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IntroductionIntroduction

We will introduce a technique for 
transforming approximation algorithms 
into constant-time algorithms that 
approximate the size of the optimal 
solution.



A Simple ExampleA Simple Example

Let’s dive head-first with the problem of 
maximal matching



A Simple Example (cont.)A Simple Example (cont.)

A maximal matching:



A Simple Example (cont.)A Simple Example (cont.)

There exists a trivial greedy algorithm for 
constructing a maximal matching:
ALGORITHM:
◦

 
Iterate through all edges. For each edge e=(u, 
v), add it to the matching if all of its adjacent 
edges are not in the matching.



Maximal, not MaximumMaximal, not Maximum

Note: do not confuse with maximum 
matching, which is somewhat harder to 
find!



Approximate Solution SizeApproximate Solution Size

We want to approximate the solution 
size in sub-linear time
Let’s see how to apply the technique to 
this problem and approximate the 
solution size in constant time



DefinitionsDefinitions

First, some definitions…
◦

 
G

 
= (V, E) is a given graph

◦
 

n
 

is a bound on the size of V
◦

 
M

 
is a maximal matching

◦
 

d
 

is a bound of G’s maximum degree



Model Model 

We assume query access to the adjacency 
list of each node, that is, for each v∊ , 
we can ask which vertex is the i-th
neighbor of v.



Wishful ThinkingWishful Thinking
Suppose we had an oracle that answers 
questions of the form:
◦

 
“Is edge e∊

 
in M” ?

We can easily query if v∊ is in M by 
checking if any of the edges incident to v
are in M



Wishful Thinking (cont.)Wishful Thinking (cont.)
Our algorithm will sample O(1/ℇ2) 
vertices, and for each one, determine 
whether it belongs to M, using the oracle 

We will show how this sampling can be 
used to approximates |M| with constant 
probability and additive error
at most ℇn.
But first: how do we 
implement the oracle?



Implementing Implementing 

Assume we assigned a random number 
re∊[0,1] to each edge e∊E
Oracle implementation:
◦

 
Input: an edge q∊E, Output: is q in M?
◦

 
Algorithm: find all the adjacent edges of q, e∊E, 
such that re < rq

◦
 

Recursively check if any of them is in M
If any of them is in the matching, 
output NO
If none of them are in the matching,
output YES



Example Run Example Run 



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



Example Run Example Run (cont.)(cont.)



CorrectnessCorrectness

It is obvious that this algorithm simulates 
the classical greedy algorithm
The random numbers are used to 
simulate the order in which the greedy 
algorithm considers the vertices



Quality of ApproximationQuality of Approximation

We now show how to use the oracle to 
get a good approximation in constant 
time.
Algorithm to estimate |M|:
◦

 
Let sum 0
◦

 
Repeat C/ℇ2 times:

Pick v∊V randomly;

If v is in M, increase sum by one

◦
 

Output



Approximation NotionApproximation Notion
Definition: we say that a value ŷ is an α
β)-approximation to y, if 
◦

 
y  ≤

 
ŷ

 
≤

 
α

 
y+

 
β

We say that an algorithm A is an α β)-
approximation for a value V(x) if it 
computes an α β)-approximation to V(x) 
with probability at least 2/3 for any 
proper input x.



Algorithm QualityAlgorithm Quality

Theorem: 
The above algorithm is an (1, nℇ) 
approximation to |M|.
The proof follows.



Algorithm Quality ProofAlgorithm Quality Proof

First, let’s calculate the expected output.



Algorithm Quality Proof (cont.)Algorithm Quality Proof (cont.)

Now let’s calculate the expectation of 
sum.



Algorithm Quality Proof (cont.)Algorithm Quality Proof (cont.)

Let’s plug it in:

Therefore, the output size is expected to 
be the matching size.



Algorithm Quality Proof (cont.)Algorithm Quality Proof (cont.)

We really want to show that the output 
is with high probability close to the 
matching size
Therefore, let’s compute:



Algorithm Quality Proof (cont.)Algorithm Quality Proof (cont.)

Where the last inequality is given by the 
Hoeffding bound.



Algorithm Quality Proof CompletedAlgorithm Quality Proof Completed

We proved the algorithm provides 
approximation with additive error at 
most nℇ with high probability.

What about the query complexity? 



Query ComplexityQuery Complexity

Intuition:
◦

 
We perform a chain of recursive calls to 

◦
 

With each call, the number re

 

is on average 
divided by two
◦

 
For re << (1/2d), for example, the probability 
of any further query is very low



Query Complexity (cont.)Query Complexity (cont.)

A detailed analysis shows the query 
complexity is bounded by 

We will prove a lemma that gives a bound 
which is less tight but easier to prove



Relations to Similar ProblemsRelations to Similar Problems

Fact 1: the set of nodes matched in any 
maximal matching is a proper vertex 
cover of size at most 2 times the 
optimum.
Fact 2: the size of a maximal matching is 
at least one half of the maximum 
matching size.



CorollaryCorollary

Using our theorem together with facts 1 
and 2, we obtain:
Corollary:  there are (2, nℇ)-
approximation algorithms of query 
complexity            for the minimum 
vertex cover size and the maximum 
matching size, for graphs of maximum 
degree at most d.



Transforming AlgorithmsTransforming Algorithms

We now describe a technique that 
transforms an algorithm A that 
computes an approximate solution 
to a problem, into a constant-time 
algorithm that approximates the 
size of an optimal solution.



Transforming Algorithms (cont.)Transforming Algorithms (cont.)

We have some requirements from A.
◦

 
Requirement 1: A must compute the 
approximate solution in a constant number of 
phases, such that each phase is an application 
of any maximal set of disjoint local 
improvements.
◦

 
Requirement 2:

 
Each local improvement 

considered in a given phase must intersect 
with at most a constant number of other 
considered local improvements.



Transforming Maximal MatchingTransforming Maximal Matching

Consider our example algorithm to 
approximate the size of a maximal 
matching
It consists of just one phase, which takes 
a maximal set of non-adjacent edges



TransformationTransformation
The main idea is:
◦

 
Let k

 
be the number of phases in the 

algorithm A.
◦

 
For each i

 
∊

 
{1, …, k}, we construct a 

corresponding oracle i

 

, which answers 
questions about the i-th

 
phase of the 

computation.
◦

 
Each i

 

is given access to i-1

 

.
Using random queries to k, we can 
approximate the size of the solution.



Transformation (cont.)Transformation (cont.)

We use random numbers, r(v) ∊ [0,1], to 
simulate the order of A’s computation
To answer a query about a node v, we 
must collect the answers to queries about 
all nodes u, adjacent to v, with r(u)<r(v)

How costly is the transformed algorithm? 
Let’s formalize this…



The Locality LemmaThe Locality Lemma

Proposition: 
◦

 
Let G=(V,E) be a graph of degree bounded by 
d≥2,
◦

 
Let g:Vx(VxA)* A be a function.  
◦

 
A random number r(v)∊[0,1] is independently 
and uniformly assigned to each vertex v

 
of G. 

◦
 

A function fr
 

:V A is defined recursively, using 
g. For each vertex v, we have:

fr(v)=g(v, {(w, fr(w)) : r(w) < r(v)})



The Locality Lemma (cont.)The Locality Lemma (cont.)

Let A be an algorithm that needs to learn 
fr at q different nodes
Then, it suffices to compute fr (v) for at 
most           nodes v, 
with probability at least 1-δ for any δ >0, 
where C is an absolute constant.



Locality Lemma ProofLocality Lemma Proof

Let’s calculate…
◦

 
Say u is reachable from v if there is a path 
from v to u such that along the path, all edges 
are monotonically decreasing

0.83

0.62

0.13

0.07



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

Given v, what’s the probability that we 
need to explore more than t nodes?



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

We can’t simply multiply 
by q, to get a bound for all queries…
Since the algorithm may be adaptive



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

For each query point v, we’ll bound the 
reachability radius for all vertices at 
distance at most 2(t+1)



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

The total number of nodes close to one 
of the q query points is at most:

Number of nodes at 
increasing distances, up 

to 2(t+1)

Number of 
query points



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

What’s the probability that the algorithm 
computes any fr (v) for v whose 
reachability radius is greater than t?

Probability of radius > t

Total number of nodes at 
distance at most 2(t+1) 
from all q query points



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

Let Ei be the event that the maximum 
reachability radius for all query points is 
exactly i
Let E<i be the event that it is greater than 
i.
We have shown:



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

Now let T be the expected number of 
vertices for which we recursively 
compute fr (v).

By definition of 
expectation

According to the bound we 
found on the # of nodes at 

distance at most i



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

Let’s bound this expression piece by 
piece

◦
 

When             the summed expression is 
maximized for 

◦
 

When             the summed expression is less 
than 



Locality Lemma Proof (cont.)Locality Lemma Proof (cont.)

Therefore:



Locality Lemma Proof CompletedLocality Lemma Proof Completed

We have:
Given δ >0, using Markov’s bound, we 
get: 



Locality Lemma ApplicationsLocality Lemma Applications

Example application:
In the maximal matching problem, we 
queried O(1/ℇ2) edges, and bounded the 
graph’s degree by d
Applying the lemma, we can bound the 
total number of recursive calls to the 
oracle by



More ApplicationsMore Applications

The transformation algorithm and the 
Locality Lemma were shown to apply to 
the following problems:
◦

 
Vertex Cover
◦

 
Maximum Matching
◦

 
Maximum Weight Matching
◦

 
Set Cover
◦

 
Minimum Dominating Set



More ApplicationsMore Applications

The transformation algorithm and the 
Locality Lemma were shown to apply to 
the following problems:
◦

 
Vertex Cover
◦

 
Maximum Matching
◦

 
Maximum Weight Matching
◦

 
Set Cover
◦

 
Minimum Dominating Set

Let’s focus on this!



Set CoverSet Cover

Given a universe, 



Set Cover (cont.)Set Cover (cont.)

Given a universe, 



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 
Cover all elements of U with as few Si’s as 
possible.



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 
Cover all elements of U with as few Si’s as 
possible.



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 
Cover all elements of U with as few Si’s as 
possible.



Set Cover (cont.)Set Cover (cont.)

Given a universe, 
Given n subsets, 
Cover all elements of U with as few Si’s as 
possible.



Set Cover Greedy AlgorithmSet Cover Greedy Algorithm

There is a simple greedy algorithm that 
approximates the minimum set cover.
ALGORITHM:
◦

 
Start with an empty cover.
◦

 
Add the set Si

 

which covers most elements 
that have not yet been covered.
◦

 
Repeat until U

 
is entirely covered.



Greedy Set Cover Example RunGreedy Set Cover Example Run

Start with an empty cover



Greedy Set Cover Example Run Greedy Set Cover Example Run 
(cont.)(cont.)

Add a set which covers the maximum 
amount of new elements



Greedy Set Cover Example Run Greedy Set Cover Example Run 
(cont.)(cont.)

Repeat…



Greedy Set Cover Example Run Greedy Set Cover Example Run 
(cont.)(cont.)

Repeat… Again…



Greedy Set Cover Example Run Greedy Set Cover Example Run 
(cont.)(cont.)

Repeat… Again… One last time.



Greed is not that goodGreed is not that good

We got a cover of size 4…



Greed is not that good (cont.)Greed is not that good (cont.)

We got a cover of size 4…
While the optimal cover is of size 3.

Greedy algorithm’s 
cover

Optimal cover



But thatBut that’’s expecteds expected

In fact, Set Cover is an NP-Complete 
problem.
Fact:  If all n sets Si are of size at most s, 
the greedy algorithm returns an 
approximation of size at most 
H(s) ≤ 1 + ln s.



Transformation of Set CoverTransformation of Set Cover

We will now present a constant-time 
algorithm that approximates the size of 
the minimal set cover.
The algorithm is a transformation of the 
greedy algorithm as described.

We’ll start with the formal problem 
statement.



Definitions and ModelDefinitions and Model

Input: a universe , and a list of 
subsets , such that:
◦

 
Each element of U

 
belongs to at least one of 

the sets Si

 

;
◦

 
All n

 
sets Si

 

are of size at most s;
◦

 
Each element appears in at most t

 
different 

sets.



Definitions and Model (cont.)Definitions and Model (cont.)

Output: find a minimum size set I of 
indices such that 

Model: 
◦

 
For each Si

 

, we have query access to a list of 
elements of Si
◦

 
For each u∊

 
element, we have query access 

to a list of indices of sets Si

 

that contain u.



TheoremTheorem

Theorem: there is an (H(s), ℇn)-
approximation algorithm of query 
complexity 

for the minimum set cover size.



More to followMore to follow

Show the algorithm (how to construct 
and use the oracles)
(sketch) Prove the approximation
(sketch) Prove the query complexity


	Constant-Time Approximation Algorithms via Local Improvements
	Introduction
	A Simple Example
	A Simple Example (cont.)
	A Simple Example (cont.)
	Maximal, not Maximum
	Approximate Solution Size
	Definitions
	Model 
	Wishful Thinking
	Wishful Thinking (cont.)
	Implementing 𝓞
	Example Run 𝓞
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Example Run 𝓞 (cont.)
	Correctness
	Quality of Approximation
	Approximation Notion
	Algorithm Quality
	Algorithm Quality Proof
	Algorithm Quality Proof (cont.)
	Algorithm Quality Proof (cont.)
	Algorithm Quality Proof (cont.)
	Algorithm Quality Proof (cont.)
	Algorithm Quality Proof Completed
	Query Complexity
	Query Complexity (cont.)
	Relations to Similar Problems
	Corollary
	Transforming Algorithms
	Transforming Algorithms (cont.)
	Transforming Maximal Matching
	Transformation
	Transformation (cont.)
	The Locality Lemma
	The Locality Lemma (cont.)
	Locality Lemma Proof
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof (cont.)
	Locality Lemma Proof Completed
	Locality Lemma Applications
	More Applications
	More Applications
	Set Cover
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover (cont.)
	Set Cover Greedy Algorithm
	Greedy Set Cover Example Run
	Greedy Set Cover Example Run (cont.)
	Greedy Set Cover Example Run (cont.)
	Greedy Set Cover Example Run (cont.)
	Greedy Set Cover Example Run (cont.)
	Greed is not that good
	Greed is not that good (cont.)
	But that’s expected
	Transformation of Set Cover
	Definitions and Model
	Definitions and Model (cont.)
	Theorem
	More to follow

