
This lecture is about NP -

Completeness, and has three parts: 
Reductions,-

the Cook-Levin Theorem -

and NPC problems. -

Let us now discuss in more details how 

to use reductions to bound problems' 

complexities.

NPC notes
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We'll discuss:

Karp reductions, -

closeness of classes under 

reductions, 

-

and mention also a more general type 

of reductions.

-

Recall that the general type of 

reductions presented earlier, from a 

problem A to a problem B, required us 

to show a procedure for A, which calls 

on a procedure for B, and so that 

assuming an efficient procedure for B, 

the procedure for A is also efficient.
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Let us now define a special case of  

these reductions, referred to as a 

Karp reduction.

In this type of reduction, one 

constructs an efficient reduction -

function, which translates an instance 

of the problem A to an instance of the 

problem B, while maintaining the two 

outcomes are the same.

Namely, the reduction -function 

results, for any instance of the 

language A, with an instance of the 

language B; while for any input outside 

the language A, the reduction returns 

a string outside the language B.
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Hence, for a reduction of that type to 

be proper, one has to show it is 

efficient and prove its soundness and 

completeness. 

All reductions we'll present in the 

course, by default, will be of that 

type.

Let us now make sure that such a 

reduction implies that an efficient 

procedure for B entails an efficient 

procedure for A:

On input W we apply the reduction -

function, then apply a procedure for B 

on its output, and simply return the 

outcome of that application.
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Formally define Hamiltonian path.

Hamiltonian Path

Formally define Hamiltonian cycle.
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Let us now revisit the reduction, from 

Hamiltonian -path to Hamiltonian -cycle, 

previously described. 

We simply add to the graph an extra 

vertex, which is adjacent to all other 

vertexes. 

The completeness proof as well as a 

soundless proof are easy.
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Let us now go over the checklists for 

making sure the reduction is proper:
We have described the simple 

reduction function.

-

Is it efficient? It clearly is.-

We also proved both its soundness 

and completeness.

-
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Now that we have formally defined the 

notion of an efficient reduction, we 

may consider classes that are closed 

under such reductions.

Some classes are possibly not closed 

under efficient reductions: It may be 

the case that we are able to 

efficiently reduce one language, not in 

the class C, to another language, which 

is in the class C.

Can you think of a class for which this 

could potentially happen?

Some of the classes we have defined 

so far are closed under efficient 

reductions. 

Prove it!
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We can consider an even more 

efficient type of reductions, namely, 

those that can be carried out using 

only logarithmic size memory.

Can you think of a reduction that 

follows these guidelines?
Can you show that even more classes 

are closed under such reductions?
Is it clear that these reductions do 

what we expect them to do? 
How does such a reduction output its 

outcome?

Karp reduction is a special case of the 

general, Cook reduction . It insists that 

the procedure for B is called only 

once, and that the outcome is simply 

returned as is.

It is important to note that from now 

on we will use only that type of 

reduction for our definitions!

Some of the notions we will introduce 

do not make sense for the more 

general case!
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