, it follows that v is a

multiplication gate. By the definition of fcg and Lemma 3.14 we obtain that G(x̄) can be presented
as P1 · P2 + c where xi ∈ var(P1), xi ∈ var(P2) and c ∈ F. By the chain rule (Lemma 2.14):

∂P

∂xi
=

∂Q

∂y
· ∂G
∂xi

=
∂Q

∂y
· ∂P1

∂xi
· P2

∂P

∂xj
=

∂Q

∂y
· ∂G
∂xj

=
∂Q

∂y
· P1 ·

∂P2

∂xj
.

Consequently, ∂2P
∂xi∂xj

= ∂Q
∂y ·

∂P1
∂xi
· ∂P2

∂xj
. The following is an easy consequence of the above.

∂P

∂xi
|xk=α ·

∂P

∂xj
|xk=α =

(
∂Q

∂y
· ∂P1

∂xi
· P2)|xk=α · (

∂Q

∂y
· P1 ·

∂P2

∂xj
)|xk=α =

(
∂Q

∂y
· ∂P1

∂xi
· ∂P2

∂xj
)|xk=α · (

∂Q

∂y
· P1 · P2)|xk=α =

∂2P

∂xi∂xj
|xk=α · (

∂Q

∂y
· P1 · P2)|xk=α ≡ 0

In particular, either ∂P
∂xi
|xk=α ≡ 0 or ∂P

∂xj
|xk=α ≡ 0.

Example 3.21. The polynomial P (x1, x2, x3) = x1x2x3 + x1 + x2 is not a ROP. To see this apply
Lemma 3.20 on P with the parameters i = 1, j = 2, k = 3, α = 0.

3.4 Multiplicative and 0̄−Justified ROPs

Recall that multiplicative ROFs are ROFs with no addition gates. In the terms of the gates-graph
this means that the graph is a clique. We would like to explore the algebraic properties of the
polynomials computed by those ROFs. Note, that the definition is very abstract - meaning that
given a ROP P it is unclear how to find a multiplicative ROF f for it, or even determine whether
one exists. Nonetheless, we can use the fact that all gates-graphs of the ROFs in ROF(P ) are
the same, and thus provide a an algebraic definition resembling Definition 3.17. The proof is an
immediate consequence of Lemmas 3.11 and 3.17.

Claim 3.22. A ROP P is a multiplicative ROP if and only if for any two variables xi 6= xj ∈ var(P )
we have that ∂2P

∂xi∂xj
6= 0.

From now on, whenever we discuss multiplicative ROP we shall use the property described
in the claim as an alternative definition. The following lemma gives a very useful property of
multiplicative ROP that we shall rely on later.
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Lemma 3.23. Let P (x1, x2, . . . , xn) be a multiplicative ROP with |var(P )| ≥ 2. Then for every
variable xi ∈ var(P ) there exists another variable xj ∈ var(P ) such that ∂P

∂xj
= (xi − α)h(x̄) for

some α ∈ F and h, when var(h) = var(P ) \ {xi, xj}. In particular, ∂P
∂xj
|xi=α ≡ 0.

Proof. Let f ∈ ROF(P ) be a multiplicative ROF. As |var(f)| = |var(P )| ≥ 2, f has at least
one gate. Assume, w.l.o.g. that i = 1. Let v be the unique entering gate of x1. We denote by
pv(x̄) the ROP that is computed by v. Let var(pv) = [k] for some 2 ≤ k ≤ n. By Lemma 3.15
there exists some polynomial Q(y, xk+1, . . . , xn) such that Q(pv(x1, x2, . . . , xk), xk+1, . . . , xn) ≡
P (x1, x2, . . . , xn). Since v is a multiplication gate (recall that f is a multiplicative ROF) and is
the entering gate of x1 we get, in a similar manner to Lemma 3.14, that pv can be written as
pv(x̄) = (x1 + β)H(x̄) + c for some polynomial H(x̄) such that x1 /∈ var(H). By the chain rule:
(Lemma 2.14): ∂P

∂x2
= ∂Q

∂y ·
∂pv

∂x2
= ∂Q

∂y · (x1 + β) · ∂H
∂x2

. As a result we get that ∂P
∂x2
|x1=−β ≡ 0.

The following lemma is an extension of Lemma 3.19 to 0̄−weakly-justified ROPs.

Lemma 3.24. A partial derivative of a 0̄−weakly-justified ROP is a 0̄−weakly-justified ROP.

Proof. Let P to be a 0̄−weakly-justified ROP. From Lemma 3.19 it only remains to show that the
partial derivative of P is 0̄−weakly-justified. Assume for a contradiction that for some i ∈ [n], we
have that ∂P

∂xi
is not 0̄−weakly-justified. That is, there exist some j, k ∈ [n] such that ∂P

∂xi
depends on

xj however ∂P
∂xi
|xk=0 does not. In other words, we have that: ∂2P

∂xi∂xj
6≡ 0 and ∂2P

∂xi∂xj
|xk=0 ≡ 0. Note

that {xi, xj} ⊆ var(P ). Lemma 3.20 implies that either ∂P
∂xi
|xk=0 ≡ 0 or ∂P

∂xj
|xk=0 ≡ 0 holds. On the

other hand, {xi, xj} ⊆ var(P |xk=0) since P is a 0̄−weakly-justified ROP and hence ∂P
∂xi
|xk=0 6≡ 0

and ∂P
∂xj
|xk=0 6≡ 0, in contradiction.

It is also possible to extend this proof for 0̄−justified ROPs. In a similar (and simpler) way, we
observe the following.

Lemma 3.25. Every factor of a 0̄−weakly-justified ROP is a 0̄−weakly-justified ROP.

4 ROF Graph-Related Algorithms

In this section we give several basic algorithms for ROFs. Some of the algorithms are small variants
of already known algorithms. To slightly simplify the algorithms we assume w.l.o.g that all the
ROFs are non-degenerate. We can make this assumption due to the fact that there is a trivial
O(n) algorithm that can convert any ROF f to a non-degenerate ROF f ′ such that f ≡ f ′. In
fact, this algorithm can also be used as a (non-black box) PIT algorithm for ROFs. We conclude
this discussion with two trivial observations. The first is that a non-degenerate ROF f computes
the zero polynomial if and only if f is the “zero ROF” i.e f = C0 (the graph of computation of f
is no other than C0). Secondly, in a non-degenerate ROF, in all the labels (α, β) of the gates, we
have that α 6= 0. We now give some notations that will be used in our algorithms.

Notation 4.1. Let G be the graph of computation of a ROF. We think of G as a planar graph
(and in particular the notion of “left child” and “right child” of a node are well defined). Let v be
a gate in the formula.

• pv - denotes the polynomial computed by v.

• v.var - denotes var(pv). Note, that it can be computed recursively.
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• v.α - denotes the value of α labelling v.

• v.β - denotes the value of β labelling v.

• v.Left - denotes the left child of v.

• v.Right - denotes the right child of v.

• v.Type - denotes the type of the arithmetic operation labelling v. (IN - Input, CONST -
Constant Function (non-degenerate form), × - Multiplication, + - Addition, MUL - Gener-
alized “Multiplicative ROP” gate.)

4.1 Reconstruction of a ROF

We first give a very high level description of an algorithm of [HH91, BHH95a] that shows how to
reconstruct a ROF given a justifying assignment (an adaptation of Algorithm 3.2.2 in [HH91]). We
shall later use this algorithm as a subroutine.

Algorithm 1 Reconstructing ROF (f, ā)
Input: ROF f given as a black-box access, justifying assignment ā of f
Output: ROF f̂ such that f̂ ≡ f .

Step 1: Construct the gates-graph of f (using the justifying assignment or by Lemma 3.17).
Step 2: Construct the skeleton of f (using the justifying assignment).
Step 3: Construct the ROF by recursively constructing its sub-formulas.

The following lemma is an adaptation of Lemma 3 of [BHH95a].

Lemma 4.2 (Lemma 3 of [BHH95a]). Given oracle access to a black-box holding a ROF f and a
justifying assignment ā of f there is a polynomial time algorithm A that can reconstruct f , that
is construct a (non-degenerate) ROF f̂ such that f̂ ≡ f . A high level description of A is given in
Algorithm 1.

4.2 Factoring a ROF

We now give an algorithm for finding all the irreducible factors of a given ROF. The idea of the
algorithm comes from the proof of Lemma 3.16. In the proof of the lemma we showed that a ROF
f has non trivial factors if and only if its top gate is a multiplication gate and the additive constant,
β, of the top gate is 0. Note, that in this case f equals the product of the polynomials computed
by its children. From this it is clear that by looking at the top gate and recursing on the left
and right children we can find all the irreducible factors. Algorithm 2 returns a list S = {hi} of
the irreducible factors of pv (the polynomial computed by the node v) and a constant α such that
pv = α ·

∏
i hi.

The following lemma gives the analysis of the algorithm. We omit the proof as it is similar to
previous proofs.

Lemma 4.3. Given a node v in a graph of computations of a non-constant ROF f , Algorithm 2
returns a pair (S, α) where S is a list of (ROFs computing) the irreducible factors of the polynomial
pv and α is a constant satisfying pv = α ·

∏
h∈S h. The running time of the algorithm is O(n).
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Algorithm 2 FactorROF(v)
Input: The root v of a non-constant ROF.
Output: (S, α) where S is a list of the irreducible factors of pv,

α a constant in the field.
1: if v.Type = IN then {Univariate polynomial}
2: return (pv , 1)
3: if v.Type = + then
4: return (pv , 1)
5: if v.β 6= 0 then
6: return (pv , 1)
{Now v.Type = × and v.β = 0, thus pv = v.α · pv.Right × pv.Left}

7: (SL , αL) ← FactorROF(v.Left)
8: (SR , αR) ← FactorROF(v.Right)
9: return (union(SL , SR) , αLeft · v.α · αRight)

4.3 Counting the Number of Monomials in a ROF

The number of monomials in a polynomial P is the number of monomials with non-zero coefficients.
We now give an efficient algorithm for counting the number of monomials of a given ROF. The main
idea is that once a non-constant monomial appears, it can not be cancelled later. Consequently,
we only have to sum the number of non-constant monomials and keep track of the behavior of the
constant term.

In order to determine whether a certain value is zero or non-zero we use an auxiliary function
fnz(x) that is defined as

fnz(x) =
{

0 x = 0
1 otherwise

.

The algorithm simply recurses on the left child and right child of the root and combines the results
according to the different values of the constant terms.

Lemma 4.4. Given a node v in the graph of computation of a ROF f , Algorithm 3 returns a pair
(M,C) when M is the (exact) number of monomials of pv and C is the constant term of pv. The
running time of the algorithm is O(n).

Proof. We start by proving the correctness of the algorithm. The proof is by induction on the
structure of the formula. We first analyze what happens at the leaves and then move up. During
the analysis we shall use the simple observation (that will follow from the analysis) that for every v
the expression M − fnz(C) stands for the number of non-constant monomials of pv (where (M,C)
is returned after the execution of the algorithm on the node v). We denote with (ML, CL) and
(MR, CR) the results returned from the left child and the right child, respectively. We consider the
different possibilities for the operation labelling v (i.e. v.Type).

• v.Type = CONST: pv computes the constant function β. Clearly, C = β and M can be either
0 or 1 depending on the value of β.

• v.Type = IN: pv computes a univariate polynomial v.α · xi + v.β for some xi. The analysis is
similar to the previous case.

When v is not a leaf there is recursive call of the function for to the left and right children. Denote
with pL and pR the polynomials computed by the left child and right child, respectively. We again
analyze the different options for v.Type.
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Algorithm 3 CountMonomials(v)
Input: The root v of a ROF.
Output: (M,C) where M is the number of monomials of pv,

C is the constant term of pv.
1: if v.Type = CONST then {Constant Function}
2: return (fnz(v.β) , v.β)
3: if v.Type = IN then {Univariate polynomial}
4: return (1 + fnz(v.β) , v.β)
5: (ML, CL) ← CountMonomials(v.Left)
6: (MR , CR) ← CountMonomials(v.Right)
7: if v.Type = × then
8: C ′ ← CL · CR

9: C ← v.α · C ′ + v.β
10: M ←ML ·MR − fnz(C ′) + fnz(C)
11: return (M , C)
{Now v.Type = +}

12: C ← v.α · (CL + CR) + v.β
13: M ←ML +MR − fnz(CL)− fnz(CR) + fnz(C)
14: return (M , C)

• v.Type = ×: pv computes a product of two functions. The output of pv is v.α · pL× pR + v.β
then:

– The total number of monomials of pL × pR is ML ·MR

– C ′is the constant term of pL × pR, hence the number of non-constant monomials of
pL × pR is ML ·MR − fnz(C ′).

– The polynomial v.α · pL × pR + v.β has the same number of non-constant monomials as
the polynomial pL × pR.

– C is constant term of v.α · pL × pR + v.β, hence the total number of monomial of
v.α · pL × pR + v.β is ML ·MR − fnz(C ′) + fnz(C).

• v.Type = +: pv computes a sum of two functions. The output of v is v.α × (pL+pR) + v.β
then (similarly):

– The number of non-constant monomials of pL + pR is ML − fnz(CL) +MR − fnz(CR).

– C is the constant term of pv.

– The total number of monomials of v.α ·(pL+pR)+v.β is ML+MR−fnz(CL)−fnz(CR)+
fnz(C).

It is clear from the above analysis that the algorithm returns a correct answer. The claim regarding
the running time follows easily from the fact that the algorithm is a simple graph traversal that
requires O(n) time where at each step we have to multiply two n bits numbers (note that a ROF
computes a multilinear polynomial thus 0 ≤ M ≤ 2n). Thus the total running time is O(n) (we
assume that we work in the unit cost model).
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4.4 Computing a Partial Derivative of a ROF

We present a recursive algorithm that computes a partial derivative of a given ROF. Our algorithm
is based on Lemma 3.19. In particular, Lemma 3.19 in conjunction with Lemma 2.14 guarantee
that the algorithm outputs a ROF.

Algorithm 4 DerriveROF(v,xi)
Input: The root v of a ROF, a variable xi.
Output: ROF g such that g ≡ ∂f

∂xi
.

1: if xi 6∈ v.var then {The polynomial does not depend on xi}
2: return C0 {The “zero ROF”}
3: if v.Type = IN then {Input gate of xi, i.e. the polynomial is v.α · xi + v.β}
4: return Cv.α

{In both following cases exactly one of the ROF is the “zero ROF” (C0),
thus each of the returned sums is, in fact, a single ROF.}

5: Left Derivative ← DerriveROF(v.Left, i)
6: Right Derivative ← DerriveROF(v.Right, i)
7: if v.Type = + then
8: return Left Derivative + Right Derivative
{Here, v.Type = × }

9: return Left Derivative ×pv.Right + pv.Left× Right Derivative

The following lemma summarizes the properties of the algorithm.

Lemma 4.5. Given a ROF f and a variable xi Algorithm 4 outputs a (non-degenerate) ROF g
that computes ∂f

∂xi
. The running time of the algorithm is O(n).

5 Generalization of PIT Algorithms to Read-Once Testing

In this section we study the relation between the polynomial identity testing problem (PIT) and
the read-once testing problem and prove Theorem 7. We present a generic scheme that can be used
to strengthen efficient PIT algorithms to yield efficient read-once testing algorithms. Then we use
the scheme to obtain ROT algorithms for models for which PIT algorithms are known.

5.1 Generic Scheme

The idea behind the scheme is: “Doveriai, no Proveriai”6. First, we give a read-once reconstruction
algorithm (based on Algorithms 6 and 1). That is, an algorithm that given a circuit C computing
a ROP, outputs a ROF f such that f ≡ C. Then, to preform the read-once testing, we assume
that the given circuit C computes a ROP and run the read-once reconstruction algorithm based
on this assumption. If the algorithm encounters an error or is unable to run correctly, then we
conclude that our assumption was wrong (i.e. C does not compute a ROP) and thus we stop and
report a failure. Things are more complicated in the case of success, that is, when the algorithm
does output a ROF. The problem is that we do not have a guarantee regarding the correctness
of our assumption (that the circuit computes a ROP) and hence the correctness of its output.
Moreover, for any circuit C that computes a ROP there exist many circuits (computing different

6“Trust, but Verify” - a translation of a Russian proverb which became a signature phrase of Ronald Reagan
during the cold war.
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polynomials) aliasing C. Meaning, that an execution of our read-once reconstruction algorithm on
each such circuit C ′ 6≡ C will succeed and yield a ROF f such that f ≡ C 6= C ′. Consequently, to
complete the read-once testing we need to verify the correctness of the output. For this purpose
we need a verification procedure (Algorithm 9). Algorithm 5 gives the generic scheme for ROT.7

The algorithm works both in the black-box and in the non black-box settings, depending on the
PIT algorithm forM at hand.

Algorithm 5 Generic ROT Scheme
Input: A (black-box holding a) circuit C that belongs to M.
Output: ROF f such that f ≡ C, if C computes a ROP,

“failure” otherwise.
1: Acquire a justifying assignment ā using Algorithm 6 (given in Subsection 5.2).
2: Given the justifying assignment ā reconstruct f from C using Algorithm 1.
3: Verify that f ≡ C using Algorithm 9 (given in Subsection 5.3).

Algorithms 6 and 9 are given in later sections. In Section 5.4 we give the proof of Theorem 7,
that basically analyzes the running time of Algorithm 5 given the running times of Algorithms 1, 6
and 9. Then in Section 6 we go one by one over circuit classes that have PIT algorithms and give
the corresponding ROT algorithm (as mentioned earlier, in some cases we shall give more efficient
ROT algorithms that do not use the verification step of Algorithm 5).

5.2 From PIT to Justifying Assignments

In Subsection 4.1 we showed (by citing the results of [HH91, BHH95b]) that a reconstruction of
a ROF is possible when we have a justifying assignment. We now show how to get a justifying
assignment from a PIT algorithm. We shall consider a circuit class M (e.g. depth-3 circuit, sum
of ROFs, etc.) for which there exists another circuit classM′ such that ∂M⊆M′ andM′ has an
efficient PIT algorithm.8. Algorithm 6 returns a justifying assignment for P if it manages to find
one. Otherwise it returns “ERROR”. The algorithm will invoke (as a routine) the supplied PIT
algorithm forM′.

Before giving the algorithm we explain the intuition behind it. What we are after is a vector
(a1, . . . , an) ∈ Fn such that if P depends on xi then the polynomial P |xj=aj (for any j 6= i) also
depends on xi. In other words we want that if ∂P

∂xi
6≡ 0 then also ∂P

∂xi
|xj=aj 6≡ 0. Therefore,

we consider the polynomials {gi = ∂P
∂xi
}i∈[n], and look for a vector ā, such that for any j 6= i,

gi|xj=aj 6≡ 0. As each gi is a linear polynomial in xj there is at most one “bad value” that we can
assign to aj . Namely, for most values of aj , we have that gi|xj=aj 6≡ 0. Hence, if we check enough
values we should find a good aj for every gi. To verify that gi|xj=aj 6≡ 0 we use the PIT algorithm for
M′. In fact, what we just described only gives a weakly justifying assignment. To find a justifying
assignment we have to verify that after we assign aj to xj for all j 6= i then gi is still not zero.
We manage to do it by first finding a1, then we assign a1 to x1 to get a new set of polynomials
gi’s etc. Actually, we shall acquire a Common Justifying Assignment for a set of polynomials
{Pm}m∈[k]. A common justifying assignment is an assignment ā that is simultaneously a justifying
assignment for each Pm. Acquiring a common justifying assignment is a simple generalization of
the above ideas. In fact, it can be regarded as a simultaneous acquisition of a (single) justifying

7In fact, in most cases we shall give “tailored” algorithms that are somewhat more efficient than the generic
algorithm.

8Note, that in most cases an identity testing algorithm for M can be slightly modified to yield an identity testing
algorithm for ∂M.
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assignment. Algorithm 6 simply computes the partial derivatives {gm
i

∆= ∂Pm
∂xi
}i∈[n],m∈[k] and then

invokes Algorithm 7 that finds the required assignment. Note that Algorithm 6 runs Algorithm 7
as a subroutine and through the entire execution gm

i ’s and ā are shared by Algorithm 6 and all
recursive calls of Algorithm 7. Lemma 5.1 discusses the properties of Algorithm 6.

Algorithm 6 Acquire Common Justifying Assignment (P1, P2, . . . , Pk)
Input: (black-box holding) Circuits C1, C2, . . . , Ck from M computing P1, P2, . . . , Pk,

Subset V ⊆ F of size |V | = kn,
Access to a PIT algorithm for M′ such that ∂M⊆M′.

Output: Common Justifying assignment ā for P1, P2, . . . , Pk on a success,
“ERROR” on a failure.

1: ā← 0̄
2: for all m ∈ [k] and i ∈ [n] do
3: gm

i (x̄)← ∂Pm
∂xi

4: result← Fill Up to(n) {Invoke Algorithm 7}
5: if result = true then
6: return ā {ā was computed during the execution of Fill Up to(n)}
7: else
8: return “ERROR”

Algorithm 7 Fill Up to(j)
1: if j = 0 then
2: return true
3: result← Fill Up to(j − 1)
4: if result = false then
5: return false
6: for all c ∈ V do
7: flag ← true
8: for all m ∈ [k] and i 6= j ∈ [n] do
9: if gm

i 6≡ 0 and gm
i |xj=c ≡ 0 then

10: flag ← false
{This is done by running the PIT algorithm forM′}

11: if flag = true then {That is, c is a good assignment to xj}
12: aj ← c
13: for all m ∈ [k] and i 6= j ∈ [n] do
14: gm

i (x̄)← gm
i |xj=c

15: return true
{Then, if no match was found}

16: return false

Lemma 5.1. Assume that |F| > kn. For a set of ROPs {Pm}m∈[k] and |V | ≥ kn Algorithm 6
returns a common justifying assignment ā for {Pm}m∈[k] in time O(n3k2 · t), where t is the running
time of the PIT algorithm for M′.

Proof. Note that the algorithm computes the partial derivatives and then run Algorithm 7, which
is supposed to find an assignment ā such that for every m ∈ [k] and i ∈ [n] satisfy that gm

i (ā) 6= 0.
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We show that Algorithm 7 succeeds and returns the expected result. Due to the recursive nature
of the algorithm we use induction to show that at each phase 0 ≤ j ≤ n algorithm Fill Up to(j)
finds values for the first j coordinates of ā such that gm

i 6≡ 0 for every i ∈ var(Pm) (note that the
polynomials {gm

i } change in every recursive step of the algorithm).
When j = 0 the correctness follows from the definitions of gm

i ’s and var(Pm)’s. We now deal with
the case that j > 0. From the induction hypothesis we obtain that Fill Up to(j − 1) succeeds, and
after the completion of this phase we get non-zero polynomials {gm

i }i∈[n],m∈[k] (these polynomials
were defined in the (j−1)-th phase). Consequently, in order to succeed in j-th phase the algorithm
must find c ∈ V that is good for every gm

i 6≡ 0. That is, a c such that for every m and i 6= j we have
that if gm

i 6≡ 0 then gm
i |xj=c 6≡ 0. Note, that gm

i ’s are multilinear polynomials hence from Lemma
2.17 each gm

i has at most one root of the form of xj = c. Therefore, there are at most k(n − 1)
“bad” values of c (e.g. values for which there exist m and i 6= j with gm

i 6≡ 0 and gm
i |xj=c ≡ 0).

Consequently, V contains at least one good value of c. We now notice that after Fill Up to(n) is
(successfully) completed we have, for every i and m, that gm

i = ∂Pm
∂xi

(ā) 6= 0. This follows from
the definition of the gm

i ’s and the fact that at each phase of Fill Up to(j) we substitute aj to xj in
every gm

i . This ensures that ā is indeed a common justifying assignment.
Next we analyze the running time. Algorithm 6 first computes {gm

i }i∈[n],m∈[k]. This can be
done in O(nk) time. The execution of Fill Up to(j), requires for each c ∈ V to perform 2k(n − 1)
PIT checks, 9 given that we have the output of Fill Up to(j − 1). Thus for every j, Fill Up to(j)
runs at most 2k2n2 PIT checks. Therefore, we do at most 2k2n3 PIT checks during the execution
of Fill Up to(n). Hence the total running time of the algorithm is O(k2n3 · t), where t is the cost of
every PIT check for a circuit inM′.

5.2.1 From a Hitting Set to a Justifying Set

Note that in Algorithm‘6, even if the PIT for M′ is in the black-box setting then the algorithm
still runs in an adaptive manner. In this subsection we give a “Black-Box” version of Algorithm 6.
More precisely, given a hitting set A forM′ we construct a k−justifying set forM. That is, a set
of vectors that contains a common justifying assignment for any set of k ROPs computed by M.
The construction is performed in two steps: First, we interpolate the vectors in A by multivariate
polynomials (i.e. take a low degree extension of A). Afterwards, we expand the set A by evaluating
those polynomials on more points.

Given a hitting set A ⊆ Fn we chose a subset of V ⊆ F of size n and set q ∆= dlog n|A|e. It
follows that

|A| ≤ nq < n|A|.

Then, we arbitrarily order the vectors in A. Let A = {ā1, ā2, . . . , ā|A|} where each āj =
(aj

1, a
j
2, . . . , a

j
n). Let ϕ : V q → {1, 2, . . . , |A|} ⊆ N be a surjection.

Definition 5.2. For every i ∈ [n] we define Li(ȳ) : Fq → Fn to be the interpolation polynomial of
the i-th coordinates of the vectors in A. That is, Li(ȳ) is a q-variate polynomial of degree at most
n− 1 in every variable such that for every b̄ ∈ V q we have that

Li(b̄) = a
ϕ(b̄)
i .

Let L(ȳ) : Fq → Fn be defined as

L(ȳ) ∆= (L1(ȳ), L2(ȳ), . . . , Ln(ȳ)).
9 Actually we can save a little and only run k(n− 1) PIT checks but it does not really matter

24



Given a hitting set A and a positive integer k Algorithm 8 returns a k-justifying set, J k
A, for

ROPs computed by circuits from M. As before, to obtain a justifying set (JA = J 1
A) for a single

ROP simply run the algorithm for k = 1.

Algorithm 8 Construct k−Justifying Set (A, k)
Input: Integer k ≥ 1,

Hitting set A forM′ such that ∂M⊆M′,
Subsets V ⊆W ⊆ F of sizes |V | = n, |W | = kn3.

Output: The k−justifying set J k
A forM.

1: for all i ∈ [n] do
2: compute Li using V as in Definition 5.2.
3: J k

A ← L(W q) { The image of W q under L }
4: return J k

A

Note, that indeed for every k we have that A ⊆ J k
A, and that Li’s can be computed in time

polynomial in |A| using simple interpolation. We now prove the correctness of the algorithm. We
start by a trivial observation which follows immediately from the definition of L.

Observation 5.3. For each ā ∈ A there exists b̄ ∈ V q such that L(b̄) = ā.

The crucial property of L, as induced from A, is given in the following proposition.

Proposition 5.4. Let P ∈ F[x1, x2, . . . , xn] be a non-zero polynomial of degree at most d computed
by a circuit in M′. Then P (L(ȳ)) is a non-zero polynomial in (y1, y2, . . . , yq), and the degree of
each yj is at most d · (n− 1).

Proof. From the definition of A there exists ā ∈ A such that P (ā) 6= 0. From the observation we
obtain that there exists b̄ ∈ V q such that L(b̄) = ā. In particular, P (L(b̄)) = P (ā) 6= 0 and hence
P (L(ȳ) 6≡ 0. By definition, the degree of every Li in each yj is at most n − 1. Consequently, the
degree of P (L(ȳ)) in every yj is at most d(n− 1).

Next lemma shows the correctness of Algorithm 8. Note that a ROP is a multilinear polynomial
and hence its degree is bounded by n.

Lemma 5.5. Let P1, P2, . . . , Pk be ROPs of degree d computed by circuits from M. Then J k
A

contains a common justifying assignment for P1, P2, . . . , Pk. Moreover, |J k
A| ≤ n3kq · |A|3.

Proof. Let {gm
i (ȳ) ∆= ∂Pm

∂xi
(L(ȳ))}i∈[n],m∈[k]. As ∂M⊆M′ we get by Proposition 5.4 that if ∂Pm

∂xi
6≡ 0

then gm
i 6≡ 0. Consider the polynomial g(ȳ) ∆=

∏
i,m|gm

i 6≡0

gm
i (ȳ). It follows that g is a non-zero q-

variate polynomial of degree at most kn · d(n − 1) < kn3 in each variable. Lemma 2.16 implies
that g|W q 6≡ 0. Equivalently, there exists ᾱ ∈ W q such that for each pair i ∈ [n],m ∈ [k] if gm

i 6≡ 0
then gm

i (ᾱ) 6= 0. Now, let i ∈ [n],m ∈ [k] be such that ∂Pm
∂xi
6≡ 0. Proposition 5.4 implies that

gm
i (ȳ) = ∂Pm

∂xi
(L(ȳ)) 6≡ 0. Consequently, we get that ∂Pm

∂xi
(L(ᾱ)) = gm

i (ᾱ) 6= 0 and hence L(ᾱ) is a
justifying assignment for every Pm.

The claim regarding the size of |J k
A| follows immediately from the bound |A| ≤ nq < n|A|.

Calculating we get |J k
A| = (kn3)q ≤ n3kq · |A|3.
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5.2.2 0̄−Justification

By the definition, if ā is a justifying assignment of a function (or a set of functions) then the
function is ā−justified. In many cases, though, it would be much convenient to deal with 0̄−justified
functions rather then any other ā. For this purpose we can simply convert any ā−justified function
f(x1, x2, . . . , xn) into 0̄−justified by shifting the variables in the following way: fā(x1, x2, . . . , xn) ∆=
f(x1 + a1, x2 + a2, . . . , xn + a3). In addition, note that fb̄ ≡ 0 ⇐⇒ f ≡ 0, for any b̄ ∈ Fn.
Algorithmically, in order to commonly convert a set of functions f1, f2, . . . , fk into 0̄−justified we
can use Algorithm 6 and return (f1, f2, . . . , fk)ā (shifting all the functions) for the acquired ā - upon
success and “ERROR” otherwise. Note that the asymptotic time complexity remains the same.

In the black-box version we use Algorithm 8 to obtain a k−justifying set J k
A, and afterwards pro-

duce |J k
A| shifted instances of f1, f2, . . . , fk by returning {(f1, f2, . . . , fk)ā}ā∈JA

. By the definition
of J k

A at least one of the produced instances must be 0̄−justified .

5.3 Read-Once Verification

Read-Once Verification is testing whether a given circuit C, from a certain circuit class M, and
a given ROF f compute the same polynomial. Note though, that while the verification might
have the nature of a polynomial identity testing, it is somewhat a harder problem since it requires
determining the equivalence of polynomials computed by circuits from two different circuit classes.
We shall work under the assumption that M has a PIT algorithm and the ROF f is given to us
explicitly (e.g. as a graph of computations). The circuit C, on the other hand, may be given to us
as a black-box, depending on the PIT algorithm forM. Clearly, if C−f ∈M then the verification
procedure is trivial (asM has a PIT algorithm), the general case however is more complicated. We
shall present a verification procedure that enables us to take care of the case where C − f 6∈ M.
The idea behind the algorithm is to recursively ensure that every gate v of f computes the same
polynomial as a “corresponding” restriction of C. To give a rough sketch, we first find a justifying
assignment for f , ā. Then we consider v, the root of f . It has two sub formulas. W.l.o.g. assume
that f = α · (fv1 op fv2)+β, where fvi is the ROF computed at vi and op is either + or ×. Assume
that the variables of vi are Si (S1 and S2 are disjoint). Consider the circuit C1 that equals to C
after we substitute the corresponding values from ā to the variables in S2. Similarly we define C2,
and the ROFs10 f1 and f2. We now recursively verify that Ci ≡ fi. The only thing left now is
to verify that indeed C ≡ α · (C1 op C2) + β. This basically reduces the verification problem to
the problem of verifying that C ≡ C1 op C2 where C1 and C2 compute variable disjoint ROPs and
op is either + or ×. Note, that this is a PIT problem for a circuit class that is closely related to
M, although slightly different (e.g. if M is the class of ΣΠΣ(k) circuits, defined in Section 6.2,
then we need a PIT algorithm for ΣΠΣ(O(k2)) circuits). Therefore, we shall assume that a slightly
larger circuit class has an efficient PIT algorithm (e.g. a class containing C −C1 op C2 for variable
disjoint C1 and C2). For this we make the following definition of a “verifying class”. The definition
uses the notations given in Definition 2.18. Note, that for most circuit classes that have efficient
PIT algorithms, there also exists a PIT algorithm for a corresponding verifying class.

Definition 5.6. We call a circuit class MV a Verifying Class of M if

1. L(M) ⊆ L(MV ) ⊆MV .

2. If P ∈ L(M) then P + xi ∈MV , for every i ∈ [n].
10In fact, in the algorithm it will be more convenient to have fi = fvi and so we will slightly change the definition

of Ci.
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3. If P1, P2, P3 ∈ L(M) then P1 + P2 + P3 ∈MV , for variable disjoint P2, P3.

4. If P1, P2, P3 ∈ L(M) then P1 + P2 × P3 ∈MV for variable disjoint P2, P3.

5. MV has an efficient PIT algorithm.

Algorithm 9 Verify (C, f)
Input: Circuit C from a circuit class M,

The root v of the a ROF f ,
Justifying assignment ā for f ,
Access to a PIT algorithm for MV .

Output: “true” if C ≡ f and “false” otherwise.
1: if v.Type = IN OR v.Type = CONST then {pv is a univariate or constant polynomial}
2: if C − pv 6≡ 0 then {Using the PIT algorithm forMV }
3: return false
{Multiplication Gate}

4: if v.Type = × then
5: CL ← (C(v.Right).var

ā − v.β)/(v.α · pv.Right(ā))
6: CR ← (C(v.Left).var

ā − v.β)/(v.α · pv.Left(ā))
7: if Verify(CL, v.Left) = false OR Verify(CR, v.Right) = false then
8: return false
9: if C − v.α · (CL × CR) + v.β 6≡ 0 then {Using the PIT algorithm forMV }

10: return false
{Addition Gate}

11: if v.Type = + then
12: CL ← (C(v.Right).var

ā − v.β)/v.α− pv.Right(ā)
13: CR ← (C(v.Left).var

ā − v.β)/v.α− pv.Left(ā)
14: if Verify(CL, v.Left) = false OR Verify(CR, v.Right) = false then
15: return false
16: if C − v.α · (CL + CR) + v.β 6≡ 0 then {Using the PIT algorithm forMV }
17: return false
{Everything is OK}

18: return true

Theorem 5.7. Let C and f be a circuit from a circuit class M, and a ROF correspondingly. In
addition, let MV be a verifying class of M and ā a justifying assignment of f . Then given C, ā
and f Algorithm 9 runs in time O(n · t), when t is the cost of a single PIT algorithm forMV , and
outputs “true” if and only if C ≡ f .

Proof. We start by analyzing the running time. As described above, the algorithm preforms a
traversal over the tree of f . The PIT algorithm of MV is invoked once for every gate (Input,
Multiplication, Addition) hence the total running time is O(n · t) when t is the cost of a single PIT
algorithm forMV . We now prove the correctness of the algorithm.

There are two things to prove. First, we show that all the PIT calls that we make are indeed
for circuits from MV . Then, we show that given a PIT algorithm for MV the algorithm returns
the correct answer.
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From the first glance, we might expect “hazards” executing the lines which require an invocation
of a PIT algorithm. That is, lines 2, 9 and 16. At each stage C and CL, CR (if defined) compute
polynomials in L(M). Moreover, whenever the algorithm reaches line 9 it must be the case that the
polynomials computed by CL and CR are variable disjoint. To see that, notice that the algorithm
could reach line 9 only upon a successful outcome in line 7. That is, prior to line 9 we have that
CL ≡ pv.Left and CR ≡ pv.Right and hence

(var(CL) = var(pv.Left)) ∩ (var(CR) = var(pv.Right)) = ∅,

as pv.Left and pv.Right are variable disjoint by definition. The same holds for line 16. Having the
above, we show that all the required identity tests can be, indeed, carrier out. Recall that (we
assume w.l.o.g. that) f in a non-degenerate ROF and hence v.α 6= 0 for every gate v.

• Line 2:
C ∈ L(M) and pv = a · xi + b for some i ∈ [n] and a, b ∈ F. Consequently,
−a−1 · C ∈ L(M) =⇒ −a−1 · C + xi ∈MV =⇒ C − pv = C − a · xi − b ∈MV . 11

• Line 9:
C,CL, CR ∈ L(M) and CL, CR are variable-disjoint. Consequently,
−(v.α)−1 ·C ∈ L(M) =⇒ −(v.α)−1 ·C+CL×CR ∈MV =⇒ C−v.α·(CL×CR)+v.β ∈MV

• Line 16:
C,CL, CR ∈ L(M) and CL, CR are variable-disjoint. Consequently,
−(v.α)−1 ·C ∈ L(M) =⇒ −(v.α)−1 ·C+CL+CR ∈MV =⇒ C−v.α·(CL+CR)+v.β ∈MV

Hence, we can conclude that all the above identity tests can be carried out using the PIT algorithm
ofMV .

The correctness of the algorithm’s output can be proven by a simple induction on v. That is,
the algorithm outputs “true” iff C ≡ pv. The base case is trivial. The correctness of the step follows
from Lemmas 5.9 and 5.10 (and the correctness of the PIT algorithm ofMV ). This completes the
proof.

Notice, that as f is given to us explicitly we can acquire a justifying assignment ā for f in O(n4)
time (see Lemma 5.1). The next corollary is immediate.

Corollary 5.8. In time O(n · t+ n4) we can verify whether C ≡ f , where t is the cost of a single
PIT for MV .

Lemma 5.9. Let C(x̄, ȳ, z̄) and f(x̄, ȳ) = α · f`(x̄)× fr(ȳ) + β be two polynomials and let (x̄0, ȳ0)
be a justifying assignment of f . Then C(x̄, ȳ, z̄) ≡ f(x̄, ȳ) if and only if the following conditions
hold:

1. f`(x̄) = C(x̄,ȳ0,z̄)−β
α·fr(ȳ0)

2. fr(ȳ) = C(x̄0,ȳ,z̄)−β
α·f`(x̄0)

3. C(x̄, ȳ, z̄) = α · C(x̄,ȳ0,z̄)−β
α·fr(ȳ0) × C(x̄0,ȳ,z̄)−β

α·f`(x̄0) + β

Notice that the conditions are well defined since (x̄0, ȳ0) is a justifying assignment of f and
hence f`(x̄0), fr(ȳ0) 6= 0.

11For the case of the constant polynomial notice that C + b ∈ L(M) ⊆MV .
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The additive version:

Lemma 5.10. Let C(x̄, ȳ, z̄) and f(x̄, ȳ) = α ·(f`(x̄)+fr(ȳ))+β be two polynomials and let (x̄0, ȳ0)
be a justifying assignment of f . Then C(x̄, ȳ, z̄) ≡ f(x̄, ȳ) if and only if the following conditions
hold:

1. f`(x̄) = C(x̄,ȳ0,z̄)−β
α − fr(ȳ0)

2. fr(ȳ) = C(x̄0,ȳ,z̄)−β
α − f`(x̄0)

3. C(x̄, ȳ, z̄) = α · (C(x̄,ȳ0,z̄)−β
α − fr(ȳ0) + C(x̄0,ȳ,z̄)−β

α − f`(x̄0)) + β

Proof. Both proofs are preformed by simple substitutions.

5.3.1 Alternative Verification Tests

The might be some cases in which it would be possible to replace or even eliminate one of the tests
in lines 9 and 16 applying the following “separated” versions of Lemmas 5.9 and 5.10.

Lemma 5.11. Let C(x̄, ȳ, z̄) and f(x̄, ȳ) = α · f`(x̄)× fr(ȳ) + β be two polynomials and let (x̄0, ȳ0)
be a justifying assignment of f . Then C(x̄, ȳ, z̄) ≡ f(x̄, ȳ) if and only if the following conditions
hold:

1. f`(x̄) = C(x̄,ȳ0,z̄)−β
α·fr(ȳ0)

2. fr(ȳ) = C(x̄0,ȳ,z̄)−β
α·f`(x̄0)

3. C(x̄, ȳ, z̄)− β can be represented as product H(x̄) ·G(ȳ) for some two function G,H

Additive version:

Lemma 5.12. Let C(x̄, ȳ, z̄) and f(x̄, ȳ) = α ·(f`(x̄)+fr(ȳ))+β be two polynomials and let (x̄0, ȳ0)
be a justifying assignment of f . Then C(x̄, ȳ, z̄) ≡ f(x̄, ȳ) if and only if the following conditions
hold:

1. f`(x̄) = C(x̄,ȳ0,z̄)−β
α − fr(ȳ0)

2. fr(ȳ) = C(x̄0,ȳ,z̄)−β
α − f`(x̄0)

3. C(x̄, ȳ, z̄) can be represented as a sum H(x̄) +G(ȳ) for some two function G,H

Proof. The first direction is trivial for both. For the second direction we give a proof for the
multiplicative version. We make the following observations:

• H(x̄0) ·G(ȳ) = C(x̄0, ȳ, z̄)− β = α · f`(x̄0)fr(ȳ)

• H(x̄) ·G(ȳ0) = C(x̄, ȳ0, z̄)− β = α · f`(x̄)fr(ȳ0)

• H(x̄0) ·G(ȳ0) = C(x̄0, ȳ0, z̄)− β = α · f`(x̄0)fr(ȳ0)

Notice that f`(x̄0), fr(ȳ0) 6= 0 implies H(x̄0), G(ȳ0) 6= 0. A simple algebraic manipulations
complete the proof. The proof of Lemma 5.12 is similar.
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5.4 Proof of Theorem 7

Before giving the proof we show why any “reasonable” model that poses an interest from the
ROT point of view can, indeed, compute any univariate linear function. To see that notice that
all the univariate ROPs are, in fact, all the univariate linear functions. Now, let C be a circuit
from a circuit class M that computes a non-constant ROP. By considering all the corresponding
restrictions we will obtain circuits inM that compute univariate linear functions.

Proof of Theorem 7. We will show that given M and MV satisfying the required conditions we
can successfully preform each phase of the “Generic ROT Scheme” described in Algorithm 5.

1. Acquiring a Justifying Assignment
As ∂M⊆MV we can acquire a justifying assignment ā by invoking Algorithm 6.
The running time is O(n3 · T (n, s)).

2. Reconstructing ROF f from C
Given the justifying assignment ā we can reconstruct f from C using Algorithm 1.
The running time is poly(n, s).

3. Verifying that f ≡ C
Notice thatMV satisfies the conditions of Definition 5.6 and hence can serve a verifying class
ofM. This allows to invoke the verification procedure described in Algorithm 9.
The running time is O(n · T (n, s) + n4).

The total running time is poly(n, s, T (n, s)).

In the next section we use Theorem 7 and the Generic Scheme suggested in Algorithm 5 in order
to get ROT algorithms for several restricted models for which PIT is known. Given our result it
is necessary that a PIT algorithm is known for the class that we wish to get ROT algorithm for.
However, we note that basically any “reasonable” PIT algorithm yields a ROT algorithm. For
example, an immediate conclusion of Theorem 7 is that an efficient PIT algorithm for multilinear
circuits (for both black-box and none black-box settings) implies an efficient read-once testing
algorithm for multilinear circuits.

6 ROT for Specific Models

In this section we prove Theorems 9, 10 and 11 by applying the ROT scheme of Section 5 (Algorithm
5). We start with the case of sparse polynomials (Theorem 9).

6.1 Sparse Polynomials

A m−sparse polynomial is polynomial with at most m (non-zero) monomials. Equivalently, it is
a polynomial computed by a depth-2 circuit of size m. Sparse polynomials were deeply studied
(for example [BOT88, KS01, LV03]) and, in fact, several polynomial time algorithms for both
reconstruction and PIT were given, over sufficiently large fields (or extension fields). We now show
how to do ROT for sparse polynomials. Note that in [BHH95a] it is mentioned that a polynomial
time ROT algorithm is known (see last sentence of paragraph 4 on page 707 of [BHH95a] that refers
to [Lho91]), however, we give another proof here for completeness (thus proving Theorem 9). We
denote by ΣΠ(m, d) the class of m−sparse polynomials of degree d.
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In order to apply Algorithm 5 we shall need a PIT algorithm for ΣΠ(m, d). Several results are
known and for simplicity we shall use the following result of [KS01].

Lemma 6.1 (Theorem 10 of [KS01]). In time polynomial in m,n, d and log |F|, we can output a
test set of vectors such that every non-zero n−variate polynomial in ΣΠ(m, d) over the field F must
be non-zero at one of the vectors in the set. If F = R then each element of each vector in the set has
bit-length at most O(log(nd)). If F is a finite field with less than (nd)6 elements, then the elements
of the vectors lie in the smallest extension of F with at least (nd)6 elements; otherwise, the vectors
contain just elements of F.

Note that as ∂ΣΠ(m, d) ⊆ ΣΠ(m, d) we can use the above lemma in conjunction with Algo-
rithm 5 and a verification class MV = ΣΠ(m2 + 3m+ 2, d2) (see Definition 5.6) to prove Theo-
rem 9. We now give an alternative proof of Theorem 9 that follows the same lines as the scheme
of Algorithm 5, however uses a different verification procedure.

Proof of Theorem 9. Denote with P the sparse polynomial inside the black-box. We follow the
scheme outlined in Algorithm 5. We first run Algorithms 6 and 1 to get a ROF. Of course, if any
of the algorithms fail then we output “not ROF”. Denote with f the resulting ROF. We now wish
to verify that f ≡ P . We could use Algorithm 9, but instead we use a different scheme. We first
run Algorithm 3 to count the number of monomials in the (read-once) polynomial computed by f
(denoted by M). Now, if M > m then, obviously, f 6≡ P . Otherwise, we let P ′ ∆= f − P . Note
that P ′ has at most 2m monomials and hence is contained in ΣΠ(2m, d′) (when d′ = max(n, d)).
Consequently, we can apply Lemma 6.1 to find whether P ′ ≡ 0. Note that the PIT algorithm for
ΣΠ(2m, d′) is polynomial in n,m, d (and is slightly more efficient than Algorithm 9 equipped with
a PIT algorithm for ΣΠ(m2 + 3m+ 2, d2)).

6.2 Depth-3 Circuits

Depth-3 circuits (also known as ΣΠΣ circuits) computes polynomials of the following form

C(x̄) =
k∑

i=1

di∏
j=1

Lij(x̄)

where the Lij ’s are linear functions. The degree of the circuit is maxi∈[k] di. A depth-3 circuit of
degree d with k multiplications gate is also called a ΣΠΣ(k, d) circuit. Efficient PIT algorithms for
depth-3 circuits with constant fan-in (k = O(1)) were given in [DS06, KS07b, KS07a, AM07]. We
can use those PIT algorithms in conjunction with Algorithm 5 to construct a ROT algorithm for
depth-3 circuits. We now give the proof of Theorem 10.

Proof of Theorem 10. We consider three different cases.

Explicit ΣΠΣ(k, d) read-once testing: Assuming that a ΣΠΣ(k, d) circuit is given to us explic-
itly, a polynomial time PIT (for k = O(1)) was given by [KS07b].

Lemma 6.2. [Theorem 1.1 of [KS07b]] There exists a deterministic algorithm that on input
ΣΠΣ(k, d) circuit C over a field F, determines if the polynomial computed by the circuit is identi-
cally zero in time poly(n, dk), where k is the fan-in of the topmost addition gate and n is the number
of inputs. In particular if k is bounded, then we get a deterministic polynomial time algorithm for
identity testing of depth 3 circuits.
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Clearly, L(ΣΠΣ(k, d)) ⊆ ΣΠΣ(k + 1, d). Thus,the class MV = ΣΠΣ(k2 + 4k + 3, d2) satisfies
the conditions of Theorem 7. Consequently, by using Lemma 6.2 as a PIT algorithm for MV we
get a poly(n, dk2

) time ROT algorithm for (ΣΠΣ(k, d)) circuits. Note that the algorithm runs in
polynomial time for k = O(1).

Black-box ΣΠΣ(k, d) read-once testing: Unfortunately, the state of affairs is worse for black-
box setting. No polynomial time black-box PIT algorithm for ΣΠΣ(k, d) circuits is known. The
best, and in fact, the only such algorithm is quasi-polynomial for k = O(1).

Lemma 6.3 (Theorem 1 of [KS07a]). Let C be a ΣΠΣ(k, d) circuit over a field F, in n indeter-
minates, for some constant k. Then there is a deterministic black-box algorithm that on input k,
d, n and black-box access to C determines whether C computes the zero polynomial. The running
time of the algorithm is poly(n, d) · exp(logk−1 d). If |F| is O(d3 · n) then the algorithm is allowed
to make queries to C from an algebraic extension field of F of polynomial size.

As in the previous case we get a poly(n, d) ·exp(logO(k2) d) time ROT algorithm for (ΣΠΣ(k, d))
circuits. Note that the running time is quasi-polynomial for k = O(1).

Multilinear Black-box ΣΠΣ(k) read-once testing: A multilinear ΣΠΣ(k) circuit is a circuit in
which every multiplication gate (

∏
) computes a multilinear polynomial. For multilinear ΣΠΣ(k)

circuits a polynomial time black-box PIT algorithm is known (again, when k = O(1)).

Lemma 6.4 (Theorem 1 of [KS07a]). Let C be a multilinear ΣΠΣ(k) circuit in n indeterminates
over a field F where k is a constant. Then there is a deterministic polynomial time (in the number
of variables) black-box algorithm that on input k, n and black-box access to C determines whether
C computes the zero polynomial. If |F| ≤ O(n3 · k2) then the algorithm is allowed to make queries
to C from an algebraic extension field of F of polynomial size.

As before, L(ΣΠΣ(k)) ⊆ ΣΠΣ(k + 1) (in its multilinear version) and it is not hard to see that
the class MV = ΣΠΣ(k2 + 4k + 3) (of multilinear circuits) satisfies the conditions of Theorem 7.
Therefore, we get a ROT algorithm for multilinear ΣΠΣ(k) circuits that runs in polynomial time
for k = O(1).

6.3 Non-Commutative Formulas

In the regular (commutative) setting an arithmetic circuit C over the field F computes a polyno-
mial over the ring F[x1, x2, . . . , xn]. In particular, both addition and multiplication are commu-
tative operations. For example the formal expressions x1x2 + x3 and x2x1 + x3 are considered as
the same polynomial. In the non-commutative setting, a circuit C computes a formal expression
over F{x1, x2, . . . , xn}, the ring of polynomials over non-commutating variables. In this case only
the addition operation remains commutative and thus the above formal expressions are consid-
ered as different polynomials. Note though, that if the output of C is the zero polynomial over
F{x1, x2, . . . , xn} it is also the zero polynomial over F[x1, x2, . . . , xn], but not the other way around.

The non-commutative model was introduced and studied in [Nis91, BW05, RS05]. Known
results include reduction to algebraic branching programs, deterministic PIT in the non black-box
setting and randomized PIT in the black-box setting. In this subsection we study the properties of
ROPs computed by this circuit class and provide a proof for Theorem 11.

Definition 6.5. Non-commutative read-once polynomial is a polynomial computed by a ROF with
non-commutating variables.
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We begin with a simple observation:

Observation 6.6. If the output of a circuit C over F{x1, x2, . . . , xn} is a non-commutative ROP
then the output of a circuit C over F[x1, x2, . . . , xn] is a (commutative) ROP (that is, even if we
let the variables commute the circuit will still compute a ROP).

Due to the distinct nature of the non-commutative polynomials, one should be careful when
applying the standard definitions and/or relying on the basic properties known for the commutative
polynomials when dealing with their non-commutative “cousins”. For example consider the non-
commutative polynomial P (x1, x2, x3) = x1 · x2 · x3 − x3 · x1 · x2. Clearly, P depends on x3 (as it
appears in P when listed as a sum of monomials). However,

∂P

∂x3
= x1 · x2 · 1− 1 · x1 · x2 − (x1 · x2 · 0− 0 · x1 · x2) ≡ 0

Moreover, even the basic definition of dependence (see section 2) does not sustain here, since
for every α1, α2 ∈ F P (α1, α2, x3) = α1 · α2 · x3 − x3 · α1 · α2 ≡ 0. In addition, notice that Lemma
2.17 does not hold either as for every β ∈ F P (x1, x2, β) ≡ 0. On the other hand, Lemmas 3.14 and
3.19 still hold in their non-commutative version. Nevertheless, we show that we can still use the
generic schema to obtain a ROT algorithm for the non-commutative formulas.

Proof of Theorem 11. Let P be a non-commutative polynomial. As mentioned above, we would
like to apply Algorithm 5 for the ROT task. In order to do so, we show that we can perform each
of its steps. I.e. acquire a justifying assignment, then constructing a non-commutative ROF F
out of it, and finally verify that F ≡ P . We start by showing that Algorithm 6 also works in the
non-commutative case. For this we first observe that the correctness of the Algorithm, given an
appropriate PIT algorithm, relies on the following properties:

• A partial derivative of a ROP is a ROP.

• A ROP P depends on xi iff ∂P
∂xi
6≡ 0.

• Give a non-zero ROP P for every variable xi there exists at most one α ∈ F such that
P |xi=α ≡ 0.

Actually, these properties can be restated to hold for every commutative polynomial. The
reason for choosing this statement is that it also holds for non-commutative ROPs. Note that
unlike the example above of the polynomial x1 · x2 · x3 − x3 · x1 · x2, the properties above are
stated for non-commutative ROPs and not for a general non-commutative polynomial. To show
that the properties hold for non-commutative ROPs we first note that, as mentioned before, the
first property follows by slightly changing the proof of Lemma 3.19. The correctness of other two
properties follows from the next lemmas.

Lemma 6.7. Let P ∈ F{x1, x2, . . . , xn} be a non-commutative ROP. Then P depends on xi iff
∂P
∂xi
6≡ 0.

Proof. The first direction is trivial. For the second direction we apply an induction on k = |var(P )|
Base Case: For k = 1 the claim is trivial.
Step: For k ≥ 2 let i ∈ [n]. By the non-commutative version of Lemma 3.14 we get that P can

be in a one of the two forms:
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1. P (x̄) = P1(x̄) + P2(x̄). In this case ∂P
∂xi

= ∂P1
∂xi

+ ∂P2
∂xi

and consequently ∂P
∂xi
6≡ 0 implies w.l.o.g

that ∂P1
∂xi
6≡ 0. By definition |var(P1)| < |var(P )| and thus from the induction hypothesis P1

depends on xi. Finally, since P1 and P2 are variable disjoint we obtain that P depends on xi

as well.

2. P (x̄) = P1(x̄) · P2(x̄) + c. In this case we have that ∂P
∂xi
6≡ 0 implies P1|xi=1 · P2|xi=1 6=

P1|xi=0 · P2|xi=0. Assume w.l.o.g that P1|xi=1 6= P1|xi=0 which is equivalent to ∂P1
∂xi
6≡ 0. The

result follows similarly to the previous case.

Lemma 6.8. Let P ∈ F{x1, x2, . . . , xn} be a non-commutative ROP such that for some variable xi

and α 6= β ∈ F we have that P |xi=α = P |xi=β ≡ 0 then P ≡ 0.

Proof. Note that ∂P
∂xi
· (β − α) = P |xi=β − P |xi=α. Hence, ∂P

∂xi
≡ 0 and from the previous lemma P

does not depend on xi. Consequently, P = P |xi=α ≡ 0.

The final ingredient in the acquisition of a justifying assignment is a PIT procedure for the
partial derivative of the circuit class. It is easy to see that the (discrete) partial derivative of a
non-commutative formula is a non-commutative formula as well. Thus, the following lemma of
[RS05] gives the required PIT algorithm.

Lemma 6.9 (Theorem 5 of [RS05]). Given a non-commutative arithmetic formula of size s we can
verify in time polynomial in s whether the formula is identically zero.

As a result of the above, we can use Algorithm 6 to get a justifying assignment in the non-
commutative case as well. The next step is to give an analog of Algorithm 1 to the case of non-
commutative formulas. The following modifications are required in order to adapt Algorithm 1 to
non-commutative polynomials. The Gates Graph of a non-commutative ROF should be directed,
indicating the order of multiplication (that is we put an edge (i, j) if xi and xj appear in the same
monomial and xi is to the left of xj). The non-commutative analog of Algorithm 1 is given as
follows.

• Use the justifying assignment to construct a directed Gates Graph

• Use the justifying assignment construct the directed skeleton

• Recursively learn sub-formulas

We do not give a proof here that all the steps can be implemented efficiently as the proof is
basically the same as the proof in the commutative case, and only requires noting that the order
of multiplicands in every monomial of the constructed ROF is indeed the same as the one in the
underlying ROP. We leave the details to the reader. We now show how to implement the verification
step of Algorithm 5. Note that as the reconstruction steps returns a non-commutative ROF, that
in theory should compute the same polynomial as the one at hand, we can simply consider F − P
and use the PIT guaranteed by Lemma 6.9 to check whether F ≡ P . This completes the proof of
Theorem 11.
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7 PIT Algorithm for Alternating Read-Once Formulas

In this section we prove Theorems 1 and 2. It will be more convenient for us to use the notion of
alternating ROF instead of the usual notion of ROF (see Definition 3.5). We start by generalizing
some of the notions and proofs to AROFs.

7.1 Some Properties of AROFs

We first define the depth of a ROP.

Definition 7.1. For a ROP P ∈ F[x1, x2, . . . , xn] we define: depth(P ) to be the depth of the AROF
computing it.

This definition is well defined as the depth of an AROF is determined by its skeleton, which is
in turn determined by the gates-graph of P (Lemma 3.13). The depth of a ROP P will play an
important role in our PIT algorithms. We now give the analog of Lemmas 3.14, 3.19 and 3.16 for
the case of AROF.

Lemma 7.2. Every ROP P (x) with |var(P )| ≥ 2 of depth d can be presented in exactly one of the
following forms:

1. P (x̄) = P1(x̄) + P2(x̄) + . . .+ Pk(x̄).

2. P (x̄) = f (P1(x̄), P2(x̄), . . . , Pk(x̄)).

Where, for every j ∈ [k], the polynomials Pj(x̄) are non-constant variable-disjoint ROPs of
depth at most d− 1, and f is a multiplicative ROP.

Proof. The proof is similar to the proof of Lemma 3.14.

Lemma 7.3. A partial derivative of a ROP P (x̄) of depth d is a ROP of depth at most d.

Proof. Let P be a ROP of depth at most d and xi ∈ var(P ). We prove the lemma by induction on
m = |var(P )|. For m = 0, 1 the claim is trivial. For m ≥ 2 we get by Lemma 7.2 that P can be in
a one of the two forms:

1. P (x̄) = P1(x̄) + P2(x̄) + . . . + Pk(x̄). In this case we get that since the Pj ’s are variable-
disjoint AROFs we can assume w.l.o.g that ∂P

∂xi
= ∂P1

∂xi
. In addition, |var(P1)| < |var(P )|. By

the induction hypothesis we get that ∂P
∂xi

= ∂P1
∂xi

is a ROP of depth at most d− 1.

2. P (x̄) = f (P1(x̄), P2(x̄), . . . , Pk(x̄)), where f is a multiplicative ROP in the variables
{y1, y2, . . . yk}. As previously, we assume w.l.o.g that xi ∈ var(P1). By the chain rule we
get that ∂P

∂xi
= ∂f

∂y1
(P1, . . . , Pk) · ∂P1

∂xi
. As f is a multiplicative ROP, we get that ∂f

∂y1
is a

multiplicative ROP in the variables y2, . . . , yk. In addition, our induction hypothesis implies
that ∂P1

∂xi
is a ROP of depth at most d− 1 (as the depth of P1 is at most d− 1). As the Pj ’s

are variable disjoint it follows that ∂P
∂xi

= ∂f
∂y1

(P1, . . . , Pk) · ∂P1
∂xi

is a ROP of depth at most d.

This concludes the proof of the lemma.

Finally, we state a lemma analogous to Lemma 3.16.

Lemma 7.4. A ROP P of depth at most d is reducible if and only if it is of the form P (x̄) =
f (P1(x̄), P2(x̄), . . . , Pk(x̄)) where the Pj’s are non-constant variable-disjoint ROPs of depth at most
d− 1, and f(y1, y2, . . . yk) is a reducible polynomial.

Using this lemma it is very easy to convert Algorithm 2 to an algorithm that finds the irreducible
factors of a given AROF.
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7.2 Black-Box PIT Algorithm for Bounded-Depth AROFs

In this subsection we prove Theorem 2. The main idea is to convert a ROP P , that has many
variables, each with degree 1, to a polynomial P ′ with a “small” number of variables and a “rea-
sonable” degree , such that P ′ ≡ 0 if and only if P ≡ 0. For this task, we define the following two
families of maps.

Definition 7.5. Let n ≥ m ≥ 1 and d ≥ 1 be integers. Define the trace functions

τi(y1, . . . , yd)
∆=

d∑
j=1

yi
j .

Let Sd(y1, . . . , yd) : Fd → Fn be defined as

Sd(y1, . . . , yd) = (τ1(y1, . . . , yd), . . . , τn(y1, . . . , yd)).

Denote with ei ∈ {0, 1}n the vector that has a single non zero entry at the i-th coordinate. Let
Td,m(z, y1, y2, . . . , yd) : Fd+1 → Fn be defined as

Td,m = (τ1(y1, . . . , yd), . . . , τn(y1, . . . , yd)) + z · em.

That is, the only difference between Sd and Td,m is the m-th coordinate in which (Sd)m = τm =
d∑

j=1
ym

j , and (Td,m)m = τm+z = z+
d∑

j=1
ym

j . In particular, for every m we have that (Td,m) |z=0 = Sd.

The transformation takes advantage of the fact that at each variable is read at most once,
so there is always a variable with the smallest index that can not be cancelled. Note, that the
bounded depth AROF model generalizes the standard bounded depth model.

Definition 7.6. For a non-constant polynomial P ∈ F[x1, x2, . . . , xn] we define: minarg(P ) =
min{i | xi ∈ var(P )}.

We now give the main idea behind our PIT algorithm. We say that AROF is an additive AROF
if its root is an addition gate.

Lemma 7.7. Let P ∈ F[x1, x2, . . . , xn] be a non-constant ROP computed by an additive AROF
ϕ : Fn → F of depth < 2d and let m = minarg(P ). Then the following holds:

1. P (Td,m) depends on z.

2. P (Sd) is a non-constant polynomial in ȳ (in particular P (Sd) 6≡ 0).

Proof. We show that the two properties hold by a joint induction on d. When d = 1 we have that
an additive AROF of at most depth 1 must have the form P = a0 + a1x1 + a2x2 + · · · + anxn. It
is clear that the two properties hold. We now consider the case d > 1. We can represent P as

P =
k∑

i=1

gi(x̄) =
k∑

i=1

fi (Pi,1(x̄), Pi,2(x̄), . . . , Pi,ki
(x̄))

where {fi}i∈[k] are the multiplicative ROPs that label the children of the root of ϕ (which are MUL
gates), and each Pi,j is a ROP of depth < 2d− 2 = 2(d− 1), computed by an additive AROF that
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enters the MUL gate labelled with fi. Let m = minarg(P ). Assume w.l.o.g. that m ∈ var(P1,1).
We first show that P (Td,m) depends on z. Consider P1,j for j > 1. As m 6∈ var(P1,j) we get from
the induction hypothesis that

P1,j(Td−1,m) = P1,j(Sd−1) is a non-constant polynomial

Similarly, we get by the induction hypothesis that P1,1(Td−1,m) is a non-zero polynomial depending
on z. The following lemma guarantees that g1(Td−1,m) is a non zero polynomial depending on z.

Lemma 7.8. Let Q(x1, . . . , xk) : Fk → F be a non-constant multiplicative ROP and let
h1(z, ȳ), h2(ȳ), . . . , hk(ȳ) be non-constant polynomials such that z ∈ var(h1). Then Q(h1, . . . , hk) 6≡
0 and depends on z.

Proof. The proof follows immediately by a simple induction on the structure of the multiplicative
ROF for Q. We just notice that the top gate is × and by induction the children are non-zero (and
one of them depends on z) and so their product is non-zero and depends on z. The base case of
the induction is trivial.

As a corollary we get that

g1(Td,m)|yd=0 = g1(Td−1,m) = f1 (P1,1(Td−1,m), P1,2(Td−1,m), . . . , P1,k1(Td−1,m)) 6≡ 0

and g1(Td,m)|yd=0 depends on z. As for i > 1 we have that gi(Td−1,m) does not depend on z, it
follows that

P (Td,m)|yd=0 = P (Td−1,m) =
k∑

i=1

gi(Td−1,m) 6≡ 0

and P (Td,m)|yd=0 depends on z. In particular P (Td,m) 6≡ 0 and depends on z, as required. We now
want to show that P (Sd) = P (Td,m)|z=0 6≡ 0. Recall that m = minarg(P ). Therefore we can write

g1(x̄) = xm ·A1(xm+1, . . . , xn) +B1(xm+1, . . . , xn),

where A1 is a non-zero polynomial. Moreover, A1(Sd−1) = A1(Td−1,m) 6≡ 0 (as g1(Td−1,m) =
g1(Td,m)|yd=0 depends on z). Summing all together we can write

P (x̄) = xm ·A1(xm+1, . . . , xn) +B(xm+1, . . . , xm),

as the other gi’s do not depend on xm (because they come from a ROF). It follows that

P (Td,m) = (z +
d∑

j=1

ym
j ) ·A1(Td,m) +B(Td,m) = (z +

d∑
j=1

ym
j ) ·A1(Sd) +B(Sd).

We now make two observations. The first is that A1(Sd) has a monomial not depending on yd. This
follows from the fact mentioned above that A1(Sd−1) 6≡ 0. The second observation is that in every
monomial involving yd in either A1(Sd) or B(Sd), the degree of yd is at least m + 1. This follows
from the fact that these two polynomials only depend on xm+1, . . . , xn. In particular we have that

P (Td,m) = (z +
d∑

j=1

ym
j ) ·A1(Sd−1) +B(Sd−1) + ym+1

d · C(z, y1, . . . , yd),
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for some polynomial C. Note that A1(Sd−1) and B(Sd−1) do not depend on yd. We now get that

P (Sd) = P (Td,m)|z=0 = ym
d ·A1(Sd−1) + ym+1

d · C(0, y1, . . . , yd) +
d−1∑
j=1

ym
j ·A1(Sd−1) +B(Sd−1)

In particular, any non-zero monomial of ym
d · A1(Sd−1) cannot be cancelled (as the degree of yd in

such monomials is exactly m, and in any other monomial the degree of yd is either 0 or at least
m + 1). As a conclusion we get that P (Sd) is a non-constant polynomial in ȳ and particularly,
P (Sd) 6≡ 0, and the proof is completed.

The following corollary is immediate.

Corollary 7.9. Let P be a non-zero ROP computed by an AROF (not necessarily additive) of
depth ≤ 2d then P (Sd+1) 6≡ 0 12.

We now construct the hitting set suggested by Lemma 7.7.

Theorem 7.10. Let W ⊆ F be a set of size n2. Let A = Sd+1

(
W d+1

)
⊆ Fn (that is, we take

the image of W d+1 under Sd+1). Then an n-variate ROP P of depth ≤ 2d is zero if and only if
P |A ≡ 0.

Note, that |A| ≤ (n2)d+1 = nO(d).

Proof. If P ≡ 0 then the claim is trivial. Assume that P 6≡ 0. By Corollary 7.9 we get that
P (Sd+1) 6≡ 0. From the definition of Sd+1, and the fact that P is a multilinear polynomial, it
follows that P (Sd+1(ȳ)) is a (d+ 1)-variate polynomial, of degree at most 1 + 2 + 3 + . . .+ n < n2

in each variable. Lemma 2.16 implies that P 6≡ 0 if and only if P |A 6≡ 0.

The proof of Theorem 2 now follows easily.

Proof of Theorem 2. Clearly, Theorem 7.10 implies a black-box PIT algorithm that runs in time
nO(d). To complete the proof of Theorem 2 we describe an interpolation procedure for bounded
depth read-once formulas - AROF(d). Let P ∈ AROF(d). Lemma 7.3 implies that ∂AROF(d) ⊆
AROF(d) consequently, we can acquire a justifying assignment ā for P by invoking Algorithm 6 and
using the hitting set from Theorem 7.10. Once we have a justifying assignment, we can construct
a ROF f that computes P applying Algorithm 1. Note, that the entire reconstruction procedure
requires nO(d) running time.

7.3 PIT for General Read-Once Formulas

In this section we prove Theorem 1. The idea of the proof is the following. Given a black-box
holding a ROP P we have two options. Either the depth of P , denoted with d, is smaller than
O(
√
n), and in this case we can use Theorem 7.10. Or, we are in a case where any AROF for P

has a “high” depth. We show that in such a case there exists an input variable xi such that ∂P
∂xi

is
not the zero polynomial and, more importantly, depends on at most n − d/2 variables. The idea
behind the proof is to show a that if there is a variable xi that is “very far” from the root of the
AROF for P , then there are “many” variables xj such that xi ·xj does not appear in any monomial.
Consequently we can eliminate the dependency on those variables by taking a partial derivative
w.r.t. xi. By repeating this several times we get as a result that there exists a set I ⊆ [n] of size

12 Consider P̂
∆
= P + xn+1. We leave the rest of details to the reader.
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O(
√
n) such that ∂IP is non zero and it is either of depth smaller than

√
n or it depends on a

small number of variables. In either case we can perform PIT efficiently (that is, in sub-exponential
time).

Lemma 7.11. Let P 6≡ 0 ∈ F[x1, x2, . . . , xn] be a ROP. For every k ≥ 0 there exist a subset Ik ⊆ [n]
such that the following properties hold.

1. The size of Ik is at most k.

2. The partial derivative ∂Ik
P is non-zero.

3. The partial derivative w.r.t I eliminates many variables. That is, |var(∂Ik
P )| ≤ |var(P )|− k

2 ·
depth(∂Ik

P ).

Proof. We shall show the proof only for the case k = 1, as after taking a partial derivative the
depth cannot increase (see Lemma 7.3), and so we can construct the set I by adding one element
at a time. We assume w.l.o.g. that depth(P ) > 0 as otherwise there is nothing to prove.

Consider an alternating ROF f for P . As depth(f) ≥ 1, it must be the case that f contains at
least one gate and that |var(P )| ≥ 2. Let xi be the variable labelling a leaf that is farthest from
the roof of f . Let π be the path from xi to the root. By definition π is an alternating path (that it,
it has alternating MUL and + gates) of length d ∆= depth(f) = depth(P ). In particular π contains
at least bd2c ≥ (d− 1)/2 addition gates. Consider such an addition gate v. Consider the child of v
that is not on π. There must be a leaf leading to this child. Assume that xj is labelling this leaf.
As fcg(xi, xj) = v it must be the case that xj 6∈ var( ∂P

∂xi
). In addition, xi 6∈ var( ∂P

∂xi
) as well. As

this is the case for xi and for every addition gate on π we have that

|var(
∂P

∂xi
)| ≤ |var(P )| − d− 1

2
− 1 < |var(P )| − d

2

as required.

The following is an immediate corollary.

Corollary 7.12. For every non-zero ROP P ∈ F[x1, x2, . . . , xn] and k ≥ 0 there exists a subset
Ik ⊆ [n] such that:

1. |Ik| ≤ k.

2. ∂Ik
P 6≡ 0.

3. depth(∂Ik
P ) ≤ |var(P )| · 2

k+2

Proof. Let Ik be the set guaranteed by Lemma 7.11. It remains to verify the third claim. As for
every ROP P , we have that depth(P ) ≤ |var(P )| we get that

depth(∂Ik
P ) ≤ |var(∂Ik

P )| ≤ |var(P )| − k

2
· depth(∂Ik

P ).

By changing sides we get that

depth(∂Ik
P ) ≤ 2

k + 2
· |var(P )|.
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Algorithm 10 Black-Box PIT for ROP
Input: (A black-box access to) ROP P .
Output: “true” if P ≡ 0 and “false” otherwise.
1: for all I ⊆ [n] such that |I| ≤

√
n do

2: if ∂IP 6≡ 0 as a ROP of depth ≤ 2
√
n then {Using the hitting set from Theorem 7.10 }

3: return false
{Everything is OK}

4: return true

We now give the black-box algorithm for PIT of general read-once formulas.

Theorem 7.13. Algorithm 10 is a deterministic PIT algorithm for ROF that runs in time
exp

(
Õ(
√
n)
)
.

Proof. The correctness of the algorithm is clear from Corollary 7.12, by taking k =
√
n. We now

analyze the running time of the algorithm. Note, that in order to compute the value of ∂P
∂x1

at a
given point ā we have to query the polynomial at two points:

∂P

∂x1
(ā) = P (1, ā)− P (0, ā).

It follows that in order to compute the value of ∂I(P ), at a given input, we need to make 2|I| queries
to the black-box holding P . According to Theorem 7.10 we have to make nO(

√
n) queries to ∂I(P )

in order to check whether it computes the zero polynomial. Therefore, we have to make a total of
2|I| · nO(

√
n) queries to P , in order to check whether ∂IP ≡ 0. As we have to do it for every I ⊆ [n]

of size at most
√
n we get that the running time is

√
n∑

k=0

(
n

k

)
· 2|I| · nO(

√
n) = nO(

√
n) = exp

(
Õ(
√
n)
)
.

Proof of Theorem 1. As before, Theorem 7.13 gives a PIT algorithm of the appropriate running
time. We now describe a reconstruction procedure for read-once formulas. Let P be a ROP. Lemma
3.19 implies that ∂ROF ⊆ ROF consequently, we can acquire a justifying assignment ā for P by
invoking Algorithm 6 and using the PIT Algorithm 10. Once we have a justifying assignment,
we can construct a ROF f that computes P (Algorithm 1). Note, that the entire interpolation
procedure requires nO(

√
n) = exp

(
Õ(
√
n)
)

running time.

8 PIT for Sum of Read-Once Formulas

In this section we prove Theorem 3. That is, we are given the computation graphs of k ROFs
{Fm}m∈[k] and we have to find whether they sum to zero. The proof of Theorem 8 appears in

Subsection 8.4 and is based on the results that we prove here. Denote F =
k∑

m=1
Fm, then we have

to check whether F ≡ 0. Our algorithm for the problem has two steps. In the first step we find a
common justifying assignment to F1, . . . , Fk using Algorithm 6. Assume w.l.o.g. that all the input
formulas are 0̄−justified (we can shift each input variable to get this see Subsection 5.2.2). The
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second step is to verify that F vanishes on all the 0/1 inputs of weight at most k2. Theorem 8.2
then guarantees that F ≡ 0. To establish the theorem we need Theorem 8.3 that shows that we
cannot represent Pn as a sum of less than

√
n many 0̄−justified ROPs.

We call this approach a hardness of representation approach as the proof is based on the fact
that a monomial cannot be represented (computed) by a sum of a “small” number of 0̄−justified
ROPs.

8.1 The Algorithm

We present an identity testing algorithm for the sum of read-once formulas. For the algorithm we
assume that |F| ≥ kn (recall that we are allowed to make queries from an extension field). We
shall use An

k2({0, 1}) as defined in Definition 2.11 with the set W = {0, 1}. Recall that there is a
PIT algorithm for a single ROF (in a non black-box setting) that requires in O(n) time (see the
discussion in Section 4).

Algorithm 11 PIT algorithm for sum of read-once formulas
Input: ROFs F1, . . . , Fk when F = F1 + · · ·+ Fk.
Output: “true” if F ≡ 0 and “false” otherwise.
1: acquire common justifying assignment ā for the ROFs F1, F2, . . . , Fk {using Algorithm 6}
2: if Fā|An

k2 ({0,1}) ≡ 0 then
3: return true
4: else
5: return false

We now analyze the running time of the algorithm. The proof of correctness is given in the
next section.

Lemma 8.1. The running time of Algorithm 11 is nO(k2).

Proof. Acquiring a common justifying assignment ā formulas requires time O(n4k2) (see Lemma

5.1 with t = O(n)). Verifying that Fā|An
k2 ({0,1}) ≡ 0 requires at most

(
k2∑
i=0

(
n
i

))
· k time. We thus

get that the running time is O(k ·
(

n
k2

)
) = nO(k2).

8.2 Analysis of the Algorithm

In this subsection we show that if
k∑

m=1
Fm, a sum of 0̄−justified ROPs, vanishes on a certain set of

points then the sum is zero. This guarantees the correctness of the algorithm as by the definition

of ā it must be the case that Fā =
k∑

m=1
(Fm)ā is a sum of 0̄−justified ROPs (see Section 5.2.2).

Theorem 8.2. Let {Fm(x̄)}m∈[k] be 0̄−justified ROPs over F[x1, x2, . . . , xn] and let F (x̄) =
k∑

m=1
Fm(x̄). Assume that k ≤

√
n. Then F ≡ 0 if and only if F |An

k2 ({0,1}) ≡ 0.

Before giving the proof of the theorem we show that together with Lemma 8.1 it implies The-
orem 3.
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Proof of Theorem 3. By Theorem 8.2 we get that Algorithm 11 correctly decides whether the given
k ROFs sum to zero. The claim regarding the running time was proved in Lemma 8.1.

In particular, for a small k we obtain an efficient PIT algorithm. For example: for k = O(1)
(constant fan-in) we obtain a polynomial time algorithm, for k = poly log(n) a quasi-polynomial
time algorithm and for k = o( n

log n)1/2 - sub-exponential time algorithm. We now give the proof of
Theorem 8.2.

Proof of Theorem 8.2. We first direction is trivial. For the second direction we apply induction on
n. Our base case is when n ≤ k2. In this case F is a multilinear polynomial in n variables that
vanishes on the boolean cube {0, 1}n and therefore (Lemma 2.16) F ≡ 0. We now assume that
n > k2 ≥ 4. Let ` ∈ [n]. Consider the restriction of the Fm’s and F to the subspace x` = 0.
Namely, let F ′ ∆= F |x`=0 and {F ′

m
∆= Fm|x`=0}m∈[k]. It is clear from the definition that the F ′

m’s
are also 0̄−justified ROFs. As An−1

k2 ({0, 1}) = An
k2({0, 1}) ∩ {x̄ ∈ Fn| x` = 0}, it follows that

F ′|An−1

k2 ({0,1}) ≡ 0. Therefore, {F ′
m(x̄)}m∈[k] satisfy the conditions of the theorem and so by the

induction hypothesis we get that F ′ = 0. In other words, F |x`=0 ≡ 0 and therefore x` is a factor of
F (see Lemma 2.17). As this holds for every ` we get that Pn divides F . Since F is a multilinear
polynomial this implies that F = a · Pn for some a ∈ F. It follows that a · Pn is a sum of k <

√
n

0̄−justified ROPs. Theorem 8.3 (that we prove in the next subsection) shows that in such a case
we must have that a = 0. In particular, we get that F = a · Pn ≡ 0. This completes the proof of
the theorem.

8.3 Hardness of Representation Theorem for Sum of 0̄−Justified ROFs

In this section we complete the last piece needed for the proof of Theorem 8.2. We give a hardness
of representation theorem, that shows that there is no way to write the polynomial Pn as a sum of
k ≤
√
n 0̄−justified ROPs. In fact, we show a stronger statement.

Theorem 8.3 (HOR). The polynomial Pn(x̄) cannot be represented as sum of k 0̄−weakly-justified
ROPs for k ≤

√
n.

Proof. Let {Fm(x̄)}m∈[k] be k 0̄−weakly-justified ROPs over F[x1, x2, . . . , xn]. We prove the claim
by induction on k. For k = 0, 1 the claim is trivial. We now assume that k ≥ 2 and that n ≥ k2. We

shall assume for a contradiction that
k∑

m=1
Fm = Pn. The idea of the proof is to find a set of (indices

of) input variables I ⊆ [n] such that after we take a partial derivative with respect to all of them
(that is we consider the ROPs {∂IFm}m∈[k]) we get that for every m ∈ [k], ∂IFm = (xn−αm) ·hm,
for some αm 6= 0 and a ROP hm. Now we substitute xn = αk and get that we can represent the
polynomial (∂IPn) |xn=αk

as a sum of at most k − 1 0̄−weakly-justified ROPs (the fact that hm is
a 0̄−weakly-justified ROP is not hard to show). Then we use the induction hypothesis to reach a
contradiction. We now proceed with the proof. There are two cases to consider.

• There exist i 6= j ∈ [n] and m ∈ [k] such that ∂2Fm
∂xi∂xj

≡ 0 (namely, Fm does not contain xi · xj

in any of its monomials). Assume w.l.o.g. that i = n − 1, j = n,m = k. By considering the
partial derivatives with respect to {xn, xn−1} we get that

k−1∑
m=1

∂2Fm

∂xn∂xn−1
= Pn−2.
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It may be the case that more than one Fm vanishes when we take a partial derivative w.r.t.
{xn, xn−1}, however they cannot all vanish simultaneously (as Pn contains xn · xn−1). By
Lemma 3.24 we have that the polynomials { ∂2Fm

∂xn∂xn−1
} are 0̄−weakly-justified ROPs. Hence,

we obtain a representation of Pn−2 as a sum of 0 < k̂ ≤ k − 1 0̄−weakly-justified ROPs such
that 0 < k̂2 ≤ (k − 1)2 = k2 − 2k + 1 ≤ n − 2 − (2k − 3) ≤ n − 2 which contradicts the
induction hypothesis.

• For every i 6= j ∈ [n] and m ∈ [k] we have that ∂2Fm
∂xi∂xj

6≡ 0. Thus, the polynomials {Fm}m∈[k]

are 0̄−weakly-justified and multiplicative. In addition, for every m ∈ [k] we have that
var(Fm) = [n]. In particular |var(Fm)| ≥ 4. Lemma 3.23 implies that ∀m ∈ [k] there
exist jm ∈ [n], αm ∈ F and a ROP hm(x̄) such that

∂Fm

∂xjm

= (xn − αm)hm(x̄).

Let I = {jm|m ∈ [k]}. Clearly, 1 ≤ |I| ≤ k and n /∈ I. Consider the following ROPs

F ′
m

∆= ∂IFm.

Then the ROPs F ′
m’s have the following properties.

1. By Lemma 3.24 we get that every F ′
m is a 0̄−weakly-justified ROP.

2. F ′
m = (xn − αm)h′m(x̄) for some h′m(x̄). Indeed, as jm ∈ I we have that

F ′
m = ∂IFm = ∂I\{jm}(

∂Fm

∂xjm

) = ∂I\{jm} ((xn − αm)hm(x̄)) = (xn − αm) · ∂I\{jm}hm(x̄).

3. For every m ∈ [k] we have that αm 6= 0 and h′m(x̄) is a 0̄−weakly-justified ROP (this follows
by Lemma 3.25 and the two properties we proved above).

4. For every α 6= αm ∈ F we have that F ′
m|xn=α is a non-zero 0̄−weakly-justified ROP. This can

be easily concluded from property 3 since F ′
m|xn=α = (α− αm)h′m(x̄).

Let
F ′′

m
∆= ∂IFm|xn=αk

= F ′
m|xn=αk

= (αk − αm)h′m(x̄).

As for every m in [k] we have that h′m is a 0̄−weakly-justified ROP then so does F ′′
m. In addition,

we note that F ′′
k ≡ 0. W.l.o.g. let us assume that I = {n̂ + 1, n̂ + 2, . . . , n − 2, n − 1} for some n̂.

We get that
k−1∑
m=1

F ′′
m = ∂IPn|xn=αk

= αk · Pn̂.

That is, we have a representation of Pn̂ as a sum of 0̄−weakly-justified ROPs. We note that as
k ≥ |I| = (n− 1)− n̂, it follows that

k̂2 ≤ (k − 1)2 = k2 − 2k + 1 ≤ k2 − k − (n− 1− n̂) + 1 ≤ n− k − n+ 2 + n̂ ≤ n̂.

Therefore, we have found a representation of αkPn̂ as a sum of k̂ ≤
√
n̂ 0̄−weakly-justified ROPs.

By our induction hypothesis we get that αk = 0. This is in contradiction to property 3 above. Hence,
Pn cannot be represented as a sum of at most

√
n 0̄−weakly-justified ROPs and the theorem is

proved.
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8.4 Proofs of Theorems 4, 5, 6 and 8

We first give a generic algorithm and then show how to apply it in several different scenarios. We
start by presenting the black-box version of Algorithm 11.

Theorem 8.4. Let A be a hitting set for the ROPs F1, . . . , Fk
13. Let J k

A be as defined in

Section 5.2.1. Then Algorithm 12 determines whether
k∑

m=1
Fm ≡ 0, and its running time is

|J k
A| ·

(
n
k2

)
= poly(n, |A|) · nO(k2).

Algorithm 12 Black-Box PIT algorithm for sum of read-once formulas
Input: Black-box holding F , a sum of k ROFs F1, . . . , Fk (i.e. F = F1 + · · ·+ Fk).
Output: “true” if F ≡ 0 and “false” otherwise.
1: for all γ̄ ∈ J k

A {defined in Section 5.2.1} do
2: if Fγ̄ |An

k2 ({0,1}) 6≡ 0 then
3: return false
{Everything is OK}

4: return true

Proof. The claim regarding the running time is clear from the definition of A in Section 5.2.1.
We now show the correctness of the algorithm. Clearly if F ≡ 0 then the algorithm is correct.

Otherwise, by the discussion in Section 5.2.2 there exists γ̄ ∈ J k
A such that Fγ̄ =

k∑
m=1

(Fm)γ̄ is

a sum of 0̄−justified ROPs. By Theorem 8.2 it must be the case that Fγ̄ |An
k2 ({0,1}) 6≡ 0, and in

particular the algorithm finds a non zero input for F .

We now show how to implement Algorithm 12 is several scenarios. We first implement the
algorithm for the case that the Fm’s are general ROFs.

Proof of Theorem 4. Lemma 3.19 implies that ∂ROF ⊆ ROF. Hence, we can invoke Algorithm 12
with A taken from Algorithm 10 to obtain a black-box PIT algorithm for the sum of k ROPs that
runs in time (n3k)

√
n · nO(k2) = nO(k2+

√
n).

The next case is when all the Fm’s are bounded depth ROFs.

Proof of Theorem 5. As ∂AROF(d) ⊆ AROF(d) (Lemma 7.3) we can invoke Algorithm 12 with A
taken from Theorem 7.10 to obtain a black-box PIT algorithm for the sum of k ROPs of depth d
with running time (n3k)O(d) · nO(k2) = nO(k2+d) 14.

The final result in this vein is a black-box PIT algorithm for the case where the black box holds
a sum of ROFs that is a read-k formula (that is, every input variable appears in at most k of the
formula).

Definition 8.5. For F =
∑̀

m=1
Fm, where each Fm is a ROF, we say that F is read-k sum if for

each i ∈ [n] there are at most k functions Fm that depend on xi. In other words, each variable is
read at most k times in F .

13That is, there is some ā ∈ A such that for every m in [k] we have that Fm(ā) 6= 0.
14Notice that d ≤ n implies kO(d) = nO(k2+d).
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We can easily extend a PIT algorithm for sum of k ROFs to a PIT algorithm for read-k sum
with the following observation:

Observation 8.6. Let F be a read-k sum then ∂F
∂xi

is a sum of (at most) k ROFs, for every i ∈ [n].

Proof of Theorem 6. The proof immediately follows from the observation and from Theorems 3, 4
and 5.

So far we have several versions of PIT algorithms for sum of k ROFs model. We now show a
generalization of those PIT algorithms to read-once testing algorithms.

Proof of Theorem 8. As previously, let F = F1+F2+· · ·+Fk. For each of the claims in the theorem
use Algorithm 6 to obtain a justifying assignment for F . Next, construct a candidate ROF F̂ by
applying Algorithm 1. Given F̂ we simply need to verify that F̂ = F1 + F2 + · · ·+ Fk or, in other
words, that F1 +F2 + · · ·+Fk − F̂ = 0. This is exactly a PIT of sum of k+ 1 ROFs 15. Note, that
the running times of the read-once testing algorithms remain asymptotically similar to the running
times of the corresponding PIT algorithms.

As in the proof of Theorem 6 we can use Observation 8.6 to generalize Theorem 8 to the case
where F is a read-k sum of ROFs.
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