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Abstract. Predicate abstraction and canonical abstraction are two finitary ab-
stractions used to prove properties of programs. We study the reldapoosh
tween these two abstractions by considering a very limited case: abstrattion
(potentially cyclic) singly-linked lists.

We provide a new and rather precise family of abstractions for potentiglicc
singly-linked lists. The main observation behind this family of abstractionsis th
the number of shared nodes in linked lists can be statically bounded.failegre
the number of possible “heap shapes” is also bounded. We presemthab-
straction in both predicate abstraction form as well as in canonical atistrac
form.

As we illustrate in the paper, given any canonical abstraction, it is pogsiblie-
fine a predicate abstraction that is equivalent to the canonical abstradton
ever, with this straightforward simulation, the number of predicates used f
the predicate abstraction is exponential in the number of predicates yskd b
canonical abstraction.

An important feature of the family of abstractions we present in this paper
that the predicate abstraction representation we define is far more ptadtiit
uses a number of predicates that is quadratic in the number of predisaby
the corresponding canonical abstraction representation. In parfifarltre most
abstract abstraction in this family, the number of predicates used byrbaical
abstraction is linear in the number of program variables, while the nunfber o
predicates used by the predicate abstraction is quadratic in the numiregcim
variables.

We have encoded this particular predicate abstraction and corresgdretis-
formers in TVLA, and used this implementation to successfully verify tgafe
properties of several list manipulating programs, including programisviiere
not previously verified using predicate abstraction or canonical afistna

1 Introduction

Abstraction and abstract interpretation [7] are essetgigthniques for automatically
proving properties of programs. The main challenge in absinterpretation is to de-
velop abstractions that are precise enough to prove thereelgproperty and efficient
enough to be applicable to realistic applications.
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Predicate abstraction [11] abstracts the program into dBo@rogram which con-
servatively simulates all potential executions. Everggaproperty which holds for the
Boolean program is guaranteed to hold for the original paogrFurthermore, abstrac-
tion refinement [6, 2] can be used to refine the abstractiomulieanalysis produces a
“false alarm”. When the process terminates, it yields a cetecerror trace in which the
property is violated, or successfully verifies the propértprinciple, the whole process
can be fully mechanized given a sufficiently powerful th@opgover. This process was
successfully used in SLAM [19] and BLAST [12] to prove safptpperties of device
drivers.

Canonical abstraction [23] is a finitary abstraction thas wpecially developed to
model properties of unbounded memory locations (inspirefilB]). This abstraction
has been implemented in TVLA [17], and successfully useddogvarious properties
of heap-manipulating programs (e.g., [21, 25, 24]).

1.1 Main Results

In this paper, we study the utility of predicate abstractiomprove properties of pro-
grams operating on singly-linked lists. We also comparesttpressive power of predi-
cate abstraction and canonical abstraction.

The results in this paper can be summarized as follows:

— We show that current state-of-the-art iterative refinenteciiniques fail to prove
interesting properties of singly-linked lists such as pairequalities and absence
of null dereferences in a fully automatic manner. This maghason many simple
programs the process of refinement will diverge when thenarags correct. This
result is inline with the experience of Blanchet et al. [4].

— We show that predicate abstraction can simulate arbitraitafi abstractions and,
in particular, canonical abstraction. This trivial resigitnot immediately useful
because of the number of predicates used. The number ofcptesirequired to
simulate canonical abstraction is, in the worst case, exmibed in the number of
predicates used by the canonical abstraction (usuals/ntisians exponential in the
number of program variables).

— We develop a new family of abstractions for heaps contaifjregentially cyclic)
singly-linked lists. The main idea is to summarize list edets on unshared list seg-
ments not pointed-to by local variables. For programs maatmg singly-linked
lists, this abstraction is finitary since the number of stidis elements reachable
from program variables is bounded. Abstractions in thisiffarary in their level
of precision, which is controlled by the level of sharindat®nships recorded.

— We show that the abstraction recording only one-level slgarélationships (i.e.,
the least precise member of the family that records sharmgfficient for suc-
cessfully verifying all our example programs, includingpgrams that were not
verified earlier using predicate abstraction or canonibatraction.

— We show how to code the one-level-sharing abstraction usinly canonical ab-
straction (with a linear number of unary predicates) andipete abstraction (with
a quadratic number of nullary predicates).



//head points to the first element of an acyclic |ist
//tail points to the |ast element of the same |ist
curr = head;
while (curr !'=tail) {

assert (curr !'=null);

curr = curr.n;

GO WNPEFP

}

Fig. 1. A simple program on which counterexample-guided refinement dégerg

1.2 Motivating Examples

Fig. 1 shows a program that traverses a singly-linked ligh wihead-pointenead and

a tail-pointert ai | . This is a trivial program since it only uses an acyclic lidKst,
and does not contain destructive pointer updates. When e@mxample-guided itera-
tive refinement is applied to this program to assure that ¢seréion at line3 is never
violated, it will diverge. At thei-th iteration it will generate an assertion of the form
curr (. n)® = nul | . However, no finite value ofwill suffice. Indeed, the problem of
proving the absence of null-dereferences is undecidalele ieMprograms manipulating
singly-linked lists and even under the (non-realisticuaggtion that all control flow
paths are executable [5].

In contrast, the TVLA abstract interpreter [17] proves theence of null dererefer-
ences in this program i2 seconds, consuming6MB of memory. TVLA uses canon-
ical abstraction which generalizes predicate abstradiipmllowing first-order pred-
icates (relation symbols) that can have arguments. Thuamy0-arity) predicates
correspond to predicates in the program and in predicateaghions. Unary predicates
(1-arity) are used to denote sets of unbounded locations araahb-arity) predicates
are used to denote relationships between unbounded Iosatio

A curious reader may ask herselre there program properties that can be verified
with canonical abstractions but not with predicate abstiaes?

It is not hard to see that the answer is negative, since artarfinabstraction can
be simulated by a suitable predicate abstraction. For ebiropnsider an abstraction
mappinga : C' — A, from a concrete domai@' to a finite abstract domain of indexed
elementsd = {1,... ,n}. Define the predicate B[J] to hold for the set of concrete
states{c | thejth bit of a(c), in its binary representation, i§. Now, the set of predi-

cates{BIT[j]}JD;’f nl yields a predicate abstraction that simulates his simulation is
usually not realistic, since it contains too many predisaliéhe number of predicates
required by predicate abstraction to simulate canonicstrattion can be exponential
in the number of predicates used by the canonical abstractio

Fortunately, the only nullary predicate crucial to prove #bsence of null deref-
erences in this program is the fact thati | is reachable froncur r by a path ofn
selectors (of some length). Similar observations were ssiggl independently in [15,
3, 14]. In this paper, we define a quadratic set of nullary igetds that captures the
invariants in many programs manipulating (potentiallylm)csingly-linked lists.

Fig. 2 shows a simple program removing a contiguous segnantd cyclic singly-
linked list pointed-to byk. For this example program, we would like to verify that the
resulting structure pointed-to by remains a cyclic singly-linked list. Unfortunately,
using TVLAs canonical abstraction with the standard seprddicates turns out to



/'l x points to a cyclic singly-linked |ist
/1 1ow and high are two integer values, |ow < high

1 t = null;

2 y =X

3 while (t !'= x & y.data < low) {
4 t =y.n, y=t;

5}

6 z =y;

7 while (z !'= x & z.data < high) {
8 t =z.n; z =1t;

9}

10 t =null;

11 if (y'!=2) {

12 y.n = null;

13 y.n =z,

14 }

Fig. 2. A simple program that removes the segment between low and high frorkedl liist

be insufficient. The problem stems from the fact that caralrabstraction with the
standard set of predicates loses the ordering betwe&r#ierence variables that point
to that cyclic singly-linked list (this is further explaidén the next section).

In this paper, we provide two abstractions — a predicataattidn, and a canonical
abstraction — that are able to correctly determine that #salt of this program is
indeed a cyclic singly-linked list.

The rest of this paper is organized as follows: Sec. 2 pravickground on the
basic concrete semantics we are using, canonical abstraatid predicate abstraction.
Sec. 3 presents an instrumented concrete semantics thedsdist interruptions. Sec. 4
shows a quite precise predicate abstraction for singkelinists. Sec. 5 shows a quite
precise canonical abstraction of singly-linked lists. &t 5, we show that the predicate
abstraction of Sec. 4 and the canonical abstraction of Sece %®equivalent. Sec. 7
describes our experimental results. Proofs of claims awlitiadal technical details
can be found in the respective appendices.

2 Background

In this section, we provide basic definitions that we will giseoughout the paper. In
particular, we define canonical abstraction and predidag&action.

2.1 Concrete Program States

We represent the state of a program using a first-order Ibgiazcture in which each
individual corresponds to a heap-allocated object andigatss of the structure corre-
spond to properties of heap-allocated objects.

Definition 1. A 2-valued logical structure over a vocabulary (set of predé&s P is
a pair S = (U,:) whereU is the universe of the-valued structure, and is the in-
terpretation function mapping predicates to their truthlwe in the structure: for every
predicatep € P of arity k, ¢(p) : U* — {0,1}.



We denote the set of all-valued logical structures over a set of predicaieby
2-STRUCTp. In the sequel, we assume that the vocabufarg fixed, and abbreviate
2-STRUCTp to 2-STRUCT.

Table 1. Predicates used for representing concrete program states

Predicates Intended Meaning

eq(vi,v2) v1 is equal tove

{z(v) : © € PVar} reference variablg points to the object
n(v1, v2) next field of the object; points to the object,

Table 1 shows the predicates we use to record propertieddidoals. A unary
predicatex(v) holds when the object is pointed-to by the reference variable We
assume that the set of predicates includes a unary predlicaeery reference variable
in a program. We usBVar to denote the set of all reference variables in a program. A
binary predicate: (v, v2) records the value of the reference field

() (b)
Fig. 3. The effect of the statemegt n=nul | in the concrete semantics. (a) a possible state of
the program of Fig. 2 at liné2; (b) the result of applying. n=nul | to (a)

Concrete Semantics Program statements are modelled dstionsthat specify how
statements transform an incoming logical structure int@aigoing logical structure.
This is done primarily by defining the values of the predisatethe outgoing struc-
ture using formulae of first-order logic with transitive sloe over the incoming struc-
ture [23]. The update formulae for heap-manipulating statets are shown in Table 2.
For brevity, we omit the treatment of the allocation statetmew T( ) , the interested
reader may find the details in [23].

To simplify update formulae, we assume that every assightoehen field of an
object is preceded by first assigning null to it. Therefdone,gtatement at lin&2 of the
example program of Fig. 2 assigns nullyton before the next statement assigns it the
new valuez.

Example 1.Applying the actiony. n = nul | to the concrete structure of Fig. 3(a),
results with the concrete structure of Fig. 3(b). Throudhbis paper we assume that
all heaps are garbage-free, i.e., every element is reazfrabh some program variable,
and that the concrete program semantics reclaims garbageets immediately after



Table 2. Predicate-update formulae that define the semantics of heap-manigsi@iements

Statement Update formulae
x = nul | z'(v) =0
X =t x'(v) = t(v)

t.n T
= nul | n
= t (assuming x.n == null}’ (v1, v2) = n(vi,v2) V (z(v1) A t(v2))

X | X | X
S|S|Hfn

executing program statements. Thus, the two objects batywesnd z are collected
wheny. n is set to null, as they become unreachable.

2.2 Canonical Abstraction

The goal of an abstraction is to create a finite representafia potentially unbounded
set of2-valued structures (representing heaps) of potentialounded size. The ab-
stractions we use are based on 3-valued logic [23], whicaneld boolean logic by
introducing a third valué /2 denoting values that may be 0 or 1.

We represent an abstract state of a program usBigadued first-order structure.

Definition 2. A 3-valued logical structure over a set of predicatesis a pair S =
(U, 1) whereU is the universe of th8-valued structure (an individual i may rep-
resent multiple heap-allocated objects), ant the interpretation function mapping
predicates to their truth-value in the structure: for evgmgdicatep € P of arity k,
(p) : U* — {0,1,1/2}.

An abstract state may includ&mmary nodes.e., an individual which corresponds
to one or more individuals in a concrete state representedhlay abstract state. A
summary node: haseq(u,u) = 1/2, indicating that it may represent more than a
single individual.

Embedding We now formally define how states are represented usingaaibstates.
The idea is that each individual from the (concrete) statadapped into an individual
in the abstract state. More generally, it is possible to maviduals from an abstract
state into an individual in another, less precise, absttate.

Formally, letS = (U, ) andS’ = (U’, /') be abstract states. A functigh U — U’
such thatf is surjective is said tembedS into S’ if for each predicate of arity &, and
for eachuy, ... ,u; € U, one of the following holds:

L(p(uh s 7uk)) = L/(p(f(ul)’ s 7f(uk))) or L/(p(f(u1)7 R af(uk))) = 1/2

We say thatS’ representsS when there exists such an embeddjng

One way of creating an embedding functigris by usingcanonical abstraction
Canonical abstraction maps concrete individuals to arratishdividual based on the
values of the individuals’ unary predicates. All individsidaving the same values for
unary predicate symbols are mappedfbip the same abstract individual.



Table 3. Predicates used for the canonical abstraction in Fig. 4, and their meEméngotation
n* stands for the reflexive-transitive closure of the predicatendn™ stands for the transitive
closure ofn

Predicates Intended Meaning Defining formulae
{z(v) : © € PVar} reference variablg points tov
n(u,v) next field ofu points tov
{rz(v) : © € PVar} v is reachable fromx by Fvg.x(vz) A n*(vg,v)
dereferencing fields
cn(v) v resides on a cycle of fields n™ (v, v)
is(v) v is heap-shared Fui, v2.n(v1,v) An(ve,v) A (v1 # v2)
v 27 C”H TZa
n Ta, Ty
T
" é\ " X, Cny Tz é NotNull[z]
X b Ty, Tz — n 4 NOtNU“[y]
. . ékw’?:_‘ C NotNullz]
RIS\ EqualsNexi[z, y]
Q\ R EqualsNext[y, z]
N ,/ n.  n
L )Q ,,,,, - L S EqualsNexi[z, ]
y y7 Cn, T1J7 E ) =
TeyTz
@ (b) (©)

Fig. 4.(a) a concrete possible state of the program of Fig. 2 atifipéb) its canonical abstraction
in TVLA, (c) its predicate abstraction with the set of predicates in Table 4

Table 3 presents the set of predicates used in [23] to abstragy-linked lists. The
predicates, (v), ¢, (v), andis(v), referred to in [23] asnstrumentation predicates
record derived information and are used to refine the alikirac

This set of predicates has been used for successfully iregifpany programs ma-
nipulating singly-linked lists, but is insufficient for vu@ring that the output of the ex-
ample program of Fig. 2 is a cyclic singly-linked list poidtto byx.

Example 2.Fig. 4(b) shows the canonical abstraction of the concrete sif Fig. 4(a),
using the predicates of Table 3. The node with double-lingndaries is aummary
node possibly representing more than a single concrete node.dékhed edges are
1/2 edges, a dashed edge exists betwgeandv, whenn(vy, vo) = 1/2. The abstract
state of Fig. 4(b) records the fact thay, andz point to a cyclic list (using the,, (v)
predicate), and that all list elements are reachable froi reference variables (using
the r,(v),ry(v), andr.(v) predicates). This abstract state, however, does not record
the order between the reference variables. In particuldgés not record that does

not reside betweey andz (the segment that is about to be removed by the program
statement at lin@2). As a result, applying the abstract effectyofn=z to this abstract
state results with a possible abstract state in which thkcdiat is broken.



2.3 Predicate Abstraction

Predicate abstraction abstracts a concrete state intthaasgignment for a finite set of
propositional (nullary) predicates.

A predicate abstraction is defined by a vocabul®y = {Py,..., P,,}, where
eachP; is associated with a defining formulg that can be evaluated over concrete
states. An abstract state is a truth assignment to the jtediP4. Given an abstract
stateA, we denote the value d@?; in A by A;.

A concrete stateS over a vocabulary?®, is mapped to an abstract stateby an
abstraction mapping: 2-STRUCTP¢] — 2-STRUCTP4]. The abstraction mapping
evaluates the defining formulae of the predicateBhover S and sets the appropriate
values to the respective predicatesdinFormally, for everyl <i < m, A; = [¢;]5-
Table 4. Predicates used for the predicate abstraction in Fig. 4, and their mebluitegthat the
maximal tracked lengtli is fixed a priori

Predicates Intended meaning Defining formulae

{NotNulllz]: = € PVar} x is not null Fvg.x(vs)

{EqualsNext[z, y] the node pointed-to by Fvo, ..., ve.z(vo) A y(vr)A
tx,y € PVar, is reachable by n fields No<icr n(Vi, Vig1)
0<k<K} from the node pointed-to by

Table 4 shows an example set of predicates similar to theusessbin [1, 8].

Example 3.Fig. 4(c) shows the predicate abstraction of the concretie sthown in
Fig. 4(a) using the predicates of Table 4. A predicate of thenNotNull[z] records the
fact thatx is not null. In Fig. 4(c), all three variablesy,andz are not null. A predicate
of the formEqualsNext[x, 4] records that the node pointed-to Byis reachable by
steps over tha fields from the node pointed-to kxy(Note that/k’, the maximal tracked
length, is fixed a priori). For example, in Fig. 4(c), the E$¢ment pointed-to by is
reachable from the list element pointed-toXin 2 steps over the field, and therefore
EqualsNext[z, y] holds.

3 Recording List Interruptions

In this section, we instrument the concrete semantics trdexdesignated set of nodes,
calledinterruptions in singly-linked lists. The instrumented concrete selicanpre-
sented in this section serves as the basis for the prediosteeation and the canonical
abstraction presented in the following sections.

3.1 The Intuition

The intuition behind our instrumented concrete is that ®age-free heap, containing
only singly-linked lists, is characterized by two facto(®:the “shape” of the heap,
i.e., the connectivity relations between a set of desighateles (interruptions); and
(i) the length of “simple” list segments connecting intgstions, but not containing
interruptions themselves. This intuition is similar to pi®of small model properties.



Considering this characterization, we observe that thebaurof shapes that are
equivalent, up to lengths of simple list segments, is bodntlée therefore instrument
our concrete semantics to record interruptions, which aresaential ingredient of the
sharing patterns.

The abstractions presented in the next sections, abstmadengths of simple list
segments into a fixed set of abstract lengths (thereby dbtginfinite representation).
These abstractions retain the general shape of the heagsbuiy correlations between
the actual lengths of different simple list segments. Oyregience indicates that the
correctness of program properties usually depends on Hpestf heap, rather than on
the lengths of simple list segments.

In the rest of this section, we formally define the notionsméiruptions and sim-
ple list segments, and formally define the information rdedrby our instrumented
concrete semantics.

3.2 Basic Definitions

We say that a list node is aninterrupting node or simply aninterruption if it is
pointed-to by a program variable or it is heap-shared. Figh&vs a heap with in-
terruptions: (i) the node pointed-to by (ii) the node pointed-to by, (iii) the node
pointed-to byx, ; andy, ,, and (iv) the node pointed-to by » andy; ,.

Definition 3 (Uninterrupted Lists). We say that there is aminterrupted lisbetween
list nodew and list nodev, denoted by ULigt, v), when there is a non-empty path
between them, such that, every node on the path betweenitbemdt including: and

v) is non-interrupting.

We also say that there is an uninterrupted list between tstenn and null, denoted
by UListNULL(v), when there is a non-empty path frento null, such that, every node
on the path, except possihlyis non-interrupting.

Table 5 formulates ULigt;, v) and UListNULL(v) as formulae infOT¢.

Given a heap, we are actually interested in a subset of ilgemiipted lists. We say
that an uninterrupted list imlaximalwhen it is not contained in a longer uninterrupted
list.

The heap in Fig. 5 contairlsmaximal uninterrupted lists: (i) from the node pointed-
to by x and the node pointed-to by ; andy, ,, (i) from the node pointed-to by and
the node pointed-to by, ; andy, |, (iii) from the node pointed-to by, ; andy, ; to
the node pointed-to by; » andy; ,, and (iv) from the node pointed-to by » andy; ,
to itself.

Xs,1,Ys 1 Xs,25Ys 2

Fig. 5. Two lists sharing the same tail, and their representation in the instrumentecttore-
mantics



Table 5. Shorthand notations used throughout this paper

Shorthand Meaning Formula
HeapSharetb) |v is heap-shared Ja, b.n(a,v) An(b,v) A (a # b)
PtByVar(v) v is pointed-to by some variable \/  var(v)
varePVvar

Interruption(v) |v is an interrupting list node |HeapSharetb) v PtByVar(v)
UList; (u, v) there is an uninterrupted list ofn (u, v)

length1 from u to v
UListz (u, v) there is an uninterrupted Im.—Interruption(m)A

list of length2 from u to v n(u, m) An(m,v)
ULists2(u,v)  [|thereis an uninterrupted Ima,mz : n(u,mi) A n(mz,v)A

list of length> 2 fromutov [(TCa,b: n(a,b) A —Interruption(a) A
=Interruption(b)) (m1, ms)
UList(u, v) there is an uninterrupted list ofUList; (u, v) V UList; (u, v)V
some length from: to v rJUListﬂ(u, v)
ULIistNULL; (v) |there is an uninterrupted list ofvw.—n(v, w)
length1 from v to null

UListNULL; (v) |there is an uninterrupted Im.n(v, m) A —Interruption(m)A
list of length2 from v to null UListNULL; (m)

ULIistNULL. 2 (v)|there is an uninterrupted Imy, ma : n(v, my) A ULIStNULL, (m2)
list of length> 2 from v (TCa,b: n(a,b) A —Interruption(a)A
to null —Interruption(b)) (m1, mz2)

UListNULL(v) [thereis a list of some length |UListNULL; (v) V ULiStNULL; (v)V
from v to null UListNULLs2(v)

3.3 Statically Naming Heap-Shared Nodes

We now explain how to use a quadratic number of auxiliaryalgds to statically name
all heap-shared nodes. This will allow us to name all maxiomahterrupted lists us-
ing nullary predicates for the predicate abstraction, asidgiunary predicates for the
canonical abstraction.

Proposition 1. A garbage-free heap, consisting of only singly-linkedslistth n pro-
gram variables, contains at mostheap-shared nodes and at mastinterruptions.

Proof. See Appendix B.

Corollary 1. In a garbage-free heap, consisting of only singly-linkedsliwithn pro-
gram variables, list node is reachable from list node if and only if it is reachable by
a sequence df < n uninterrupted lists. Similarly, there is a path from nadto null if
and only if there is a path from to null by a sequence & < n uninterrupted lists.

Proof. By Proposition 1, every simple path (fromto v or from v to null) contains at
mostn interruptions, and, therefore, at masmaximal uninterrupted lists. O

For every program variablg, we define a set of auxiliary variablgx; |k =
1...n —1}. Auxiliary variablex; ;, points to a heap-shared nodaevhen there exists a



simple path consisting df maximal uninterrupted lists from the node pointedabsio
to u, such that all of the interrupting nodes on the path are niott@d-to by program
variables (i.e., they are heap-shared). Formally, we ddffi@set of auxiliary variables
derived for program variabbeby using the following set of formulae iIROTC .

Xs1(v) =  Fug.z(vy) A UList(v,, v) A HeapSharetw) A —PtByVar(v),

Xs.k4+1(v) = FvkXs 1 (vi) A UList(vg, v) A HeapSharet) A
=PtByVarv) A =(V,,—1 5 Xs,m(v)) -

We denote the set of auxiliary variables ByxVarand the set of all (program and
auxiliary) variables byar = PVaru AuxVar.

Proposition 2. Every heap-shared node is pointed-to by a variable in VasoA¥ ;. (v)
holds for at most one node, for every reference variabdad every index.

Proof. See Appendix B.

3.4 Parameterizing the Concrete Semantics

Let n denote the number of (regular) program variables. Notieg tHuxVar| =
O(n?). Inthe following sections, we will see that using the full stauxiliary variables
yields a canonical abstraction with a quadrafi¢?)) number of unary predicates, and
a predicate abstraction with a bi-quadratit{*)) number of predicates.

We use a parametérto define different subsets vr as follows:Var, = PVaru
{Xs,;(v)|x € PVar,i < k}. By varying the “heap-shared depth” parametewe are
able to distinguish between different sets of heap-shacetksm We discovered that,
in practice, heap-shared nodes with depthl rarely exist (they never appear in our
examples), and, therefore, restrictihdo 1 is usually enough to capture all maximal
uninterrupted lists. Usinyar; as the set of variables to record, we obtain a canonical
abstraction with a linear number of unary predicdt@$n)) and a predicate abstraction
with a quadratidO(n?)) number of variables.

Fig. 5 shows a heap containing a heap-shared node of ddpttinted byx, » and
Y, o). By setting the heap-shared depth paramétéo 1, we are able to record the
following facts about this heap: (i) there is a list of lengtitom the node pointed-to by
X to a heap-shared node, (ii) there is a list of lengfhom the node pointed-to byto
a heap-shared node, (i) the heap-shared node mentiorfgdaimd (ii) is the same (we
record aliasing between variables), and (iv) there is aagyrcyclic list (i.e., a non-
cyclic list connected to a cyclic list) from the heap-shamede mentioned in (iii). We
know that the list from the first heap-shared node does nehreall (since we record
lists from interruptions to null) and it is not a cycle fronetfirst-heap shared node to
itself (otherwise there would be no second heap-shared andehe cycle would be
recorded). The information lost, due to the fact tkat andy, , are not recorded, is
that the list from the first heap-shared node to second hathémand the cycle from
the second heap-shard node to itself is also of leAgth



The Instrumented Concrete Semantics. The instrumented concrete semantics op-
erates by using the update formulae presented in Table 2hamdusing the defining
formulae of the auxiliary variables to update their values.

4 A Predicate Abstraction for Singly-Linked Lists

We now describe the abstraction used to create a finite (leal)répresentation of
a potentially unbounded set @fvalued structures (representing heaps) of potentially
unbounded size.

4.1 The Abstraction

We start by defining a vocabula®* of nullary predicates, which we use in our ab-
straction. The predicates are shown in Table 6.
Table 6. Predicates used for the predicate abstraction and their meaning

Predicates Defining formulae and intended meaning
{Aliasedz, y] : z,y € Var} Jv : z(v) A y(v)
variablesx andy point to the same object
{UListi [z, y] : z,y € Var} Fua,vy : z(va) A y(vy) A n(ve, vy)
then field of the object pointed-to by and the variable
point to the same object
{ULista[z,y] : &,y € Var} Fug,vy : z(vz) A y(vy) A ULists (va, vy)
there is an uninterrupted list of leng2Hfrom the
object pointed-to by to the object pointed-to by
{UList[z,y] : ,y € Var} Fua, vy : z(va) A y(vy) A UList(vg, vy)
there is an uninterrupted list of lengthor more from the
object pointed-to by to the object pointed-to by
{UList;[z,null] : z € Var} Jv, : z(ve) A ULiIStNULL; (vs)
theren field of the object pointed-to by points to null
{UListz[z, null] : € Var} Jv,.x(vs) A ULIStNULL: (vg)
there is an uninterrupted list of leng2Hfrom the
object pointed-to by to null
{UList[z,null] : z € Var} Jvgz.x(vs) A ULIStNULL(v, )
there is an uninterrupted list of lengttor more from the
object pointed-to by to null

Intuitively, the heap is partitioned into a linear numberuifinterrupted list seg-
ments and each list segment is delimited by some variables pfedicates in Table 6
abstract the path length of list segments into one of thevigiig abstract length$:(via
the Aliasedz, y] predicates)] (via theUList; [z, y] predicates)2 (via theUListy [z, y]
predicates), or any length 1 (via theUList[z, y| predicates), and infinity (i.e., there is
no uninterrupted path and thus all of the previously memtibpredicates ar@).

The abstraction functiofipregapns: 2-STRUCTPC] — 2-STRUCT P“] operates as
described Sec. 2.3 whef! is the set of predicates in Table 6.

Example 4.Fig. 6(a) shows an abstract state abstracting the condegteas Fig. 3(a).
The predicateg\liasedz, z|,Aliasedy, y|, Aliasedz, z] represent the fact that the ref-
erence variables, y, andz are not null. The predicatdList,[z, y] represents the fact



Aliasedz, x|, Aliasedy, y|, Aliasedz, z|

UListy [y, null]

UListy [z, y], UListy [z, z]

UList[z, y], UList[z, z], UList[y, null]
(@) (b)

Fig. 6. The abstract effect of. n=nul | under predicate abstraction. (a) predicate abstraction of

the state of Fig. 3(a); (b) result of applying the abstract transforiingr n=nul | to (a)

Aliasedz, ], Aliasedy, y], Aliasedz, z|
UListy [z, y], UListz [z, x]
UList[z, y], UList[y, z|, UList[z, x|

that there is an uninterrupted list of length exac&lfrom the object pointed-to by

to the object pointed-to by. This adds on the information recorded by the predicate
UList[x, y], which represents the existence of a list of lengibr more. Similarly, the
predicateUList, [z, z] records the fact that a list of exactly lengtlexists fromz to x.
Note that the uninterrupted list betwegandz is of length3, a length that is abstracted
away and recorded as a uninterrupted list of an arbitranytleby UList[y, z].

4.2 Abstract Semantics

Rabin [20] showed that monadic second-order logic of thesoniith one function sym-
bol is decidable. This immediately implies that first-orttagic with transitive closure
of singly-linked lists is decidable, and thus the best tiamser can be computed as sug-
gested in [22]. Moreover, Rabin also proved that every falbie formula has a small
model of limited size, which can be employed by the abstactior simplicity and
efficiency, we directly define the abstractions and the abstransformer. The reader
is referred to [13] which shows that reasonable extensibisi®logic become unde-
cidable. We believe that our technigques can be employed fevamdecidable logics
but the precision may vary. In particular, the transformerprovide here operates in
polynomial time.

Example 5.In order to simplify the definition of the transformer fgrn = nul |,
we split it to 5 different cases (shown in [18]) based on classification efrtaxt list
interruption. The abstract state of Fig. 6(a) falls into tase in which the next list
interruption is a node pointed-to by some regular variabli this case) and not heap-
shared (cas®). The update formulae for this case are the following:

21, 22 A\ —Aliasedzy, Y]

ULiStl [21, 22]/ = ULiStl[
[21, null) = UList; [z1, null] vV Aliasedz, Y]

ULiStl
ULiStQ [2’1, 22]/ = ULlSt2 [2’1, 22] A —\Aliasec[zl, y]
Ul.iSt[Zl7 22}/ = ULiSt[Zl, ZQ] A —|A|iasec{z1 s y]

UList[z1, null]’ = UList[zy, null] v Aliasedz1, Y]

Applying this update to the abstract state of Fig. 6(a) etk abstract state of
Fig. 6(b).

In Appendix A, we show that how to produce these formulae raliypby applying
rewrite rules.



5 Canonical Abstraction for Singly-Linked Lists

In this section, we show how canonical abstraction, with porapriate set of predi-
cates, provides a rather precise abstraction for (potgntigclic) singly-linked lists.

5.1 The Abstraction

As in Sec. 4, the idea is to partition the heap into a linear memof uninterrupted
list segments, where each segment is delimited by a pairr@hlas (possibly includ-
ing auxiliary variables). The predicates we use for carelrabstraction are shown in
Table 7. The predicates of the foronl[z](v), for © € Var, record uninterrupted lists
starting from the node pointed-to hy

Table 7. Predicates used for the canonical abstraction and their meaning. Weeusieorthand
UList(u, v) as defined in Def. 3

Predicates Intended Meaning Defining Formulae

{x(v) : x € Var} objectw is pointed-to byx

{cullz](v) : = € Var} there exists an uninterrupted listép ~ Jv, : x(vy) A UList(vz, v)
starting from the node pointed-to by

cullz] z culfy]

culz] Y

cul[z] Y
(@) (b)

Fig. 7. The abstract effect of. n=nul | under canonical abstraction. (a) canonical abstraction
of the state of Fig. 3(a); (b) result of applying the abstract transfoahg. n=nul | to (a)

Example 6.Fig. 7(a) shows an abstract state abstracting the condegteas Fig. 3(a).
The predicatesulz](v), cully](v), andcul[z](v) record uninterrupted list segments.
Note that, in contrast to the abstract state of Fig. 4(b) ¢tvhises the standard TVLA
predicates), the abstract configuration of Fig. 7(a) rectid order between the refer-
ence variables, and is therefore able to observextlighot pointing to an object on the
listfromy toz.

6 Discussion

Equivalence of the Canonical Abstraction and the Predicaté\bstraction. We first
show that the two abstractions — the predicate abstracfi®®o. 4, and the canonical



abstraction of Sec. 5 — are equivalent. That is, both obgbe/eame set of distinctions
between concrete heaps.

Theorem 1. The abstractions presented in Section 4 and in Section S5canvalent.
Proof. See Appendix B.

The Number of Predicates Used by the Abstractions.The next proposition shows
that in fact only a logarithmic number of auxiliary variable required for every regular
program variable, in order to name all heap-shared nodes.

Proposition 3. The heap-sharing deptim any heap is bounded from above hy =
|log n| + 1. In other words, auxiliary variables,y, wherek > m never point to nodes.

Proof. See Appendix B.

Using Proposition 3 we can reduce the number of unary praticaeeded for the
canonical abstraction t©(n log n), and the number of predicates needed for the pred-
icate abstraction t®((n logn)?), without affecting precision.

In general, the number of predicates needed by a predicateation to simulate a
given canonical abstraction is exponential in the numbenafy predicates used by the
canonical abstraction. It is interesting to note that, ia tase, we were able to simulate
the canonical abstraction using a sub-exponential numbaili@ary predicates.

We note that there exist predicate abstractions and caaaalistractions that are
equivalent to the most precise member of the family of abstmas presented in the
previous sections (i.e., with the full set of auxiliary \&ries) but require less predicates.
We give the intuition to the principles underlying thosetedxstions and refer the reader
to [18] for the technical details.

In heaps that do not contain cycles, the predicates in Tahte Sufficient for keep-
ing different uninterrupted lists from being merged. We tauuce” general heaps to
heaps without cycles by considering only interruptions dtaur on cycles:

Interruption, (v) = Interruption(v) A OnCyclév) |

and use these interruptions to break cycles by redefininfptheulae for uninterrupted
lists to uselnterruption, instead ofinterruption Now, a linear number of auxiliary
variables can be used to syntactically capture those uggons. For every reference
variablex, we add an auxiliary variable., which is captured by the formula

z.(v) = 2(v) A OnCycldv)V
Fuy, va.2(v1) An*(v1,v2) A 2ONCyclévs) A n(ve,v) . .

The set of all variables is defined bar' = PVaru {z. | « € PVar}, and the
predicates in Table 8 define the new canonical abstraction.

Recording Numerical Relationships. We believe that our abstractions can be gener-
alized along the lines suggested by Deutsch in [9], by camjutumerical relationships
between list lengths. This will allow us to prove propertiéprograms which traverse
correlated linked lists, while maintaining the ability tonduct strong updates, which
could not be handled by Deutsch. Indeed, in [10] numericdl@mnonical abstractions
were combined in order to handle such programs.



Table 8. Predicates used for the new canonical abstraction with linear numbegditptes. The
shorthandJList. denotes an uninterrupted list where interruptions are definéudtegruption,

Predicates Intended Meaning Defining Formulae

{x(v) : z € Var' } objectw is pointed-to byx

{culc[z](v) : = € Var' } there exists an uninterrupted listtp ~ Jv, : z(vy) A UListe(va, v)
starting from the node pointed-to By

i5(v) u is heap-shared HeapShare(b)

7 Experimental Results

We implemented in TVLA the analysis based on the predicatdsastract transform-
ers described in Section 2.3. We applied it to verify varispescifications of programs
operating on lists, described in Table 9. For all examplescihecked the absence of
null dereferences and memory leaks. For the running exaamdereverseyclic we
also verified that the output list is cyclic and partially bgcrespectively.

The experiments were conducted using TVLA version 2, rupmiith SUN’s JRE
1.4, on a laptop computer with7@6 MHZ Intel Pentium Processor witth6 MB RAM.

The results of the analysis are shown in Table 9. In all of ##reles, the analysis
produced no false alarms. In contrast, TVLA, with the alwstom predicates in Table 1,
is unable to prove that the output of reverselic is a partially cyclic list and that the
output of removeSegment is a cyclic list.

The dominating factor in the running times and memory corgign is the loading
phase, in which the predicates and update formulae areedréand explicitly repre-
sented). For example, the time and space consumed durirudpdiotic iteration of the
mer ge example is8 seconds an@.4 MB, respectively.

Table 9. Time, space and number of errors measurements. Rep. Err. is mhigenwf errors
reported by the analysis, and Act. Err. is the number of real errors

Benchmark |Description Time|SpaceRep. Err./
(sec) (MB) | Act. Err.
create Dynamically allocates a new linked list 3 |18 0/0
delete Removes an element from a list 7 191 0/0
deleteAll Deallocates a list 3 | 27 0/0
getLast Retrieves the last element in a list 4 4 0/0
insert Inserts an element into a sorted list 9 | 135 0/0
merge Merges two sorted lists into a single list 15 | 29.6 0/0
removeSegmeiithe running example 7 | 84 0/0
reverse Reverses an acyclic list in-place 5 6 0/0
reversecyclic |reverse, applied to a partially cyclic list 2 |71 0/0
rotate Moves the first element after the last elementé | 7.9 0/0
search Searches for an element with a specified vallg | 2.1 0/0
searchnullderefErroneous implementation of searchthat | 3 | 2.4 1/1
dereferences a null pointer
swap Swaps the first two elements in a list 6 | 8.8 0/0




Acknowledgements

The authors wish to thank Alexey Loginov, Thomas Reps, arahiNRinetzky for their
contribution to this paper.

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

T. Ball, R. Majumdar, T. Millstein, and S. Rajamani. Automatic predicatrabtion of C
programs. IrProc. Conf. on Prog. Lang. Design and Impages 203-213, June 2001.

T. Ball and S. Rajamani. Generating abstract explanations of spur@unterexamples in ¢
programs. Report MSR-TR-2002-09, Microsoft Research, MigfoRedmond, Jan. 2002.
http://research.microsoft.com/slam/.

. M. Benedikt, T. Reps, and M. Sagiv. A decidable logic for describimgd data structures.

In Proceedings of the 1999 European Symposium On Programpéggs 2—19, Mar. 1999.

. B. Blanchet, P. Cousot, R. Cousot, J. Feret, L. Mauborgne, M. MinéMonniaux, and

X. Rival. A static analyzer for large safety-critical software. In J.. F-&wick and C. Norris,
editors, Proceedings of the ACM SIGPLAN 2003 Conference on Programminguage

Design and Implementation (PLDI-Q3)olume 38, 5 oACM SIGPLAN Noticepages 196—
207, New York, June 9-11 2003. ACM Press.

. V. T. Chakaravarthy. New results on the computability and complexippofts—to analysis.

In Proceedings of the 30th ACM SIGPLAN-SIGACT symposium on Prin@pf@®gram-
ming languagespages 115-125. ACM Press, 2003.

. E. Clarke, O. Grumberg, S. Jha, Y. Lu, and H. Veith. Countergkasguided abstraction

refinement. IrProc. Computer Aided Verificatioppages 154-169, 2000.

. P. Cousot and R. Cousot. Systematic design of program analysieviiarks. InProc. Symp.

on Principles of Prog. Languagepages 269-282, New York, NY, 1979. ACM Press.

. D. Dams and K. S. Namjoshi. Shape analysis through predicatectlusirand model check-

ing. InProceedings of the 4th International Conference on Verification, M@tletking, and
Abstract Interpretationpages 310-324. Springer-Verlag, 2003.

. A. Deutsch. Interprocedural may-alias analysis for pointerspBak-limiting. In Proc.

Conf. on Prog. Lang. Design and Imphages 230-241, New York, NY, 1994. ACM Press.
D. Gopan, F. DiMaio, N.Dor, T. Reps, and M. Sagiv. Numeric dm® with summarized
dimensions. IfTools and Algs. for the Construct. and Anal. of Sysiges 512-529, 2004.
S. Graf and H. Saidi. Construction of abstract state graphs with BMES 1254:72-83,
1997.

T. Henzinger, R. Jhala, R. Majumdar, and G. Sutre. Lazy alistnacin Symposium on
Principles of Programming Languaggsages 58—70, 2002.

N. Immerman, A. Rabinovich, T. Reps, M. Sagiv, and G. Yor3ihe boundary between
decidability and undecidability for transitive closure logi€soc. Computer Science Logic
pages 160-174, Sept. 2004.

S. S. Ishtiag and P. W. O’Hearn. Bl as an assertion languageutabie data structures.
ACM SIGPLAN Notices36(3):14—-26, Mar. 2001.

J. Jensen, M. Joergensen, N.Klarlund, and M. Schwartzb&cliomatic verification of
pointer programs using monadic second-order logicProc. Conf. on Prog. Lang. Design
and Impl, 1997.

N. Jones and S. Muchnick. Flow analysis and optimization of Lisp-likectres. In
S. Muchnick and N. Jones, editoRrogram Flow Analysis: Theory and Applicatigrchap-
ter 4, pages 102-131. Prentice-Hall, Englewood Cliffs, NJ, 1981.



17

18.

19.

20.

21.

22.

23.

24.

25.

. T. Lev-Ami and M. Sagiv. TVLA: A framework for Kleene bassthtic analysis. IfProc.
Static Analysis Sympvolume 1824 of NCS pages 280-301. Springer-Verlag, 2000.

R. Manevich, E. Yahav, G. Ramalingam, and M. Sagiv. Preditstieation and canonical
abstraction for singly-linked lists. Technical Report TR-2005-012121 Tel Aviv Univer-
sity, 2005.

Microsoft Research. The SLAM project. http://research.mictasih/slam/, 2001.

M. Rabin. Decidability of second-order theories and automata ortéfires.Trans. Amer.
Math. So¢141(1):1-35, 1969.

G. Ramalingam, A. Warshavsky, J. Field, D. Goyal, and M. SaBeriving specialized
program analyses for certifying component-client conformancePrat. Conf. on Prog.
Lang. Design and Implvolume 37, 5, pages 83-94, June 2002.

T. Reps, M. Sagiv, and G. Yorsh. Symbolic implementation of thettassformer. IrProc.
Verification, Model Checking, and Abstract Interpretatipages 252—-266. Springer-Verlag,
2004.

M. Sagiv, T. Reps, and R. Wilhelm. Parametric shape analysis véugd logic. ACM
Transactions on Programming Languages and Systems (TOPRAS):217-298, 2002.

R. Shaham, E. Yahay, E. K. Kolodner, and M. Sagiv. Establidbirej temporal heap safety
properties with applications to compile-time memory managementPrde. of the 10th
International Static Analysis Symposium, SAS 200Rime 2694 of NCS June 2003.

E. Yahav and G. Ramalingam. Verifying safety properties usingragépn and heteroge-

neous abstractions. Proceedings of the ACM SIGPLAN 2004 conference on Programming

language design and implementatigrages 25-34. ACM Press, 2004.



A Deriving the Best Transformer for y. n=null

In order to simplify the definition of the transformer fpr n = null, we split it to five
different cases, shown in Table 10, based on classificafitimanext list interruption.
The table uses the following shorthand notations:

ListToInDegreeRy] =\ _ cya UList[z1, Y] A —Aliasedy, 21]A
/\ZQGVarUList[zQ,ys} — (Aliasedzz, y] V Aliasedzs, z1])

ListRegularVafy] =\, cpyar UListly, w]

ListToHeapShargg] = \/, cpya ULiSt[y, W]

Table 10.The different cases considered when defining the abstract traresféor the statement
y.n = null

Case Next List Interruption Precondition

1 s aheap-shared node —(UList[y, null] v ListRegularVafy])A
not pointed by any regular ListTolnDegreeR]
variable, with in-degree= 2

2 isnull UList[y, null]

3 is a node pointed by some  ListRegularVafy| A —ListToHeapShardg]
regular variable and not
heap shared

4 is a heap-shared node ListToHeapShar€g] A —ListTolnDegreey]
with in-degree> 2

5 is a node pointed by a regularListRegularVafy] A ListToHeapShardg]A
variable and heap shared, ListTolnDegreegy]
with in-degree= 2

We show that manual construction of the best transformeiteewith the same for-
mulae provided in Sec. 4. The derivation is shown Table 1dekoh predicate, we first
show its defining formula after applying the concrete eftéddhe statement. n=null.

We then rewrite this formula to an equivalent formula thatoisled into the nullary
predicates of our predicate-abstraction vocabulary (bféT8). In the process of rewrit-
ing, we use transformations &f07“ under the assumption that formulae describe heap
configurations satisfying the integrity rules of the foliog definition:

Definition 4 (Integrity Rules). We require that every heap configuration satisfies the
following integrity rules:
1. for every unary predicate(v) representing a reference variable,
Yy, va.2(v1) A x(ve) — v = vg
2. for the predicate:(vq, v2) representing the field,
Yo, v1,va.n(v,v1) An(v,ve) — v1 = vy

In the process of rewriting, we also use the rewrite rulesheffollowing lemma.
When a rule from the lemma is used in the rewriting, we notelitalmer in brackets. We
use[#] to denote a rewrite usingOT¢ transformations (assuming formulae describe
heap configurations that satisfy the above consistencg)ule

Lemma 1. The following always hold:



() =PtByVar(u) = —y(u)
(1) —Interruption(u) = —y(u)

The following hold under the precondition of cakse

(1) Interruption’(u) = Interruption(w)

(lV) ULiStJ(’Ul, UQ) =

UList(vy, v2) A —y(v1)

(V) ULiStNULL (vy, v2) = ULIStNULL(vq,v2) V y(vy)

where the primed values of shorthands denote their valwer aftafter applying the
effect of the statememt n = null.

Proof. in Sec. B.

Table 11.Derivation of the transformer for. n=null for case3.

ULiStl [Zl, 22]/

Fui,v2.21(v1) A z2(v2) An(vr,v2) A —y(v1)
Fv1, v2.21(v1) A 22(v2) A n(vi,v2) A Jvs.z1(vs)
UListy [2’1, 22] A ﬂAIiase(jzl, y]

[+]

A —y(vs) [*]

UListy [z1, null]” Jv.21(v) A Vu.~(n(v, u) A —y(v))

Fu.z1(v) AVu.(-n(v,u) V y(v))
Fv.y(v) V z1(v) AVu.—n(v,u)
UList; [21, null] v Aliasedz1, Y]

ULiStQ [2:1, 22]/

Fu1,v2.21(v1) A 22(v2) A Im.—Interruption (m)A

A (n(v1,m) A =y(v1)) A (n(m, v2) A —y(m))
Fui,v2.21(v1) A z2(v2) A Im.—Interruption(m)A
A (nvr, m) A =y(v1)) A (n(m, v2) A —y(m))
vy, va.21(v1) A z2(v2) A Im.Interruption(m)A
A n(vi,m) A —y(vi) A n(m,vz)
Juy, v2.21(v1) A z2(v2) A Im.—Interruption(m)A
An(vi,m) An(m,v2) A z1(vi) A —y(v1)
UListz[z1, z2] A —Aliasedz1, Y]

ULiSt[Zl, 22]/

E|’U17 V2.21 (Ul) N 22 (1)2) A\ UList'(vl, ’Uz)
Fui,v2.21(v1) A z2(v2) A —y(v1) A UList(v1, v2)
UList[z1, z2] A —Aliasedz1, Y]

UList[z1, null])’

Jvi.21 (’Ul) A ULiStNULL(’Ul)
Jv1.21(v1) A ULIStNULL(v1) V y(v1)
UList[z1, null] v Aliasedz1, Y]

B Proofs

Proof (of Proposition 1)A program variable points to at mostlement, and therefore
the number of list elements pointed by all program variald@s most:. The proof that
the number of heap-shared elements is at mastdone by induction on the number of

non-null variables.

Basis Suppose the only non-null program variablexisThe proof is split into the

following cases.



Case 1 The path from the element pointed kyreaches null. In this case, there are
no heap-shared elements.

Case 2 The path from the element pointed kyreaches the element pointed by
thereby forming a cycle. In this case, there are no heapedhlgements.

Case 3 The path from the element pointed Byreaches an element other than
the one pointed bx. In this case, there is exactlyheap-shared elementnduction
hypothesisAssume that the proposition holds for> 0 non-null program variables.
Induction stepSuppose there ade+ 1 non-null program variables;, ... ,xx41. Let
Hj, be the sub-heap consisting of only the elements reachatme i, . .. ,z; and
the links between them. The proof is split into the followicases, according to the
interaction between variable, , ; and H.

Case 1The set of elements iff;, and the set of elements reachable from variables
zr+1 do not intersect. By the induction hypothesis, the sub-Héggontains at most
k heap-shared elements, and the sub-heap containing ekemeachable fronry,
contains at most a single heap-shared element. Theref@entire heap contains at
mostk + 1 heap-shared elements.

Case 2 Variablex, 1 points to an element ii/;,. Since the variable_; in itself
does not contribute to the in-degree of the element it pointsettingr 41 to null does
no change the number of heap-shared elements. Therefdies mduction hypothesis,
the heap contains at masheap-shared elements.

Case 3 Variablex ., connects to the sub-he#f, via the patHu., ... ,u,,] (none
of uy,...,u,, IS heap-shared). By the induction hypothedig, contains at mosk
heap-shared elements. The link fram, to an element inH;, contributes at most a
single heap-shared element to the entire heap, and thett&i®entire heap contains at
mostk + 1 heap-shared elements.

Proof (of Proposition 2)To prove the first part of the claim, suppasé heap-shared.
If v is pointed-to by a program variable then the claim trividlblds. Since we assume
that the heap is garbage-free, nadés reachable from some program variable. Let
x be the program variable that reachesn the shortest path. Obviously no node on
the path is pointed-to by a program variable (otherwisegthvewuld be a shorter path
from a different variable). By Corollary 1, the path fraito u consists oft maximal
uninterrupted lists, for somie < n. Therefore, by definition, auxiliary variablg i (v)
points tou.

The second part of the claim is proved by induction on theisbatepthk.
Basis The termHeapSharefb) A —PtByVarv) means thak, ; (v) can hold only for
a subset of interruptions that are heap shared but not piit@ny (regular) program
variable. The termtv,.z(v,) A UList(v,, v) further restricts the set of nodes to only
ones that are reachable by an uninterrupted list from a noitegal by the variable
x. Sincezx is a reference variable, it can point to at most one node, wimnieans that
Jv,.z(v,) A UList(v,, v) holds for at most one interruption. Therefore, the entine-co
junction Jv,.x (v, ) A UList(v,,v) A HeapSharefb) A —PtByVarv) holds for at most
one node.

Induction hypothesisAssume that the proposition holds for every reference- vari
ables and sharing-depth< k.
Induction stepBY the induction hypothesis; ;. (v) holds for at most one node. There-



fore, the arguments that were used to prove the basis holld fweplaced by; ;) for
the sub-formula

Jug Xs 1 (vg) A UList(vg, v) A HeapSharet) A —PtByVar(v) .

The conjunction—(\/,,_; . Xs,m(v)) can only further restrict the set of nodes for
which the sub-formula above holds, and therefore the clasfdshfor the entire for-
mula.

Proof (of Proposition 3)Fig. 8 shows a representative case of a concrete heap where
the heap-sharing depth reaches the upper bound.

heap-sharing
depth 1

x1 heap-sharing

X2
x3
x4

X5 heap-:sharing
depth 4

X6
X7

x8

Fig. 8. A representative case for a heap sharing depth that reaches theboppé. The vertical
dashed lines are used to show the different levels of heap-sharitty dep

We will use the simple fact that, since the out-degree of agerin the heap is at
most1, every connected component of the heap (considering thieaateld version of
the relationn(u, v)) contains at most one simple cycle.

Letu be a heap-shared node of depth 1. There are two cases:

Nodew does not reside on a cycleConsider the part of heap containing nodes that
reachu. These nodes, along witlhh form a connected component without cycles
where the out-degree of every node is at moskhis is a tree with program vari-
ables at the leaves andas a root.

The fact thatu has heap-sharing depthmeans that is reachable from at least
two distinct nodes andb of heap-sharing depth — 1. In addition,a andb do not
reside on a cycle.



The same reasoning can now be applied: tand b, obtaining the fact that is
reachable from at leadtnodes of heap-sharing depth— 2. The reasoning goes
on until we get to the leaves of the tree, and have tha reachable fron2”
nodes that are pointed by program variables. This meang&'thatn and therefore
k < |logn].

Nodew resides on a cycle.Since nodeu is heap-shared and found on a cycle, there
are two distinct interrupting nodesandb such that the lists from to v and from
b to u are maximal uninterrupted lists, ands on the cycle where is andb is out
of the cycle.

Sinceb does not reside on a cycle, we have already showrbthah have a heap-
sharing depth of at mostog n|. Therefore, node. has heap-sharing depth of at
most|logn| + 1.

Proof (Lemma 1)The first claims in the Lemma are mostly immediate from the-defi
nitions of the shorthand notations.

()
—-PtByVaru) = -~ \/ var(u)

varePVar

= —y(u)

(I1)
—Interruption(u) = —~HeapSharetk) A —PtByVar(u)

= —y(u)
(I11) we begin by showing thaieapSharedu) = HeapShare(k)
HeapSharequ) = da,b.n(a,u) A —y(a) An(b,u) A —y(b) A (a #b)
by the precondition to this case
HeapSharequ) = Ja,b.n(a,u) An(b,u) A (a #Db)

= HeapShare(l)

sincePtByVar(u) does not change under the actjonn=null,
it follows thatInterruption (u) = Interruption(u).



(V)
UList (v1,v2)  (n(v1,v2) A =y(v1)V
(Im.—Interruptiorf (m) A (( n(vl m) A —y(v1)) A (n(m,va) A —y(m)))V
(my, ma.(n(vy,m1) A =y(v1) A —y(v1)) A (n(ma,va) A —y(ma))A
(TCa,b:n(a,b) A —y(a) A —Interruptior (a) A —Interruptiorf (b)) (m1,ms2))) [[11]
Fuq, ve.21(v1) A ZQ(’UQ) (n(v1,v2) A —y(v1)V
(Im.—Interruption(m) A (n (vl, m) A —y(v1)) A (n(m, va) A —y(m)))V
(Im1, ma.n(vr,mr) A —y(vy) An(me,ve)A
(TCa,b:n(a,b) A—-y(a) A —Interruption(a) A —Interruptionb))(mq,ms))) [II]
Juy,va.21(v1) A 22(112) (n(vy,v2) A —y(v)V
(Im.—Interruption(m) A n(vy, m) A —y(v1) A n(m,vs))V
(Imq1, man(vy,my) A —y(vy) An(me,ve)A
(TCa,b: n(a,b) A —Interruption(a) A —Interruption(b))(mq,ms))) [+]
Fuy, v9.21(v1) A 22(v2) A —y(v1) A (n(vr,v2)V
(Im.—Interruption(m) A n(vy, m) A n(m,va))V
(Imq, ma.n(vy,my) A n(ma,vy)A
(TCa,b:n(a,b) A-Interruption(a) A —Interruption(b))(mq,m2))) [+]
UList (v, v2) A —y(v1)

(V)
ULIistNULL' (u )VU “(n(u,v) A =y(u))V
m.(n(u,m) A —y(u)) A =Interruptior (m) A ULiStNULL] (m)V
Elml,mg (n(u,my) A —=y(u)) A ULISINULL] (m2)A
(TCa,b: (n(a,b) A —y(a)) /\ﬁlnterruptiorf(a)/\
ﬁlnterruptlorf(b))(ml ma) [I11]
Vo.=(n(u,v) A =y(u))V
Im.(n(u, m) A =y(u)) A =Interruption(m) A (ULIStNULL, (m) V y(m))V
Elml, mao ( ( 1) A= ( )) (ULlStNULLl(TTLQ) \Y y(mg))/\

(TCa,b: (n(a,b) A —y(a)) A -Interruption(a)A

ﬁlnterruptior‘(b))(ml, mso) [(II] + [*]
Yo.~(n(u,v) A —y(uw))V
Im.(n(u, m) A —y(u)) A —Interruption(m) A (ULiStNULL; (m) V y(m))V
Imy,ma : (n(u, m1) A —y(u)) A (ULIStNULL, (m2) V y(ma))A

(TCa,b: (n(a,b) A—y(a)) A -Interruption(a)A

=Interruption(b))(my, ms) [I7]
Yo.(—n(u,v) Vy(u))V
Im.(n(u, m) A —y(u)) A —Interruption(m) A ULiStNULL; (m)V
Imy,ma : (n(u, my) A —y(u)) A ULIStNULL, (ma)A

(TCa,b: n(a,b) A—Interruption(a) A

=Interruption(b))(my, ms) [+]
Y. (—n(u,v)) Vy(u)V
—y(u) A Im.n(u,m) A —Interruption(m) A ULiStNULL, (m)V
—y(u) A Imy, ma : n(u, my) A ULIStNULL; (mg)A

(TCa,b: n(a,b) A -Interruption(a) A

—Interruption(d)) (m1, ma) [*](resolution)
Yo.(—n(u,v)) V y(u)V
Im.n(u, m) A =Interruption(m) A ULIStNULL; (m)V
Imq, ma : n(u, my) A ULIStNULL; (mo)A

(TCa,b: n(a,b) A —Interruption(a) A

—Interruption(b))(m, ms) [%]
ULIStNULL' (u) V y(u)



B.1 Proving Theorem 1

We want to prove that the predicate abstracti@egans presented in Sec. 4 and the
canonical abstractiorficanonic pPresented in Sec. 5 are equivalent. Before delving into
the details, we make the claim more precise.

Recall that both abstractions are parameterized by an ihderging froml to n
(the number of program variables). The proof here isioe n (i.e., the full set of
auxiliary variables is used).

By equivalence of abstractions, we mean that, for any twaiea heapg’; and
C- (2-valued structures), the following holds:

ﬂPredAbicl) = ﬁPredAbs(CQ) WhenﬁCanonic(Cl) = ﬁCanonic(CQ) .

We will use the following shorthand notations

Allj = BPredAbs(Cl)
A; = ﬂPredAbs(CQ) y
A? = /BCanonic(Cl) 3
Ag = ﬁCanonic(C2)

)

)

and make use of the embedding functigiandg such thaC; C/ A andC, C9 AS.
With these notations we rephrase the equivalence cldiin= A} when A = AS.
Note that byA$ = AS we mean that structure$$ and AS are isomorphic, i.e.A C
AS and AS C AS. The semantics of formulae f@rvalued structures is explained in
[23].

We will sometimes write the name of a predicate from Table 8lasthand for
its defining formula. The exact meaning, however, shouldlbardrom the context,
depending on whether the structure referred to is concetal(led) or abstract3f
valued).

Since the join operator used in both kinds of abstractiotisesame—set union—
the equivalence of the abstractions carries over from singhcrete heaps to sets of
concrete heaps.

Proof Structure. We want to show that both abstractions are able to make gxhetl
same distinctions about any two concrete heaps. We startdoyiisg that whenever

C, and C, assign different interpretations to a predicateFif (indicating that their
predicate abstraction is different}$ is different from AS. This is shown by a case
analysis according the predicate types that appear in Table 6 in order of appearance
In each case we assume that the predicates considered ioyzreases have the same
interpretation in botlC; andCs. Finally, we consider the case where all predicates in
P have the same interpretationGi andC, (indicating that their predicate abstraction
is the same), and show thaf = AS.



We use the following lemmas to show that two concrete heapslifferent under
canonical abstractidnln the lemmas, we use the shorthand notations introduamgeab

In the proofs of the lemma we will use use the fact that, by tid&dding Theorem
of [23], if two 3-valued structures are isomorphic then the value of eversed formula
evaluates to the value in both structures.

Lemma 2. LetC, andC, be a pair of2-valued structures, and let(v) be a conjunc-
tion of unary predicates and negations of unary predicates.
If [3v: ()] =1and[Fv : p(v)]°? = 0thenAS # AS.

Proof. Let v be a node i/ for which o(v) holds. Since canonical abstraction pre-
serves the definite values of unary predicatés, evaluates to a definite value fé(v)
(the same value as if;). Therefore[3v : <p(v)]]f“g = 1. Since there is no node
for which ¢ (v) holds, there is also node nodeA for which (v) holds, and therefore
[Bv: ()] = 0.
We conclude thatt§ # AS.
O

Lemma 3. LetC; andC, be a pair of2-valued structures, and let(v) be a conjunc-
tion of unary predicates and negations of unary predicates.

If o(v) holds for exactly one individual in C4, andy(v) holds for more than one
individual in Cy then AS # AS.

Proof. Sincey(v) holds for exactly one individual in C;, we have thato(v) holds
for exactly one individuab = f(u) in AS. Therefore,[Va,b : ¢(a) A ¢(b) =
eq(a,b)]]Ag =1

Let V; be the set of nodes T2 for which ¢(v) holds. Ifw = g(u) = g(v) for
some pairs of nodes,v € V5 theneq(w,w) = 1/2 and[Va,b : p(a) A p(b) =
eq(a,b)]** = 1/2. Otherwise, thereq? (g(u), g(v)) = 0 for every distinct nodes
u,v € Vo, and therefordva, b : p(a) A p(b) = eq(a, b)]]Ag =0.

In both casegva,b : p(a) A p(b) = eq(a,b)]]A? # [Va,b: p(a) A p(b) =
eq(a, b)]*% and we conclude that€  AS.

0

For intuition, Fig. 9 shows the different cases of concriis land their canonical
abstraction, along with the values of the predicates frobieré.

3 The lemmas are stated for the canonical abstraction from Sec. 5, putrthactually true for
canonical abstraction with any set of predicates.
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Fig. 9. Applying canonical abstraction to lists of different lengths: (a) lists oftlerdg (b) lists of

length 2, and (c) lists of length greater than 2




Proof (of Theorem 1).

Case 1 : Distinction by Aliased[z, y] predicates. Assume that for two variables
x,y € Var we have[Aliasedz, y]]¢* = 1 and[Aliasedxr, y]]“2 = 0. Substituting the
predicateAliasedz, y] with its defining formula from Table 6, we géBv : z(v) A
y(v)]¢* = 1and[3v : 2(v) Ay(v)]°? = 0. Therefore, by Lemma 24§ # AS.

Case 2 : Distinction by UList; [z, y] predicates. Assume thaiC; and C, iden-
tify on all predicates of the formliasedz, y], and that for some:, y € Var we have
[UList; [z, y]]€* = 1 and[UList; [z, y]]“? =

Substituting the predicatdList; [z, y] with its defining formula from Table 6, we
get [Fug, vy : 2(ve) A y(vy) A n(ve,v,)] = 1 and [Fug, vy, : 2(ve) A y(vy) A
n(vg,v,)]? = 0. Letu,,y, € U be the unique (Proposition 2) nodes such that
291 (u;) = 1 andy®1(u,) = 1. From the assumption th&t; and C; identify on all
predicates of the formiliasedz, y], we have that there exist unique nodgsv, €€
U2 such thatr®2(v,) = 1 andy“2(v,) = 1.

We now have that there exists unique nodés= f(u,) € A} anduj, = f(u,) €
A such thatrAS (u),) = 1 andxA(f(u’y) =1 Thereforenf“?(ug,u;) =n9 (uy, uy) =
1 and[Fvg, vy : x(vs) A y(vy) A n(vs, vy)]]A(f =1

Furthermore, there exists unique nodés= g(v,) € AS andv], = g(v,) € A§
such thatcAg(v;) =1 and:cAg(v;) =1. ThereforenAg(v;,v ) = n (ug,uy) =0
and[Jv,, vy : x(vy) A y(vy) A n(vx,vy)]]Ag = 0.

We conclude thatt§ # AS.

Case 3 : Distinction byUList;[z, y] predicates.Assume that’; andC, identify
on all predicates of the foriliasedz, y] andUList; [z, y], and that for some, y € Var
we have[UListy[z,y]]¢* = 1 and[UListy [z, y]]¢2 = 0.

The meaning of UList;[z,4]]“* = 1 is that there exist two nodes, andv, in
U%, which are pointed-to by variablasandy, respectively, and a third nods,, such
thatv,, v.,,, v, is @ maximal uninterrupted list ifi; . Thereforecul[z](v) A —y(v) holds
uniquely forv,, in Cy. In addition,[UListy [z, y]]¢* = 1 implies [UList; [z, y]]“* = 0,
since a maximal uninterrupted list has a determined intlegeyth. Now, sinc&”; and
C5 identify on all predicates of the fordliasedz, y] then there exist two nodes, and
u,, in U2 that are pointed-to by variablesandy, respectively.

We consider the following three sub-cases: (i) There is riotarrupted list between
u, andu,,. Therefore[3v : cullz](v) A —y(v)]¢2 = 0, and by Lemma 24§ # AS;
(if) There exists a maximal uninterrupted list betweenand u, of length1. This
possibility is ruled out since it contradicts the fact thtist; [z, y]]* = 0 with our
assumption tha®; and C, identify on all predicates of the formliasedz,y] and
UList; [z, y]; and (i) There exists a maximal uninterrupted list betweg andw,, of
length> 2. This means thatul[x](v) A —y(v) holds for more than one node @ (but
only for v,, in C;, and so by Lemma 34§ # AS.

Case 4 : Distinction by UList[z,y]| predicates. Assume thaC; and C; identify
on all predicates of the forrAliasedz, y], UList, [z, y], andUListz[z, y]; and that for
somer, y € Varwe have[UListx, y]]¢* = 1 and[UList[z, y]]“> = 0.

Since[UList[z, y]]“* = 1 we can substitute the definition ofil[z](v) in the defini-
tion of UList[x, 3] and gef[3v : y(v) Acullz](v)]¢* = 1. Applying this substitution For

/!
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[UList]z, y]]“2 = 0 gives us[3v : y(v) A cullz](v)]¢? = 0. Therefore, by Lemma 2,
AS £ AS.

Case 5: Distinction byUList; [z, null] predicates.Assume tha€; andC,, identify
on all predicates of the formliasedz, y], UList; [z, y], UListy[z, y], andUList[x, y];
and that for some € Varwe have[UList, [z, null]]“* = 1 and[UList, [z, null]]“> = 0.

Since[UList; [z, null]]“* = 1, we have that there is no list emanating from the node
pointed-to byz in Cy, and[3v : cullz](v)]¢* = 0. Since[UList, [z, null]]°2 = 0, we
have that there is a non-empty list emanating from the nodegubto byx in Cs, and
[3v : cullz](v)]¢? = 1. Therefore, by Lemma 24§ # AS.

Case 6 : Distinction byUListy[x, null] predicates.Assume that”; andC, iden-
tify on all predicates of the formhliasedx, y], UList; [x, y], UListy[z, y], UList[z, y],
andUList; [z, null]; and that for some: € Var we have[UListy[x, null]]°* = 1 and
[UListy[z, null]]€2 = 0.

We consider the following sub-cases: (i) There exists a makuninterrupted list
of length1 from the node pointed-to by to null, in Cy, i.e., [UListy [z, null]]¢2 = 1.
This case is ruled out, since by the assumptiondhandC- identify on all predicates
of the form UList; [z, null] this would mean thafUList; [z, null]]°* = 1, which is
not possible since there exists a maximal uninterruptealikength2 from that node
to null and any maximal uninterrupted list has a determimgelger length; (ii) There
exists a maximal uninterrupted list of length2 from the node pointed-to hy to null,
in Cy. This means that i€, the predicatecul[x](v) holds for exactly one node (the
one following the node pointed-to by), and inC; the predicateul[z](v) holds for
more than one node (all of the nodes following the node pditteby ). Therefore,
by Lemma 3,4 # AS; and (iii) There is no maximal uninterrupted list frasrto null
in C5, which means that there exists a maximal uninterruptedrbst x to a (possible
the same) variablg, i.e., [3v : cullz](v) A y(v)]¢? = 1. However, since itC; there is
no maximal uninterrupted list from to any variable[3v : cul[z](v) A y(v)]¢* = 0,
and therefore, by Lemma 2§ # AS.

Case 7 : Distinction by UList[z, null] predicates.Assume thaC; andC, iden-
tify on all predicates of the form\liasedx, y], UList, [z, y], UListy[z, y], UList[z, 3],
UList; [, null], andUListy [z, null]; and that for some € Varwe have[UList[z, null]]“* =
1 and[UListx, null]]2 = 0. (This reasoning here is the same as the third sub-case in
the previous case.)

This means that if'; there exists a maximal uninterrupted list franto a (possible
the same) variablg, i.e., [3v : cul[z](v) A y(v)]“? = 1. However, since irC; there is
no maximal uninterrupted list from to any variable[3v : cul[z](v) A y(v)]¢* = 0,
and therefore, by Lemma 2§ # AS.

Case 8 : No distinctions by predicates from Table 6Assume thalC; and Cs
identify on all predicates from Table 6.

We show thatA§ is isomorphic toAS by showing that: (i) for every node;, <
UAT there exists a unique corresponding nedee U4% such that for every unary
predicatep(v) from Table 7p(u1)A% = p(us)?* (i.e., AS and AS have the same set of
canonic names); and (i) for every pair of nodgsv, € UAY and corresponding pair
of nodes (with respect to the values of unary predicates), € U43, the equalities
n(uq, 1}1)Ag = n(uzwg)Ag andeq(ul,vl)Af = eq(uz,vg)Ag hold.



Universe to universe bijection and preservation of unary pedicates.Let u; be
a node inU47, and letX and L be subsets o¥ar such that the unary predicates that
hold foru, in A arex(u;) for everyx € X andcul[z](v) for everyz € L.

We consider two cases separately according to the emptifiess

X is non-empty. From Proposition 2 we have that ' (u;) = {v; }, andz® (v;) = 1
for everyz € X. Thus,[3v : (v) A y(v)]¢* = 1 for everyx,y € X. From our
assumption that’; andC, identify on all predicates of the formliasedz, y] we
get that[Jv : 2(v) A y(v)]“2 = 1 for everyz,y € X. Using Proposition 2 we get
that there exists a unique node € U2 such that:“2(v,) = 1 for everyzr € X.

We denote by, the nodey(v2), which is designated as the corresponding node for
uy in the isomorphism map, and using the definition of canoradesitraction we
get thatr 4 (us) = 245 (uy ) for everyz € X.

From the definition of the predicatesil[z](v), we have thaf3v,,v, : z(vy) A
y(vy) A UList(vy,,v,)]<" for everyy € L andx € X. From our assumption that
C, andC; identify on all predicates of the fortdList]z, y] we get thaf3v,, v, :
z(vg) Ay(v,) A UList(vy, v,)]©2 for everyy € L andz € X. Using the definition

of canonical abstraction we get thall[y}"‘g(ug) = cul[y]f“?(ul) for everyy € L.

X is empty. Let f~!(u;) = V; be the set of nodes mapped Jyto u;. Since X is
empty we have that for every node € Vi: 2 (vy) = 0 for everyz € Var and
cullz]% (v1) = 1 for everyx € L. EitherV; is part of a maximal uninterrupted list
from x to null, orV; is part of a maximal uninterrupted list fromto some variable
y. In either case, from our assumption tldgt andC5 identify on all predicates of
the formAliasedz, y], UListx, y], andUListNULL[z], we have that there exists a
non-empty set of nodelg, C U2 such that for every, € V,: 2¢2 (ve) = 0 for
everyz € Var andcullz]2 (vy) = 1 for everyz € L. Therefore, if we denote by
ug the image oft;, underg, we get from the definition of canonical abstraction that
245 (ug) = 247 (uy) for everyz € X andcully]4 (uy) = cully]AT (uy) for every
y € L. The uniqueness af; is determined by the fact that the values of all unary
predicates are considered for the node®-of

The correspondence by values of unary predicates defingecdidm / : UAT -
UA% such that(u) = v whenp(u; )47 = p(us)4% for every unary predicatg(v) from
Table 7.

Preservation of the binary predicateeq(u, v). Sinceeq(u, v) is interpreted a8 in
every3-valued structure for distinat andv, we are only interested ity (u, u).

Recall that by the meaning of the predicatgu, v) its interpretation can either be
1 or1/2 (but never).

Let u; be a node in/4T and letuy be h(uy). Assume thataq(ul,ul)“‘? =1/2
(i.e., up is a summary node). LeX be the set variables such thﬁ‘[‘(l:(ul) = 1 for
everyz € X andL be the set of variables such thmi[y]"‘?(ul) = 1for everyy € L.
From Proposition 2 we get thaf = ().

Denote byV; the setf ! (u;). We have thatV;| > 1, which means thal; are part
of an uninterrupted list i, containing more than two elements, which emanates from
the node pointed-to by the variableslin



Denote byVs the setg~!(uz). Since we assumed that; and C, identify on all
predicates from Table 6, we get that from the node pointeoytthe variables inl
emanates an uninterrupted list containing more than twoetés inC, . Hence | V5| >
1. Thereforeeq” (us, us) = 1/2.

Preservation of the binary predicaten(u, v). We will show that, for a structure in
the image of canonical abstraction with the predicates ffabie 7, the values of unary
predicates together with the value of the predieate:, v), determine the value of the
predicaten(u, v). Since AS and AS are isomorphic with respect to those predicates,
this completes the proof.

Let S be a structure in the image of canonical abstraction wittptiedicates from
Table 7 and let;; andus be two nodes i/4. Furthermore, lef; andL; be the sets
of variables such that the unary predicates that hold:foarex(v) for everyz € X,
andcul[z](v) for everyz € L;, and letX,; and L, be the sets of variables such that
the unary predicates that hold fos arex(v) for everyz € X, andcul[z](v) for every
x € Lo.

We consider the following sub-cases (the symmetric cagesardiscussed):

X, and X, are non-empty. If X; C L, it means that,; andus represent the end-
points of a maximal uninterrupted list. If there is no nod@/ify such thatul[z](v)
holds for somer € X; then the list is of length and thereforezs(ul,u2) = 1.
Otherwise, the length of the list is greater thaandn® (u;, uz) = 0.

X, is empty, X5 is non-empty, andeq® (uy,u1) = 0. If Ly C Lo it means thatusy
represents the last node of a maximal uninterrupted listaiing the nodes rep-
resented byu;. Thereforen®(ui,us) = eq”(uy,u;) andn®(ug,uy) = 0.. If
L, C L, it means thatu, represents the first node of a maximal uninterrupted
list containing the nodes representediqy Thereforen® (ug, uy) = eq®(u1, up)
andns(ul,uQ) = 0. Otherwiseu; andusy represent nodes belonging to distinct
uninterrupted list and s0° (u1, us) = n(ug,u;) = 0.

X, and X, are both empty. If u; = uy thenn®(uy,u;) = eq®(u1,u1). Otherwise,
this means that, andu, represent distinct uninterrupted lists and therefotéu, , u,) =
nS (ug,uy) = 0.

|



