HAMPATH <, UHAMPATH — sketch of proof

Input: <directed G=(V,E),s,t>
Output <undirected G'ystous>

Construction:
1. For every vertex &V generate 3 vertices and 2 edgesV¥id, Vout
(Vin,Vmid), (Vmid: Vout)
2. For every edge (u,9E generate an edgey(Vin)

The reduction is polynomial: <explanation>
Correctness:

= If <G,s,t>cHAMPATH then the following directed hamiltonian pagxists
SOV~ ... 9V|V|_29t

From the construction we can see that the followandirected path exists in G’
Sn'smid'sout'vlin' 'V|V|—20urtin'tmid'tout

Since the path is simple, contains all the vertings’, starts with § and ends with
toutit is @ Hamilotnan path in G'. Therefore <G,,&.>c UHAMPATH

€«

Lemma:A Hamiltonian path that starts at and ends at{; does not contain an edge
(Vin, Uout)

Proof: By contradiction. Assume such an edgg, . exists and it’s the first of that
form in the Hamiltonian path. We have two options:

1. we already visited g but this means we reachegdfrom v, (since the path
is Hamiltonian and we reacheglffrom some vertex;z— contradicting the
fact that (W, Ui is the first of that form

2. We will visit vmig — but then we will reachyyy from vy and will not be able to
proceed tod,, contradicting the fact that the path is Hamilgomi

Corollary. Since we start from,s we must traverse any triplef,Umig, Uout iN &
Hamiltonian path in this exact order.

So if <G’,8n,tou>e UHAMPATH, the Hamiltonian path must be of the form
Sn'smid'sout'vlin' 'V|V|—20urtin'tmid'tout

From the construction it's easy to see that thiatghth can be easily mapped to a
path in G:

SV ... DVt

This is a Hamiltonian path in G and <G,&sAMPATH

QED



