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Abstract

We present a methodological framework enabling a detailed de-
scription of the performance of Hopfield-like attractor neural networks
(ANN) in the first two iterations. Using the Bayesian approach, we
find that performance is improved when a history-based term is in-
cluded in the neuron’s dynamics. A further enhancement of the net-
work’s performance is achieved by judiciously choosing the censored
neurons (those which become active in a given iteration) on the basis
of the magnitude of their post-synaptic potentials. The contribution
of biologically plausible, censored, history-dependent dynamics is es-
pecially marked in conditions of low firing activity and sparse connec-
tivity, two important characteristics of the mammalian cortex. In such
networks, the performance attained is higher than the performance of
two ‘independent’ iterations, which represents an upper bound on the
performance of history-independent networks.



1 Introduction

Associative Attractor Neural Network (ANN) models provide a theoretical background for
the understanding of human memory processes. Considerable effort has been devoted re-
cently to narrow the gap between the original ANN Hopfield model [1, 2] and the realm of
the structure and dynamics of the brain. This had led to the development of ANN models
with low firing rates [3, 4, 5], to the investigation of the influence of various canonical con-
nectivity architectures and various coding regimes on the network’s memory capacity [6],
and to a model of ‘spiking’ neurons [7]. In this paper, we contribute to the examination of
the performance of ANNs under cortical-like architectures, where neurons are typically con-
nected to only a fraction of their neighboring neurons [8], and have a low firing activity [9].
We develop a general framework for examining various signalling mechanisms (firing func-
tions) and activation rules (the mechanism for deciding which neurons are active in some
interval of time). In cortical-like sparsely-connected low-activity networks we find that high
performance is achieved when the neurons’ dynamics are governed by a threshold-censored
function of their post-synaptic potential, considered by some authors to actually represent
the firing of cortical neurons [5].

This brings us to the central theme of this paper, neurons’ dynamics governed by post-
synaptic potentials. The Hopfield model is based on memoryless dynamics, which identify
the notion of ‘post-synaptic potential’ with the input field received by a neuron from the
neurons active in the current iteration. We follow a Bayesian approach under which the
neuron’s signalling and activation decisions are based on the current a-posteriori probabil-
ities assigned to its two possible true memory states, +1. As we shall see, the a-posteriori
belief in +1 is the sigmoidal function evaluated at a neuron’s generalized field, a linear
combination of present and past input fields. As will be shown, these history-dependent
dynamics can considerably outperform the memoryless ones, even to the point of making
the two-iterations performance strictly better than the performance of two independent it-
erations, known to be an upper bound on the performance of memoryless dynamics [10]. As
mentioned earlier, performance can be significantly enhanced if active neurons are chosen by
the magnitude of the post-synaptic potential rather than randomly. However, performance
under this more biologically appealing activation regime is sensitive to connectivity.

The neural network model presented is characterized as follows. There are m ‘random

memories’ £, 1 < p < m, and one ‘true’ memory ™! = ¢£. The (m + 1) N entries of these



memories are independent and identically distributed, with equally likely values of +1 or
—1. The initial state X has similarity P(X; = &) = (14+¢)/2, P(X; = &) = (1 — ¢)/2,
independently of everything else. The weight of the synaptic connection between neurons
and j (7 # j) is given by the simple Hebbian law

m+1

Wi = e*e%; . (1)
p=1

Each neuron receives incoming synaptic connections from a random choice of K of the N
neurons in the network in such a way that if a synapse exists, the synapse in the opposite
direction exists with probability r, the reflezivity parameter. In the first iteration, a random
sample of L; neurons become active (i.e., ‘fire’), thus on the average n; = L; K/N neurons

update the state of each neuron. The field fi(l) of neuron ¢ in the first iteration is

1 X,
£ = . Z Wi ;L0 X (2)

i=1
where I;; denotes the indicator function of the event ‘neuron i receives a synaptic connection
from neuron j’, and Ij(t) denotes the indicator function of the event ‘neuron j is active in
the t’th iteration’. Under the Bayesian approach we adopt, neuron ¢ assigns an a-priori
probability A;(%) = P(& = +1|X;) = (1+ €X;)/2 to having +1 as the correct memory state
and evaluates the corresponding a-posteriori probability ;) = P(& = +11X;, fi(l)), which
turns out to be expressible as the sigmoidal function 1/(1 + ezp(—2z)) evaluated at some
linear combination of X; and fi(l).

In the second iteration the belief A;(!) of a neuron determines the probability that the
neuron is active. We illustrate two extreme modes for determining the active updating
neurons, or activation: the random case where L, active neurons are randomly chosen,
independently of the strength of their fields, and the censored case, which consists of selecting
the L, neurons whose belief belongs to some set. The most appealing censoring rule from
the biological point of view is tail-censoring, where the active neurons are those with the
strongest beliefs. Performance, however, is improved under interval-censoring, where the
active neurons are those with mid-range beliefs, and even further by combining tail and
interval censoring into a hybrid rule.

Let ny = L,K/N. The activation rule is given by a function C : [3,1] — [0,1]. Neuron
j, with belief )\j(l) in 4+1, becomes active with probability C(mam()\j(l), 1- )\j(l))), inde-

pendently of everything else. For example, the random case corresponds to C' = g’v—z and



the tail-censored case corresponds to C(A) = 1 or 0 depending on whether maz(},1 — A)
exceeds some threshold. The output of an active neuron j is a signal function S ()\j(l)) of
its current belief. The field fi(z) of neuron ¢ in the second iteration is

N

£ = niz Y WL ;BISs (A1) (3)

i=1
Neuron i now evaluates its a-posteriori belief X;(?) = P(& = +1]X;, JAONAON fi(z)). As we
shall see, pAC) is, again, the sigmoidal function evaluated at some linear combination of the
neuron’s history X;, XZ-IZ-(l), fi(l) and fi(z). In contrast to the common history-independent
Hopfield dynamics where the signal emitted by neuron j in the t'th iteration is a function of
fj(t_l) only, Bayesian history-dependent dynamics involve signals and activation rules which
depend on the neuron’s generalized field, obtained by adaptively incorporating fj(t_l) to its
previous generalized field. The final state X;2) of neuron i is taken as —1 or +1, depending
on which of 1 — )\i(z) and )\i(z) exceeds 1/2.

For ny /N, ny/N, m/N, K/N constant, and N large, we develop explicit expressions
for the performance of the network, for any signal function (e.g., S1(A) = Sgn(A — 1/2)
or Sp(A) = 2X — 1) and activation rule. Performance is measured by the final overlap
T %Z&Xi(z) (or equivalently by the final similarity (1 + €")/2). Various possible
combinations of activation modes and signal functions described above are then examined
under varying degrees of connectivity and neuronal activity.

Previous research investigating the dynamic evolution of ANNs has distinguished be-
tween two general classes of sparse networks. In strongly diluted networks, where the
number of connections per neuron is smaller than the logarithm of the number of neurons,
the dynamics become exactly soluble due to the elimination of correlations between the
inputs to different neurons [11]. In the second class, which we address, sparseness is not
necessarily so extensive, correlations exist and should be accounted for. We follow the ap-
proach originated by [12] and developed further in [13], who derived explicit formulas for
the evolution of the first two or three iterations. This approach was extended by [14] to
multiple iterations, postulating an approximate multi-step transition equation based on the
assumption that the noise term is correlated with history only through its variance and
its macroscopic overlap. Further developments saw a self-stimulus hysteretic term included
in the dynamics [15, 16], and introduced arbitrary connectivity in the non-hysteretic case
[17]. Extending the idea of hysteresis to the broader notion of history-dependent dynam-
ics, we find that the performance of history-dependent ANNs is sufficiently high compared



with that of memoryless (history-independent) models, that the analysis of two iterations
becomes a viable end in its own right.

From a biological perspective, the history-dependent approach is strongly motivated by
the observation that the time span of the different channel conductances in a given neu-
ron is very broad (see, e.g., [18] for a review). While some channels are active for only
microseconds, some slow-acting channels may remain open for seconds. Hence, a synap-
tic input currently impending on the neuron may influence both its current post-synaptic
membrane potential, and its post-synaptic potential at some future time. We distinguish
accordingly between input fields fi(t) that model incoming spikes, and generalized fields
that model the history-dependent, adaptive post-synaptic potentials. As a neuron fires in
spikes, we emphasize dichotomous signal functions. However, we perform the mathematical
derivations under arbitrary signal functions, for their possible benefits in artificial neural
networks. This approach may be biologically justified as well, due to the broad time span
upon which a given synaptic input may influence the membrane potential. The notion of
‘iteration’ may be then viewed as an abstraction for the overall dynamics for some length
of time, during which some continuous non-threshold input/output function, such as the
conventional sigmoidal function [19, 2, 20], governs the firing rate of each neuron. History-
dependent terms may also express hysteretic properties of the neuron’s dynamics [15], as
manifested by its refractory period and the prevalence of bursting.

This paper is organized as follows. In section 2 we show how single-iteration optimiza-
tion results in a straightforward manner from the Bayesian approach. Section 3 presents
the rationale behind history-dependent dynamics. Section 4 describes the optimization of
two iterations, while detailed relevant calculations are relegated to the Appendix. Section 5
capitalizes on the derivations of section 4 and uses Statistical Hypotheses Testing analogies
to present a heuristic rationale for the various activation rules studied in this paper. For-
mulas pertaining to these activation rules are shown in section 6 and illustrated numerically

in section 7.



2 Single-iteration optimization: the Bayesian approach

Let us first summarize for ease of reference the following well known basic fact in Bayesian

Hypothesis Testing.

Lemma 1
(¢) If the prior distribution of £ is P(¢ = 1) = P(é = —1) = ; and the conditional
distribution of the observable X is
1+e¢ 1—¢
P(X =ge)= 15, P(X = —£l6) = -, ()

then the posterior probability that £ = 1 is

14+ eX 1
Ple=100)= L E = )
where
1 1+e¢
=1 . 6
1) = o log 1 6
(4¢) Express the prior probability as
1
P =1 )= ———
E=1)= ™

and assume an observable Y which, given &, is distributed according to

Y€~ N(p€, 0?) (8)

for some constants p € (—00,00) and ¢? € (0, 00). Then the posterior probability is

1

PE=1Y =9) = 1 et

This formula is the basis for the definition of a generalized field z which is updated by
the addition of a multiple of the current observation.

To analyze the field f;(!) of neuron i in the first iteration, we express Wit = &€&+ Wi,
where W;; is the contribution of the random memories. Then

£ = £ i&.g._f”].(l)X. + 1 g:W--I--I'(l)X' — €& + 1 i\f: Wi; I; LM X (10)

i nlj:1’LJ’LJ.7 J ny & ij4ij 1] J i ny & ij4ij 1] J

where Ij(t) = 1 or 0 depending on whether or not neuron j is active in the t'th iteration.
In the sequel, Z or Z; will always denote standard normal variables. fi(l) is asymptotically

normally distributed given X; and &;, with

E(£M&, Xi) = e (11)



and

Var(FVg, X)) = — = o . (12)
n
If we apply Lemma 1(i2) to Y = £;), with p = € and 02 = oy, we see that

1
MU =P =11X;, £8) = ' v
(& = 11X, i) 11 e~2e(v(@Xi+ £ o) 1

Hence, P(¢ = 1|X;, £;)) > 1/2if and only if £;(*) + ayv(€) X; > 0.

The single-iteration performance is then given by the similarity

14+ ¢
2

= P (W + o1v() Xa)& > 0l&) = (14)

1+e
2

PO +ary(Xs > 006 = 1, X; = 1)+ PRV +any (X > 0l = 1, X; = ~1) =

1+e
2

Ple+/aiZ + ary(e) > 0) + %P(e +arZ — ogv(e) > 0) =

1;%(;_1“(6)@)+1;6<I>(¢‘;_1—7<e>¢a—1)

= Q(e 1)

where ® is the standard normal distribution function. As we see, (14) agrees with En-
glisch et. al.’s result [21]. Single-iteration performance (reaching overlap €') is seen to
be maximized by adding the contribution mvy(e)X to the neuron’s unnormalized input
field, which has been interpreted by Englisch et al. as the addition of an appropriate
self-stimulus diagonal term to the neuron’s connectivity. The Hopfield dynamics, modi-
fied by redefining W;; as m~y(¢) (in the Neural Network terminology) is equivalent (in the
Bayesian jargon) to the obvious optimal policy, under which a neuron sets for itself the sign
with posterior probability above 1/2 of being correct. This gives the best single-iteration
performance, satisfying ¢ > ¢ for all a;, (because Q(¢,a) — (1 + €)/2 as o T oo and
%Q(e, a) = —(1/a)((1 — )/(27)) "2 exp{—(€?/a + a(y(€))?)/2} is negative) unlike the
usual ¥ = 0 case, where € < ¢ if a; is too large. For ¥ = 0 we see that the similarity
after one iteration is (1 + €¢')/2 = @(ﬁ), as shown by Kinzel [22]. This corresponds to
the classical (non-Bayesian) approach in Statistics that values unbiasedness over the use of
prior beliefs. Under both policies the neuron decides on +1 if fi(l) exceeds some decision

threshold Ti(l), which is 0 or a17y(€) X;.



3 The rationale behind history-dependent dynamics

We continue to follow the paradigm that the neuron is a Bayesian decision maker, and that
the input field arising from the currently active neurons is an ‘observation’ in the statistical
sense, allowing the neuron to update its belief concerning its correct memory. Since, as we
have seen in the previous section (equation (13)), the neuron’s belief in its correct state
after a single iteration is a strictly increasing function of its generalized field, this belief
typically varies from neuron to neuron. Performing a second independent iteration (viewing
the second iteration as a first iteration with the corresponding new initial similarity [10])
corresponds to splitting the neurons into two sets by the preferred true memory state, and
then replacing the belief of each neuron by the average belief of its class. We shall show
now that heterogeneity of prior beliefs induces higher performance.

Consider a neuron with prior probability A of having state 4+1, and let h and g be the
densities of the observable random variable under states +1 and —1 respectively. Then the
posterior probability of state +1, as given by Bayes formula, is A(Y) = Ah(z)/(Ah(z) + (1 —
A)g(z)). Recall that the similarity of a neuron is obtained from the belief A in +1 by evalu-
ating the convex function ¢(z) = maz(z,1 — z) at A\. We now take any twice continuously

differentiable convex function % on [0, 1] and evaluate the expectation of 1(A(1):

Wy — Af(=) 2)+ (1 — N)g(2)) dp(z
B0 = [ 4 (5 Sei) (h@) + (- Ne@)du@)  (19)

d N ; A
xE0 = [V (Gera e
Ah(z)
[ it o ssysm) (o) — 9(e)due)

d_z (1) _ " Ah(z) h?(z)g°() .
d\2 Ey(A) = /d} (Ah(m) + (1 - )\)g(m)) (AR(z) + (1 — N)g(z))® du(z)  (7)

Since expression (17) is positive, we see that the expectation of a well behaved convex

function of the posterior probability is a convex function of the prior probability. Since
twice continuously differentiable convex functions on a compact interval are dense in the
class of all continuous convex functions on that interval, this fact extends to nondifferentiable
convex functions as well, such as ¢ (z) = maz(z,1 — ).

We have seen that similarity is the expectation of some convex function of the belief. We
conclude by formalizing the effect of diversity on the expectation of convex functions. The

common notion of comparative dispersion of distributions in Probability [23] and Economics



[24] is that G is more dispersed than F' if for some random variables X and Y with marginal
distributions F' and G respectively, E(Y|X) = X almost surely, i.e., if Y is obtained from X
by the addition of noise. Jensen’s inequality yields E(¢(Y)) = E(E(¢(Y)|X)) > E(¢(X))
for any convex function . In particular, for any partitioning of the set of neurons, the
network’s final similarity decreases if each neuron’s belief is replaced by the average belief
of its partition set.

We began this section with the remark that with history-independent dynamics, after
every iteration the neurons’ beliefs are collapsed into two values; the belief of each neuron
with prior preference for +1 is replaced by the average belief of its class, and similarly
regarding those neurons with prior preference for —1. As we have shown, this implies that
for sparse networks (i.e., those for which the sign of different neurons continues to be nearly
independent beyond the first iteration) a history-dependent second iteration performs better
than a memoryless one.

If beliefs are dependent or if - as we assume throughout - only a fixed fraction of the
neurons are allowed to be active in a given iteration, the firing mechanisms should be
modified accordingly, by letting activation depend not only on current beliefs but also on
whether the particular neuron has been silent or active in the previous iterations. In this
paper we allow this activity history to affect the assessment of the final belief ;) but not
the (otherwise general) interim signal S(A\;(*)). In the same vein, we adopt the common
premise that the initial state is a homogeneously distorted version of the true memory,
in spite of the fact that heterogeneity of prior beliefs induces higher performance. Other
patterns of initial states should be studied, such as the opposite extreme where ¢ = 0 for
most neurons and ¢ = 1 for the remaining few.

In the next section we develop a framework for quantifying the performance of a history-

dependent second iteration in ANNs.



4 Two-iterations optimization
The field observed by neuron 7 in the second iteration is
1
(2) — = N w0 gy 1
K = WS 040) (18)

For mathematical convenience, we will relate signals and activation rules to normalized

generalized fields rather than to beliefs. We let

h(z) = S(———) , p(x) = C (mam ( L, )) (19)

1+ e—2cz 1 _I_e—Zcm’ - 1 _I_e—Zc:r
for ¢ = ¢/, /a;. The signal function h is assumed to be odd, and the activation function p,

even. (18) may be then rewritten as

£
£O = =5 5we LR

nzj o ARICNCEOR (20)

where Ij(z) = 1 with probability p (f}g + 'y(e),/alXj), independently of everything else.

In order to evaluate the belief )\i(z), we need the conditional distribution of fi(z) given
X;, L) and fi(l), for & = —1 or & = +1. We adopt the working assumption that the
pair of random variables (fi(l), fi(z)) has a bivariate normal distribution given &;, ;) and
X;, with &;, Ii(l) and X; affecting means but not variances or correlations. Under this
working assumption, fi(z) is conditionally normal given (§;, Ii(l),Xi, fi(l)), with constant
variance and a mean which we will identify. This working assumption allows us to model
performance via the following well known regression model.

Lemma 2
If two random variables U and V with finite variances are such that E(V|U) is a linear
function of U and Var(V|U) is constant, then

Cov(U,V)

B(VIU) = B(V) + =0 55

(U - E()) (21)

and
(Cov(U,V))?

Var(VIU) =Var(V) — Var(U)

Jointly normally distributed random variables U and V satisfy the assumptions of

Lemma 2. Furthermore, the conditional distribution of V' given U is itself normal. Letting



U= fi(l) and V = fi(z), this lemma will enable us to model posterior probabilities follow-
ing a second iteration. As E(U) = E(£;(V|&, Xi, L'Y)) and Var(U) = Var(£;(V|&;, X;, L)
have already being calculated (characterizing the first iteration), it remains to identify the
mean E(V) = E(fi(2)|§i,Xi,Ii(1)), the variance Var(V) = Var(fi(2)|§i,Xi,Ii(1)) and the
covariance term Cov(U,V) = Cov(fi(l), fi(2)|§i, X, Ii(l)). Lemma 2 permits us to express

E(£91&, X, LW, £ = B(£916, X;, LY) + a(£Y - &) (23)

Var(f;®)|&, X, LY, £,(1)) = 72 (24)

for some constants a and 72. We will prove in the sequel that for some constants ¢* and b

to be identified together with a and 72,
E(£2g, X;, 1) = ¢ + bX, 5,0 (25)
We are now in a position to apply Lemma 1(é¢) with (see (7) and (13))
z = e(f;) /a1 + () X))
and (see (8), (23) and (24))

Y = £ —bx, V) — af,M)

to obtain from (9) the posterior probability

M3 = P =11X;, LM, £0, £) = (26)
1
1+ exp{—2 [6 (fi(l)/al _|_7(6)X1.) 4 eoee (fi(z) —bX;I,(1) — afi(l))]} —
1
1+ exp{—2 [(er(e) - L2} X, + (& — 229 £, 4 espe £

which is, as announced, the sigmoidal function evaluated at some generalized field.
Expression (26) shows that the correct definition of a final state XZ-(Z), as the most likely
value among +1 or —1, is

X;® = Sgn [(ev(e) - ML-(l)) X + (i - M) JAQNE g;“ﬂ”] 27)

T2




By our working normality assumption, given X, IV and &;, the random vector (fi(l), fi(z))
has a bivariate normal distribution. Hence, any linear combination of the two coordinates,
such as W = (ail - ﬂ%l) fi(l) + e*‘;—z‘lefi(z), is normally distributed. As can be seen from

(27), the two-iterations performance is measured by the final similarity

b(e* — ae)

T2

PO = &) =P (w> ( L~ ey(9)) Xiles = +1) (28)

To get an explicit expression for the two-iterations performance, it remains to identify the
conditional mean and variance of W given &;, Ii(l) and X;. Given & = 1, Ii(l) and X;, W

is normally distributed with

) ey (€€ e € —ae 7.0
EW|X;, LY, & =1) = (al - ) €+ 3 (e +bX;1; ) (29)
and variance
* 2 * 2
Var(W|X;, LM, & =1) = (i —at Zaﬁ) Var(f;1) + (¥) Var(£2)+ (30)
(e 71 T T

€ € —ae\ € — ae
2(£ - aS5%) S 00w (1), £9)

o T2
where, for clarity of exposition, we have omitted the conditioning symbols. By (21) and (23),
we can identify Cov(fi(l), fi(z))/Var(fi(l)) with a, and by (22) we can identify Var(fi(z))
with 72 + (Cov(fi(l), fi(z)))2 JVar(f;(V)) =72 + a;a®. We thus get

¥/ N2
Var(W|X;, LY, &) = € [i + (6 /¢ “) ] = &/a* (31)
a7 T
where
a* = ﬁ* — m* 3 (32)
ny+m (e /:_a)
From (29) and (31),

P(ELE(—”Q>—[6 +ﬂd&%ﬂ):¢(ii+v@&¢5)

from which

POGE = gl6) = 58 (S +a(9var) + 50 (S —v(ovar) = (3)



where the one-iteration performance function @ is defined by (14).

We see that the performance is conveniently expressed as the single-iteration optimal
performance, had this iteration involved n* rather than n; sampled neurons. This formula
yields a numerical and analytical tool to assess the network’s performance with different
signal functions, activation proportions and architectures. We see that a* < «; (unless
€* = ag, in which case, by (26), the second iteration is uninformative). By the monotonicity
of () in o proved earlier, two iterations strictly outperform one iteration, just as the latter
strictly improves over the initial similarity.

It is worth noticing that the final decision (27) may be expressed as a comparison of the
second iteration input field fi(z) with the decision threshold

2

TE N P SO WY ) ) _ M) .
& ( o (e* /e — a)) £+ (bjZ (e*/e— a) Xi (35)

defined by previous history. If €* > ae then the final state is X, = sgn(fi(z) — Ti(z)) while
if €* < ae, each neuron reverses this decision. We shall see that ¢* — ae is positive under
biologically relevant connectivity, but negative values will be illustrated as well, under heavy
connectivity.

The identification of the parameters a, b, €* and T is technically difficult. We will present
here their formulas for the biologically motivated two-valued signal function h(z) = Sgn(z),
and illustrate these formulas for random and censored activation rules. Proofs and gener-
alizations to arbitrary signal and activation functions are given in the Appendix.

Let the integrated signal function and the integrated absolute signal function be, respec-

tively,
¥(2) = [ pla+2)h(a + 2)9(z)dz (36)
and
V(@) = [ (e + AIh(e + 2)|4()dz (37)

where ¢(z) = exp{—z%/2}/+/27 is the standard normal density function. From now on, let
h(z) = Sgn(z). In analogy to the computation in expression (14), expression (37) provides
the number ny of updating neurons per neuron, or equivalently the number L, of active

neurons, by

.= = % = %ma (ﬁ + \/a_w(e)) +1 ¥ (ﬁ - «a—me)) (38)

12



and expression (36) provides the drift parameter

SPELONG . £ (39)

where

I (\/‘;_1+\/a_17(e))+1;6‘1' (\/‘;_1—\/0717(6)) : (40)

The three parameters a,b and 72 are conveniently expressed in terms of

g =1 ;r ‘o (\/ﬁa_l + \/a_w(e)) 41 v (\/‘;_1 - \/a_w(é)) (41)

@_:1;“\11 (\/‘;_1+\/a_17(e))—1;€‘1’ (\/;—1—\/0&_17(6)) (42)

and

r=P(I;; = 1]I;; = 1) (43)

as
o — ﬁig_kgig (44)
Ka1 \I’a N1/a1 \I’a
\T,I
b:\/alr\i’— (45)

e (@ () SCNE)

It is interesting to realize that performance is independent of the reflexivity parameter
r. This parameter only affects dynamics (see expression 27), by calibrating the field of an
initially active neuron - filtering out the information it gave the other neurons from the
information received from them.

We easily see that in the sparse limit arrived at by fixing a; and oy and letting both K/m
and N/K go to infinity, we obtain that a = 0, 72 = a3, and (see (32)) n* = n; + na(e*/€)2.
As will be shown, under random activation, ¢* = ¢/. This implies that n* strictly exceeds
n; + ny because, as we saw at the end of section 2, € strictly exceeds €. Since the two-
iteration performance is equal to the one-iteration performance had this single iteration
involved n* updating neurons per neuron, this means that in the sparse limit it is always
better to replace an iteration by two smaller ones. This suggests that Bayesian updating

dynamics should be essentially asynchronous.

In reference to the above mentioned limiting case, we saw in the last section that the two-

1 is superior to the performance Q (2Q (€, a1) — 1, o)

141

ag ag €

iterations performance @ | e, 2
(=5

13



of two independent optimal single iterations. Section 7, presenting some numerical exam-
ples of our findings, illustrates this superiority. In section 6, we present the formulas for the

*

parameters ¥,, ¥, , ¥/ ¥_, ¢* a and 72, as given by expressions (38) through (46), for
each of the activation functions we examine. But first, let us present a heuristic approach

for obtaining high performance by efficient activation and signalling.

5 Heuristics on activation and signalling

By (32) and (34), performance is mostly determined by the magnitude of (e* — a€)®. By
(38), (39) and (44),

- - me - eK -
*—ae)¥, =", — v_ — v 47
(¢" — ae) t Ka N (47)

Using the integral representations (36) and (37) for ¥ and ¥, (and assuming as we did that

|h(z)| = 1), it is easy to see that

(" — ae)¥, — /0 ” p(2)h(2) 1 (2)de (48)

and
T = [ pla)bo(e)de (49)
where ¢; and ¢ are some specific linear combinations of Gaussian densities and their
derivatives.
For a given activity level ¥, = ny /K, high performance is achieved by maximizing over
p and possibly over h the absolute value of expression (48) keeping (49) fixed. In complete
analogy to Hypothesis Testing in Statistics, where ¥, takes the role of level of significance
and (e* — ae)¥, the role of power, p(z) should be 1 or 0 (activate the neuron or don’t)
depending on whether the field value z is such that the likelihood ratio h(z)¢1(z)/do(z) is
above or below a given threshold, determined by (49). Omitting details, the ratio R(z) =

&1(z)/po(z) looks as in figure 1, and converges to —oco as & — oo.
FIGURE 1

We see that there are three reasonable ways to make the ratio h(z)¢1(z)/¢o(z) large: if
we assume that h(z) = Sgn(z), i.e., h(z) = 1 since we work on the interval (0, c0), we can
take a negative threshold such as ¢; in figure 1 and activate all neurons with generalized field
exceeding f3 (tail-censoring), or a positive threshold such as ¢ and activate all neurons with

field value between 8; and f» (interval-censoring). Figure 1 suggests that tail-censoring
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should involve a reversal of decision, as suggested previously following expression (35).
Equivalently, active neurons could signal the sign opposite the one they believe in, and
neuron ¢ would then maintain the decision as +1 or —1 depending on whether fi(z) is above
or below Ti(z).

This inverted signalling rule paves the way to a third reasonable way to make h(z)R(z)
large, the hybrid signalling-censoring rule: Activate all neurons with absolute field value
between (31 and (s, or beyond B3. The first group should signal their preferred sign, while
those in the second group should signal the sign opposite to the one they so strongly believe
in !

In the next section we will develop explicit formulas for ¥, , ¥ _, ¥’ and ¥, under random
activation, tail-censoring, interval-censoring and the hybrid signalling-activation rule. The

following section illustrates numerically their performance.

6 Some specific activation rules

For each rule, we will present explicit formulas for the parameters ¥, ¥_, ¥’ and ¥,, which
are the ingredients of the evaluation of the parameters a, b, ¢* and 72 determining dynamics

and performance.

6.1 Random activation

In the case of random activation, where p(z) = 32, we get
n *© - n
W)= 7 | / sz~ [ otz )dz] - KZ 28(z) - 1] (50)

K
=2 [ (51)

¥(s) = 2f¢<w> 52)
o= (490 (7+rv< )) (1—e>¢( " \/_7(6)) (53)
Y —(tge (fa_lwav(e)) 1—e<1>( = wa—lm)—l (54)
‘é = (1402 (fa—lwa_”('f)) 1—6@(¢‘;_1 «a—no)—e. (55)

We see (by (14)) that in this case €* = ¢ = 2Q(¢, a1)
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6.2 Tail-censoring

In the case of tail-censoring, €* is even bigger, yielding (at least in the sparse limit) better
performance. In this case, the threshold 8 for which a proportion 7 = g’v—z of the neurons
are active, i.e., have |fi(1) + a17(e)X;| > B, should be identified. The integrated signal
function is given by
¥e) = [ T 4()de - / N oz = (56)
YN oo
®(z - B/v/or) + 2(z+ B/Vu) - 1.

Its derivative is
V'(z) = ¢(z — B/+/a1) + ¢(z + B/+/a1) (57)

and the integrated absolute signal function is

V(o) = B(z — B//a1) - B(z + B/y/a) + 1. (58)

Let
i = =t ((CDB/VaT+ (CPrva) | die {01 (59)
Then
¥ = 1T [9(y00) + (310)] + Ty [B(501) + by (60)
v, = % [®(yo00) + ®(y10) — 1] + % [®(yo1) + ®(y11) — 1] (61)
¥ = % [®(yo0) + ®(y10) — 1] — . ; ‘ [®(yo1) + 2(y11) — 1] (62)
and
U, = L —2|_ ¢ [®(y10) — ®(yoo) + 1] + % [®(y11) — ®(yor) +1] . (63)
B should be chosen as the solution to the equation ¥, = 3.

6.3 Interval censoring

The analysis of tail-censoring permits us to evaluate rather easily the performance of other
censoring rules, such as interval censoring, which activates all neurons with absolute post-
synaptic potential between two threshold values #; and B, with 0 < 87 < ;. Stressing
dependence on the general threshold 8 in (60), (61),(62) and (63) by letting these parameters
be denoted by (\I_l’)ﬂ, (\Tl_|_)ﬂ, (\Tl_)ﬂ and (\Tla)ﬂ respectively, the corresponding parameters

for the interval-censoring rule are given simply by
V= (), - (), (64)
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and, respectively,

¥ = (Ta)g, — (Ta)g, (67)

Thus, ny assumes the value KW, and performance is given by (34) in the usual manner.
It should be clear that for random activation and tail-censoring the total number Ly of

active neurons determines the activation rule completely, but there may be many intervals

(B1,B2), such as (B, co) itself, for which the expected number of active neurons is Ly. We

will only illustrate in the next section the interval achieving the highest performance.

6.4 Hybrid signalling-censoring

The analysis of tail-censoring permits us to evaluate the performance of this rule with the
same ease as it facilitated the analysis of interval-censoring. The corresponding parameters

in the hybrid case are given by

¥ = (¥)g, — (¥')g, — (¥')g, (68)
By = (8405 - (810 - (F4)g, (69)
To= (F) - (Fo) — (F2), (70)
and, respectively,
Vo = (Ya)g, — (Ta)g, + (¥a)g, - (71)

The heuristic analysis of section 5 ignored the parameter 72 and was meant only as a
qualitative justification for studying tail, interval and hybrid rules. The parameters #; and
B2 for interval censoring and 31, 82 and (3 for the hybrid rule to be illustrated in the next
section are obtained by numerically maximizing the two-iteration similarity function (34)

over these G’s.
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7 Numerical results

As is evident from tables 1,2,3,4, 5,6 and 7, our theoretical performance predictions show
good correspondence with simulation results, already at fairly small-scale networks. The
superiority of history-dependent dynamics is apparent.

All tables report the similarity after two iterations, starting from initial similarity 0.75,
except for the second entry of the experimental Hopfield-zero diagonal dynamics which
reports on the final similarity achieved at convergence. All experimental results are averages
over 100 trials. The results at different initial similarities are qualitatively similar. When
the best interval chosen by interval-censoring coalesces with the interval of tail-censoring,
their corresponding performance is given in the same entry, and similarly, for the case when
interval-censoring and hybrid signalling-censoring coalesce.

Due to the correlation that evolves in the second iteration, the two-iterations perfor-
mance of the zero-diagonal Hopfield network is worse than the theoretical two ‘independent
iterations’ prediction, and approaches the latter in the sparse limit. As for history-dependent
dynamics, table 3 shows that for m/n; = 0.25, the similarity after two independent optimal

iterations is 0.96, which is outperformed by history-dependent dynamics (see also table 7).
TABLES 1 THROUGH 7

Figures 2 and 3 illustrate the theoretical two-iterations performance of large, low-activity
‘cortical-like’ networks, as a function of connectivity. We see that interval-censoring can
maintain superior performance throughout the connectivity range. The performance of
tail-censoring is very sensitive to connectivity, almost achieving the performance of interval
censoring at a narrow low-connectivity range, and becoming optimal only at very high
connectivity. There is a mid-range value of K for which tail-censoring does not improve on

the one-iteration performance.
FIGURES 2 AND 3

Performance is measured (see (32)) by ((¢*/€) — a)® /2. Disregarding the dependence

of‘T’

3 and % on K and assuming that ¥’ > 0, a is minimal (see (44)) when

T
K=V (72)
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Thus, if 72 is not too sensitive to K in this range, performance should be high if K is of the
order of magnitude of the geometric mean of the network size N and the memory capacity
m. This is indeed the range where random activation and tail-censoring perform well. The
reason for the high performance of tail-censoring in this range is that it is essentially the
same as interval-censoring, in the sense that under the optimal pair (81, 32), the probability
that the field will exceed 5 is so small, that it is immaterial whether we activate neurons in
the interval (81, B2) or in the tail (81, 00). The fact that tail-censoring is in this case ‘false’
interval-censoring implies that the neuron’s final decision should indeed be aligned with the
second iteration input field, rather than its inverse. These two modes of decision were fully
corroborated by our numerical simulations.

Figure 4 illustrates the performance of a columnar-like ANN at geometric-mean con-
nectivity. The architecture is sparse enough so that all three history-dependent dynamics
outperform the hypothetical optimal two-independent-iterations network. As is evident,
as few as two low-firing iterations may already lead to the retrieval of the correct mem-
ory, showing that such ANNs might perform adequately within the short reaction times
reported in the literature. As is evident, the superiority of history-dependent dynamics is

indeed maintained along a wide range of initial similarities.

FIGURE 4

8 Discussion

In this paper we have presented a computational framework enabling a detailed description
of the performance of ANNs in the first two iterations. We have stressed the development
of a general Bayesian framework that lays the ground for the analysis of history-dependent
dynamics, and have used this analysis to identify efficient activation and signalling strate-
gies.

The neocortex is traditionally described as being composed of modular columns of locally
interconnected circuitry [25, 26], whose size is of the order of N = 10° neurons [9]. As a
cortical neuron should receive the concomitant firing of about 200 — 300 neurons in order to
be activated [6], we set n = 200 as the average number of neurons which update the state of
each neuron. The optimal connectivity we have found for biologically plausible activation,
a few thousand synapses per neuron, is of the same order of magnitude as actual cortical

connectivity [8]. It is interesting to note that similar network (N) and connectivity (K)
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sizes have been found also in the hippocampal CA3 network of the rat, its main memory
storage network [6]. The actual number nN/K of neurons firing in every iteration is about
5000, which is in close correspondence with the evidence suggesting that about 4% of the
neurons in a module fire at any given moment [9].

In cortical-like conditions, censoring is considerably superior to random updating. This
naturally raises the possibility that censoring should take place already in the first iteration.
This means essentially that the input pattern should not be applied as the conventional
uniformly distorted version of the correct memory, but rather as the almost absolutely
correct pattern on some small subset of the neurons, and random on the others. We plan
to present in forthcoming publications the analysis under this type of initial input pattern,
as well as the transition from symmetric +1 to the more biological, asymmetric 0 — 1

formulation, where activation and signalling are one entity.
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Appendix A: Evaluating a,b and 72

Let us first summarize some expectations of products of weights W;;, needed in the

sequel.

Lemma 3

(4)

E(leoddwlsevenwzseven) =0 (73)
E(W13?) = m, E(W15*) = 3m? — 2m ~ 3m?® (74)
E(W13W13|Wa3) = Was a.s. (75)
E(W12*Wi3%) = m? (76)
E(W12*W13°Was?) = m® +4m® — dm ~ m® (77)
E(W12W132Wa3®) = 0 (78)

(é¢) For large N, the conditional correlation coefficient between Z?f:‘l szIZjIj(l)Xj and
Z?f:‘l Wg,jIg,jIj(l)Xj given all memory entries in neurons 1,2 and 3 and given that there are

synapses from neurons 2 and 3 to neuron 1, becomes

Was K Was

P(Is4 = 1|I12013104 = 1)7 =N m (79)

Proof of (i)
(73) follows from symmetry considerations. Since Wiy = 37, £1%€2" is the sum of m inde-

pendent variables J,, with equally likely values of £1, then

E(Wp®) = Varz J,=mVar(J,) =m

E(Wi,%) = mE(J) + (’;’) (;1) E(LY)E(J,2) = 3m? — 2m

E(W12W1s*Was®) = E (Z a6 a7 &)’ (O 52””53””)3)
K ! u'
In every term, some {;* appears with odd power, so the expectation is zero.
E(W1*W13*Was®) = E ((Z &6 51”153”1)2(2 52””53””)2)
H u! it

Consider any u, any p’ and any p”, and take each twice in every sum. These terms

(51”52”)2(51”153”1)2(52””53””)2 contribute m? to the sum. Let us study other terms. If
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we pick two different values of g in the first sum, we must repeat them in the second and
third sums to get a non-zero contribution. We obtain in this way (7)2® = 4m? — 4m terms,
giving a total expected value m3 + 4m? — 4m. We have shown (73), (74) and (77). (76) and
(78) are verified similarly. As for (75),

E(W12Wi3| all memory entries of neurons 2 and 3) =
EQN "6 6* 6" |data) = E(Y €146:46,€5"|data) =
E(Z§2u§3u|data) = E(Was|data) = Was.

u

Proof of (ii)

N N
CO’U(Z ng[gj[j(l)Xj, Z nglgjfj(l)Xj|data) =
7j=4 7j=4

(N - 3)00’0(W24I24I4(1)X4, W34I34I4(1)X4|data) =

(N — 3)E(I4(1))E(Ig4.[34|.[12.[23 = ]_)CO’U(W24, W34|data) =

Nn
Kl E(Izal3a|I12]13 = 1)Wag

by (75) It is clear that E(Ig4[34|[12]13 = ]_) = %P(Ig;} = ]_|.[12I13[24 = ]_) Although this

probability r4 = P(Is4 = 1|I12]13]24 = 1) is architecture-dependent, we assume random

choice, i.e., replace r4 by % and let the covariance be ”}VK Was. Now divide by the product
v/mni/mn; = mn, of the standard deviations to obtain the correlation coefficient. O

The following auxiliary lemma will be needed as well.

Lemma 4
Let ¢, d be constants and (Z1, Z») standard normal with correlation p. For a ’well behaved’

function f (measurability and boundedness will do), let
¥(e) = [ flo+2)(2)dz (80)
Then, as p — 0,
Ef(Z:+ ¢)f(Z2 + d) = ¥(c)¥(d) + p¥'(e)¥'(d) + o{p). (81)

Proof:

22



Ef(Zi+c)f(Z2+d) =

//271' V1-p? exp{ - 2(1 p)(‘”2—2P$y+y2)}f(w+C)f(y+d)dmdy

whose value at p =0 is

//2—exp{—— +y°)}f(z + ) f(y + d)dedy = ¥(c)¥(d)

and whose derivative at p = 0 is

//_eXp{_‘ +9y2)}f(z +¢) f(y + d)dzdy =

- [ 1@+ 9ds@) (- [ 1w+ ddg(a)) = ¥ (¥ ()0

We now identify E( |§“ X;, I{ )) and prove it to be as represented in (25).

Lemma 5

Let (compare with (36))

Then
E (fi(2)|€i,Xi, Ii(l)) = 5042 {‘T’Jr& + T\/a_l‘i’lXiIi(l)} =6 + bX; 1Y
m

where

- 1+e€ € 1—c¢€ €

vp=—-V (\/—a—l‘F‘Y(G)\/a_l) t+— ¥ (\/a—l —7(6)\/0‘_1)
and

=, l4e_, 1—€_, €

Proof:

The field fi(l) has mean €£; and variance a;. We let fi(l) = e&;++/a1Z. The contribution
of neuron j to fi(l) is the infinitesimal term (see (10)) A;; = WiinjIj(l)Xj/nl. Whenever

it is important to single out these infinitesimal contributions, we will denote the field by

€& + Jo Z + Aij.
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Without loss of generality, let ¢ = 1. We split E(f1(2)|§1, Xy, Il(l)) into the contribution
of the true and random memories. Omitting conditioning symbols, the contribution of the

true memory is

(1)
E%jflsjfljfj@)h (f;a_l + v(e)\/axj) = (86)

€

NG

K& E [Iz(z)h (\/La_l + 7y(€)v/e1 X262 + Z)] =

Ke, [1 ey (W_ +7(6)\/a_1) I (W_ - v(ewa—l)] _ Ke,¥,

The contribution of the random memories is calculated as follows, where we single out of

K& EGLPh ( & + (€)1 X + Z) =

the field fz(l) the contribution Ay; of neuron 1.

fz(l)
Vel

Engflzlz(Z)h ( + ')’(6)\/04_1X2) — (87)

(81
b (VA + Y F X, + z)] _

\/La—lfz +7(€)y/ar1 X2 + gW1212111(1)X1)] =

E [ngllg\Il (

E [lellzlz(z)h (

E [ngllg\Il (

€

\/a—lfz + 7(6)\/04_1X2)] +

€

Jar
\/a_lE(ImIZl)XlIl(l)E l‘I" (\/La_l ‘|‘7(€)\/0‘_1X252)] =

o
E [lellz%W12[21ll(l)Xlwl ( & -I-‘Y(ﬁ)\/a_le)] =

E(W1y?)

m

0+

€

/a1

K -
Fr,/alell(l)\Il'

gwa—lxlzﬁl)[l; w( +7(6)\/a_1)+1;6‘1"( i —v(ewa—l)]:

/a1

Hence, dividing by ny and adding up we get,
(2) W) = Ko, 3 K X, L0 — & &)
E ()6, X0 1Y) = — 0¥ 6 + —ron/ar ¥ XiiH) = € + X, ,W0O
m m
As explained after (30), the parameter a is Cov (fi(l), fi(2)|§i,Xi,Ii(1)) /o1. Expres-

sion (44) for a follows directly from
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Lemma 6

2
Con( £, P16, Xi, V) = o [\P ; mK—N\P] (55)
m
where

- 1+e€ € 1—¢ €

e -4 \p(w_lmewa—l) - \r(w_l—v(ewa—l) (89)
Proof:

CO’U(f,L'(l), f1(2)|€’u X’L'i I’L(l)) =
N

nanE [Ilgfz(l)IZ(Z)lezth (\/La_lgg + 'y(e)\/a_le + %W12121I1(1)X1 + Z)] +

2
Elp L3 IsM LW, W5 X5

nimny

€ Jo Jo
h (\/—a—lfz + v(€)y/a1 X2 + #WHIZlIl(l)Xl + #Wzsfzsfs(l)Xs + Z)

N € T
E |, LW, 2 X0 | —— VarXs + Y AW, (VX
p— [122 12" X2 \/a_1€2+7(6) a1 Xg + o Y12dath 1)+
NZ
ELyLia LMW, Wi X3
ning

€ Jo Jo
v (ﬁfz +v(€)y/ou X2 + #WHIZlIl(l)Xl + #Wzsfzsfs(l)Xs) =

mN
nimny

E(Iy)E(LM)E lefz‘I’ (\/La_l + ‘Y(f)\/a_leEz)] +0+4+0+0+

mN? T €
E(Islalss) E(LMNY Y2 |0 | ——
NNy ( 12413 23) ( 3 ) m [ ( o

1+e € 1—¢ €
o [0 (G v =15 (g v+

mN2K K ny /a1 |1+ € € 1—¢ €
— —P(ly3 =1|[13]13=1)— o/ \/ o/ — \/ =
i, N v Uz = el = 1) 22207 1= \/a_1+7(6) ol Jar (v

_ K _
az\I’_ + Eazp(lgg = ]_|I12.[13 = 1)«/@1‘1” .

+ 7(6)\/04_1X2§2)] =

Just as in the proof of lemma 3, the parameter r3 = P(Ila3 = 1|I12]13 = 1) is architecture-
dependent. We model it simply as % We thus get, Cov(fi(l), fi(2)|§i, X, Ii(l)) =y {\Tl_ + /a1 %@’}
and a = (oa/01) {\Tl_ + 1/a1%@’}. |
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By (22), in order to evaluate 7 = Var(V|U) (see (24)) we need to compute Var(V) =
Var(fi(2)|§i,Xi,Ii(1)), as the remaining terms have already been identified. Since f;(?)
is expressed as a sum (see (20)), its variance is expressible as the sum of the individual
variances and the individual covariances. Lemmas 7 and 8 are dedicated to these two

chores, respectively.

Lemma 7
2
K.
E (leflzfz(z) h (\/La—lfz +v(€)v/au X2 + ngIZlIl(l)Xl + Z)) = mﬁ\I’s (90)
where
¥, — / p(z + )R (e + 2)p(2)dz (91)
and
¥, =1t (= ava )+ (= - var (92)
8 — 9 8 \/a_l Y€ (23] 9 8 \/a_l Y€ (23]
Proof:

E

2
Jo
(leflzfz(z) h (\/La_lfz + v(€)y/ou X2 + #WHIZlIl(l)Xl + Z))

K
mFE [Iz(z)hz (\/La_lfz +y(€)v/ea X2 + Z)] =
K1t

€ 1—¢ €
my g v, (— —I—‘y(e)\/al) + T‘I’s (

K
e \/—a_1 —‘Y(f)\/a_l) :mF‘I’sD

We remark that if h(z) = Sgn(z), then ¥, (for ‘absolute’) and ¥, (for ‘square’) are

identical, and in this case expression (90) is "32.

Lemma 8

f3(1)
Vel

fz(l)
Vel

2 mK?_. . K K. ., -
——\I’_\I’I ZI (1) TENIEN2 \I’I 2
Jai N° e i+ ) () ()

E |WiaWisliao I, 1 51,2)h ( + 7(6)\/04_1X2) h ( ‘|"Y(€)\/04_1X3) €1, X1, -71(1)] =
(

93)

Proof:
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(1) (1)
E [W12W13112[2(2)113I3(2)h (f;a_l + ‘Y(e)\/a_le) h (f;a_l -I-‘Y(G)\/a_le) €1, X1, Il(l)] =
EW1,Wislia I, 115 15(%)-

€ /o a
h (—_alﬁz +v(€)v/or Xa + _ml Wialy LV X, + _\/mlI/V231-231-3(1)X3 i Zz) )

€ e o
h (__041 53 + 7(6)\/ OélX3 + —ml W13.[31I1(1)X1 + #Wz:gfngg(l)Xg + Z3) ‘

By Lemma 4, Lemma 3(¢7) and the remark following its proof, this expression is

€ 4/ 1 4/ Q1
EWi1aWiglipl13¥ | —— VarXe + Y Wi I LW X, + YA Wos s I,V X5 | -
12Wi3l12113 (\/a_lfz +v(e)y/ou X2 + o izdanh 1+ o V23i2sls 3

€ o —
¥ (,/oa &t y(vanXs+ #W13I31]1(1)X1 + #Wzsfszfz(l)Xz) +

K
EW12W13112113WW23
€ Jo Jo
v’ (\/—a—lfz +v(€)y/ou X2 + #WHIZlIl(l)Xl + #Wzsfzsfs(l)Xs) .

/a1

A careful study of the Taylor expansion of ¥ shows that the only nonnegligible contribu-

€ o Ja
v’ (—53 +7(€)vouXs + #W13I31]1(1)X1 + #Wzsfszfz(l)Xz) .

tions come from the terms involving ¥(2)¥’(3)Asy , ¥(3)¥'(2)Arz and ¥/(2)¥'(3)Ag1Ag;
in the first summand, and the term involving ¥'(2)¥’(3) in the second summand. These

contributions add up to
Va1

Vi g LTy alay Xo® | —— JaX, | v | —— Ja X
m Wi1aW13Waaly 12413432X 2 (\/a_lfz—l-‘)’(ﬁ) Q1A \/a—1§3‘|“)’(€) a1 X3+

v (1) ¢ Y fa;

Y —F I3V 119113153 X3¥ | —— Vo X3 | | —— X

m W1aW13Wasls 12413423 X3 \/a_lfs -I-‘Y(G) 1A3 \/a—lfz ‘|"Y(€) oAz |+
€

Jar

€
Vvl

K € €

WEW12W13W23112113‘I" (\/—a_lfs + ‘7(6)\/051X3) L (\/—a_lfz + ‘)’(6)\/011X2) =

(3 (¥)? =

o
m—;W122W132112113121131-71(1)‘1" ( &+ ‘7(6)\/051X3) L ( &+ ‘)’(6)\/011X2)

2\/a_1%(ﬁ)3\11_\11' + oy ()L (T2

2 mK?. - 9. (1 K
—al N3 \Il_\Il'—I—(alr Il( )—I_ﬁ)(
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We now combine lemmas 7 and 8 and expression (87) to get

fz(l)
Vel

1
Var(fi(2)|£i;Xi; Iz(l)) = ’I’I,—ZZ [NVG/I’ (le.[lz.[g(z)h ( —I—‘y(e)\/a_le))] + (94)

f3(1)
Vel

1 (1)
n—zz [NZCOU (ng.[lglz(z)h (f;a_l —|—‘)’(6)\/Q_1X2) y W13I13[3(2)h (

+ 7(6)\/071X3))] =

oz (N [EO? = O]+ N [BOE() - (BOY]} =

iy

1
— N
iy

1 2 K?_ _ - -
v lTa—lmNs T+ (L + ) (5)2(E)? - (—)2r2a111<1><w’>2] -

K. K _
[mT\I/ - (ﬁ)zrzalll(l)(@')z] +

N

’I’I,Z2

K - 2 K. -, K°
2 _\I’s ——\I’_\I’I \I’I 2
a2 {m +1/a1Nm +Nm2( )
from which, via (22) and (24),

K - 2 K2 _ _ K3 _ = K2 _ 2
2 2 ' "2 /
- il SR N g2y - I_+a;—T =
T a2 {m +,/Oz1Nm +Nm2( ) } (az + N ]) /e

Since h(z) = Sgn(z) implies that ¥, = ¥,, we have proved and generalized expres-

sion (46).
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Performance predicted | experimental
Single v(¢) iteration 0.893 0.895
History-dependent dynamics | 0.903 0.907
Hopfield - zero diagonal - 0.878,0.867
Independent v(¢) diagonal 0.978 -
Independent zero diagonal 0.95 -

Table 1: Fully connected, full activity network: N = 500, K = 500, n; = ny = 500, m = 100.

Performance predicted | experimental
Random activation 0.902 0.904

Tail censoring 0.90 0.897
Interval censoring 0.945 0.937
Hybrid censoring/signalling | 0.963 0.964
Hopfield - zero diagonal - 0.865,0.869

Table 2: Fully connected, variable activity network: N = 500, K = 500,n; = 500,n, =
300, m = 100.

Performance predicted | experimental
Single y(¢) iteration 0.872 0.869
Random activation 0.896 0.903

Tail censoring 0.878 0.873
Interval censoring/activation | 0.958 0.951

Hybrid censoring/signalling | 0.967 0.968
Hopfield - zero diagonal - 0.871,0.875
Independent v(e) diagonal 0.96 -
Independent zero diagonal 0.913 -

Table 3: Fully connected, mid-activity network:
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N =500, K = 500, n; = ny = 200, m = 50.




Performance predicted | experimental
Random activation 0.911 0.907
Tail/Interval censoring 0.976 0.979

Hybrid censoring/signalling | 0.986 0.983
Hopfield - zero diagonal - 0.87,0.871

Table 4: Fully connected, low activity network: N = 500, K = 500, n; = ny = 40, m = 10.

Table 5: Mid-size connectivity, mid-activity network: N = 500, K = 200,n; = n,

100, m = 25.

Performance predicted | experimental
Random activation 0.926 0.928

Tail censoring 0.913 0.91
Interval/Hybrid censoring | 0.957 0.952
Hopfield - zero diagonal - 0.868,0.879

Performance predicted | experimental
Random activation 0.937 0.932

Tail censoring 0.89 0.897
Interval/Hybrid censoring | 0.97 0.972
Hopfield - zero diagonal - 0.854, 0.872

Table 6: Mid-size connectivity, low-activity network: N = 500, K = 200,n; = ny = 40, m =

10.

Performance predicted | experimental
Random activation 0.955 0.951

Tail censoring 0.972 0.973
Interval/Hybrid censoring | 0.975 0.972
Hopfield - zero diagonal - 0.902,0.973

Table 7: Sparsely connected, low activity network: N = 1500, K = 50, n; = ny = 20, m = b.
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Figure 1: A typical plot of R(z) = ¢1(2)/¢o(z). Network parameters are N = 500, K = 500,
n; = 50 and m = 10.
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Figure 2: Performance of a small-scale cortical-like ‘columnar’ ANN, at different values of

connectivity K, for initial similarity 0.75. N = 5000, n; = ny = 200, m = 50.
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Figure 3: Performance of a large-scale cortical-like ‘columnar’ ANN, at different values of
connectivity K, for initial similarity 0.75. N = 10%, n; = ny = 200, m = 50.
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Figure 4: Performance of a large-scale cortical-like ‘columnar’ ANN with geometric mean
connectivity K, at various initial similarity values. N = 10%, K = 2000, n; = ny = 200,
m = 50.

37



