Algorithms for Molecular Biology Fall Semester, 2001
Lecture 9: January 3, 2002

Lecturer: Ron Shamir Scribe: Amir Pelleg and Kobi Lindzen!

9.1 Motivation

Maps are used in order to assist in a search of a specific item between many. When searching
the DNA for a specific gene or chromosome DNA maps in different levels of details are
required. Searching for a specific gene in a human DNA is analogous to searching for a
specific human on earth. In order to find such gene, one would need maps of the genome
in order to perform an efficient search. Figure 9.1 presents the analogy as presented to
the U.S congress in the 1980’s. DNA maps let us organize the unknown, analogous to an
unexplored continent, into manageable units so that we can find our way around and locate
more features of interest.

Physical mapping is the process of determining the relative position of landmarks along
a genome segment. The resulting maps are used as a basis for DNA sequencing, and for
the isolation and characterization of individual genes or other DNA regions of interest (e.g.,
transcribed regions or regulatory elements). The construction of high resolution sequence-
ready physical maps for human and other organisms continues to be one of the top priority
tasks of the Human Genome Project.

Scalable maps are produced using the ”divide and conquer” method. This method can be
achieved by taking each chromosome of the DNA and breaking it into smaller parts (0.5 - 2
Mega base pairs). each such part is put into a Yeast Artificial Chromosome (YAC), which can
reproduce the desired sequence. That sequence is then broken into smaller sequences whose
length is 40,000 bp in average, and put into Cosmid (which can be reproduced). Each such
sequence is broken into, yet smaller sequences that are put in Plasmid whose average length
is about 4,000 bp. Those plasmid are then used in different physical mapping procedures
in order to map the lowest level of the DNA. Figure 9.2 shows how mapping is done using
"divide and conquer”.

Given a long DNA segment it is relatively easy to produce a large group of DNA frag-
ments known as clones. The process of creating the clones consists of breaking several copies
of the original DNA sequence at many locations, and then cloning each of the fragments.
One of the problems with the cloning process is that the resulting fragments are obtained
"out of order”. This means that it is difficult to re-assemble the fragments in order to get

!Based on a scribe by Guy Erez and Ofer Rahat, December 25, 2000.
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Figure 9.1: Source:[Document presented to the U.S. Congress]. Analogy between base pairs
search to finding a person.



HUTAAN
. CHROMOSOME

Aot dages A0, LA
fragmer! shaned inte o

Al Zaril

AESTRICTION MAP

—
i T
- - *-.q
o

— ==="7" PARTALNUCLEOTIDE SEQUENCE ~ ~“~=—.__
- [inm human P-giabin game}

CTETACCTATTGETCTATT TTCRCACCCTTAGGC TGCTAS TRATETACCL
?gg:ggg:g;%?%%ﬁﬂGTCC TTTRAGHEATCTATCCACTCOTOATGCTGTTATEG. . .

Figure 9.2: Source:[Document presented to the U.S. Congress|. Scalable mapping of DNA
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Figure 9.3: Ordered clones and several STS probes.

a map of the original sequence. Moreover, the cloning process does not ensure that a con-
tinuous sequence of DNA can be reconstructed from the fragments. The reassembly of the
clones presents several combinatorial problems, which are the focus of this chapter.

9.1.1 Unique Probe Mapping

An STS (Sequence Tagged Site) probe or STS discriminator is a filter that can uniquely
determine whether or not a specific short sequence of DNA appears along any given (longer)
sequence. The filter can identify the existence of the short sequence but provides no in-
formation as to its location. Using a short sequence of 200 - 300 bases ensures that the
probability of an error in recognition is relatively low. Running a number of STS probes
against numerous clones results in a matrix cell M, ; with the entry 1 (0) representing a
positive (negative) result of probe j against clone i. Figure 9.3 gives an example of ordered
clones and corresponding STS probes. Table 9.1 presents the resulting STS matrix.

The problem faced is to find all such orders of clones covering in the correct order the
desired sequence. The problem is solved by finding the order of the probes in sequence,
therefore imposing the clones’ order.

Problem 9.1 The unique probes mapping problem.

INPUT: A set of elements U (probes) and a collection of subsets ¢ = {S1,5,...,S,}, V2 :
S, CU.

QUESTION: Find the set II(¢) of all permutations over U along which every S, is con-
tiguous.
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Clone / Probe |A|B|C|D |E|F |G
1 0O(1(0]011]0/0
2 0(1(0]010]1/0
3 110]1]010]1]1
4 14101110 (0]0]O0
5 14101 1]10(0]1]60
6 0400} 10|01

Table 9.1: Resulting STS matrix. 1 in line ¢ column 5 denotes that clone ¢ contains probe j.

Clone / Probe |[E | B|F|C|A|G|D
1 11170{0]0]01]0
2 0(1(1/0(0]07]0
3 0jo0oj1,1(1}]17]60
4 0/(]0j011(1]07]0
5 0j0j111(1]07]0
6 0O(0o1010101]1

Table 9.2: Solved STS matrix. The set of solved matrixes is equivalent to the PQ-Tree
Algorithm solution.

Problem 9.1 is equivalent to the problem of rearranging the columns of the STS result
matrix so that all 1’s in the rows of the matrix are consecutive. Table 9.2 shows a solution
to the problem presented in Figure 9.3 and represented in Table 9.1 This attribute is also
known as the consecutive ones property.

The problem of finding the set of permutations IT(y) is a well known problem in computer
science. A linear time algorithm for solving this problem was presented in 1976 by Booth
and Lueker [1]. Clearly, an explicit representation of the collection of all the resulting
permutations may require much more than linear space. Therefore, a linear time algorithm
requires a linear space representation of this collection. This linear representation is achieved
by PQ-trees which are described in the following section.

9.1.2 The PQ-Tree Algorithm

A PQ-Tree is a rooted, ordered tree. We will use a PQ-tree with the elements of U as leaves,
and internal nodes of two types: P-nodes and (Q)-nodes.

A P-node whose sub-nodes are T1,..., T} for k > 2, represents k subsets of U (the leaf
sets of Ty, ..., T}), each of which is known to be a consecutive block of elements, but with the
order of the blocks unknown. A QQ-node whose sub-nodes are Ty, ..., T}, for kK > 3 represents
that the £ blocks corresponding to the leaf set of T1,...,T; are known to appear in this
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Figure 9.4: PQ-tree node types: we use circles and bars to denote P-nodes and QQ-nodes,
respectively.

order, up to a complete reversal (see figure 9.4).

Since the nodes (P and Q) represent legal order of their leafs, some moves on the tree
are allowed. Figure 9.6 1 - 2 demonstrates the legal transformation allowed on a junction in
a PQ Tree for each such node.

1. Reordering the sub-nodes of some P-node arbitrarily

2. Reversing the order of the sub-nodes of some (Q-node

From these two ordering actions allowed on the node of the tree, a set of rules relevant for
the legal transformation on combination of nodes can be concluded. Such set of rules must
be based on the two basic legal transformation, and would be used in order to rearrange the
PQ-Tree when new constraints on the leafs order is applied. The set of rules can be seen
in Figure 9.7. Not all possible combinations are seen in the figure, since some combinations
will not maintain the legality that is imposed on the leafs order by the nodes’ types. In the
figure, the coloring remarks the minimal subtree that contains the leafs on which the new
constraint is applied upon. When rearranging the PQ-Tree, transformation actions should
only be applied to the colored subtree in order to make the tree legal.

Definition The frontier of a PQ-tree is the set of all leaves, read in a left-to-right order (see
Figure 9.5)

Two PQ-trees T and T are said to be equivalent if there exists a set of legal transforma-
tions leading from one tree to the other. In such a case, we write T'=T".

Definition We denote the set of all frontiers of trees equivalent to T as Consistent(T).
Formally: Consistent(T) = {Frontier(T")|T" =T}
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Figure 9.6: Legal transformations of a PQ-tree.
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Theorem 9.1 (Booth-Lueker 1976 [1])

1. For every U, ¢ there exists a PQ-tree T' s.t. Coonsistent(T) = II(y).

2. For every given PQ-tree T, there exists U, ¢ s.t. Consistent(T) = II(¢p).

The theorem implies that the problem of permuting the probes in order to achieve the
consecutive ones property of the STS matrix is equivalent to finding a PQ-tree representing

II(¢).
PQ-Tree Algorithm for Unique Probe DNA Mapping:

Intuition: An empty tree is initialized. For every sub group, the leafs holding the
relevant member of the group will be found and the minimal subtree containing them is
found. Legal transformation moves are applied (to the subtree) until all members of the
group appear consecutively in the tree’s frontier. The subtree is unmarked, and a new group
is added. If no legal move can be applied to a tree in order to arrange the leafs to appear
consecutively, the problem cannot be solved.

Formally:

1. Initialize the tree as a root P-node with all elements of U as sub-nodes (leaves).
2. Fori=1,...,n: Reduce (T, S;)

After Stage i, T is induced, i.e. modified, so such that consistent(T) contains only per-
mutations in which S; is continuous.

Reduce(T, S;)
1. Color all S; leaves.

2. Apply transformations to replace T" with an equivalent PQ-tree such that all of the
colored leaves are consecutive along its frontier.

3. Identify the deepest node Root(T,S;) whose subtree spans all colored leaves.

4. Apply replacement rules presented in Figure 9.7: Traverse the nodes of this subtree,
working bottom-up till reaching Root(T, S;), when all colored leafs are adjacent. Ad-
vance on the subtree in a bottom-up manner, rearranging the leafs of every node visited
according to the legal moves. For an empty P node, and for full or empty Q node, no
change is needed. If there is no matching pattern, return the null tree (meaning there
is no correct arrangement).
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5. Remove the coloring (all the information in S; is now included in the structure of the
tree).

Figure 9.8 shows an example of applying the PQ-Tree algorithm for unique probe DNA
mapping.

The problem with using PQ-trees for solving the unique mapping problem is that the
algorithm does not support noise: Unfortunately, due to measurement errors the input
matrix usually has either extra or missing 1 entries. In such a case, the resulting PQ-tree?
will not produce the best (minimum error) solution available, but rather an arbitrary solution
depending on the clone order chosen. Since errors are not uncommon, this deficiency deters
one from using the algorithm.

9.1.3 Interval Graph Formulation for the Unique Mapping Prob-
lem

Form a graph G(V,E) whose vertices are the clones, and its edges are F = {(v;,v;)|
there exists a probe p, p(v;) = p(v;)}.

A graph G(V, E) is said to be an interval graph if every node can be represented by an
interval and an edge exists between two vertices if and only if the intervals corresponding to
them overlap. The set of such intervals is then called a realization of (.

Problem 9.2 The interval graph recognition problem.
INPUT: A graph G(V, E).
QUESTION: Determine whether (G is an interval graph.

Intuitively, it is clear that the problem of checking if a graph is an interval graph is closely
related to Theorem 9.1 (finding TI(¢)). The problem of recognizing interval graphs can be
solved in polynomial time [1]. The algorithm is based on the following theorem [3]:

Theorem 9.2 (Fulkerson - Gross 1965)

A graph G(V, E) is an interval graph iff all of the maximal cliques in the graph can be
arranged in linear order so that for every vertex the set of all the cliques containing it is
continuous.

To solve the consecutive in this ordering interval recognition problem a matrix is formed
displaying the connection between the maximal cliques and the vertices:

20f course, one has to modify the algorithm of [1] to detect upon reducing 7 with S;, whether it is
possible that there are no errors in S; nor in the sets already in 7'.
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1 if vertex 7 is in clique 7,

M, = .
4J 0 otherwise.

(9.1)

By using the algorithm of [1] given in section 9.1.2, we try to find a permutation on the
cliques order satisfying the requirements of theorem 9.2. Furthermore, such a permutation
allows easy computation of a set of intervals corresponding to the nodes.

Note that the construction of the matrix M above uses the following property: An interval
graph has O(n) maximal cliques and these cliques can be found in O(n) time.

As mentioned above, solving the unique mapping problem can be done quite easily using
PQ-trees in the absence of noise. In the case of either missing edges (probe not identified) or
extra edges (probe identified where it should not have been) the resulting graph might not
be an interval graph. The problem of creating an interval graph from the existing graph is
known as the interval graph editing problem. Slight modifications introduce other variants
like the wnterval graph sandwich problem.

9.2 Probabilistic Models for Mapping

Recall the following definition:
A Poisson process of rate A is described by:

e A non decreasing function N : R — N where N(¢) = number of events until time ¢.
e N(0) = 0.
e The number of events in disjoint intervals are independent:

AL)"
P(N(t+s)— N(s)=n) = e‘”%, forn=0,1,... and s >0 (9.2)
n!

As a consequence the distribution of the number of events in an interval is stationary,
i.e, depends only on the length of the interval. The expected number of events in an
interval of length ¢ is given by E(N(t)) = At.

Denote:

e T, = time between event n — 1 and event n.
L S() = 0.

L Sz = 21’]:::1 /Tz
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Recall that inter-event times in a Poisson process are i.i.d. random variables, exponen-
tially distributed with parameter A, i.e.,

Pr(T; >t)=e™ (9.3)

If n > 1 events occurr in a Poisson process until time ¢, then the inter-arrival times
{51, S, ..., Sp} are distributed uniformly and independently in [0, ¢].

Assume clone length L, genome length G, and choose N clones at random. What is the
expected fraction of the genome covered by clones?

For a random point b, and an arbitrary clone C' the probability of the point b being
included in the clone ¢ is given by:

Prbec) = é (9.4)

and therefore, the probability of b being out of all the clones is given by:

Pr(Ve:béc)=(1— é)N = (1- é)G% ~e e (9.5)
with the last approximation being valid when I < GG and N <« G.

The fraction

NL
R=""
G

is said to be the redundancy of the clone set. Since NL is the total length of the clone,
the redundancy factor is the factor of the genome length to the clone’s total length. The
redundancy factor is therefore also known as the Genome Equivalent.

The expected fraction of non-covered genome is given by

E(region not covered) = e~ (9.6)

where R is the redundancy of the clone set. This Formula is also known as the Clark-Carbon
formula. Table 9.2 shows that using redundancy factor higher than 2 gives a good coverage
of the genome segment considered.

Assume that the clone’s length is one, denote N to be the number of clones, and R to be
the redundancy factor, also assume that the clone starting positions follow a Poisson process
with rate \. We define a minimal overlap factor # between clones to identify overlap, that
is, two clones are said to be overlapping if and only if they share at least a #-length section.

A set of clones covering a continuous segment of the genome, together with their physical
distances is called a contig. Contigs are sometimes referred to as islands.

Theorem 9.3 ( Lander-Waterman 1988 [4])
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Coverage
0.63
0.865
0.95
0.98
0.993

G | W N —| =D

Table 9.3: Coverage of genome segment depending on redundancy factor (R).

1. The expected number of islands is given by

Ne E(=0) (9.7)
2. The expected number of apparent islands with exactly 7 > 1 clones is given by
Ne—2R(1—9)(1 _ e—R(l—@))(j_l) (98)

3. The expected number of clones in an apparent island is given by
efi1=9) (9.9)

4. The expected length of an apparent island is

6R(l—c9) -1

1
7 +0 (9.10)

The connection between the number of apparent islands to the redundancy factor and
6 can be seen if Figure 9.9. The connection between the length of apparent islands to the
redundancy factor and 6 can be seen in Figure 9.10.

Proof: We will prove the first item of the theorem. In order to prove the formula for
expected number of apparent islands, we define J(x) as follows:

J(z) = Pr(two points a,b = a + z are not covered by a common clone)

= Pr(there are no left-end points in the interval [b — 1, a])

Since [b— 1,a] is of length 1 — 2, J(z) can be computed from the redundancy factor R
as follows:
e fl=2) 0 <g <1,

1 otherwise.

J(z) = (9.11)
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Scanning from right to left, the number of islands is the number of times leaving a clone
without detecting an overlap. Let FE. denote the event of a clone ¢ being the right-hand
clone of an island. If the right-hand side of the island is at a point ¢, we require that ¢ and
t — 0 are not covered by a common clone (other than c) .

The probability of such an event F, is given by:

P(E)=J(6) (9.12)
and the expected number of apparent islands is therefore given by:

Exp(number of apparent islands) = N - .J(0) = Ne #1-0) (9.13)

9.3 Constructing Physical Maps
from Noisy Non-Unique Probes Fingerprints

9.3.1 Introduction

Physical mapping using hybridization fingerprints of short oligonucleotides was first sug-
gested by Poustka et al. in 1986 [7]. In this technique short labeled DNA sequences, or
probes, attach, or hybridize, to positions along the target DNA matching their own DNA
sequence. The probes are nonunique, i.e., they occur at many points along the genome, and
typically hybridize with 10% — 50% of the clones. Overlapping clones can be identified by
their similar fingerprints. See Figure 9.12 for an illustration of this hybridization scenario. In
Figure 9.13 we can see a typical map that was produced with noisy probes data. [7] suggested
this method in order to eliminate the need to process individual clones in the restriction diges-
tion technique. They reported preliminary computer simulations demonstrating feasibility,
and suggested the use of Bayesian inference in data analysis. More detailed strategies were
offered by Michiels et al. [6]. A likelihood ratio based on a detailed statistical model was
used to make overlap decisions, and a discussion of experimental errors was also included.
Craig et al. [2] used short oligonucleotides in the ordering of cosmid clones covering the
Herpes Simplex Virus (HSVI) genome. The clones were ordered manually. As each probe
occurred only once or twice along the short (~ 140KB) genome, this experiment does not
represent the general problem.

The location of the clones along the target genome is not directly known to the experi-
menters. Mapping data (such as hybridization data) produced by the experiment is used to
reconstruct the map. A list assigning every clone its estimated position along the genome
is a solution to the mapping problem. According to Theorem 9.3, with sufficient coverage
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