NPC notes

This lecture is about NP -
Completeness, and has three parts:
- Reductions,
- the Cook-Levin Theorem
- and NPC problems.

Let us now discuss in more details how
to use reductions to bound problems'
complexities.

* How to link between
problems’ complexity, while
not knowing what they are
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+ Formalize the notion of "reductions”

+ Define karp reductions

+ Example: show HAMPATH < HAMCYCLE
« Closeness under reductions

+ Define Cook reductions

w

» Discuss Completeness =/

We'll discuss:

- Karp reductions,

- closeness of classes under
reductions,

- and mention also a more general type
of reductions.

Reductions

cannot be
radically harder
than

+ In other words:

an efficient procedure for A
using

is at least as
hard as

|

Recall that the general type of
reductions presented earlier, from a
problemA to a problem B, required us
to show a procedure for A, which calls
on a procedure for B, and so that
assuming an efficient procedure for B,
the procedure for A is also efficient.
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Karp reductions -Definition

function f:Z*—>x*

N\ -, i.e., 3 poly-time
[ that outputs
f(w) on input W
s.t. for | is a poly-time
every w WeA & flw)eB reduction of A to B
~ G

Let us now define a special case of
these reductions, referred to as a

Karp reduction.

In this type of reduction, one
constructs an efficient reduction -
function, which translates an instance
of the problem A to an instance of the
problem B, while maintaining the two
outcomes are the same.

Karp Reductions -llustrated

Namely, the reduction -function
results, for any instance of the
language A, with an instance of the
language B; while for any input outside
the language A, the reduction returns
a string outside the language B.
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Hence, for a reduction of that type to
be proper, one has to show itis
efficient  and prove its soundness and

completeness.

. = of . .
WA e FN)EB oy e cticions st oy et wodd All reductions we'll present in the
*WEA —m f(W)EB "":W . time mapping reduction .
.mﬂ-mwz.:::'“" course, by default, will be of that
+ Polynomial-time Kerp
type

Let us now make sure that such a
Reductions and Efficiency reduction implies that an efficient
procedure for B entails an efficient
procedure for A:

Oninput W we apply the reduction -

Polynomial-time algorithm for function, then apply a procedure for B
Vé’ —yl on its output, and simply return the

M| Polynomial-time outcome of that application.
L.0P algorithm for
/
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+ Is there a path in G, which goes through
every vertex exactly once?

Formally define Hamiltonian path.

S e

Hamiltonian Path

+ adirected graph 6=(V,E).

[EEET—

+ Is there a simple cycle
in G that paths
through each vertex
exactly once?

Formally define Hamiltonian cycle.

NPC Pagé



onenote:Arora-Barak%20Textbook.one#Chapters%201-6&section-id={7757C56D-9C4A-4928-9F21-656D3451D2C6}&page-id={7264ADE2-7C2C-4719-B0C1-8A8F429FC375}&object-id={EE93B82D-AF8C-403A-80C7-66353B7675BA}&10&base-path=V:\lotan\Muli\PowerPoint_Slides\Final\OneNote

9 HAMPATH < HAMCYCLE
18- (¥ Dl oV b))

| Completeness:

* Given a Hamiltonian path (v,..,v,) in &,
(vo. -, Vp.u) is a Hamiltonian cycle in 6

—{ErEE

* Given a Hamiltonian cycle (vo, ..., v, u) in
&', removing u yields a Hamiltenian path.

Let us now revisit the reduction, from
Hamiltonian - path to Hamiltonian -cycle,
previously described.

We simply add to the graph an extra
vertex, which is adjacent to all other
vertexes.

The completeness proof as well as a
soundless proof are easy.

v < weHAMPATH wm— f(w)eHAMCYCLE
v cweHAMPATH —wm f(w)eHAMCYCLE

Check list

12

Let us now go over the checklists for
making sure the reduction is proper:

- We have described the simple
reduction function.

- Isit efficient? It clearly is.

- We also proved both its soundness
and completeness.
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Closeness Under Reductions: Definition

C ie closed under poly-time

- L isreducibletol and L' cC >
L isalsoinc.

Now that we have formally defined the
notion of an efficient reduction, we
may consider classes that are closed
under such reductions.

Some classes are possibly not closed
under efficient reductions: It may be
the case that we are able to

efficiently reduce one language, not in
the class C, to another language, which
isin the class C.

Canyou think of a class for which this
could potentially happen?

Observation

« P,NP, PSPACE and EXPTIME are

—_

closed under polynomial-time Karp
reductions

+ Do it yourself Il ‘&

Some of the classes we have defined
so far are closed under efficient
reductions.

Prove it!
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SIP250 ¢

ace reducible o
(demote A< B)

Log-space Reductions

’ s1' for

every w

L. NL,

function f:Z¥—I*

~

— (wed & f(w)eB

P, NP, PSPACE and EXPTIME are closed

under log-space reductions.

We can consider an even more
efficient type of reductions, namely,
those that can be carried out using
only logarithmic size memory.

Canyou think of a reduction that
follows these guidelines?

Can you show that even more classes
are closed under such reductions?
Isit clear that these reductions do
what we expect them to do?

How does such a reduction output its
outcome?

Karp reduction is a special case of the
general, Cook reduction . Itinsists that
the procedure for B is called only
once, and that the outcome is simply
returned as is.

Itis important to note that from now
on we will use only that type of
reduction for our definitions!

Some of the notions we will introduce
do not make sense for the more
general case!

NPC Page




