
In this presentation we take a closer 

look at complexity classes in which the 

bound is on the amount of memory it 

takes to compute the problem.

In particular, we'll look at low 

complexity classes, such as 
LOGSPACE-

- and non-deterministic LOGSPACE. 

Among others, we prove three 

fundamental theorems regarding 

those classes.

Space Complexity

Savitch's Theorem

Immerman's Theorem

TQBF

Space Complexity Notes
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Let us recall our definition of space 

complexity classes.

It is quite straightforward, however, 

we need to clarify what it mean for an 

algorithm to use sub linear space.

For that purpose, we change a little 

our model of computation to consist 

of

An input tape, which is read only,-

An output tape, which is write only, -

And a work tape, which is the only 

one counted for purposes of 

complexity bounds.

-
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Let us now figure out how many 

configurations such a machine has:

The location of the heads on the 

input tape and on the work tape are 

counted. 

-

Both the content of the output tape 

and the location of the head on it 

are not considered in counting the 

configurations. 

-

The content of only the work tape is 

counted.

-

Try to put the following computational 

problems in as small a class as you can.

Try also to come up with a problem 

that is in non -deterministic 

LOGSPACE, however is not known to 

be in LOGSPACE.

   Space Page 3    



7

SIP 250

log- space reducible

We can now define LOGSPACE 

reductions: they're the same as Karp 

reductions, with the added restriction 

that the reduction -function must be 

computed using only logarithmic 

memory.

Let us now see that these reductions 

can indeed be applied appropriately.

Think of the following scenario: you 

have a little chip that can play a DVD 

in a given format. You have a DVD 

encoded with a different format. 

You have another little chip that can 

convert the format the DVD is 

written in to the format the other 

chip can read.

Is it possible to combine the two and 

build a machine that can play the 

DVD?

The wrong solution would be to store 

the output of the first chip and apply 

the second chip to that - there is 

simply not enough memory for that 

solution to work.

The correct solution is to run the 

second chip and give it the appropriate 

bits of the output of the first chip; if 

necessary, restart the first chip, and 

let it read the DVD from start.
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Let us now formally define the 

connectivity problem:

Given a graph, a start vertex, and a 

target vertex, is there a path from 

start to target?

Q: Do you think the same problem, 

however on an undirected graph, is 

easier?

Let us first see that connectivity is in 

non-deterministic LOGSPACE. 

A non-deterministic algorithm for 

connectivity maintains a pointer to a 

vertex of the graph. 

Initially it points to the start vertex. 

At every stage, the algorithm chooses 

an edge going out of the vertex it 

points to, and direct its pointer to the 

vertex the edge leads to. 

If it reaches the target, it accepts.

If it went too many stages, it rejects .
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