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Lecture overview

1. Testing triangle-freeness in dense graphs

2. Szemerédi Regularity Lemma

1 Testing triangle-freeness of dense graphs

Recall that property testing algorithms in dense graphs use an adjacency matrix representation. While
we focus here on triangles, everything that follows can be generalized to other constant size structures
as well.

Definition 1 Given a graph G = (V, E), the adjacency matriz of G is a symmetric matriz A s.t. for
every u € A,v € A:

0 otherwise

Alu,v) = {1 if (u,v) € E

Definition 2 G = (V, E) is A-free (triangle-free) if Bx,y,z € V s.t. A(x,y) = Ay, z) = A(z,z) = 1.

Claim 3 If there is a property testing algorithm for A-freeness then there is an algorithm that works as
follows: pick x,y,z at random from V; fail if A(x,y) = A(y,z) = A(z,z) = 1 and otherwise continue
(HW3).

The question remains - how many triplets of vertices do we need to sample? As we later show, only a
(large) constant number of queries is needed.

1.1 Random tripartite graphs

Definition 4 A graph G = (V, E) is tripartite if its vertices can be divided into three disjoint non-empty
sets of nodes A, B,C CV s.t. V.= AUBUC and the nodes of each edge e € E are either in A and B, or
A and C, or B and C. More formally, (u,v) € E= (u€ A,ve B)V(ue A,ve C)V (ue B,veC).

In a random tripartite graph G = (V, E), assuming that the edges are i.i.d., the probability of some edge
to be in the graph is determined by a density parameter i such that:

Yu € A,Yv € B : Prl(u,v) € E] =17
Yu € A,Yv € C: Pr[(u,v) € E] =n
Vu € B,Yv € C': Pr[(u,v) € E] =7
Put differently,
E#A, B-edges| = - |A] - | B|
E[#A, C-edges] =7 - |A] - |C|
E [#B, C-edges] = - |B| - C]



Figure 1: A random tripartite graph with density parameter 7.

Tripartite Graph example

Density - n

These settings are demonstrated in Figure 1.

We are interested in the number of triangles in such random graphs. Denote 0., to be an indicator
variable as follows:

1 fuvwis A
a. =
o 0 otherwise

then we get
Yu € A,v € Byw € C: Priuvw is A] = 1° = E[0uyw]

and therefore

E[#A’S] =F Z Ouvw | = |A| . |B| ' |C| : n3
ucA,veB,weC

The last equality holds since the edges are assumed to be i.i.d.

1.2 Density & Regularity

Let A, B CV s.t.
1. AnB=10
2. |A],|B| > 1
we denote e(A, B) to be the number of edges between A and B.

Definition 5 The density of A, B is d(A, B) = %.
Note that |A| - | B| is the number of “possible slots” for edges between A and B.

Definition 6 We say that (A, B) is y-regular if VA" C A, B’ C B s.t. |A'| > v |A|,|B'| > v -|B| we
get: |d(A', B") —d(A, B)| <
—_——  ——

n’ n



From Definition 6 it follows that if (A4, B) is v-regular then (A, B) “behaves” like a random graph (see
Figure 2). Note that we could parameterize the difference between the densities and the ratio between
the sets and subsets differently. However, for simplicity, we use a single parameter .

Figure 2: (A, B) is v-regular in a graph with density 7.
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1.3 The Komlés-Simonovits lemma [K-S]

Lemma 7 (K-S) Vn > 0:
1. Iy =~2(n) = ¥ (regularity parameter)

2. 3= =(1-n)-L > T

m=0-n% = T

for 77<%
s.t. if A, B,C are disjoint subsets of V and each pair is y-reqular with density > n, then G contains
>0 |Al-|B|-|C| distinct A’s.
Proof Let A* C A be the nodes in A with > (n—+) - |B| neighbors in B and > (n— ) - |C| neighbors
in C (see Figure 3).
Claim 8 |A*| > (1 — 2v) - |4
Proof of claim: Let A’ be the set of nodes in A that have < (n — «)|B| neighbors in B, and let A” be
the set of nodes in A that have < (n — v)|C| neighbors in C. We get that |A’| < v|A[, |A”| < v|A|. In
order to see that: ,
(n =) IBI|A|

d(A',B) < o — =0 =7
|A’||B]
but, d (A, B) > n, thus we get
[d(A",B) —d(A,B)| >n—(n—7) =7

which contradicts the y-regularity.



The proof for A” is similar. Define A* = A\ (4’ U A”), we get
A" = [A] = 29]A] = (1 = 27) 4]

as claimed. J

For each u € A*, let B, C, be the set of u’s neighbors in B and C, respectively (see Figure 4). We get
that:

|Bul > (n—) |B|
ICul > (n—=7)IC]

We choose v to be , therefore

|Bu| = 7|B|

|Cu| = ~IC]
The number of edges between B, and C, is a lower bound for the number of distinct A’s with «. Finally,
since d (B, C) > n, and since |B,| > v|B| and |C,| > v|C|, and B, C are y—regular, we get that

d(Buy,Cu) >0 —7
= e(By,Cy) > (n—7)|Bu||Cul > (n—7)*|B||C|
= #Ns>(1-27)|A](n—)|BJ|C|

773
=1 =) AlB|C]

Figure 3: A* and its neighbors in B and C.




Figure 4: Each edge between B, and C,, represents a distinct triangle.

2 Szemerédi Regularity Lemma (SRL)

2.1 Intiution

Given a regularization parameter, we can perform a partition of each graph with a large enough number
of nodes, such that each one of the partition’s pairs of sets will be almost regular (only e fraction will
not be regular; demonstrated in Figure 5).

Figure 5: Given a graph GG, SRL refines its partition into k sets s.t. every pair acts as a bipartite graph
with a different density.

2.2 The Lemma

Lemma 9 (SRL) Vm,e > 0: 3T =T (m,e¢) s.t. given G = (V, E) with |V| > T and A, an equipartition
of V into m sets, there is some equipartition B of V into k sets which refines A s.t m < k <T and at
most e(g) set pairs are not e-reqular.

Notes:

e Using the regularity lemma, we can partition any large enough graph into a constant number of
parts (depends in €). Each graph “behaves” like a random bipartite graph.

e SRL was studied to prove a conjecture by Erdds and Turan: sequence of integers must always
contain long arithmetic progressions.



2.3 Application of SRL to Triangle-Freeness

We will now show how SRL can be utilized to derive an efficient tester for the triangle-freeness property.

Given a graph in adjacency matrix representation, we require that a tester for the triangle-freeness
property satisfies the following:

o If G is A-free, output PASS with probability 1.

e If G is e-far from A-free (i.e., we need to delete at least en? edges to make it A-free), output FAIL
with probability > %.

Algorithm 1: Triangle-Freeness Property Tester
1 Do O(%) times:
2 Randomly choose vy, v9,v3 € V.

3 If these vertices form a triangle, output FAIL and halt.
4 Output PASS

We will show that Algorithm 1 has the desired behavior. The algorithm runs in constant time. Note,
however, that the constant may be huge in terms of €, as we shall see.

The crux of our argument will be that, following SRL, a graph which is e-far from A-free contains three
disjoint sets of vertices, such that each pair of these sets is dense and “behaves” like a random bipartite
graph. Hence, the graph has a sufficient amount of triangles by the K-S triangle-counting lemma.

Theorem 10 Ve : 30 s.t. any graph G = (V, E) with |V| = n that is e-far from A-free, has at least 5(2)
triangles.

Corollary 11 Algorithm 1 is a tester for the triangle-freeness property.

Proof of corollary: ssume that the algorithm runs for ¢ iterations. If G is A-free then clearly the

algorithm outputs PASS with probability 1. If G is e-far from A-free, then by theorem 10 it contains at
least ¢ (g) triangles. Therefore, the probability that we won’t sample a triangle in all of the § iterations
is at most (1 —6)F <e ¢ < % for a sufficiently large ¢, and the conclusion follows. [J

Proof of Theorem

Let A be an arbitrary equipartition of |V into % sets. Let ¢ = {5, then by SRL there is a an equipartition

B = {V1,...,V}.} that refines A such that ¢ < k < T(g,€), and at most e’(g) pairs of sets in B are
¢’-regular. We assume, without loss of generality, that all sets in B are of equal size. Hence, each set is
of size 7+ for which ﬁ <F< g

<

We will now construct a new graph G’ which is a subgraph of G, and we will prove that the claim holds
for G’ and thus holds for G as well. We construct G’ by taking G' and deleting the following edges:

1. Edges which have both ends in some set V;. The number of edges to delete is at most

)ID IR 3p P

i=1veV; i=1veV;

2. Edges that connect two partition sets that are not €-regular. The number of edges to delete is at

most
R\ mN\2 e k® n?  en?
€ (7) S —_— e — = —
2/ \k 5 2 k2 10



3. Edges between partition sets with low density (at most £). The number of edges to delete is at
most
e/n\2 €(n en
S e
, . 5 \k 5\2 10
low density pairs
The first inequality holds since

O [ i s S O

low density pairs

The total number of edges deleted from G is at most en?. Since G is e-far from A-free, G’ must contain

a triangle. Let a, b, ¢ be the vertices of the triangle. Due to the aforementioned construction, there exist

three distinct partition sets {V;, Vj, Vi.} such that a € V;, b € Vj, ¢ € V}, and each pair has density n > £
£ €

and is 7 (£)-regular (note that v~ (£) = 5 =¢ ).

By the K-S triangle-counting lemma, we conclude that the number of triangles in G’ is at least

€ € n3 n
POV 2 0°() 7= 2 ()

T(5,e) = °\3
662 (€ . e\ (£)3 &3 3
where § = T(éii;”)l (note that 62 (&) = (1 — 5)(08) > 11656 = 7505)- H

Remark Although we only focused on the traingle-freeness property, these results can be extended
to derive efficient testers for any H-free property, where H is a constant sized graph.



