PCP Notes

In this lecture we discuss the

complexity of approximation problems ,
and show how to prove they are NP -
hard.

We will show how one can prove such
results and then apply this technique

+ Show some approximation to some approximation problems.
problems NP -hard

+ How to show inapproximability?
+ Probabilistically Checkable Proofs

(PCP)
- CLIQUE, COLORING

PCP Theorem
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Promise Problems - llustrated

B o e

W gatisfying 9U% of a
* Must accept

35A 1, assuming one
can satisfy 5U%? L

Bad inputs

* Must reject

Other inputs

* Whatever

Gap problems? A special case

3

™M

Let us start with a general definition
of promise problems: these are
problems in which the algorithm is
required to accept some inputs and
reject others, however, unlikein
algorithm for languages, some inputs
are "don't care", and the algorithm
may return whatever answer.

The problem is therefore easier, and
showing such a problemis NP-hard
implies all languages that agree with it
on the good and bad inputs are NP -
hard as well.

Gap problems are a special case of
promise problems.

Optimization

problem i/ e inshance seluiien poromeier

+ Best solution according to
oprimizavion paramever

Approximation

|+ Find a solution within
some factor of optimal

& ‘ 4

Let us recall the general framework of
optimization problems --- either
minimization or maximization problems.
These problems allow some type of
solution and measures those solutions
according to the ogptimization
parameter .

The goal isto find the  best solution
according to the parameter --- one
which either minimizes or maximizes
the parameter.

An approximation algorithm is
guaranteed to find a solution which,
although not optimal, is nevertheless
within the approximation factor from
optimal.
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"In optimal Solution

* Parameter is

= GAP = —

* Whatever

+ vC, efficient h-approximati
’ % for A resolves gap-A[C, he):

accept if <hC

Gap problems patrtitions the input
instances into 3 categories according
to the optimized parameter of their
best solution.
Itintroduces two  thresholds .

If the optimal solution is  better than
the good threshold , the inputis good
Ifitis worse than the bad threshold
the input is bad.

Inthe in between --- gap-- the inputis
a"don't care" input.

An approximation algorithm whose
factor of approximation is better than
the ratio between the two thresholds
can be easily adapted to so/ve the gap
problem. Hence, if the gap problemis
NP-hard then so is the approximation
problem.

Gap-3SAT
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* Maximum, over assignments, of 4
fraction of satisfiable clauses:
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Asmuch as 3SAT is the grandparent
of all NP -complete problems, the gap
3SAT problem can serve the same role
for gap problems.

The good threshold is 1, namely, the
same as in3SAT all formulas that are
completely satisfiable.

Bad inputs are those for which only
7/ 8+efraction of the clauses can be
satisfied by any given assignment.

We will next see why we chose the 7/8
fraction.
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+ 73CHNF (with exactly 3 independent literals),
Sassignment that satisfies :7/4 of clauses

' 2 How many does an assignment satisfy expectedly?

)
FT‘ Velause €, let ¥, be a 0/1 variable: “is €, satisfied?” J
(504 /s expectation: EY,] = 7/6 )
=l €= V] = T E[V,] = m7/8 (m = #clauses)
r-? Jassignment with at least that number satisfied

»

In general, any 3SAT instance that

has clauses with exactly 3 independent
literals, has an assignment that

satisfies 7/ 8 of the clauses.

To show that, we apply a very simple
probabilistic method argument. we
show the probability, over a random
assignment to the variables, to satisfy
7/ 8 of clauses, is positive, hence there
must be such an assignment.

What is the average, uniformly over all
assignments, of the fraction of clauses
satisfied?

We show itis 7/8.

To see that, assume a variable Yithat
is 1ifclause Ciis satisfied and 0
otherwise.

For any i, the average value of Yiis

7/ 8,as 7 of all 8 possible assignments
toits 3 variables satisfy it.

Now look at the average number of
clauses satisfied: itis the same as the
sum of averages (by linearity of
expectation or in simple terms change
of order of summation) --- that sum is
of course simply 7/ 8 of the number of
clauses.

Now, by the law of averages, there
must be at least one assignment that
achieves this average.
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Now, let us go back to gap-3SAT and

29 PCP Characterization of NP state one of the versions of the PCP
M i : )/‘;}) ‘ %?Zm, which'isthat the problem /s
Ko oD rd. That is, any NP problem can
» V&>0, Gap-3SAT[7/8+¢,1] is . be Karp-reduced to a 3CNF instance,
i 7 . JLeNP, Karp preduction to JLINE: so that if the input is good the
PO O x0T vos of F(X) outcome of the reduction is a
@ = xglg@max satisfy <77 completely satisfiable formula (as in

*Cuius rei demonstrationem mirabilem
sane detexi. Hanc marginis exiguitas

Cook/Levintheorem). Ifthe inputis
bad, however, the reduction results in
aformula for which the — maximum
satisfiable fraction of clauses is only
slightly above 7/ 8.

non caperet ©

Approximaﬂng " ithi
. max-3ISAT to witl
which factor is thys proven i l. l:m ?

This can be viewed as an alternative,
much stronger characterization of NP
than the one of Cook/Levin.

The proof of this theorem is possibly
the most elaborated in Computer
Science with a matching impact, and
not too many mathematical proofs
beat it in that respect. Itis hence way
beyond the scope of this course.
Nevertheless, we'll assume it is true
and proceed to show some of its
fundamental implications.

PCP Pagé



+ Choose only O(lj bits
pe 1o read (randomly)

(e for gap-35A1: pick O(1) clauses
S
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robabilistic Checking of Proofs

Recall the characterization of NP we

used before, namely as all languages
for which a witness of membership can
be verified efficiently.

Now consider a very limited verifier

for the membership proof --- one who
isonly allowed to read a constant
number of bits of the witness proof
Nevertheless, it may choose which bits
to read by flippingrandom coins, and
then may err with small probability
(accept a bad input, that is, fail to
discover an error in the membership
proof).

Our gap-3SAT above is accepted by
this framework: assuming the
membership proof is simply an
assignment to the formula's variables,
the verifier can choose a constant
number of clauses and see ifthey are
satisfiable.

A satisfying assignment passes this
test with probability 1 In case no
assignment can satisfy 7/ 8+epsilon of
the clauses the probability of all
chosen clauses to be satisfied
becomes arbitrarily small.

It therefore follows (assuming the PCP
theorem) that al///anguages in NPhave
membership proof that can be verified
probabilistically reading only a

constant number of their bits.
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" about money.

.The end of
a fairy
tale?

Herebs a possi bl e
paint a nice picture of the subject
matter.

Suppose someone wants to deposit
some money in a bank account, without
being identified.

How would we
know you're

N
l

Is there some

faster way?

Here is a
problem only I
can solve

Associated with the bank account
there will be a secret known only to
the owner of the account (whose
responsibility is not to reveal itto
anyone unauthorized).

The natural candidate for such a
secret is an input to a hard
computational problem, which is
designed so as for the account owner
to know the solution for.

The owner, wanting to carry out some
transaction, would prove to the bank
clerk she/he knows the solution for
the specific input.

Now, to make the process much
faster, we can assume the solution is
encoded so that the bank clerk can
read only very few bits and thus verify
the correctness of the solution, albeit,
with some negligible probability of
error, which can be made arbitrarily
small.
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* 6=(/ ,E) comprising of m m
independent sets of size 3
* Gap-LliGQVE
Gap Problem: [(7/8+&)m,m] is NP-
\, hard
+ Depending on the size of

largest CLIQUE:

* It is NP-hard to
approximate AL~

L

2 m How does one prove such an
NF-hardness theorem?

Reduce from gap-3SAT?

:

+ < (7/8+e)m

CLIGUE to within 7/8+2

Now, let us consider other
approximation problems, e.g. max-
CLIQUE.

How about approximating it?

Look at a special type of graphs:
consisting of m pair -wise disjoint
independent sets, each containing 3
vertexes.

If we prove hardness for this special
case, it still applies to the general

case, however we may later utilize this
special structure.

Now, define a gap problem, where good
inputs have a clique with a
representative in every independent
set, while the largest clique in a bad
inputis of size less than 7/ 8+epsilon
of that number.

This problem is NP -hard.

To prove such a theorem, we need to
introduce a special type of reduction,
and apply one from gap -3SAT to
approximation of Max -CLIQUE.

As a corollary max - CLIQUE is NP -hard
to approximate to within the
corresponding factor.
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Gap Preserving Reduction

A gap-preserving Karp -reduction, from
one gap-problem to another, is one

that takes good inputs to good inputs,
bad inputs to bad one, and takes

"don't care" inputs to whatever inputs

it happens to.

SAT <, CLIQUE

A clique of size | =
an qssignmenf
satisfying | clauses

We now revisit the same reduction we
used to show that CLIQUE is NP -hard,
and prove itto be a gap preserving
reduction, from gap -3SAT to gap -
CLIQUE with the same gap.

Completeness is clearly the same (itis
exactly the same statement).

Asto soundness note that a clique of |
vertexes can be utilized to construct

an assignment, by making TRUE all
literals appearing in it --- this must
satisfy all clauses the clique has a
representative in. Hence, the
assignment satisfies | clauses.
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Let us now generalize some

mﬁ Constraints’ Graph optimization problems we have
‘ discussed earlier, by introducing the

U=V, E Z 4) - ¢ B constraints graph (CSG) problem:

Soltftion="MAXy BN Solution: MAXe The inputisa graph, a set of possible
L L 8
: Al V5L & fife

SR P values for the vertexes ( colors), and a
. L\ ALy S.T. . . -

(u,v)<E & A(u),A(v)eZ set of constraints , specifying for each

= (A(u),A(v)) & olu,v) edge which pairs of colors are allowed

'\; € \§ ; .\}\"\3, .
o AIGUE Pntis / atits ends.
s B8 . . .
Ontimizesss el + Pri(A(u), A(v)) ed(u, V)] There are two possible variants of the
= L somtiivend ) .
, v.c. B MAX-cUT problem:
‘PriAlwez]l] o «$) In the first, we allow vertexes to

remain uncolored, however require all
constraints between colored vertexes
be satisfied. In this case, the

parameter to maximize isthe fraction
of vertexes colored.

The other, more natural, variant,

colors all vertexes and the maximized
parameters isthe fraction of edges
whose constraints are satisfied .

Numer ous optimizati
looked at fall under this general
definitions.

See if you can identify for those

where is the relevant gap for which

the problem is easy, and where it may
be hard.
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When looking at gap -CSG, even when

the alphabet (colors) set is of size 3,
for the appropriate gap, the problem

is NP-hard, which is the case as 3SAT
can be reduced to it.

In fact, we have just established NP -
hardness of gap -V-CSG above.

Another important observation is that
any CSG problem can be directly
reduced to a Independent Set (or
CLIQUE) problem as follows:

Have a vertex for each pair of a
vertex and color of the CSG instance,
and incorporate the appropriate edges
(are these pairs of vertex/color
consistent?).

This is in fact the
seen from 3SAT to CLIQUE --- it
turns out to be a general reduction

from CSG to IS or CLIQUE.

Here is an obvious problem with our

picturesque motivating story:

How can we prevent the bank clerk
from going to another branch and
solving our problem there to an
unsuspecting other clerk?

Well, can we at least design a protocol
in which the account owner reveals
only a small fraction of the colors to
the vertexes of the constraints

graph?
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