


satisfies those properties.

In a message-passing system, processors comrmu-
nicate by sending and receiving asynchronous mes-
sages. A simulation of a message passing algorithm
with ¢ < n/2 faults in shared memory with ¢ < n/2
faults is an elementary exercise. Conversely, At-
tiya, Bar-Noy, and Dolev [3, Th. 9] have shown
how to translate any wait-free shared-memory al-
gorithm into a message-passing algorithm with ¢t <
n/2 faults. Consequently, the Asynchronous Com-
putability Theorem holds for message-passing sys-
tems when t < n/2.

4 Topological Properties

We new derive some basic topological properties of
t-resilient protocols. First, we show that “a full-
tnformation protocol has no holes.” More precisely,
if ® is a t-resilient full-information protocol, then
for every input simplex S?, n —t < g < n, $(59) is
simply connected with trivial homology. Second, we
show that ®(57) must include a subcomplex with a
particular regular geometric structure.

Definition 4.1 A property p is simplicial if it sat-
isfies the following conditions. (1) p holds for any
single n-simplex, and (2) If 4™ and B™ are inter-
secting complexes such that p holds for 4™, B,
and A™ N B™, then p holds for A™ U B™.

Being simply connected is a simplicial property
(from the Seifert/Van Kampen Theorem [14, 4.12]),
as is having trivial homology (from the Mayer-
Vietoris sequence).

For the remainder of this section, let n —t < ¢ <
n. We will now show that for every input simplex
59, and any simplicial property p, ®(S5?) satisfies
.

Definition 4.2 An output simplex R? is reachable
from protocol state s if there is some execution
starting from s in which each process in ids(R?)
chooses its corresponding value from R?. The reach-
able complez from s is the complex of reachable sim-
plexes from s.

A protocol state is critical for a property g if p
does not hold, but every group of n — t + 1 pro-
cesses includes at least one process whose next step
will leave the protocol in a state where p henceforth
holds. Such a process is called a critical process. A
critical state is mazimal if every process is either
critical, waiting at a barrier, or halted with a deci-
sion value.
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Lemma 4.1 Let p be a property that must even-
tually become true in every t-faulty ezecution, and
let s be a state where p does not hold. Any full-
information protocol has @ mazimal critical state for

.

Lemma 4.2 In ezecutions where zero failures oc-
cur, the reachable complez is a single simplez.

Our proof strategy is the following. Since the
reachable complex eventually shrinks to a single
simplex, it eventually henceforth satisfies p. We
run the protocol to a maximal critical state for g,
and we derive a contradiction in the style of Fischer,
Lynch, and Paterson [11], using an analysis of the
possible interactions among the pending update and
scan operations to show that the reachable complex
could not have violated p to begin with.

More formally, let S? be an input simplex and p
any simplicial property. We can run any protocol
to a maximal critical state for g. Let C be the set
of critical processes. Let U be a subset of m critical
processes in C. We define C}; to be the reachable
complex immediately after each process in U takes
a step. For brevity, Cf = CzP.'}’ and C? = UC{ for
P; € C. We will show that C? is really the reachable
complex, and then that C? satisfies g, and hence the
desired contradiction.

Lemma 4.3 Let C be the set of critical processes
in @ mazimal critical state and let

c=Jct

i€C

Then C? is the reachable complez in the mazimal
critical state.

Lemma 4.4 In a mazimal critical state, let W be o
set of critical processes about to perform operations
such that each pair of operations commutes. (For
example, all scans or all updates.) Let Uy,...,U;
be subsets of W such that each |U;| = m and for
each distinct U; and U;, {P;} = U; — U;. Let

¢
Dl = U quf-;'
=0
We claim that D? satisfies p. -

Proof: We argue by induction on £ and reverse
induction on m.

We now prove the base case for m. When m =
|W|, the only such complex is CJ,, which satisfies
the lemma because the current state is critical. We
assume the result form+1and 1<£< (IWI) and

m



prove it for m and £ = 0. The only such complex
is Cf; , which also satisfies the lemma because the
current state is critical.

We assume the result for (£ — 1) sets of size m,
and will prove it for £ sets.

Let DI = Uf=0Ct’,‘_, where Uy, ..., U, are process
sets of size m satisfying the conditions above. D? =
A? U B? where A? = C§, and B! = UjZ3Ch..

Claim 4.5 For any sets U; and Uj, Cg, N Cp,

q
CU,' uu; e

Proof: We first show that C§ . C Cf nCf .
+ 2 * 2
By definition, each simplex in thj‘-uv,- is reachable
in some execution where every process in U; U U;
takes a step before any other process takes a step.
The operations commute, so we can reorder them so
every process in U; moves before any process in Uj,
yielding Cf,y; C Cf,. By a symmetric argument,
Cqu,'LJUJ C qu]J’ yielding Cgf,'UUj g quf, n ch]j'
Conversely, each simplex in Cf,,, ﬂC,q,J is reachable
by at least two executions: one where every process
in U; takes a step before any other process, and
one where every process in U; takes a step before
any other process. Moreover, these executions must
be indistinguishable to each process, and therefore

c4.NCh, C Chp .
Therefore,
AnB = Jeg,neh) =,
=0 i=0

We now prove the induction step for £. Let V; =
U;uU,.

Vi= (U,; - Ug) U (UL - U,;) ] (U,; N Ut).

The first two terms have size one, and the third
m~1,s0 |V;| =m+ 1.

Vi—V; =(UiuU,) - (U; UU,) = {R}

The Vo,..., V;_1 thus satisfy the conditions for the
induction hypothesis for m+1, and therefore . A?NB1
satisfies p. Moreover, A7 satisfies p by construc-
tion, and so does BY by the induction hypothesis
for £ — 1. Because p is simplicial, A7 U B? also sat-
isfies p. ]

Corollary 4.6 |J;cyy C] satisfies p.

We have just shown that if the critical processes
are poised to perform operations that commute, say,
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all scans or all updates, then the simplicial prop-
erty p must already hold, contradicting our assump-
tions. Therefore, in any maximal critical state for
o, some processes must be about to scan, and others
about to update. We now show that this assump-
tion also leads to a contradiction.

As before, let C] be the reachable complex imme-
diately after critical process P; moves.

Lemma 4.7 Let X be an arbitrary set of critical
processes in any mazimal critical state for p. We
claim that A? = | J;cx C] satisfies p.

Proof: Divide X into two sets, R and W, such
that every process in R is about to scan the shared
variables, and each process in W is about to update
its variable. We argue by double induction, first on
m = |X| = |R| + |W]|, the total number of criti-
cal processes, and then on £ = |R|, the number of
critical processes about to scan.

When m = 0, A? is empty, s0 assume the result
for m—1 processes and arbitrary £. For m processes
and £ = 0, the result follows from Corollary 4.6. We
now consider the induction step for £.

Assume A? satisfies p, where |[R U W| = m,
|Rl=£—1,and P, ¢ X is a critical process about
to scan. We now show that C? U A7 satisfies p. If
no failures are possible, then the result follows from
Lemma 4.2. Otherwise, notice that the simplexes in
C? N A7 are reachable only in executions where all
processes other than P, finish their last scans before
P. updates its variable. The simplexes reachable by
such executions form the reachable complex for an
(m — 1)-process full-information protocol with one
fewer failure. By the induction hypothesis for m—1,
CIN.A? satisfies p. Moreover, C{ satisfies p because
P, is critical, and so does A? by the induction hy-
pothesis for £— 1. We have shown that p is satisfied
by C¥, A%, and C¢ N A9, and the result follows be-
cause p is a simplicial property. ]

Theorem 4.8 If (I™, F™, ®) is a t-resilient full-
tnformation protocol, then for every input simplez
5% where ¢ > n ~1, ®(S?) satisfies p.

Corollary 4.9 If (I",F",®) is a t-resilient full-
information protocol, then for every input simplez
57 where ¢ > n—t, 8(S?) is simply connected with
trivial homology.

We now show that full-information complexes
have a regular geometric structure that can be ex-
ploited to prove a variety of impossibility results. In
particular, any n-dimensional full-information com-~
plex includes a subcomplex, called a span, that



“looks” like a t-simplex that has been subdivided
into a set of smaller t-simplexes in a regular way.
(Such a subdivision is called a triangulation.) This
span has a nice recursive structure: if the span is
a triangulation of S* then each vertex of S* cor-
responds to a solo execution of some set of n — ¢
processes, all vertexes along an edge of S*~! to solo
executions by some set of n —t + 1 processes, and
so on. Our notion of a span is essentially a general-
ization of the spanning trees of Biran, Moran, and
Zaks [6] when ¢t = 1.

A span is a pseudomanifold: every (n—1) simplex
is a subsimplex of either one or two n-simplexes.
The subcomplex A" of A" generated by the (n —
1)-simplexes contained in exactly one n-simplex is
called the boundary subcomplez. Once we prove that
spans exist, then we can exploit the many theorems
of algebraic topology (such as Sperner’s Lemma [19,
Lemma 5.5]) that apply to pseudomanifolds.

Definition 4.3 The baryceniric subds-
viston bary(S™) of input simplex S™ is the complex
whose vertexes are the subsimplexes in S™. A sim-
plex (So,...,S,) (where the S; are subsimplexes of
57) is in bary(S™) if for some permutation g, ..., i
of 0,...n, Si;; C ... C Si, C 8™ Let bary*(s™)
denote the result of £ successive barycentric subdi-
visions.

Let T be the set of n — ¢ processes with indexes
greater than ¢ + 1, S}‘,"t_l the subsimplex of S™
with process ids in T, and S* a subsimplex of S™
containing no process ids from T'.

Definition 4.4 A span for S is a simplicial map
o : bary"(S%) — ®(St U SE'Y) for some r > 0,
such that if £ > 0, then for 0 < 7 < ¢, o restricted
to bary” (face;(S*)) is a span for face,(S*).

Lemma 4.10 If St is an input simplex with no ids
from T, then St has a span.

Proof: (Sketch.) We make use of the following
classical theorems of algebraic topology. (1) Any
complex has a “realization” as a point set in Eu-
clidian space [19, Th. 14.2]. (2) The Hurewicz Iso-
morphism Theorem ({19, Th. 23.1]) implies that if
a complex A" is simply connected with trivial ho-
mology, then any continnous map from the Z-sphere
to A™ can be extended to a continuous map of the
(£ + 1)-disk to A™. (3) The Simplicial Approxima-
tion Theorem ([13, Th. 5.11]) states that any con-
tinuous map from A" to B” can be “approximated”
by a simplicial map from bary” (A™) to B", for some
r> 0.

Spans are constructed by induction on 4. We
(temporarily) treat all simplexes as subsets of Eu-
clidian space (allowing maps to be continuous). If A
is a complex, let |.4| denote the associated point set.
The spans for the faces of S¢ define a continuous
map ¢ : |bary” (5%)] — |®(5* U SET'"1)|. Because
|bary” (5%)]| is homeomorphic to an (£ — 1)-sphere,
and |®(S*U S} *71)| is simply connected with triv-
ial homology, the Hurewicz Isomorphism Theorem
implies that ¢ can be extended to a continuous map
¢' from the £-disk |bary™(S%)| to |®(St U S~ 1)
By the Simplicial Approximation Theorem, there
exists a simplicial map o carrying ba,ryR(S‘) for
some R > r, to ®(S* U S37'1) that agrees with
¢ on vertexes in bary”(S%). The map o is a span
for S¢. n

5 Impossibility Results

5.1 Set Agreement

In the K-set agreement task, each of n+ 1 processes
starts with an arbitrary input value in a private
register, and halts after returning an output value.
In every t-resilient execution the output values must
satisfy the following conditions: Validity: every out-
put value is some process’s input value, and Con-
sistency: the set of output values has cardinality
at most K. This problem was first proposed by
Chaudhuri [8] in 1989, along with a conjecture that
it has no t-resilient solution for K < ¢. We now
show that this conjecture is correct.

Definition 5.1 The carrier of a vertex v in
bary™ (S™) is the smallest-dimensional subsimplex
5% C S™ such that v € bary” (S?).

Lemma 5.1 (Sperner’s Lernma) If x is a map
sending each vertez v of bary” (S™) to a vertez in ils
carrier, then there is at least one m-simplez R™ =
{ro,...,*m} in bary” (S™) such that the x(r;) are
all distinct.

A protocol for the t-set agreement task is canoni-
cal if, in every t-faulty execution, no process chooses
the input from the n — ¢ processes with the high-
est ids. Any t¢-set agreement protocol & can easily
be transformed into a canonical protocol ®’. Each
process tags its input with with its process id, runs
P, writes its decision value (including the origina-
tor’s id) to a shared array prefer, and waits until
n — t 4+ 1 processes have written their values. The
process then decides the value from prefer tagged
with the least id.

118



Theorem 5.2 The K -set agreement task has no t-
faulty solution for K <t.

Proof: It is enough to show that no canonical ¢-
resilient ¢-set agreement protocol exists. By way of
contradiction, let ® be such a protocol. Pick an in-
put simplex S™ = S’L,I.S','I‘.“t_1 in which each process
P; has a distinct input v;. By Lemma 4.10, there
exists a span o : bary"(S*) — ®(S* U Sp '), Let
S* = (so,...,8:). Define x : bary"(S*) — S as
follows: x(v) = s;, where value(o(v)) = v;. Each
value(v) is chosen by some process in a solo exe-
cution by the processes in ids(S*) UT. Because
the protocol is canonical, however, value(v) can-
not be an input value for any process in T, so x
must carry each vertex v to a vertex in its carrier.
The map x is thus a Sperner labeling for S, and
Sperner’s Lemma implies that there exists a sim-
plex in bary”(S*) whose vertexes are mapped to all
t + 1 inputs. This simplex corresponds to an exe-
cution that yields ¢ + 1 distinct decision values, a
contradiction. [ ]

It is easily shown that one cannot solve two-
process consensus using an arbitrary object that
solves 2-set agreement. It follows that the computa-
tional power of set agreement lies “between” that of
read /write memory and any object with consensus
number two.

Corollary 5.3 An object’s computational power is
not completely characterized by its consensus num-
ber.

5.2 Renaming

Another open problem that has attracted consider-
able attention is the renaming problem of Attiya et
al. [4]. Each process is given a unique input name
taken from a range 0...N where N > n. Each
process then chooses a unique output name taken
from a smaller range 0...K. To rule out trivial
solutions (such as P; chooses output name i), we
require that the name chosen by a process depend
only on its input name and the execution, and not
on the process’s id.

For n+1 processes, it is known that the renaming
task has a t-resilient solution for n+ ¢ + 1 or more
output names, and none for n + 2 or fewer {4]. We
now narrow this gap by showing that there is no
solution for n+t — 1 or fewer output names, leaving
open the question whether there is a solution for
exactly n + ¢ names.
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Theorem 5.4 There is no t-resilient renaming
protocol for n+ 1 processes, 2n — 1 or more input
names, and n+1t— 1 or fewer output names.

(Because of space limitations, we summarize the
proof for the wait-free case.) Let £¢ be the complex
generated by a single Z-simplex, where vertexes are
labeled with 0,...,£.

Theorem 5.5 [Spanier, 8.D.2] Let ¢ : A" — E"
be a stmplicial map. For 0 < i < n, the number of
simplezes of A mapped to face;(E™) has the same
parity as the number of simplezes of A™ mapped to
En.

Let ® be a wait-free renaming protocol where in-
put names range from 0 to at least 2n — 2, and out-
put names from 0 to 2n— 2. Pick n+1 input names
so that all processes choose output names of the
same parity in solo executions. Let o : bary” (S*) —
<I>(S‘) for r > 0 be a span. If ¢ is a function on
bary™ (S*), ¢(P;,s;) is shorthand for ¢(v), where
o(v) = (P, s;). Define ¢ : bary”(S*) — £4*1 as fol-
lows: ¢(P;, s;) is the vertex (¢ + (neme(s;) mod 2)
(mod £ + 2)).

Lemma 5.6 The number of simplezes of bary™ (S*)
mapped to face;(E4TY) is odd fori = £+ 1, and even
otherwise,

The proof is an inductive argument based on The-
orem 5.5.

When £ = n, ¢ sends the vertexes of at least one
simplex T™ of bary™ (S™) to distinct vertexes of £™,
implying that the names at vertexes of T™ are either
all even or all odd. Since there n + 1 processes but
only 2n — 1 names, we have a contradiction.

5.3 Approximate Agreement

Let K be a point set in Buclidian space R?, and let
hull(K) be the convex hull of K. In the generalized
approzimate agreement task, each P; starts with an
input z; in K, and halts with an output y; in K
satisfying (1) agreement: all y; lie within some fixed
€ of one another, and (2) validity: all y; lie within
the convex hull of the z;. This problem has been
studied in the special case where K = R in the
Byzantine [9, 10, 22] and fail-stop models [5, 15].
Here we consider only the wait-free case.

Definition 5.2 K has a hole of radius » around
point z if # is in hull(K), and that no point of K
lies within distance r of z.

Theorem 5.7 The generalized approzimate agree-
ment task has no wail-free solution if K has a hole
of radius €.
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