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We propose a primal network simplex algorithm for solving the max imum flow problem which 
chooses as the arc to enter the basis one that is closest to the source node from amongst  all 
possible candidates. We prove that this algorithm requires at most  nm pivots to solve a problem 
with n nodes and m arcs, and give implementat ions of it which run in O(nZm) time. Our algorithm 
is, as far as we know, the first strongly polynomial primal simplex algorithm for solving the 
max imum flow problem. 
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1. Introduction 

The maximum flow problem is an important problem with a wide range of applica- 
tions. It has been extensively studied and numerous algorithms have been developed 
to solve it. Many of these are based upon the classical augmenting path method of 
Ford and Fulkerson [7]. Although this method may fail to terminate if some of the 
data for the problem are irrational [8], if all flow augmentations are made along 
shortest augmenting paths, then at most nm augmentations are required to solve a 
problem with n nodes and m arcs. 

This result was obtained independently by Edmonds and Karp [6] and Dinic [5], 
both of whom gave strongly polynomial variants of the augmenting path method. 
The Edmonds-Karp  algorithm computes each shortest path in O(m) time and, 
hence, runs in O(nm 2) time. The Dinic algorithm performs flow augmentations in 
stages. In each stage a so-called layered network of shortest augmenting paths is 
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constructed. Flow is then pushed along these paths, all of  which are of  the same 
length, until no further flow augmentation is possible using such paths. Dinic's 
algorithm runs in O(n2m) time since there are at most n -  1 stages, each requiring 

O(nm)  time to process. 
Currently, the algorithms with the best worst-case time bounds are all based upon 

a recently proposed augmenting path algorithm due to Goldberg [9]. This algorithm 
uses preflow--a concept introduced by Karzanov [17] which allows the flow into a 
node to exceed the flow out of  that node and pushes excess flow along paths that 
are only estimated to be shortest. Variants of  this O(n 3) algorithm which have 

improved running time bounds have been proposed by Goldberg and Tarjan [1l],  
O(nm + n 2 log(n2/m)) ,  Ahuja and Orlin [1], O(nm + n 2 log U), and Ahuja, Orlin 

and Tarjan [2], O(nm log((n log U ) / ( m  log log U) + 2)), where U is an upper bound 

on the integral edge capacities. 
It is well-known that the primal simplex algorithm [4] can be used to solve the 

maximum flow problem. However, until now no one has shown that any variant of  
this algorithm exhibits a strongly polynomial worst-case time bound for the 
maximum flow problem. It is the main purpose of this paper  to do this. In fact, we 
propose here a primal simplex algorithm which, like the augmenting path algorithms 

of Edmonds and Karp and Dinic, solves the maximum flow problem in at most nm 

flow augmentations. Actually, our algorithm performs at most nm simplex pivots, 
some of which may be degenerate, i.e., zero-flow augmentations. Also, like Dinic 
we are able to obtain an algorithm which runs in O(n2m) time. However, unlike 

Dinic, we can obtain this bound without resorting to layered networks. We also note 
that if the most negative cost pivot rule is used with the primal simplex algorithm, 
then the number  of  pivots may be exponentially large as can be shown by modifying 
Zadeh 's  "bad  example"  [19J in an obvious way to convert it into a maximum flow 

problem. 
Our paper  is organized as follows. The maximum flow problem and its linear 

programming formulation are given in the next section. Notation and the key concept 
of  an augmenting path relative to a flow and basis tree, which may not be an 
augmenting path in the usual sense since it can include arcs in the basis tree that 
are blocking, are also introduced there. In Section 3 we consider several properties 

of  pivot rules that are crucial to our development of  a strongly polynomial simplex 
algorithm. In particular, we categorize pivots by characteristics of  the arc that leaves 
the basis, define what we call admissible pivot rules, and prove some important 
properties of  such rules. In Section 4, we propose a primal network simplex 
algorithm, which chooses as the arc to enter the basis one that is closest to the 
source node amongst all nonbasic arcs with positive reduced cost. Here a closest 
arc is one for which the length of a shortest augmenting path to it is minimal. Our 
main result that this algorithm requires at most nm pivots is proved in Section 4. 

Implementat ions of  our algorithm that run in O(n2m) time are presented in Section 
5, and a relaxed version of it that requires at most 2nm pivots is developed in 
Section 6. Finally, we offer some observations about our algorithm in Section 7. 
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2. Preliminaries 
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Let G = (N, A) be a connec ted  finite directed graph  with node  set N of  size n and 

arc set A o f  size m and let each arc (u, v) e A have assigned to it a positive real 

number  c .... called the capaci ty  of  (u, v). For  each node  v, let F(v)  denote  the set 

{w [ (v, w) e A} and B(v)  denote  the set {ul(u,  v) e A}. Given two dist inguished nodes  

s and t in N called the source and the sink respectively, an (s, t)-flow is any 
real-valued funct ion x defined on A such that 

xu,~= 5~ Xw, u V u ~ s , t ,  
vcF(u) weB(u) 

(1)  
O ~ x , , ~ c , , ~  V ( u , v ) ~ A .  

The max imum flow problem is that  o f  finding an (s, t)-flow x* that  maximizes 

E x,.~= Y Xw.,. 
v~F(s) weB(t) 

Adding  an arc f rom t to s, we can formulate  the max imum flow problem as the 
fol lowing linear p rogramming  problem: 

maximize x,,s 

subject to ~ xu,~= ~ xw, u V u e  N, (2) 
veF(u) weB(u) 

O<~x,,~<~c,,~ V ( u , v ) e A .  

In  solving this l inear program,  the simplex method  proceeds f rom basic feasible 

solution to adjacent basic feasible solution while never decreasing the objective 

funct ion value. In the special case of  (2), a basic solution corresponds  to an arc-set 

T ~ A u {(t, s)}, where T is a spanning tree o f  (N, A u {(t, s)}). A basic solution x 

is uniquely  determined by the tree T, the flow conservat ion equat ions (2), and the 

requirements that Xa = 0 or  x~ = co for all arcs a ~ T. I f  0 ~ x~ <~ c~ for all arcs a e T 
then x is a basic feasible solution. 

Let x ~ and T~ denote  the basic feasible solut ion and basis tree, respectively, just 

pr ior  to the ith iteration (i.e., pivot) o f  the simplex method,  and let (S~, Z~) be the 

part i t ion o f  Ti that results f rom the removal  o f  (t, s) f rom T~, where s c S~. Clearly, 
if the candidate set 

C i = { ( u , v ) e A [ x ,  =O, u e S i ,  veZ~ ; i , o r x , , ~ = c  . . . .  u e Z ~ , v e S , }  

is empty,  then the current  flow x ~ is a m ax im um flow and (S~, Z~) is a min imum 

cut. Otherwise (i.e., C~ # 0), the simplex me thod  selects an in-arc p~ e C~ to add to 

T~, creating a unique cycle. Flow in this cycle in the direction of  arc (t, s) is then 

increased as much  as possible without  violating feasibility and an out-arc q~ that  

limits this increase is deleted from the cycle. This yields a new basis tree, T~+~ = T~ u 

{p~}\{q~}, with flow x~+~qi in nonbasic  arc q~ equal either to zero or Cqi. Notice that  

pivots with p~ = q~, and hence T~+~ = T~, are possible. In such cases the flow on arc 
p~ goes f rom its lower to its upper  bound ,  or vice versa. 
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Given  a bas ic  feas ible  flow x ~ and  a basis  tree T~, we define an augmenting path 

relat ive to x i and  T~ as a pa th  P~(u, v) f rom u to v in G such that  i f  a is in P~(u, v) 

and  a is not  in T~, then xio = 0 i f  a is a fo rward  arc  in P~(u, v) and  x~, - ca i f  a is a 

b a c k w a r d  arc  in P~(u, v). Not ice  that  such a pa th  is not an augmen t ing  pa th  in the  

usual  sense s ince it m a y  not  be poss ib le  to send flow a long it because  fo rward  
i (backward )  arc  a is a l lowed  to have flow x~ equal  to c~ (0) if  a is in T~. We shal l  

use  D~(u, v) to denote  a shor tes t  augmen t ing  pa th  f rom node  u to node  v and  

di(u, v) to deno te  its length,  i.e., the n u m b e r  o f  arcs in it. Since we shall  p r imar i ly  

be  conce rned  with shor tes t  pa ths  f rom the source  node  s, we shall  also use the  

no ta t ion  D~(v) for  D~(s, v) and  di(v ) for  di(s, v), and  shall  call  d~(v) the label of  

node  v. I f  there  are no augmen t ing  pa ths  f rom s to v, di(v) = ~ .  We shall  also use 

~ ,~  = min{d~(u), d~(v)}, which  we shall  call the label of  arc  (u, v). 

The fo l lowing  p r o p e r t y  is obvious .  

Property l. I f  the current basic feasible f low is not optimal (i.e., Ci ~ ~3), then 

d i ( w ) > ~ m i n { ~ l e c C ~ } + l  f o r a l l w e Z ~ .  [] 

3. Simplex pivoting rules for the maximum flow problem 

In this sec t ion we cons ide r  several  p rope r t i e s  o f  p ivot  rules that  are crucial  to our  

d e v e l o p m e n t  o f  a s t rongly  p o l y n o m i a l  s implex  a lgor i thm for the m a x i m u m  flow 

p rob lem.  The  fo l lowing def in i t ion  ca tegor izes  the  three poss ib le  types o f  p ivots  

based  u p o n  what  h a p p e n s  to the flow in the out-arc .  

Definition 1. Given  a bas ic  feas ib le  so lu t ion  x i and  basis  tree T~, the ou t -a rc  qi : (u, v) 

on the ith p ivo t  will  be ca l led  

(i) saturated, i f  di(v) d i (u )+  l and  i+1 = x,,~ = c,,~ or  di(v) = di(u) - 1 and xu,~i+l = O; 

(ii) nonsaturated, i f  di(v)  = di(u) + 1 and  ~+1 xu, v = 0 o r  di(v ) :- di(u ) - 1 and xu,~i+l _ 

Cu, v ; 
(iii) pseudo-saturated, i f  di(v) = di(u). 

Our  first l e m m a  gives cr i ter ia  for  choos ing  the arc  to enter  the  basis  on s implex  

p ivo t  i so that  the labels  di(w) o f  all nodes  w c N do not  decrease .  

Lemma 1. Let  p~ = (u ' ,  v') be the in-arc on the ith simplex pivot. I f  

(i) d i (v ' ) />  di(u') - 1 and xu,~,=O, or 

(ii) di(u')  >~ di(v') - 1 and xJu, v, = cu,.v,, 
then: 

(a) di+l(w) >i di(w) V w c  N. 

(b) Furthermore i f  the out-arc qi = (u, v) in pivot i is either nonsaturated or pseudo- 

saturated, then di+l( w) = di( w) V w  c N. 
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Proof.  We shall consider here only case (i), i.e., di(v ' )>~di(u ' ) - I  and xi, ,~,=0. 

Case (ii) can be proved in a similar fashion. Because all arcs in T~ can be part  o f  

an augment ing  path regardless o f  the flow in those arcs, the only way that  d~+~(w) 
can be less than d~(w) is that  in-arc (u ' ,  v') is a backward  arc in some Di+~(w). 
However ,  in this case, d~+l(w) = d,+l(v') + 1 + d~+l(u', w) >~ d~(v') + 1 + d~(u', w) 
di(u')  + d~(u', w)>~ di(w). The first inequali ty follows from the facts that  di+~(v')>~ 
di( v') and di+l( U', w)>~ di( u', w), since no path of  the type Di+l( s, v') or Di+l( u', w) 
can contain  arc (u' ,  v') as a backward  arc. This proves part  (a). To prove part  (b), 

we note that  out-arc q~ = (u, v) is nonsa tura ted  or pseudo-sa tura ted  in T~ if and only 

if 
(e~) di(v) >~ di(u) and i+1 Xu, v = O, or 

([3) d~(u)>~di(v) and i+l X U ,  v ~ Cu, v .  

Let us consider  case (o0; i.e., arc (u, v) leaves the basis with ~+1 x,,~ = 0 and di(v) >~ 
d~(u). Case ([3) can be proved the same way. The only way that  di+~(w) can be 
greater than d~(w) is for  some D~(w) to contain arc (u, v) as a backward  arc. But 

this is impossible since d~(v) >1 d~(u). So d~+~(w) will neither increase after pivoting 

out  arc (u, v) nor  decrease, by part  (a) o f  the lemma;  hence d~+l(w) = di(w). [] 

I f  the in -a rc  on pivot i satisfies the condi t ions  of  Lemma 1, then if the out-arc  

q~ -- (u, v) is saturated, it is the last forward (backward)  arc on a shortest augment ing  

path to v (u) immediately  before the pivot but  not  after it. I f  (u, v) is nonsaturated,  
it is the last forward (backward)  arc on a shortest  augment ing path to v (u) both  

immediate ly  before and after the pivot. In the pseudo-sa tura ted  case, arc (u, v) is 

not  on any shortest augment ing  path to either u or v both  before and after the pivot. 

Definition 2. Given a basis Ti and basic feasible flow x i, a network simplex pivot 

rule is said to be admissible, if the arc (u, v) chosen to enter the basis always satisfies 

d i ( v ) = d i ( u ) + l  ifxi~.~=O (i.e., (u ,v)  is forward), 

and 

d i ( u ) = d i ( v ) +  l ifx~u,~=cu.~ (i.e., (u ,v)  is backward). 

Notice that  in an admissible pivot, the in-arc (u, v) is the last forward (backward)  

arc on a shortest  augment ing  path to v (u). Moreover ,  since Lemma 1 applies to 
such pivots,  the labels di(w) do not  decrease. The next lemma gives condit ions 

under  which the labels o f  certain nodes  must  strictly increase when an admissible 

pivot  rule is used. 

Lemma 2. Suppose that an admissible pivot rule is used and that arc (u, v) is the 
in-arc in pivots i and k, and the out-arc in pivot j, where i <~j < k. 

(a) I f  (u, v) is saturated on pivot j, then dk(V) >i dj(v) + 2 if the (u, v) is forward 
on pivot k, and dk(u)>~ d j ( u ) + 2  if  it is backward. 
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(b) I f  ( u, v) is pseudo-saturated on pivot j, then dj( u ) >t di( u ) + 1 if ( u, v) is forward 
on pivot i, and dj(v)>~ di(v)+ 1 if it is backward. 

(c) I f  (u, v) is saturated or pseudo-saturated on pivot j, then dk(u)+dk(V)>~ 
d~(u)+ d~(v)+ 2. 

Proof.  (a) Without  loss o f  generali ty we shall assume that after leaving the basis 

on pivot j arc (u, v) first re-enters the basis on pivot k; consequently,  x~+~ ~ = 0 if 
k j + l  k x~,~ = 0 and xu,~ = c~,~ if x ~ = ,  c~,~. It then follows from Definitions 1 and 2 and 

Lemma 1 that  dk(V) = dk(u)+ 1 >! dj(u)+ 1 = dj(v)+ 2 in the former  case (i.e., in-arc 

(u, v) is forward  on pivot k), and dk(u) = d d v )  + 1 >i dj(v) + 1 = dj(u) + 2  in the latter 

case (i.e., (u, v) is backward) .  

(b) Since (u, v) is pseudo-sa tura ted  on pivot j, it immediately  follows f rom 

Definitions 1 and 2 and Lemma 1 that d j (u )=dj (v )>~di (v )=d~(u)+l  if (u, v) is 

forward on pivot  i and dj(v) = dj(u) >~ di(u) = di(v) + 1 if it is backward.  Note  that 
i < j ,  since an arc can be both  the in-arc and out-arc on a pivot only if that  pivot  

is a saturated pivot. 

(c) First suppose  that (u, v) is saturated on pivot j .  Then f rom part  (a) and Lemma 

1, dk (u )+d~(v )>~d j (u )+~(v )+2>~d i (u )+d i ( v )+2 ,  whichever  type o f  pivot k is. 

N o w  suppose  that (u, v) is pseudo-sa tura ted  on pivot j. Then from part (b) and 

Lemma 1, 2dj(v) = 2dj(u) = dj(u) + dj(v) >I di(u) + di(v) + 1. Clearly, whichever type 

o f  pivot k is, d k ( u ) + d k ( v ) = 2 m i n { d k ( u ) , d k ( v ) } + l > ~ 2 ~ ( u ) + l .  Hence, dk(U)+ 
dk(v)>~di(u)+di(v)+2.  [] 

4. A strongly polynomial maximum flow simplex algorithm 

We now propose  a primal simplex algori thm for the max imum flow problem, which 

chooses as the arc to enter the basis on a pivot step, an arc in the candidate  set Ci 
which is closest to the source node  s in the sense that its label is smallest. 

Algorithm 1. 
Step O. Find an initial basis tree T~ (e.g., use breadth first search),  set x I = 0  and 

i - -1 .  

Step 1. I f  C~ = 0, stop; x i is a max imum flow. 
i min{SieJe~ Ci}, and Step 2. Otherwise choose  an arc p = (u, v) such that 6p = 

per form a simplex pivot with p = (u, v) as the in-arc. Set i:--- i +  1 and go to Step 1. 

Lemma 3. The pivot rule for choosing the in-arc p = (u, v) in Algorithm 1 is admissible. 

Proof.  From the definition o f  Ci, u c Si and v ~ Zi if xiu, v = 0 and u c Zi and v c Si 

if x~u,v = c,,~. Therefore,  it follows from Proper ty  1 that d~(v)>~ min{Siel e c Ci}+ 1 = 
• i 6 ~ , + l = d ~ ( u ) + l  l f x  .... = 0 a n d s i m i l a r l y ,  d ~ ( u ) ~ d i ( v ) + l  if i xu,~ = c,,~. But clearly 

in the former  case di(v)<~ di(u)+ 1 and in the latter case di(u)<~ di(v)+ 1; hence 

d i ( v ) = d , ( u ) + l  if x',,~ = 0, 
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and 

d i ( u ) = d i ( v ) + l  if xi~.~.=c ..... 

i.e., the p ivot  rule in Algor i thm 1 is admissible.  [] 
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L e m m a  3 shows that  L e m m a  2 applies  to Algor i thm 1. Hence,  as we shall show 
in the p r o o f  of  Theo rem 1 below,  it fol lows f rom par t  (c) o f  L e m m a  2 that  there 
can be a total  o f  at most  nm pivots p e r f o r m e d  by Algor i thm 1 which are either 
saturated or pseudo-sa tura ted .  To show tha t  Algor i thm 1 is s t rongly po lynomia l  we 

now shall p rove  that  a result  analogous  to L e m m a  2 appl ies  to nonsa tu ra ted  pivots.  
L e m m a  2 only required that  the pivot  rule be  admissible.  In  contrast ,  the l e m m a  
be low is only  true if the p ivot  rule chooses  the in-arc (u, v) on each p ivot  to be an 
arc that  is closest to s - - i .e . ,  has m i n i m u m  label 6u.,. 

Lemma 4. In Algorithm 1 if  arc (u, v) is the in-arc on pivot i and it is the out-arc and 
is nonsaturated on pivot k, where i < k, then dk ( u ) + dk ( v ) >~ di( u ) + di( v ) + 2. 

Proof.  Let us consider  the case where in-arc (u, v) is fo rward  on pivot  i; i.e., 
di(v) = d i (u )+  1 and xiu.~ = O. (The p r o o f  for  the case where  in-arc (u, v) is backward  
is similar and  is left to the reader.)  There  are two sub-cases  to consider.  

Case 1. (u, v) is nonsa tu ra ted  on pivot  k and  dk(v) = dk(U)-- 1 and k+J X u ,  v ~ Cu, v .  

In this case by L e m m a  1 we have that  dk (u)  = dk (v) + 1 I> d~ (v) + 1 = d~(u) + 2. 
Case 2. (u, v) is nonsa tu ra ted  on pivot  k and  dk(v) = dk(u) + 1 and k+l x,,~ = O. We 

now claim that  on some pivot  p, i+l<~p<~k,  bo th  u and v lie in Zp and dp(v')>~ 
d g ( u ) + l ,  where  v' is the end of  the in-arc on pivot  p that  lies in Z,,. Since our  

choice o f  in-arc  ensures that  

dp(w) >~ dp(v') for  all w ~ Zp (3) 

(this is ano ther  way of  stating Proper ty  1), it will then  fol low that  d p ( u ) ~  

d ~ ( u ) + l ,  and  hence that  d k ( u ) + d k ( v ) = 2 d k ( u ) + l > ~ 2 d p ( u ) + l > ~ 2 d i ( u ) + 3 =  
d,(u) + d,(v) + 2. 

To p rove  this claim, let us define ~ to be the set o f  nodes  w in & that  are 

connec ted  to v by a pa th  in ~ that  does not  contain  either nodes  u or t, and Sj to 
be the set o f  nodes  w in S o to which the pa th  in Tj f rom s contains  (u, v) as a 

A A -,~ 

forward  arc. Clearly ~ = 0 if u, v e Sj and S j  ~- ~) i f  U, V ~ Zj. Let us define Wj = Sa w Zj 
and let v' denote  the end of  the in-arc ( (u ' ,  v') or (v ' ,  u ' ) )  on pivot  j that  is in 5 "  
We now show that  for  j =  i + 1 , . . . ,  

W / # 0  and d j ( w ) > d ~ ( u ) + l  for  a l l w c W j  (4) 

until v ' c  Wj, in which c a s e j  = p .  Also p <  k, since on pivot  k when  (u, v) leaves the 
basis (as a backward  arc) either v ' c  Wk or Wa = 0, and (4) implies that  the lat ter  
can only h a p p e n  if p < k. 
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We first note that (4) is true for j = i +  1. Now suppose that is true for some q, 
i+  1 ~< q ~<p. I f  Wq = Zq and v'c Wq, then q = p  and our proof  is complete. I f  Wq = Zq 
and v'~ Wq, then Wq+lC_ Wq and Wq+l ~ 0 ;  hence (4) holds f o r j = q + l  because of 
Lemma 1. Note that in this case Wq+~ c Wq if and only if both ends of  the out-arc 

lie in Wq. 
I f  Wq = Sq and u'~ Wq, then Wq+~ = Wq since no node in Wq lies on the basic 

augmenting path determined by the in-arc and Tq\{(t, s)}. I f  Wq = Sq and u'c Wq, 
then Wq+lc Wq if and only if both ends of  the out-arc lie in Wq; otherwise 
Wq+~ D Wq. In the former case Wq+~ # 0 and (4) holds f o r j  = q + 1 because of Lemma 
1. In the latter case we can have Wq+l ~ Wq. I f  this occurs, 

dq(w)~do(v')=dq(u')+ a for all wc Wq+l\ Wq (5) 

because of  our choice of  (u', v') as the in-arc and (3). Since u'c Wq, 

dq(u') >~ di(u) + l. (6) 

Combining (5) and (6) then implies that 

dq(w)>-di(u)+ 2 fo ra l l  we Wq+,\ Wq. (7) 

Therefore from Lemma 1, it follows that dq+l(w)>~ d~(u)+ 1 for all w c Wq+l. [] 

Theorem 1. (a) In Algorithm 1, each arc (u, v) c A can leave the basis at most n times. 
(b) The total number of pivots required by Algorithm 1 is at most nm. 

ProoL (a) By Lemma 3, Lemma 2 part (c) and Lemma 4, 

di(u) + d,(v) >~ dl(U) + dl(V) + 2 ( k - 2 )  (8) 

after k~>2 pivots involving (u, v) as the out-arc. Since d d w ) -  d~(w)<~ n - 2  for all 
w ¢ s and d~(s) = 0  for all i, it follows that k ~  < n. Part (b) follows trivially from part 
(a). [] 

The bounds in Theorem 1 can be tightened slightly by observing that (i) 2 ( k - 2 )  
in (8) can be replaced by 2 k -  l if all pivots in which (u, v) leaves the basis are 

either saturated or nonsaturated and by 2 k -  3 if all such pivots are pseudo-saturated 
and (ii) there can be at most p nodes w that satisfy d i ( w ) - d ~ ( w ) > ~ n - l - p  for 
some iteration i. Since these details would only have complicated our proofs without 

reducing the order of  magnitude of the worst-case bounds, we chose to omit them 
from our analysis. 

5. O(n2m) implementations of Algorithm 1 

A straight-forward implementat ion of Algorithm 1 runs in O(nm 2) time, since 

computing the node labels di(w) for all wc  N and computing the in-arc p or 
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determining that C~ = 0 on each of  the at most  nm pivots takes O(m)  time and this 

dominates  the O(n)  time it takes to per form a pivot operat ion,  i.e., updat ing  a 

representat ion of  the basis tree Ti and flow x i. 

To obtain an O(n2m) bound  for the overall a lgori thm we must  implement  it so 

as to avoid comput ing  node  labels and scanning all arcs in A on every iteration. 

With this in mind  we note that according to Lemma 1, node labels can only change 

on the ith pivot if that  pivot is saturated. We also note than when such a change 
occurs it can be detected by scanning the labels o f  the nodes in the forward and 

backward  adjacency lists o f  v', where v' is that  end (i.e., head or tail) o f  the arc q 

that  leaves the basis that  is in Zg+l, to see if there are alternative shortest augment ing 

paths to v' of  length d~(v') that  do not include arc q. Moreover ,  if for each node  

w c N we know the arc that precedes w on some shortest augment ing  path Di(w) 
f rom s to w, which we denote  by f ( w ) ,  we can determine the in-arc p in O(n)  time 

by scanning the set Z~ for  the node  v with the smallest label d(v)=-d~(v). With 
these refinements Algori thm 1 can be implemented  as: 

Algorithm 2. 
Step O. Find an initial basis tree Ti and set x i = 0 and i : 1. 

Step 1. Use breadth-first  search to compute  d(w) and f (w )  for all x c  N. I f  

d ( t )  =ao,  stop; x i is max imum flow. 

Step 2. Otherwise, choose  a node v ~ Z such that d(v) = min{d(w)[  w c Z~}, set 
p = f ( v ) ,  and per form a simplex pivot with p as the in-arc. Set i := i +  1. 

Step 3. I f  the pivot was not a saturated pivot,  go to Step 2. Otherwise,  let q be 

the out-arc  and v' be the node  in Z~+~ incident to q. 

I f  q # f ( v ' )  go to Step 2. 

Otherwise, if W u W ¢ 0, where 

t i ÷ 1  - -  W = { u  c F(v ) [x~, ,u-  c~'u and d(u)  < d(v ' )}  

and 

¢ i + l  = {u c B(v )1 x,,,,, = 0 and d(u) < d(v ' )} ,  

choose  some node  u ' ~  W ~  W, set 

f ( v , ) = { ( v ' , u ' ) ,  if u'c W, 
(u ' ,  v'), if  u ' ~  W, 

and go to Step 2. 

Otherwise, go to Step 1. 

Theorem 2. The computational complexity of Algorithm 2 is O(n2m). 

Proof.  Each  execution o f  Step 1 takes O(m)  time, while each execut ion o f  Steps 2 

and 3 takes O(n)  time. Since Algori thm 2 is just a specific implementa t ion o f  
Algor i thm 1 it follows f rom Theorem 1 that  Steps 2 and 3 can occur  at most  nm 
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times (once for each pivot). Hence the total time required by Steps 2 and 3 is 
O(n2m). Since node labels can increase only on saturated pivots and Step l is 

executed only when d(v)  increases and 

(9) 

Algorithm 2 can perform Step 1 at most l ( n - 1 ) ( n - 2 ) + l  times. Hence the total 
time required by Step 1 and by the algorithm as well is O(n2m). [] 

The scanning of the forward and backward adjacency lists in Algorithm 2 can be 

avoided by constructing a layered network of all shortest augmenting paths D~(w) 
to all nodes w rather than simply a tree of  such paths. Specifically, if in Step 1 we 
compute for each w e  N a list L(w) of the arcs that precede w on all shortest 
augmenting paths D~(w), rather than just one of these arcs f (w ) ,  and we replace 
set p = f ( v )  in Step 2 by choose any arc p c L(v),  then Step 3 can be replaced by: 

Step Y. I f  the pivot was not saturated, go to Step 2. Otherwise, set L(v) := 

L(v)\{p}. 
I f  L(v )=~ ,  go to Step 1; otherwise go to Step 2. 

Clearly this variant of  Algorithm 2 also has a running time of O(n2m). 

6. Relaxed versions of Algorithms 1 and 2 

The worst-case bounds for Algorithm 1 proved in Theorem 1 are a consequence of 
Lemmas 2 and 4, which guarantee an increase in the node labels of  the nodes 
adjacent to an arc after certain pivots occur. Lemma 2 does not require that the 

in-arc on pivot i be an arc in Ci that is closest to the source node s. It only requires 
that the pivot rule used be admissible. We now show that we can take advantage 
of  this flexibility and relax somewhat the conditions that must be satisfied by the 
in-arc and still obtain an algorithm that terminates in at most O(nm) pivots and 
O(n2m) time. 

With this in mind, let us consider a relaxed variant of  Algorithm 1, which we 
shall refer to as Algorithm 3, obtained by replacing the rule for choosing the in-arc 
p in Step 2 in Algorithm 1 by choose an arc p c Ci such that p is admissible and for 

i >~ 2, 6p <~ di(v') - 1, where v' is the node in Zi adjacent to the out-arc of  the previous 
iteration. It is easy to show that the in-arc chosen by Algorithm 1 is an acceptable 

choice for the in-arc in Algorithm 3. 

Now let us define Qi =~e~R~ 6~e, where R~ =-- T~ w {p~}. Observe that 

a~+l_ ~ + ( a ~  ~ Q , + , -  Q, = ,,,+, 6q, Z - 6 e ) ,  (10) 
e~ Ti+l 

since R~+l = T/+I w {p~+~} and R~ = T~+, w {qi}. 
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By L e m m a  1, par t  (b), node  labels can only change on a sa turated pivot.  I f  we 

let hi = di+l(v') - di(v ') ,  where  v' is the node  in Zi+l that  is adjacent  to the out -arc  
qi in pivot  i, we have by  our  choice of  p ivot  rule that  

3 i+1 -< di+l(V') - 1 = di(v ')  + h i -  1. (11) Pi+l 

Since 6iq, = di(v') and hi = 0 if the ith pivot  is ei ther nonsa tu ra ted  or pseudo-sa tura ted ,  
an immed ia t e  consequence  of  (10) and (11) is the following: 

Lemma  5. In Algorithm 3, if  the ith pivot is nonsaturated or pseudo-saturated, then 
Q i + l ~ Q i - 1 .  [] 

On a sa tura ted  p ivot  3iql = di (v ' ) -  1 and hi >~ O; hence f rom (11) it fol lows that  

(~ i+ i  i 
pi+z - -  t~q, ~ h i (12) 

on such a pivot.  I f  we let S denote  the set o f  sa tura ted  pivots  and f denote  the last 
pivot ,  then  f rom (10) and  (12) and L e m m a  5 it fol lows that  the total  n u m b e r  of  
nonsa tu ra ted  and pseudo-sa tu ra ted  pivots  p e r f o r m e d  by Algor i thm 3 is b o u n d e d  

above  by  

f 1 f 1 

A Q = Q ~ - Q f +  E ( Q i + t - O i ) ~ Q ~ - Q r  + ~ hi+ 2 Y~ (~ie+l--c~ie) 
i~_S i--1 i = l  e ~ r i +  I 

<~Q1-Qs+ Y~ d s ( v ) -  ~ d l ( v ) + m ( n - 1 ) - ½ n ( n - 1 ) ,  (13) 
y e N  v ~ N  

f - - 1  since Y.i=| hi<~Y~N (dj . (v)-dl(V)) ,  61e--6~e~n--1 for  all arcs e t A ,  and for  k =  
0, 1 , . . . ,  n - 1 there is at least one arc e such that  6 ~ -  ~ <~ k. Given  a basis  tree Ti, 
there is a unique arc e tha t  precedes  each node  v ~ N \ { s }  on the pa th  f rom s to v 
in T~ and di(v)-l<~&~<~di(v). Since d i ( s ) = 0 ,  it fol lows that  

Y. 6 i ~  < £ d i ( v ) ~  E 3i~ + n - 1 .  
e e  T i v~ N eE T i 

Using this and the fact that  0 <~ 6~, ~ n - 2, implies  that  

01 Z d,(v)<~ Q , -  Y~ ' - ' - -  6 e - -  6 p l ~  n --2 (14) 
v~ N e~ T 1 

and 

Q s -  ~ dr(v)>~Qy - Y, d [ - ( n - 1 ) = 6 J p j - - ( n - 1 ) > ~ - ( n - 1 )  • (15) 
v~ N e~ Tj 

C o m b i n i n g  (13)-(15),  we obtain  AQ <~ 2n - 3 + m(n - 1) -~n(n  - 1) <~ mn for  n >~ 2. 
The  fol lowing theo rem then  follows f rom this b o u n d  and L e m m a  2. 

Theorem 3. The total number of pivots required by Algorithm 3 is at most 2nm. [] 

Thus  the bound  on the number  of  pivots  required by this re laxed vers ion of  

Algor i thm 1 is just  double  the bound  for  the original a lgori thm. Clearly,  the re laxed 
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algorithm can be implemented using the refinements introduced in the previous 
section to give an algorithm with a running time which is also O(n2m). 

7. Some observations 

The analysis in the previous sections rests upon our definition of shortest augmenting 
paths from the source node s to all other nodes w in N. Such paths are not augmenting 
in the usual sense. However,  we could have developed a strongly polynomial  network 
simplex algorithm based upon truly augmenting paths by considering a perturbed 

version of the linear programming problem (2). Specifically, let us define the linear 
program (2') as problem (2) with a positive constant e added to the left-hand side 
of  the flow conservation constraints for all nodes u ~ N, u ~ s and (n - 1)e added 
to the right-hand side of  the flow conservation constraint for the source node s. It 
can be shown that (2') is nondegenerate for e chosen sufficiently small [3]. Moreover, 
given a basis tree T and basic solution x for (2), and the corresponding basic 
solution x '  for (2'), i.e., x" =x,, for all a ~ T, it can be shown that x '  is feasible to 

(2') if and only if x is strongly feasible to (2) [3]. By modifying Algorithms 1, 2 and 
3 so that they start with an initial tree T1 that has all arcs directed away from node 

s, and providing rules for choosing the leaving arc when there is more than one 
candidate, strong feasibility of  the basis tree can be maintained. Consequently, 
augmenting paths defined in terms of x and T in these modified algorithms corre- 
spond to augmenting paths in the usual sense relative to x'. 

The steepest-edge simplex algorithm [16], when applied to the maximum flow 

problem [13, 15], chooses as the in-arc Pi on iteration i, an arc in Ci that yields an 
s - t  path that is shortest with respect to T~, i.e., the cycle determined by pi and T~ 

is shortest. Because of the close connection to the Edmonds -Karp  algorithm, it is 
natural to ask, as was done in [14], whether the steepest-edge algorithm can solve 
the maximum flow problem in strongly polynomial  time. The results reported here 
came out of  an attempt to answer this question. The question, however, remains 

unanswered. 
Another interesting open problem is whether there is a primal simplex algorithm 

for the general minimum cost network flow (or circulation) problem that is strongly 
polynomial.  Recently, Goldberg and Tarjan [12] devised a minimum-mean cycle 
canceling algorithm for solving this problem that is strongly polynomial.  As this 
algorithm when applied to (2) corresponds exactly to the Edmonds -Karp  algorithm, 
it is plausible that some generalization of Algorithm ! may provide a solution to 

this open problem. 
Finally, we note that very recently Goldberg, Grigoriadis and Tarjan [10] have 

shown how to implement Algorithm 1 to run in O(nm log n) time by using an 

extension of the dynamic tree data structure of  Sleator and Tarjan [18]. As these 
authors point out, this bound is within a logarithmic factor of  the worst-case bound 
for any other known maximum flow algorithm. 
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