Space Complexity Notes

Inthis presentation we take a closer
look at complexity classes in which the
bound is on the amount of memory it
takes to compute the problem.

In particular, we'll look at low
complexity classes, such as

- LOGSPACE
» Explore space complexity - and nor+deterministic LOGSPACE.
* Low space classes: L, NI
Savitch's Theorem
Immerman’'s Theoren
TQBF Among others, we prove three

fundamental theorems regarding
those classes.
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Space-Complexity

* Let 1:1N—1\ be a complexity function

Eft(n))= {L| L decided by O(t(n))-space deterministic
CE[t(n)= [L| L decided by O{t(n))- :
the input takes i cells: how can a
' M use only logn space?

Let us recall our definition of space
complexity classes.

Itis quite straightforward, however,
we need to clarify what it mean for an
algorithm to use sub linear space.

Input/ Work/ Output TM
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* kead only!

L * Write only! No going back

For that purpose, we change a little
our model of computation to consist
of

- Aninput tape, which is read only,

- An output tape, which is write only,

- And a work tape, which is the only
one counted for purposes of
complexity bounds.
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Configurations
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may a T/ with inpin‘-size N
work-tape of size S have?

What about
outpui?
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Let us now figure out how many
configurations such a machine has:

- The location of the heads on the
input tape and on the work tape are
counted.

- Both the content of the output tape
and the location of the head on it
are not considered in counting the
configurations.

- The content of only the work tape is
counted.

Brain Hurts
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ﬁ A problem in N

{L Not known to
be in L

Try to put the following computational
problems in as small a class as you can.

Try also to come up with a problem
that is in non -deterministic
LOGSPACE, however is not known to
bein LOGSPACE.
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[SiP2502 9 Log-space Reductions

A (s log- space reducible  ¥©
(clenoted A< B)

|

\@2@051]’5 e i.e., 1 log-space
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[ S.5. for l | §(w) on input W

@V@W w = WEA . EEWSEB iis a IOQ—SPCCC
i — reduction of A to I
3 “IQOI"QI'I'I- -

<L, NL, P, NP, PSPACE and EXPTIME are closed
under log-space reductions.

We can now define LOGSPACE
reductions: they're the same as Karp
reductions, with the added restriction
that the reduction -function must be
computed using only logarithmic
memory.

L Closed under <,

2 Why not simply
apply | then
solve 4. on the

outcome?

O
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+ f is a LUGSFACE reduction from A4, to A, and
A,el = AjisinL

+ on input x: Simulate M for 4. whenever M
reads the i symbol of its input, run ¥ on x and
wait for the i bit to be outputted

Let us now see that these reductions
can indeed be applied appropriately.

Think of the following scenario: you
have a little chip that can play a DVD
ina given format. You have a DVD
encoded with a different format.

You have another little chip that can
convert the format the DVD is
written in to the format the other
chip can read.

Isit possible to combine the two and
builda machine that can play the
DVD?

The wrong solution would be to store
the output of the first chip and apply
the second chip to that -there is
simply not enough memory for that
solution to work.

The correct solution is to run the
second chip and give it the appropriate
bits of the output of the first chip; if
necessary, restart the first chip, and
letit read the DVD from start.
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Let us now formally define the
connectivity problem:

Given a graph, a start vertex, and a
target vertex, is there a path from
start to target?

Q: Do you think the same problem,
however on an undirected graph, is
easier?

Let us first see that connectivity isin
non-deterministic LOGSPACE.

A non-deterministic algorithm for
connectivity maintains a pointer to a
vertex of the graph.

Initially it points to the start vertex.

Atevery stage, the algorithm chooses
an edge going out of the vertex it
points to, and direct its pointer to the
vertex the edge leads to.

Ifitreaches the target, it accepts.
Ifitwent too many stages, it  rejects .
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