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Abstract

Rather than compute the exact error of a specific estimator, it is often
more convenient to apply results which lower-bound the error of any esti-
mator for a given problem. We present three such bounds and illustrate
their applications to signal parameter estimation. The Cramèr-Rao bound
is simple to compute and approximates the actual error under conditions of
high signal-to-noise ratio. However, it fails to provide useful information for
low signal-to-noise ratio conditions, and thus tighter bounds are required.
The Barankin and Ziv-Zakai bounds approximate the Cramèr-Rao bound
for high signal-to-noise ratio conditions but are significantly tighter than it
for low signal-to-noise ratios. This situation demonstrates theoretically the
well-known threshold effect for sonar time-delay estimation.
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Introduction

The performance of sonar systems under conditions of high noise is an im-
portant subject of current research, due to the relatively high noise levels at
ultrasound frequencies. Early research on these types of systems was moti-
vated primarily by radar, and thus tended to produce results which assume
the low-noise conditions typical of those situations. These equations were
also applied to sonar, when it first became a widely applicable field of study.
However, they do not accurately reflect high-noise performance, and more
sophisticated results are required.

In general, the error of a system such as radar or sonar is difficult to
calculate directly. Several approaches exist for approximating the error; our
method will be that of lower bounds on estimator error. An estimator is
a system which attempts to predict a parameter value from one or more
observations. For radar and sonar, the observation is a radio or sound
wave which bounces off of a target, and the parameter is a property of the
target such as its distance, angle of orientation, or velocity. The Cramèr-
Rao bound is a well-known and easily computed lower limit on estimator
error which is close to the actual error for low-noise situations. However,
theoretical and empirical results demonstrate that it diverges significantly
from the actual error under conditions of high noise, suggesting the need for
more sophisticated bounds.

We present two such bounds, namely the Barankin and Ziv-Zakai bounds.
The derivations and forms of these bounds are quite distinct; however, they
have frequently been used to analyze similar types of estimation problems,
and are therefore worth considering together. We present the derivation of
each bound first in its form for a general estimation problem, and then as
applied to the problem of signal parameter estimation. In particular, we
compute their forms for the estimation of amplitude (signal energy) and
time-delay (the point in time when the signal was received).

The Cramèr-Rao, Barankin and Ziv-Zakai bounds are equal for ampli-
tude estimation at all noise levels. In the case of time-delay estimation,
however, the Barankin and Ziv-Zakai bounds diverge from the Cramèr-Rao
bound at high noise levels. The poor approximation by the Cramèr-Rao
bound at high noise levels is known as the threshold effect. We will see
that the Barankin and Ziv-Zakai bounds are significantly better methods
for understanding the noise tolerance of sonar systems.

Chapter 1 introduces estimation theory, the framework of this paper.
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We use this theory to set up the specific problem of signal parameter es-
timation. We present the ML and MAP estimators, general methods of
estimation which are commonly used for radar and sonar. Finally, we define
the threshold effect formally in terms of lower bounds on estimator error.

Chapter 2 describes the Cramèr-Rao bound. We will see that it is easily
computed, and theoretically linked to the ML and MAP estimators. This
bound is in fact achievable in the case of amplitude estimation. Furthermore,
in nonlinear problems such as time-delay estimation, it approximates the
error under conditions of high noise. However, it diverges from the actual
error under low-noise conditions.

Chapter 3 presents the Barankin bound, which gives the minimum achiev-
able error for an unbiased estimator. It is not possible to compute the exact
Barankin bound for time-delay estimation; we turn instead to less opti-
mal versions which are still significant improvements over the Cramèr-Rao
bound. We apply this method to the signal parameter estimation prob-
lem and give a specific example for time-delay estimation. We show that
the Barankin bound provides a direct explanation of the threshold effect in
terms of secondary peaks of the autocorrelation function.

Chapter 4 presents the Ziv-Zakai bound, which connects estimator error
to a simpler, related problem in detection theory. We compute the bound
in its form for signal parameter estimation. We show that the Ziv-Zakai
bound is equal to the Cramèr-Rao for amplitude estimation. For time-delay
estimation, the bound exhibits a threshold effect as high noise levels spread
the estimator error along the a priori interval.



Chapter 1

Estimation Theory

This chapter describes the mathematical framework which we use to describe
sonar and radar systems. First, we present a simple explanation of radar
and sonar systems. Then, we introduce the basic definitions of estimation
theory. We present the specific example of signal parameter estimation,
which is the motivating example throughout our discussion of estimation
theory. We then present the ML and MAP estimators and give their forms
for signal parameter estimation. Finally, we discuss the threshold effect and
its connection to lower bounds on estimator error.

1.1 A Brief Explanation of Radar and Sonar

The typical setup for radar and sonar systems is as follows. A short pulse (of
radio or sound waves, respectively) is emitted from the transmitter, bounces
off of a target and is received back at the source. Typically, the transmitted
pulse is a cosine packet of the form s0(t) = A0(t) cos(ω0t− τ0), where A0(t)
is a Gaussian envelope. The received pulse will be of the same form, but
its parameters A0, ω0 and τ0 may have changed, so that the signal becomes
s(t) = A(t) cos(ωt− τ).

The parameters of the received signal s(t) encode multiple forms of infor-
mation about the target, such as distance, velocity, or bearing. For example,
τ − τ0 is the time taken by the transmitted pulse to travel to the target and
back. Furthermore, if the speed of the transmitted wave is denoted by c,
then the range (distance to the target) is c(τ − τ0)/2. The velocity of the
target in the direction of the receiver may be similarly computed as the
Doppler shift between the angular frequencies ω0 and ω. If an array of mul-
tiple receivers is set up, then the delay between the times when each receives
the signal may be used to calculate the bearing of the target.

In practice, one cannot compute signal parameters exactly from the re-
ceived waveform, as it also contains some noise. This noise can come from
the environment, or possibly from the receiving equipment itself. We may
relate the signal-to-noise ratio to the performance of a receiver; specifically,
as the noise level increases relative to the signal energy, performance de-
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grades due to greater uncertainty. If the signal-to-noise ratio is relatively
high, then the error increases approximately linearly with the noise variance.
However, below a certain threshold signal-to-noise ratio, one finds that the
error increases significantly and can no longer be accurately characterized
by the high signal-to-noise ratio equations.

Although one may assume high signal-to-noise ratio levels in the case
of radar, for sonar the low signal-to-noise ratio situation cannot be ignored.
More ambient noise is present at ultrasound frequencies; additionally, simply
increasing the signal energy is not always a viable option, both for practical
reasons and from a desire not to disturb the environment. As a result, the
threshold effect is an important part of the theoretical understanding of
sonar systems. We seek to develop equations which will more accurately
describe the performance of a receiver at a wide range of conditions.

The general situation is modeled as follows: we receive a signal

x(t) = s(t, θ) + n(t)

where θ is the signal parameter, s is a known function of t and θ, and n(t),
the noise, is a random process. We are given x(t), and must estimate θ from
this observation. The study of this type of problem is known as estimation
theory.

1.2 An Introduction to Estimation Theory

The general setting for estimation theory problems consists of a parameter
space Θ and an observation space (X ,F , µ), a complete measure space. We
assume throughout that Θ is an interval on the real line. For each θ ∈ Θ we
are given the likelihood function p(x | θ), a conditional probability density
function on possible observations x ∈ X arising from this parameter value.

In a nonrandom parameter (or local) estimation problem, we fix a true
parameter θ ∈ Θ and compute expectations with respect to this value: for
measurable h : X → R,

Eθ [h(x)] .=
∫
X
h(x)p(x | θ) dµ(x). (1.1)

In a random parameter (or global) estimation problem, we are also given
p(θ), an a priori probability density function on Θ. Here, expectations are
computed jointly over both X and Θ :

E [h(x)] .=
∫

Θ

∫
X
h(x)p(x | θ) dµ(x) p(θ) dθ. (1.2)

It will be made clear from the context which of the two situations is being
discussed. Note in particular that if the distribution on Θ is uniform, then
Eθ [h(x)] = E [h(x)] for all θ.

Definition 1. Let Θ, X be as above, and let g : Θ → R be any measurable
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function. An estimator of g is any function f : X → R. We say that f is
an estimator of Θ if it is being considered as an estimator of the identity
function g(θ) = θ.

Note that in the above definition of an estimator, f does not explicitly
depend on the function g which is to be estimated. However, a primary goal
of estimation theory is to find an f which is a “good” estimator of g; that is,
if x ∈ X is drawn from the distribution p(x | θ), we would like the estimated
value f(x) to approximate the true value g(θ) with high probability.

There are several ways to evaluate estimator performance:

Definition 2. Let f : X → R be an estimator of g : Θ → R. Let θ ∈ Θ.

1. The local mean-squared-error of f is Errθ(f) .= Eθ

[(
f(x)− g(θ)

)2].
The global-mean-squared-error is Err(f) .= E

[(
f(x)− g(θ)

)2].
2. The variance of f is Varθ(f) .= Eθ

[(
f(x)− Eθ [f(x)]

)2]
.

3. The bias of f at θ is bf (θ) .= Eθ [f(x)− g(θ)]. If bf (θ) = 0, we say
that f is unbiased at θ. We say that f is unbiased if it is unbiased at
all θ ∈ Θ.

Note that Errθ(f) = Varθ(f) + bf (θ)2. In particular, if f is unbiased at
θ then the local mean-squared-error equals the variance. We will focus on
the mean-squared-error as the primary measure of estimator performance.

One may also consider the estimation of a vector parameter, where Θ ⊂
Rn. Due to space constraints, we will not discuss those problems in detail.
See [2, 13, 19] for extensions of the results in this paper to vector parameter
estimation.

1.3 Example: Signal Parameter Estimation

Our motivating example throughout this discussion will be the problem of
estimating signal parameters in the presence of additive noise, which forms
the basis of much analysis of radar and sonar systems. The signal is modeled
as {s(t, θ)}θ∈Θ, a collection of functions in L2[−T, T ] parametrized over Θ.
The noise is modeled as a stochastic process n ∈ L2[−T, T ]. The observation
is a random process x ∈ X = L2[−T, T ] defined by

x(t) .= s(t, θ) + n(t). (1.3)

We will assume that both ∂s(t,θ)
∂θ and ∂2s(t,θ)

∂θ2 exist and are continuous for all
θ.

To simplify computations, we also assume that the noise is a station-
ary, uncorrelated Gaussian process with zero mean and variance N0, also
known as white noise. In particular, we assume that the covariance function
E [n(t)n(s)] = N0δ(t− s). It should be noted that white noise is difficult to
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model formally as a stochastic process [18]. However, this simple situation
allows us to present examples in concise forms which have a clear relation
to the noise variance.

The simplest case of signal parameter estimation is amplitude estimation.
Here we let s0 be some C2 function on [−T, T ], and define

s(t, A) = As0(t). (1.4)

We might consider the estimation of A itself, or of a function of A such as
the signal energy g(A) = A2E, where

E
.=
∫ T

−T
s0(t)2 dt. (1.5)

Another important example is time delay estimation, in which s(t, τ) =
s0(t − τ). We let the parameter space be [−T/2, T/2], and assume that
s0 is C2 on [−T/2, T/2] and s0(t) = 0 for |t| > T/2. Then the support
of s0(t − τ) is contained in [−T, T ] for all τ , and thus the signal energy
E

.=
∫ T
−T s0(t− τ)

2 dt is the same for all τ . As mentioned before, finding the
distance to a sonar target is equivalent to estimating the function g(τ) =
c(τ − τ0)/2, where c is the speed of the transmitted wave and τ0 is the
initial time that the signal was transmitted. The quantity E/N0 is called
the signal-to-noise ratio in each of the above problems.

Rather than consider p(x | θ) directly, it will suffice to consider the scaled
function

`(x | θ) .=
p(x | θ)
p0(x)

, (1.6)

where p0 is the distribution of the noise process n on L2[−T, T ]. Several
different techniques exist for computing this quantity; among them are the
Karhunen-Loeve expansion [9] and properties of reproducing kernel Hilbert
spaces [12]. These techniques may be applied to arbitrary noise covariance
functions; however, a complete discussion is beyond the scope of this paper.
The net result for our assumed situation of white noise is the following:

`(x | θ) = exp
{

1
N0

∫ T

−T
x(t)s(t, θ) dt− 1

2N0

∫ T

−T
s(t, θ)2 dt

}
. (1.7)

We will use this computation throughout this paper, applying general results
from estimation theory to the specific case of signal parameter estimation.

1.4 The ML and MAP Estimators

The maximum likelihood (ML) and maximum a posteriori (MAP) estimators
are two examples of general methods for constructing estimators. Their
constructions depend only on the functions p(x | θ) or p(θ) and thus may
be applied to a wide range of estimation problems. We will assume in this
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section that p(x | θ) and p(θ) are differentiable with respect to θ.
The ML estimator may be applied to any local estimation problem.

Given an observation x ∈ X , θ̂ML : X → Θ chooses θ so as to maximize
the likelihood function; it thus satisfies

p(x | θ̂ML(x)) = sup
θ∈Θ

p(x | θ). (1.8)

We may equivalently maximize the log likelihood function log(p(x | θ)). Then
θ̂ML(x) solves the equation

∂ log p(x | θ)
∂θ

∣∣∣∣
θ=θ̂ML(x)

= 0. (1.9)

We say that any estimator θ̂ML which satisfies equation (1.9) is an ML
estimator. For any function g : θ → R, we consider g ◦ θ̂ML to be an ML
estimator of g.

Similarly, the MAP estimator applies to a global estimation problem.
The estimator θ̂MAP maximizes the a posteriori probability p(θ |x), which
equals p(x | θ)p(θ)/p(x) by Bayes’ rule. As the denominator p(x) does not
depend on θ, we need only maximize p(x | θ)p(θ). Then as before,{

∂ log p(x | θ)
∂θ

+
∂ log p(θ)

∂θ

}∣∣∣∣
θ=θ̂MAP(x)

= 0. (1.10)

Any estimator satisfying equation (1.10) is called a MAP estimator. For
the sake of brevity, we will focus primarily on local estimation problems
and the ML estimator in this chapter and the next. Similar theorems exist
throughout for the random parameter and MAP estimator.

We now consider the ML estimator in the context of the signal parameter
estimation problem. It is easy to see from (1.8) and (1.9) that replacing
p(x | θ) with `(x | θ) will not affect the computations of the ML and MAP
estimators. In particular,

∂ log p(x | θ)
∂θ

=
∂ log `(x | θ)

∂θ

=
1
N0

∫ T

−T
[x(t)− s(t, θ)]

∂s(t, θ)
∂θ

dt, (1.11)

and we may compute θ̂ML by setting the above to zero and solving for θ. For
example, recall that in amplitude estimation, s(t, A) = As0(t); then from
(1.9) and (1.11) we obtain

θ̂ML(x) =

∫ T
−T x(t)s0(t) dt∫ T
−T s0(t)

2 dt
=

1
E

∫ T

−T
x(t)s0(t) dt. (1.12)

In many cases, however, it is easier to directly maximize `(x | θ) as in
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(1.8). Recall that for time-delay estimation, s(t, τ) = s0(t − τ), where we
assume that the signal energy

∫ T
−T s0(t − τ)2 dt does not depend on τ . In

this case it follows from (1.7) that we must maximize the cross-correlation∫ T

−T
x(t)s0(t− τ) dt. (1.13)

The estimator which chooses τ to maximize (1.13) is known as the matched
filter estimator and is commonly used in practice. In general, the matched
filter estimator is an ML estimator if the signal power does not vary with
the parameter.

1.5 The Threshold Effect

In the absence of noise, the matched-filter estimator picks the maximum of
the autocorrelation function ψ(τ) =

∫ T
−T s0(t)s0(t − τ) dt. The signal s0(t)

is typically a waveform multiplied by a Gaussian envelope; as a result, ψ(τ)
has multiple peaks, the highest being at τ = 0. At low noise levels, the
matched-filter estimator tends to pick a point which is close to this global
maximum. However, if the noise level is sufficiently high, then the true peak
cannot be distinguished reliably from the other local maxima of ψ. In this
case, the error becomes spread out along the Gaussian envelope, which is
significantly wider than a single peak. At even lower signal-to-noise ratios,
the noise obscures any meaningful information about the received signal
itself, and the predictions of the estimator become spread throughout the a
priori interval.

We will describe this phenomenon in terms of lower bounds on estimator
error. First, we make precise a few terms about these bounds. We say
that a lower bound is achievable for an estimation problem if there exists
an estimator whose error equals that bound. Note that in that case, the
estimator must have the minimum error of any estimator for that problem.
We define the actual error to be the infimum of the errors of all estimators
for that problem. We say that one lower bound is at least as tight as another
bound if the former is at least as large as the latter, and that it is tighter if
it is strictly larger.

Recall that the signal-to-noise ratio is defined as E/N0, where E is
the signal energy and N0 is the noise. For high signal-to-noise ratios, the
Cramèr-Rao, Barankin and Ziv-Zakai bounds are all approximately equal;
specifically, we will demonstrate that the ratios between the Barankin and
the Cramèr-Rao bounds and between the Ziv-Zakai and the Cramèr-Rao
bounds both converge to one as E/N0 → ∞. For low signal-to-noise ratios
(i.e., in the limit as E/N0 → 0), the Barankin and Ziv-Zakai bounds for
time-delay estimation are significantly tighter than the Cramèr-Rao bound.
Since each bound is a lower limit on the error of any estimator, this implies
that no estimator can approximate the Cramèr-Rao bound for low signal-
to-noise ratios.
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The above phenomenon is known as the threshold effect, since in practice
one observes a rapid jump in estimator error around a particular value be-
tween the low noise region, in which the Cramèr-Rao bound is approximately
achievable, and the high noise region, in which this is no longer the case.
One may use these bounds to compute the threshold signal-to-noise ratio
at which the ratio between the tighter bound and the Cramèr-Rao bound
exceeds some fixed value. Additionally, some work has been done recently
on theoretically quantifying the threshold signal-to-noise ratio using other
lower bounds on estimator error. In this paper, however, we will focus pri-
marily on demonstrating the existence of the threshold effect by considering
what occurs in the limits of arbitrarily large or small signal-to-noise ratios.



Chapter 2

The Cramèr-Rao Bound

The Cramèr-Rao bound has been frequently used to analyze estimator per-
formance. Its popularity comes from its ease of computability and from its
approximation of the ML estimator under high signal-to-noise ratio condi-
tions. It does not provide a good characterization of sonar performance,
however, as that situation generally involves low signal-to-noise ratios. For
our purposes, this bound serves as a basis of comparison with the tighter
but more involved bounds which will be presented later in this paper.

2.1 The Fisher Information

Assume that we are given a local estimation problem, where Θ is the pa-
rameter space, and X the observation space. We will assume that for all θ,
∂p(x | θ)

∂θ and ∂2p(x | θ)
∂θ2 exist µ-a.e. and are integrable. In order to simplify the

discussion, we will also assume that for all θ, p(x | θ) is nonzero for a.e. x.
For θ ∈ Θ, define the Fisher information

Iθ
.= Eθ

[(
∂ log p(x | θ)

∂θ

)2
]
. (2.1)

This quantity will be seen to be a main component of the Cramèr-Rao
bound.

The following lemma simplifies the computation of the Fisher informa-
tion:

Lemma 1.

Eθ

[(
∂ log p(x | θ)

∂θ

)2
]

= −Eθ

[
∂2 log p(x | θ)

∂θ2

]
. (2.2)

Proof. First, note that

∂p(x | θ)
∂θ

=
∂ log p(x | θ)

∂θ
p(x | θ). (2.3)

11
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Since p(x | θ) is a probability density function,
∫
X p(x | θ) dµ(x) = 1; then

differentiating with respect to θ and applying (2.3) gives∫
X

∂p(x | θ)
∂θ

dµ(x) =
∫
X

∂ log p(x | θ)
∂θ

p(x | θ) dµ(x) = 0. (2.4)

Differentiating again with respect to θ gives∫
X

∂2 log p(x | θ)
∂θ2

dµ(x) +
∫
X

(
∂ log p(x | θ)

∂θ

)2

p(x | θ) dµ(x) = 0, (2.5)

from which the result follows.

Using this lemma, we may calculate Iθ for the signal parameter estima-
tion problem. From Lemma 1 and (1.11), it follows that

Iθ = − 1
N0

Eθ

[∫ T

−T
[x(t)− s(t, θ)]

∂2s(t, θ)
∂θ2

dt

]
+

1
N0

Eθ

[∫ T

−T

[
∂s(t, θ)
∂θ

]2

dt

]
.

(2.6)
We see that the first term is zero by interchanging the expectation and the
integral, since the noise n(t) = x(t)−s(t, θ) has zero mean. This is valid since∫ T
−T E

[
|n(t)|

] ∣∣∣∂2s(t,θ)
∂θ2

∣∣∣ dt may be shown to be finite by the Cauchy-Schwarz
inequality. Thus,

Iθ =
1
N0

∫ T

−T

[
∂s(t, θ)
∂θ

]2

dt. (2.7)

For signal amplitude estimation, in which s(t, A) = As0(t), it follows that
IA = E/N0. Recall that this quantity is the signal-to-noise ratio.

We may express the Fisher information for time-delay estimation in two
useful forms. Recall that s(t, τ) = s0(t − τ), and that by assumption the
signal energy E =

∫ T
−T s0(t − τ)2 dt is the same for all τ . Define the auto-

correlation function

ψ(τ) .=
1
E

∫ T

−T
s0(t)s0(t− τ) dt. (2.8)

Lemma 2. For time-delay estimation, Iτ = E
N0

[−ψ′′(0)] .

Proof. Since
∫ T
−T s0(t − τ)2 dt = E, differentiating both sides twice with

respect to τ produces∫ T

−T

[
s′0(t− τ)

]2 +
∫ T

−T
s′′0(t− τ)s0(t− τ) dt = 0. (2.9)

But

ψ′′(τ) =
1
E

∫ T

−T
s′′0(t− τ)s0(t) dt, (2.10)
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and thus

ψ′′(0) =
1
E

∫ T

−T
s′′0(t)s0(t) dt =

1
E

∫ T

−T
s′′0(t− τ)s0(t− τ) dt. (2.11)

Then the result follows from (2.7) and (2.9).

Now, let S(ω) be the Fourier transform of s0(t). The signal bandwidth
is defined as

β2 .=

∫∞
0 |S(ω)|2 ω2 dω∫∞
0 |S(ω)|2 ω2 dω

. (2.12)

Note that by Parseval’s theorem, E = 2
∫∞
0 |S(ω)|2 ω2 dω; and by the corre-

lation theorem,

ψ(t) =
2
E

∫ ∞

0
|S(ω)|2 cos(ωt) dt. (2.13)

It follows by differentiating both sides that − ψ′′(0) = β2. Thus, we may
restate the above lemma as

Iτ =
E

N0
β2. (2.14)

2.2 Deriving the Cramèr-Rao Bound

The importance of the Fisher information becomes apparent in the following
theorem:

Theorem 1 (Cramèr-Rao Bound, local version). Let Θ, X be as above,
and let g : Θ → R be a measurable function. Let θ ∈ Θ such that g′(θ) exists
and ∂p(x | θ)

∂θ exists and is continuous µ-a.e. Assume that Iθ > 0.
If f : X → R is an estimator of g which is unbiased at θ, then

Errθ(f) ≥ g′(θ)2

Iθ
. (2.15)

Proof. Since f is unbiased, by definition for all θ ∈ Θ∫
X
p(x | θ) [f(x)− g(θ)] dµ(x) = 0. (2.16)

Taking the derivative of both sides with respect to θ,

0 =
d

dθ

∫
X
p(x | θ)

(
f(x)− g(θ)

)
dµ(x) (2.17)

=
∫
X

[
∂p(x | θ)
∂θ

(
f(x)− g(θ)

)
− g′(θ)p(x | θ)

]
dµ(x). (2.18)
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Thus by (2.3),∫
X
g′(θ)p(x | θ) dµ(x) =

∫
X

∂ log p(x | θ)
∂θ

(
f(x)− g(θ)

)
p(x | θ) dµ(x). (2.19)

The left-hand side is just g′(θ), since
∫
X p(x | θ) dµ(x) = 1. Then

g′(θ) =
∫
X

∂ log p(x | θ)
∂θ

(
f(x)− g(θ)

)
p(x | θ) dµ(x) (2.20)

=
∫
X

∂ log p(x | θ)
∂θ

√
p(x | θ)

(
f(x)− g(θ)

)√
p(x | θ) dµ(x).(2.21)

Therefore by the Cauchy-Schwarz inequality,

g′(θ)2 ≤

[∫
X

(
∂ log p(x | θ)

∂θ

)2

p(x | θ) dµ(x)

]

×
[∫

X

(
f(x)− g(θ)

)2
p(x | θ) dµ(x)

]
(2.22)

= Eθ

[(
∂ log p(x | θ)

∂θ

)2
]

Errθ(f) = Iθ Errθ(f). (2.23)

Dividing both sides by Iθ completes the proof.

It is shown in [12] that the bias bf (θ) is differentiable with respect to θ.
Using this fact, the following corollaries follow easily from Theorem 1:

Corollary 1. Let f be an estimator of Θ with bias bf (θ), and assume Iθ > 0.
Then

Errθ(f) ≥ bf (θ)2 +

(
1 + b′f (θ)

)2
Iθ

. (2.24)

Proof. This follows immediately from (2.15), since f is an unbiased estimator
of the function g(θ) = θ+bf (θ), and as an estimator of g, Err(f) = Var(f)+
bf (θ)2.

Corollary 2. Let f be an estimator of Θ which is unbiased at θ. Then

Errθ(x) ≥ I−1
θ . (2.25)

Bounds may be derived in the global estimation case which are similar
to those given above.

Note that the bound of Corollary 1 may be computed for an estimator
with a known bias function, while Corollary 2 provides a lower bound on the
error of any unbiased estimator f . These restrictions on the bias function
are critical, as they allow us to disregard, for example, the trivial estima-
tor which achieves zero local error by always taking the value of the true
parameter regardless of the observation.
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Our computations will focus on the unbiased version of the Cramèr-Rao
bound. This begs the question, though, of whether an unbiased estimator
of Θ even exists. For example, if Θ is a closed interval, then f is unbiased
at the endpoints of Θ only if it has zero error at those points. Frequently,
one may only assume the existence of an unbiased estimator at the middle
point of the parameter space. However, it may be shown for the problems
we are discussing that an estimator has small bias close to the center of the
interval; and one sees from Corollary 1 that if bf (θ) is small, then the biased
version of the bound approaches the unbiased version. Additionally, we may
sidestep the above concerns by using the Cramèr-Rao bound to discuss the
variance of an estimator rather than its error, since any estimator f is an
unbiased estimator of its own expectation function Eθ [f(x)]. This approach
is useful since, as mentioned before, the error and variance are similar if the
bias is small.

2.3 Remarks and Computations

One naturally wonders what conditions are necessary for equality to hold
in Theorem 1 or Corollaries 1 and 2. If an estimator f does achieve the
Cramèr-Rao bound, it is called efficient. The Cauchy-Schwarz inequality
(2.22) becomes an equality if and only if with probability one

∂ log p(x | θ)
∂θ

= k(θ) [f(x)− g(θ)] , (2.26)

where k(θ) is a function not depending on x. Combining this with (1.9),

k
(
θ̂ML(x)

) [
f(x)− g

(
θ̂ML(x)

)]
=
∂ log p(x | θ)

∂θ

∣∣∣∣
θ=θ̂ML(x)

= 0. (2.27)

We restrict ourselves to the case where the ML estimator depends on the
observation. Then it follows that f(x) = g(θ̂ML(x)). Thus, if an efficient
estimator exists, it will be an ML estimator.

The above remarks may be illustrated by computing the Cramèr-Rao
bound for the signal parameter estimation problem. From (2.7) and Corol-
lary 2, we see that if f is unbiased at θ then

Errθ(f) ≥ N0∫ T
−T

[
∂s(t,θ)

∂θ

]2
dt
. (2.28)

In the amplitude estimation problem, where s(t, A) = As0(t), it follows
that Errθ(f) ≥ N0/E. Futhermore, recall from (1.11) and (1.12) that the
ML estimator is f(x) = 1

E

∫ T
−T x(t)s0(t) dt, and that

∂ log p(x | θ)
∂θ

=
1
N0

(∫ T

−T
x(t)s0(t) dt− E

)
. (2.29)
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It follows that (2.26) is satisfied, which implies that the ML estimator is
efficient; thus, in fact Err(f) = N0/E.

However, in most cases of interest, the ML estimator is not efficient. In
general, if the signal-to-noise ratio 1

N0

∫ T
−T s(t, θ)

2 dt and Iθ are both large,
then the Cramèr-Rao bound does provide a good approximation for the
actual error [11]. For example, the bound for time-delay estimation is

Errθ(f) ≥ N0

E [−ψ′′(0)]
=

N0

Eβ2
. (2.30)

Intuitively, − 1/ψ′′(0) may be thought of as measuring the variance of the
autocorrelation function near its peak at 0. This bound accurately charac-
terizes the error of the matched-filter receiver at high signal-to-noise ratios.
However, as we shall see it diverges from the actual error when the estimator
is likely to pick points that do not lie close to the true peak. For a better
understanding of sonar performance, then, we must turn to more accurate
bounds.



Chapter 3

The Barankin Bound

Although the Cramèr-Rao bound is easily computed, it provides little in-
formation about performance under conditions of low signal-to-noise ratio.
This problem arises because although the Cramèr-Rao does lower-bound the
error of any estimator, there is no guarantee that this bound approximates
the actual error, and one must resort to propositions which assume high
signal-to-noise ratio.

The Barankin bound, which uses ideas from the study of Banach spaces,
provides a solution—with a few caveats. Given an estimation problem, it
produces an achievable local lower bound on the error of any unbiased esti-
mator. That is, we will prove the existence of an unbiased estimator whose
error is in fact exactly the Barankin bound. This estimator has the minimum
(local) error of all unbiased estimators.

In general, the minimum error estimator will depend on the true parame-
ter and thus has less direct practical use than one might hope. Furthermore,
the exact Barankin bound is difficult, if not impossible, to compute in gen-
eral, and in applications one usually resorts to related bounds which are
simpler to compute but no longer achievable. Still, the theory demonstrates
a close link between the Barankin bound and the particulars of a given
estimation problem. In particular, the threshold effect may be explained
theoretically by comparing the Barankin and Cramèr-Rao bounds.

The organization of this chapter proceeds as follows. We first derive the
Barankin bound and show that it is achievable under certain conditions.
Since this bound is difficult to compute exactly, we turn our attention to
less optimal forms. We present the Chapman-Robbins bound as part of the
Barankin theory and show that it is at least as tight as the Cramèr-Rao
bound. We then turn our attention to an approach which involves picking
specific test parameters. We compute this bound for time-delay estimation,
and demonstrate that it exhibits a threshold effect which may be explained
by the presence of secondary peaks in the autocorrelation function.

17
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3.1 Deriving the Barankin Bound

The following reformulation of local estimation problems was first made
by Barankin [1]. As before, let Θ denote the parameter space, and let
(X ,F , µ) be the observation space. In order to simplify notation, we define
the collection of functions {pθ}θ∈Θ, where pθ(x) = p(x | θ) for all θ and x.
We assume that each pθ is F-measurable. Throughout this chapter, we fix
θ0 as the true parameter.

Define the measure ν on (X ,F) by

ν(A) .=
∫

A
pθ0 dµ, (A ⊂ X ). (3.1)

Note that (X ,F , ν) is a complete measure space. A function h : X → R is
integrable with respect to ν if and only if h·pθ0 is integrable with respect to
µ; furthermore

Eθ0 [h] =
∫
X
h·pθ0 dµ =

∫
X
h dν. (3.2)

Thus, we may relate expectation values over the true parameter to integrals
over ν.

Let L2(X ) denote the space of all F-measurable functions with finite
norm, where the norm ||·|| is defined with respect to ν:

||h|| =
(∫

X
|h|2 dν

)1/2

. (3.3)

It is well-known that L2(X ) is complete.
Let g : Θ → R be the function to be estimated. If f is an unbiased

estimator of g, then it follows from (3.2) and (3.3) that

Varθ0(f) = Errθ0(f) = ||f − g(θ0)||2 . (3.4)

If g ≡ g0 is constant, then the trivial estimator which always takes the value
g0 regardless of the observation will achieve zero error. Thus, we ignore this
trivial case, and it will be assumed throughout that g is nonconstant.

For all θ ∈ Θ, define the likelihood ratio

Lθ(x)
.=
pθ(x)
pθ0(x)

. (3.5)

The fundamental assumption made in this chapter is that each Lθ has finite
norm. We also assume that each Lθ is defined µ-a. e. The latter assumption
does not reduce generality, as we are only concerned with expectations over
pθ0 and thus may remove from consideration all x ∈ X such that pθ0(x) = 0.

The following lemma follows easily from the above definitions.

Lemma 3. Let f be an estimator of g. Then f is unbiased if and only if
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for all θ ∈ Θ, ∫
X

(f − g(θ0))Lθ dν = g(θ)− g(θ0). (3.6)

Proof. If h : X → R is any measurable function, then Eθ[h] =
∫
X h·pθ dµ =∫

X h·Lθ dν. Thus it follows that
∫
X Lθ dν = 1, and that f is unbiased if and

only if for all θ ∈ Θ,
∫
X f ·Lθ dν = g(θ). Combining these two equations

produces (3.6).

Let M be the set of unbiased estimators of g with finite variance. We
have the following theorem, due to Barankin:

Theorem 2 (Barankin Bound). 1. Let f ∈M. Then

Varθ0(f) ≥ sup
n,ai,θi

[
∑n

i=1 ai (g(θi)− g(θ0))]
2

||
∑n

i=1 aiLθi
||2

, (3.7)

where the supremum is taken over all n ∈ N, a1 . . . an ∈ R, θ1 . . . θn ∈
Θ, such that ||

∑n
i=1 aiLθi

|| 6= 0.

2. If M is nonempty, then there exists a unique (up to a set of ν-measure
zero) unbiased estimator f which achieves the above bound; i.e.,

Varθ0(f) = sup
n,ai,θi

[
∑n

i=1 ai (g(θi)− g(θ0))]
2

||
∑n

i=1 aiLθi
||2

. (3.8)

Proof of part 1. For any n ∈ N, parameter values θ1, . . . , θn ∈ Θ, and real
numbers a1, . . . , an, it follows from Lemma 3 that

n∑
i=1

ai (g(θ)− g(θ0)) =
∫
X

(f − g(θ0))
n∑

i=1

aiLθi
dν. (3.9)

Then by the Cauchy-Schwarz inequality,∣∣∣∣∣
n∑

i=1

ai (g(θ)− g(θ0))

∣∣∣∣∣ ≤ ||f − g(θ0)|| ·

∣∣∣∣∣
∣∣∣∣∣

n∑
i=1

aiLθi

∣∣∣∣∣
∣∣∣∣∣ . (3.10)

Thus

||f − g(θ0)|| ≥
|
∑n

i=1 ai (g(θ)− g(θ0))|
||
∑n

i=1 aiLθi
||

(3.11)

(assuming that the denominator is nonzero), and equation (3.7) follows by
taking the supremum of the right-hand side.

Proof of part 2. Define

C
.= sup

n,ai,θi

[
∑n

i=1 ai (g(θi)− g(θ0))]
2

||
∑n

i=1 aiLθi
||2

. (3.12)
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Assume that M is nonempty, i.e. that there exists an unbiased estimator
f with finite variance: then it follows from (3.11) that C ≤ ||f − g(θ0)||
and thus is finite. It remains to show the existence of a unique unbiased
estimator whose variance is C. First, we consider uniqueness; let f1, f2 ∈M
be two unbiased estimators such that ||f1 − g(θ0)|| = ||f2 − g(θ0)|| = C.
Then 1/2 (f1 + f2) ∈ M, so 1/2 ||f1 + f2 − 2g(θ0)|| ≥ C from the above
result. But by the triangle inequality,

1
2
||f1 + f2 − 2g(θ0)|| ≤

1
2

(||f1 − g(θ0)||+ ||f2 − g(θ0)||) = C, (3.13)

so in fact

||f1 + f2 − 2g(θ0)|| = ||f1 − g(θ0)||+ ||f2 − g(θ0)|| . (3.14)

This implies that f1− g(θ0) = d (f2 − g(θ0)) ν-a.e., where d is some positive
constant. But since f1 − g(θ0) and f2 − g(θ0) have equal norms, d = 1 and
f1 = f2 ν-a.e. Thus, if any unbiased estimator achieves (3.8), it is unique.

It remains to prove the existence of an unbiased estimator f0 such that
||f0 − g(θ0)|| = C. Let B .= {Lθ : θ ∈ Θ} . Consider the functional F on B,
defined by

F (Lθ)
.= g(θ)− g(θ0). (3.15)

We may extend this to a linear functional on [B] , the linear subspace of
L2(X ) spanned by B.

We now use two results from functional analysis [15]. The operator norm
of F is defined by

||F || .= sup
h∈[B]

|F (h)|
||h||

. (3.16)

It follows from (3.12) that ||F ||2 = C. The Hahn-Banach theorem states
that F may be extended to a linear functional G on all of L2(X ), such that
F ≡ G on [B] , and ||G|| = ||F || = C1/2.

Then, the Riesz representation theorem asserts that there exists a func-
tion φ ∈ L2(X ) such that ||φ|| = ||G|| = C1/2, and G(h) =

∫
X φh dν for all

h ∈ L2(X ). Let f = φ+ g(θ0). For all θ ∈ Θ, it follows that∫
X

(f − g(θ0))Lθ dν = G(Lθ) = g(θ)− g(θ0), (3.17)

so by Lemma 3, f is an unbiased estimator of g. Furthermore, ||f − g(θ0)||2 =
||φ||2 = C, as desired.

Part 2 of the above theorem states that for local bounds on the error
of unbiased estimators, we can do no better than the above bound. Note
that the substitution of any fixed n, ai, and θi into equation (3.11) gives a
(possibly not achievable) lower bound on the error of unbiased estimators.
As a result, the above theorem yields a whole class of bounds which, although
not optimal, are usually easier to compute than the exact bound (3.8). We
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will elaborate on this point in the next section.

3.2 Computing the Barankin Bound

Although the above theorem gives an explicit formula for the tightest pos-
sible local bound on unbiased estimator error, it is difficult to compute the
quantity (3.7) exactly for many problems of interest. One must take a supre-
mum over all possible n, θi and ai, a daunting task. Note, though, that the
substitution of any choice of n, θi and ai into (3.11) provides a lower bound.
Thus, if we restrict the supremum to a subset of all possible n, θi and ai, we
still produce a lower bound, albeit one which loses the guarantee of achiev-
ability by an unbiased estimator. This may be summarized as follows:

Corollary 3. Fix n ∈ N, and let Θ1, . . . ,Θn ⊂ Θ, A1, . . . , An ⊂ R. Then
for all f ∈M,

Varθ0(f) ≥ sup
θi∈Θi,
ai∈Ai

[
∑n

i=1 ai (θi − θ0)]
2

||
∑n

i=1 aiLθi
||2

. (3.18)

As we shall see, a proper choice of Θi and Ai produces a more easily
computed bound which is still reasonably tight. However, one must keep
in mind that any bound obtained in such a manner is not guaranteed to
be achievable. Thus, in applications it is important to specify which spe-
cific Barankin bound one uses. We will see that it is possible to produce
bounds from the above theorem which are more easily computed than the
exact Barankin bound, but still demonstrate useful information about the
problems to which they are applied.

3.3 The Chapman-Robbins Bound

The simplest useful example of the above class of Barankin bounds is the
Chapman-Robbins bound [5]. Although it was originally derived directly,
its status as a Barankin bound was noted in that paper, and it is currently
considered to be part of the larger Barankin theory. This bound has pri-
marily been applied to bearing estimation [7, 17], although recently it has
been shown to demonstrate a threshold effect for frequency estimation [10].
We will restrict ourselves to discussing its derivation and relationship to the
Cramèr-Rao bound.

To derive the Chapman-Robbins bound, we set n = 2, A1 = {1}, A2 =
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{−1}, Θ2 = {θ0}, and Θ1 = Θ. Then from Corollary 3,

Var(f) ≥ sup
θ1∈Θ

(θ1 − θ0)2∫
X (Lθ1(x)− Lθ0(x))

2 dν
(3.19)

= sup
θ1∈Θ

(θ1 − θ0)2∫
X (p(x | θ1)− p(x | θ0))2 /p(x | θ0)dµ

(3.20)

= sup
θ1∈Θ

(θ1 − θ0)2
{∫

X
p(x | θ1)2/p(x | θ0) dµ

−
∫
X

(
2 p(x | θ1)− p(x | θ0)

)
dµ

}−1

(3.21)

= sup
θ1∈Θ

(θ1 − θ0)2∫
X p(x | θ1)2/p(x | θ0) dµ− 1

. (3.22)

Letting λ = θ1 − θ0, we obtain the usual statement of this bound:

Theorem 3 (Chapman-Robbins bound). Let f be an unbiased estima-
tor. Then

Var(f) ≥ sup
λ

{
1
λ2

[∫
X

p(x | θ0 + λ)2

p(x | θ0)
dµ− 1

]}−1

. (3.23)

If we assume that ∂p(x | θ)
∂θ exists and is continuous for all θ ∈ Θ, it may

be verified that the Cramèr-Rao bound for unbiased estimators is equivalent
to taking the limit as λ→ 0: using the equality between (3.22) and (3.20),

lim
λ→0

λ2∫
X p(x | θ0 + λ)2/p(x | θ0)dµ− 1

(3.24)

=

(
lim
λ→0

∫
X

[
1

p(x | θ0)
p(x | θ0 + λ)− p(x | θ0)

λ

]2

p(x | θ0) dµ

)−1

(3.25)

=

∫
X

[
∂ log p(x | θ)

∂θ

∣∣∣∣
θ=θ0

]2

p(x | θ0) dµ

−1

= I−1
θ . (3.26)

Thus, the Chapman-Robbins bound is at least as tight as the Cramèr-
Rao. Note that since the Cramèr-Rao bound is achievable for signal pa-
rameter estimation, the Chapman-Robbins bound equals the Cramèr-Rao
bound in that problem. More generally, these results demonstrate that the
Cramèr-Rao bound may be derived as part of the larger Barankin theory.

3.4 The Probable Outliers Approach

Another common method for evaluating the Barankin bound [14, 16], de-
veloped specifically for the signal parameter estimation problem, fixes par-
ticular θ1, . . . , θn ∈ Θ and takes the supremum over all possible values for
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the ai. That is, using the previous notation we let Θi = {θi} and Ai = R
for i = 1, . . . , n. The θi are usually chosen to be specific test points, i.e., pa-
rameter values, of interest. For example, recall that in the signal parameter
estimation problem under conditions of high noise the receiver is likely to
mistake the secondary peaks of the cross-correlation function with the true
peak. These probable outliers are a good intuitive choice for the θi.

For θ1, θ2 ∈ Θ, define

Gθ0(θ1, θ2)
.=
∫
X
Lθ1Lθ2 dν =

∫
X

pθ1pθ2

pθ0

dµ. (3.27)

By the Cauchy-Schwarz inequality,

|Gθ0(θ1, θ2)| =
∣∣∣∣∫
X
Lθ1Lθ2 dν

∣∣∣∣ ≤ ||Lθ1 || · ||Lθ2 || . (3.28)

Furthermore, Gθ0(θ, θ) = ||Lθ||2. Thus, Gθ0(θi, θj) is finite for all θi, θj ∈ Θ
if and only if Lθ has finite norm for all θ ∈ Θ.

This subclass of Barankin bounds may be stated as follows:

Lemma 4. Fix n ∈ N, and pick θ1, . . . , θn ∈ Θ. If f is an unbiased estimator
of Θ, then

Varθ0(f) ≥ sup
a1,...,an

[
∑n

i=1 ai(θi − θ0)]
2∑n

i=1

∑n
j=1 aiajGθ0(θi, θj)

. (3.29)

Proof. The numerator of the right hand side is the same as in Corollary 3.
The denominator was∣∣∣∣∣

∣∣∣∣∣
n∑

i=1

aiLθi

∣∣∣∣∣
∣∣∣∣∣
2

=
∫
X

(
n∑

i=1

aiLθi

)2

dν (3.30)

=
n∑

i=1

n∑
j=1

aiaj

∫
X
Lθi

Lθj
dν (3.31)

=
n∑

i=1

n∑
j=1

aiajGθ0(θi, θj). (3.32)

If we add more test points, the bound of Lemma 4 becomes at least as
tight (and possibly tighter) by maximizing over a larger set. By modifying
the proof of Theorem 2, part 2, it may be shown that this bound corresponds
to the minimum achievable error for estimators which are unbiased at the
points θ1, . . . , θn. Furthermore, if we take the limit of this bound as the
set of test points becomes dense in Θ, then this bound converges to the
bound of Theorem 2, i.e., the minimum achievable error for estimators which
are unbiased on all of Θ [8]. Thus, although suboptimal, this bound has
significant theoretical justification.
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Happily, we may evaluate the supremum in Lemma 4 explicitly. We
first rewrite the above bound in terms of matrix multiplication. Define
the n-dimensional column vector N and n × n matrix B by Ni = θi − θ0,
Bij = Gθ0(θi, θj) for i, j = 1, . . . , n. Then the bound becomes

Varθ0(f) ≥ sup
A∈Rn

(
N tA

)2
AtBA

. (3.33)

We now use the following lemma:

Lemma 5. Let N be an n-dimensional real vector, and B a positive definite
symmetric real n× n matrix. Then

sup
A∈Rm

(
N tA

)2
AtBA

= N tB−1N. (3.34)

Proof. Since B is positive-definite and symmetric, it has a positive-definite
symmetric square root B1/2. Then N tA =

(
B−1/2N

)t
B1/2A for all A ∈ Rn,

so (
N tA

)2
AtBA

=

[(
B−1/2N

)t
B1/2A

]2
(B1/2A)tB1/2A

. (3.35)

Thus the Cauchy-Schwarz inequality implies that(
N tA

)2
AtBA

≤
(
B−1/2N

)t
B−1/2N

(
B1/2A

)t
B1/2A(

B1/2A
)t
B1/2A

(3.36)

= N tB−1N, (3.37)

with equality if and only if B−1/2A = λB1/2N for some scalar λ; i.e., if
A = λB−1N.

Recall that Bij
.=
∫
X Lθi

Lθj
dν. As a result, B may be thought of as a

matrix of inner products and is therefore positive semidefinite [14]. If it is not
positive definite, we may remove some of the θi from consideration without
affecting the bound. Thus, the above lemma may be applied without loss
of generality. We therefore have the following lower bound on the variance,
which may be computed explicitly by inverting the matrix B:

Varθ0(f) ≥ N tB−1N. (3.38)

A problem with this bound is that it is not immediately clear whether
this bound is as tight as the Cramèr-Rao bound. In the remainder of this
section, we will improve upon the above bound by modifying its derivation.

Let L(x) be the function on Θ which assigns the value Lρ(x) to each
ρ ∈ Θ. Then for θ ∈ Θ, define

L′θ(x)
.=
∂L(x)
∂ρ

∣∣∣∣
ρ=θ

. (3.39)



CHAPTER 3. THE BARANKIN BOUND 25

Note that
L′θ(x) =

1
p(x | θ)

∂p(x | θ)
∂θ

=
∂ log p(x | θ)

∂θ
. (3.40)

We have the following:

Lemma 6. Assume that L′θ0
is defined almost everywhere (with respect to

ν), has finite norm, and that

lim
θ→θ0

∣∣∣∣∣∣∣∣Lθ − Lθ0

θ − θ0
− L′θ0

∣∣∣∣∣∣∣∣ = 0. (3.41)

Fix θ1, . . . , θn ∈ Θ. Then for all unbiased estimators f of Θ,

Varθ0(f) ≥ sup
a0,...,an∈R

[
∑n

i=1 ai(θi − θ0) + a0]
2∣∣∣∣∣∣∑n

i=1 aiLθ + a0L′θ0

∣∣∣∣∣∣2 . (3.42)

Proof. Consider the bound from Corollary 3, with n+ 2 terms in the sum-
mations. Fix θ 6= θ0, and let θn+1 = θ0, θn+2 = θ, an+1 = a0/(θ − θ0),
an+2 = a0/(θ − θ0). Then

Varθ0(f) ≥ lim
θ→θ0

[
∑n

i=1 ai(θi − θ0) + a0]
2∣∣∣∣∣∣∑n

i=1 aiLθ + a0
Lθ−Lθ0

θ−θ0

∣∣∣∣∣∣2 . (3.43)

From the assumption (3.41), it follows that the element
∑n

i=1 aiLθ +
a0

Lθ−Lθ0
θ−θ0

converges in the norm to
∑n

i=1 aiLθ + a0L
′
θ0
, as θ → θ0. As a

result, the denominator of (3.43) converges to that of (3.42); taking the
supremum completes the proof.

We may compute the maximization of the above bound in the same way
as was done for Lemma 4. Define the n + 1-dimensional vector N ′ and
(n+ 1)× (n+ 1)-dimensional matrix B′ by

N ′
i = θi − θ0, 1 ≤ i ≤ n, (3.44)

N ′
0 = 1, (3.45)

B′ij = Gθ0(θi, θj), 1 ≤ i, j ≤ n (3.46)

B′i0 = B′0i =
∫
X
L′θ0

Lθi
dν (3.47)

B′00 =
∫
X

(L′θ0
)2 dν. (3.48)

It is easy to see that

B′i0 =
∂

∂θ
Gθ0(θ, θi)

∣∣∣∣
θ=θ0

, 1 ≤ i ≤ n (3.49)
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and, by (3.40),
B′00 = Iθ0 . (3.50)

Then we may restate (3.42) as

Varθ0(f) ≥ sup
a0,...,an

[a0 +
∑n

i=1 ai(θi − θ0)]
2∑n

i=0

∑n
j=0B

′
ijaiaj

(3.51)

= sup
A∈Rn+1

(
(N ′)tA

)2
AtB′A

(3.52)

= (N ′)t(B′)−1N ′, (3.53)

where the last step follows from Lemma 5.
In particular, if we set ai = 0 for 1 ≤ i ≤ n, this bound becomes

Varθ0(f) ≥ (B′00)
−1 = I−1

θ0
, (3.54)

which is just the Cramèr-Rao bound for unbiased estimators. Thus, as with
the Chapman-Robbins bound, this class of bounds contains the Cramèr-
Rao bound as a special case. In the next section, we will see that we may
compute bounds which are tighter than the Cramèr-Rao bound, exhibiting
a threshold effect for time-delay estimation.

3.5 Computing the Bound for Signal Parameter
Estimation

We will now apply the bound (3.53) to the signal parameter estimation prob-
lem. Assume for the moment that we have chosen the test points θ1, . . . , θn;
we will return to the question of how to choose them.

From the previous chapter,

Lθ(x) =
`(x | θ)
`(x | θ0)

= exp
{

1
N0

∫ T

−T
x(t) (s(t, θ)− s(t, θ0)) dt

− 1
2N0

∫ T

−T

(
s(t, θ)2 − s(t, θ0)2

)
dt

}
. (3.55)

We use this result to compute Gθ0(θi, θj) as follows. First consider the
following lemma:

Lemma 7. Let Y be a Gaussian random variable with zero mean and vari-
ance σ2. Then E

[
eY
]

= eσ
2/2.

Proof. First, note that

E
[
eY
]

=
∫ ∞

−∞

1√
2πσ

ey−
y2

2σ2 dy. (3.56)
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By completing the square we see that

E
[
eY
]

= eσ
2/2

∫ ∞

−∞

1√
2πσ

e−(y−σ2)2/2σ2
dy, (3.57)

and the integral evaluates to 1.

Lemma 8. For the signal parameter estimation problem,

Gθ0(θi, θj) = exp
{

1
N0

∫ T

−T
[s(t, θi)− s(t, θ0)] [s(t, θj)− s(t, θ0)] dt

}
.

(3.58)

Proof. Recall that Gθ0(θi, θj) = Eθ0

[
Lθi

Lθj

]
. Letting x(t) = s(t, θ0) +

n(t) in (3.55), since we are computing the expectation with respect ot the
parameter θ0,

Gθ0(θi, θj) = exp
{
− 1

2N0

∫ T

−T

[
s(t, θi)2 + s(t, θj)2 − 2s(t, θ0)2

]
dt

}
× exp

{
1
N0

∫ T

−T
s(t, θ0) [s(t, θi) + s(t, θj)− 2s(t, θ0)] dt

}
×Eθ0

[
exp

{
1
N0

∫ T

−T
n(t) [s(t, θi) + s(t, θj)− 2s(t, θ0)] dt

}]
.(3.59)

Let Y = 1
N0

∫ T
−T n(t) [s(t, θi) + s(t, θj)− 2s(t, θ0)] dt. Since n is a Gaussian

process with zero mean and variance N0, it follows that Y is a Gaussian
random variable with zero mean and variance

1
N0

∫ T

−T
(s(t, θi) + s(t, θj)− 2s(t, θ0))

2 dt. (3.60)

Therefore by the previous lemma,

Eθ0

[
eY
]

= exp
{

1
N0

∫ T

−T
(s(t, θi) + s(t, θj)− 2s(t, θ0))

2

}
dt. (3.61)

Substituting this into (3.59) and then expanding the terms within the inte-
grals in that equation produces the desired result.

It follows from the above lemma that

Bj0 =
1
N0

∫ T

−T
s′(t, θ0) [s(t, θj)− s(t, θ0)] dt, (3.62)

B00 =
1
N0

∫ T

−T
s′(t, θ0)2dt, (3.63)

where

s′(t, θ0) =
∂s(t, θ)
∂θ

∣∣∣∣
θ=θ0

. (3.64)
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These results may be used along with Lemma 8 to compute the bound (3.53)
for any choice of test points.

Now, let us consider our specific examples of amplitude and time-delay
estimation. In the previous chapter, we saw that the Cramèr-Rao bound is
the actual error for amplitude estimation. As a result, no threshold effects
exist in this case, and the bound (3.53) is equal to the Cramèr-Rao bound.

The situation is more complicated for time-delay estimation, however.
Recall that in this case, s(t, τ) = s0(t − τ). As before, we assume that the
signal energy E .=

∫ T
−T s(t−τ)

2 dt does not depend on τ . The signal-to-noise
ratio is defined to be E/N0.

Denote the the true parameter by τ0. Recall that the autocorrelation
function is

ψ(τ) .=
1
E

∫ T

−T
s0(t)s0(t− τ) dt. (3.65)

If there is no noise, this will be the output of the matched filter receiver.
The autocorrelation function has a maximum peak at τ = 0 as well as
various secondary peaks. The threshold effect occurs because under low
signal-to-noise ratio conditions, the secondary peaks are mistaken for the
true maximum. Thus, these secondary peaks are a good choice for the test
points. By using them to compute the Barankin bound, we will see that
reducing the magnitude of the secondary peaks lessens the threshold effect.

First, note that since the test points τi are in [−T/2, T/2] and s0(t) = 0
for |t| > T/2, the autocorrelation function satisfies

ψ(τi − τ0) =
1
E

∫ T

−T
s0(t− τi)s0(t− τ0) dt. (3.66)

Using the previous results, we see that

Bij = exp
{

1
N0

∫ T

−T
[s0(t− τi)− s0(t− τ0)]

× [s0(t− τj)− s0(t− τ0)] dt
}

(3.67)

= exp
{
E

N0
[ψ(τi − τj)− ψ(τi − τ0)− ψ(τj − τ0) + 1]

}
. (3.68)

Differentiating ψ(τi − τ0) with respect to τ0 gives

ψ′(τi − τ0) =
1
E

∫ T

−T
s0(t− τi)s′0(t− τ0) dt. (3.69)

Also, since
∫ T
−T s0(t− τ)2 dt = E for all |τ | ≤ T/2, it follows that∫ T

−T
s0(t− τ)s′0(t− τ) dt = 0, (3.70)
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so in particular ψ′(0) = 0. Therefore,

B′i0 = B′0i = − 1
N0

∫ T

−T
[s0(t− τi)− s0(t− τ0)] s′0(t− τ0) dt (3.71)

= − E

N0

[
ψ′(τi − τ0) + ψ′(0)

]
(3.72)

= − E

N0
ψ′(τi − τ0). (3.73)

Finally, using (3.50), and the computation from the previous chapter,
we see that

B′00 =
E

N0

[
−ψ′′(0)

]
. (3.74)

As we have noted, a good intuitive choice for the test parameters τi are
the critical points of the autocorrelation function. Thus, we pick τ1, . . . , τn
such that

ψ′(τi − τ0) = 0, (3.75)

where the points τi − τ0 yield the n largest secondary peaks of ψ. It then
follows that B′i0 = B′0i = 0 for i = 1, . . . , n. Thus, for this choice of test
points we get

Var(f) ≥ 1
B′00

+N tB−1N. (3.76)

To see how this is affected by the signal-to-noise ratio, consider the
following simple case from [14]. Assume that the autocorrelation function
is symmetric about the origin, and pick δ such that ± δ are its two largest
secondary peaks. We choose τ1 = τ0 + δ and τ2 = τ0 − δ as the test points.
Then

B11 = B22 = exp
{

2E
N0

[1− ψ(δ)]
}

(3.77)

B12 = B21 = exp
{
E

N0
[1− 2ψ(δ) + ψ(2δ)]

}
, (3.78)

and N t = (δ,−δ).
Here we may easily invert B, obtaining

Var(f) ≥ 1
B′00

+
2δ2

B11 −B12
(3.79)

=
N0

E [−ψ′′(0)]
+ 2δ2

exp
{
−2E

N0
[1− ψ(δ)]

}
1− exp

{
− E

N0
[1− ψ(2δ)]

} . (3.80)

As E/N0 →∞, the second term approaches zero. Thus, in high signal-
to-noise conditions this bound approximates the Cramèr-Rao bound. In
low signal-to-noise conditions, the second term will dominate, producing
the threshold effect. This term is larger when ψ(δ) and ψ(2δ) are closer



CHAPTER 3. THE BARANKIN BOUND 30

to 1. Therefore, the threshold effect will occur sooner when the secondary
peaks of the cross-correlation are close to the height of the primary peak.
A common method of reducing the threshold effect is to pick signals with
small secondary peaks. Our analysis of the threshold effect using the above
bound bound justifies that method theoretically. Note that adding more
test points will result in a tighter bound, which must thus also exhibit the
threshold effect.

We have presented the exact Barankin bound along with suboptimal
but computationally useful forms, and applied them to signal parameter
estimation problems. In the next chapter, we will see that the Ziv-Zakai
bound takes a completely different approach, but also describes a threshold
effect for time-delay estimation.



Chapter 4

The Ziv-Zakai Bound

The Ziv-Zakai bound was originally published in [21] and subsequently im-
proved upon by [3] and [6]. Unlike the Cramèr-Rao and Barankin bounds,
the its presentation was originally motivated explicitly by signal parame-
ter estimation, specifically time-delay estimation—in particular, none of the
above authors gives the statement of the bound for a general estimation
problem. The earliest presentation found by the author for general estima-
tion problems was in [20], which applies the bound to bearing estimation.
Additionally, it has only very recently [2] been applied to the problem of
estimating vector parameters.

In contrast to the Barankin bound, the Ziv-Zakai bound is global; that
is, it bounds the error over all possible parameter values. This allows the
Ziv-Zakai bound to include any a priori information on the parameter space
(for example, that the parameter lies within a finite interval). Furthermore,
in contrast to local bounds which we have seen, it does not require the
estimator to be unbiased. Unlike the Barankin bound, however, the Ziv-
Zakai bound is not guaranteed to be approximately achievable.

The organization of this chapter is as follows. We first give a brief
introduction to detection theory, which is central to the derivation of the
Ziv-Zakai bound. We then present the Ziv-Zakai bound, and give its explicit
forms for amplitude and time-delay estimation. We see that for amplitude
estimation it is equal to the Cramèr-Rao bound, and that for time-delay
estimation it exhibits a threshold effect as the a priori information become
the dominant term in the bound at low signal-to-noise ratios.

4.1 Results from Detection Theory

Whereas estimation theory is concerned with the prediction of a continuous
parameter, detection theory is concerned with the prediction of a parameter
taking values in a finite set. As a result of this simplification, many results
about detection problems are easier to produce than their counterparts in
estimation theory. In particular, the minimal error for a detection problem
may be calculated explicitly. As the motivation for this discussion of detec-

31
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tion theory is its applicability to the Ziv-Zakai bound, we will focus on a
restricted version of the theory. A more general treatment may be found in
[19].

The setup of a detection problem is similar to that of estimation prob-
lems. The observation space is a complete measure space (X ,F , µ). The
hypothesis space is a finite set H = {H0, . . . ,Hk} ; for each Hi ∈ H we are
given both the conditional likelihood p(x |Hi), a probability distribution on
X , and the a priori probabilities p(Hi).

A detector for the above problem is a measurable function f : X → H;
or equivalently, a partition of X into measurable sets Z0, . . . , Zk. The error
is the probability that the detector misclassifies a given observation. It may
be defined as

PE(f) .=
k∑

i=0

p(Hi)
∫
X−Zi

p(x |Hi) dµ, (4.1)

where Zi = f−1(Hi) for i = 0, . . . , k.
The discussion will be restricted to binary detection problems, in which

H = {H0,H1} . Here, the error for a given detection scheme f is

PE(f) = p(H0)
∫

Z1

p(x |H0) dµ+ p(H1)
∫

Z0

p(x |H1) dµ. (4.2)

We now derive an optimal detector. Assume that we are given a binary
detection problem. We wish to find a detector f which minimizes PE(f).
Let Z0, Z1 be as above. Since

∫
X p(x |H0) dµ = 1, we may rewrite (4.2) as

PE(f) = p(H0) +
∫

Z0

[p(H1)p(x |H1)− p(H0)p(x |H0)] dµ. (4.3)

As the first term p(H0) is constant, it suffices to find a set Z0 ⊂ X
which minimizes the second term. Consider the quantity inside the integral,
p(H1)p(x |H1)− p(H0)p(x |H0). It is not hard to see that we may minimize
the integral by assigning to Z0 all x ∈ X such that this quantity is negative
and assigning to Z1 = X − Z0 all x such that the quantity is positive. (If
this quantity is zero, then it does not matter which of Z0 or Z1 we choose;
for the sake of argument, assume that we assign all of those elements to Z1.)

Therefore, the optimal detector may be written as

[p(H0)p(x |H0)− p(H1)p(x |H1)]
H1

≷
H0

0. (4.4)

The above notation refers to the fact that given x ∈ X , this detector chooses
H1 if the left-hand side is greater than the right-hand side and chooses H0

if the right-hand side is greater than the left. Equivalently, assuming that
p(x |H0) and p(H1) are nonzero,

p(x |H1)
p(x |H0)

H1

≷
H0

p(H0)
p(H1)

. (4.5)
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The quantity on the left-hand side of (4.5) is the likelihood ratio which we
encountered in the previous chapter; this detector is known as the likeli-
hood ratio test. Note that taking the logarithm of both sides will not affect
the performance. This detector is simple to use in practice, as it chooses
between hypotheses by comparing the likelihood ratio to a fixed threshold
η = p(H0)/p(H1). A detector might compare the likelihood ratio to a differ-
ent choice of η if the cost of falsely predicting H0 is different than that of
H1; for example, one might prefer false positives to false negatives [19].

We denote the error of the likelihood ratio test by Pmin. Since we have
shown that (4.5) is the minimum error detector, Pmin is the minimum achiev-
able error for the detection problem.

4.2 Binary Signal Detection

The binary signal detection problem has many applications, for example in
digital system communications. As before, the setup will be restricted so
that we may more easily produce concrete results. We receive one of two
signals in the presence of additive noise, and must distinguish between them.
The model is as follows:

x(t) = s0(t) + n(t) (H0), (4.6)
x(t) = s1(t) + n(t) (H1), (4.7)

where H0, H1 are the two hypotheses between which we must distinguish.
Here s0 and s1 are known, nonrandom functions in L2[−T, T ], and n is an
independent Gaussian random process with zero mean and variance N0. In
order to simplify the argument we will assume that the two hypotheses H0,
H1 are equally likely; the generalization may be found in [19].

Let the signal energies be

Ei
.=
∫ T

−T
si(t)2 dt i = 0, 1. (4.8)

We are concerned with applying the optimal detection scheme of the
previous section to this problem and computing its rate of error.

Adapting our computation of the likelihood ratio from the previous chap-
ter, we find that:

log
p(x |H1)
p(x |H0)

=
1
N0

[∫ T

−T
x(t)s1(t) dt−

∫ T

−T
x(t)s0(t) dt−

E1 − E0

2

]
. (4.9)

It follows that the log likelihood ratio test (4.5) is∫ T

−T
x(t)s1(t) dt−

∫ T

−T
x(t)s0(t) dt

H1

≷
H0

E1 − E0

2
. (4.10)

In particular, if the signal energies are equal, then this test picks whichever
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signal of s0 and s1 has greater correlation with x. Recall that the ML
and MAP estimators similarly pick the parameter value with the highest
correlation.

As mentioned above, the error of this detector may be computed explic-
itly. Define

Φ(x) .=
1√
2π

∫ −x

−∞
e−y2/2 dy. (4.11)

Lemma 9. The error of the likelihood ratio detector for the above signal
parameter estimation problem is

Pmin = Φ

(√
E0 + E1 − 2ρ

2N0

)
, (4.12)

where ρ .=
∫ T
−T s0(t)s1(t) dt.

Proof. Let Pi be the probability of error under hypothesis Hi. Then

Pmin(f) = p(H0)P0 + p(H1)P1. (4.13)

UnderH0, x(t) = s0(t)+n(t); thus using (4.10), P0 = Pr (X < (E0 − E1)/2),
where

X =
∫ T

−T
[s0(t) + n(t)] s0(t) dt−

∫ T

−T
[s0(t) + n(t)] s1(t) dt. (4.14)

Since n has zero mean and is uncorrelated with variance N0,

E [X] =
∫ T

−T
s0(t)2 dt−

∫ T

−T
s0(t)s1(t) dt = E0 − ρ, (4.15)

E
[
X2
]

= E

[ ∫ T

−T

∫ T

−T
[s0(t) + n(t)] [s1(t)− s0(t)]

× [s0(u) + n(u)] [s1(u)− s0(u)] dt du
]

(4.16)

=
(∫ T

−T
s0(t) [s0(t)− s1(t)] dt

)2

+
∫ T

−T

∫ T

−T
[s1(t)− s0(t)] [s1(u)− s0(u)]

×N0δ(t− u) dt du (4.17)
= (E0 − ρ)2 +N0(E0 + E1 − 2ρ). (4.18)

Thus, X is a Gaussian random variable with mean m
.= E0 − ρ and
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variance σ2 .= N0(E0 + E1 − 2ρ). Then

P0 = Pr
(
X <

E0 − E1

2
| H0

)
=

1√
2πσ

∫ E0−E1
2

−∞
e−(y−m)2/2σ2

dX (4.19)

=
1√
2π

∫ −
√

(E0+E1−2ρ)/2N0

−∞
e−y2/2 dy (4.20)

= Φ

(√
E0 + E1 − 2ρ

2N0

)
. (4.21)

.
By a similar argument, P1 also evaluates to (4.21), and therefore Pmin

does as well.

Let us consider how this applies to the analogues of amplitude and time-
delay estimation. For amplitude detection, let s0(t) = A0s(t) and s1(t) =
A1s(t), and let E =

∫ T
−T s(t)

2 dt. Then E0 = A2
0E, E1 = A2

1E, and ρ =
A0A1E, so

Pmin(A0, A1) = Φ

(
(A1 −A0)

√
E

2N0

)
. (4.22)

For time-delay detection, s0(t) = s(t− τ0), s1(t) = s(t− τ1), and E1 = E2 =∫ T
−T s(t)

2 dt. Then, ρ = Eψ(τ1−τ0), where ψ is the autocorrelation function
of s. Thus

Pmin(τ0, τ1) = Φ

√E (1− ψ(τ1 − τ0))
N0

 . (4.23)

Note that in both cases, Pmin only depends on the differences A1 − A0

and τ1 − τ0. This fact greatly simplifies the computation of the Ziv-Zakai
bound.

4.3 The Ziv-Zakai Bound

Let X be the observation space and Θ be the parameter space in a global
estimation problem. Fix θ0, θ1 ∈ Θ, and assume that θ0 < θ1. Consider
the binary detection problem in which we must decide between θ0 and θ1,
defined as follows: the observation space is X , and the hypothesis space is
H = {H0,H1} , with probability distributions

p(x |Hi) = p(x | θi), i = 0, 1, (4.24)

p(Hi) =
p(θi)

p(θ0) + p(θ1)
, i = 0, 1. (4.25)
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(In the above equations, the quantities p(x | θi) and p(θi) are those from the
estimation problem.)

Let f : X → Θ be an estimator of Θ. The estimation theorist’s approach
for solving the above detection problem picks whichever hypothesis is closer
to the value estimated by f . In other words,

f(x)
H1

≷
H0

θ0 + θ1
2

. (4.26)

If f(x) = (θ0 + θ1)/2, we arbitrarily assign x to H1.
Let Pf (θ0, θ1) denote the error of the estimation theorist’s approach,

and let Pmin(θ0, θ1) denote the error of the likelihood ratio test. Since the
likelihood ratio test is optimal,

Pmin(θ0, θ1) ≤ Pf (θ0, θ1). (4.27)

The following lemma derives easily from the definitions (4.2) and (4.26):

Lemma 10. Let θ0, θ1 ∈ Θ, where θ0 < θ1, and let f be an estimator of Θ.
Then

Pf (θ0, θ1) =
1

p(θ0) + p(θ1)

[
p(θ0)Pr

(
f(x) >

θ0 + θ1
2

| θ0
)

+p(θ1)Pr
(
f(x) ≤ θ0 + θ1

2
| θ1
)]

. (4.28)

The Ziv-Zakai bound is derived by comparing the likelihood ratio test
to the suboptimal estimation theorist’s approach.

Theorem 4 (Ziv-Zakai Bound). Let X be the observation space and Θ =
[α, β] be the parameter space in a global estimation problem. Let f : X → Θ
be an estimator of Θ. Then

Err(f) ≥
∫ β−α

0

∫ β−h

α

p(θ) + p(θ + h)
2

Pmin(θ, θ + h) dθ h dh. (4.29)

Proof. First, combining (4.27) and Lemma 10 shows that for all 0 ≤ h ≤
β − α, and for all θ ∈ [α, β − h],

[p(θ) + p(θ + h)] Pmin(θ, θ + h)

≤ p(θ) Pr
(
f(x)− θ >

h

2
| θ
)

+ p(θ + h) Pr
(
f(x)− θ ≤ h

2
| θ + h

)
. (4.30)
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Integrating both sides with respect to θ,∫ β−h

α
[p(θ) + p(θ + h)] Pmin(θ, θ + h) dθ

≤
∫ β−h

α
p(θ) Pr

(
f(x)− θ >

h

2
| θ
)
dθ

+
∫ β

α+h
p(θ1) Pr

(
f(x)− θ1 ≤ −

h

2
| θ1
)
dθ1, (4.31)

where the last term follows via a change of variables, namely θ1 = θ + h.
Combining the two terms, we see that∫ β−h

α
[p(θ) + p(θ + h)] Pmin(θ, θ + h) dθ

≤
∫

Θ
p(θ) Pr

(
|f(x)− θ| ≥ h

2
| θ
)
dθ

= Pr
(
|f(x)− θ| ≥ h

2

)
, (4.32)

where the last probability is taken jointly over θ and x.
We can relate this inequality to the error of f using the following identity

[4]:

Lemma 11. Let X be a random variable. Then

E [X] =
∫ ∞

0
Pr (X > t) dt. (4.33)

By change of variables, this becomes

E
[
X2
]

=
1
2

∫ ∞

0
Pr
(
X2 >

h2

4

)
h dh. (4.34)

Therefore,

Err(f) = E
[
|f(x)− θ|2

]
≥

∫ ∞

0

∫ β−h

α

p(θ) + p(θ + h)
2

Pmin(θ, θ + h) dθ h dh. (4.35)

However, since θ and θ + h must both be in [α, β], the integral over h may
be restricted to the interval [0, β − α].

We may improve the above bound as follows [3]. Note in the above proof
that Pr (|f(x)− θ| > h/2) is nondecreasing as a function of h. As a result,
we may apply the valley-filling function V {·} to the left-hand side of (4.32),
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which produces a nondecreasing function by filling in any valleys:

V {F (h)} .= sup
h′≥h

F (h′). (4.36)

This yields

V
{∫ β−h

α
[p(θ) + p(θ + h)] Pmin(θ, θ + h) dθ

}
≤ Pr

(
|f(x)− θ| ≥ h

2

)
.

(4.37)
Using this equation to complete the proof as before, we obtain:

Corollary 4.

Err(f) ≥
∫ β−α

0
V
{∫ β−h

α

p(θ) + p(θ + h)
2

Pmin(θ, θ + h) dθ
}
h dh. (4.38)

This bound will often be strictly tighter [3, 20] than Theorem 4. How-
ever, it turns out that for the cases we will consider, it does not affect the
computation of the bound [2]. Thus, we will ignore this extension in our
computations.

4.4 Computing the Ziv-Zakai Bound

Although the Ziv-Zakai bound as given above applies to any global estima-
tion problem, in practice one usually assumes that Pmin(θ, θ+h) = Pmin(h)
does not depend on θ. This restriction greatly simplifies the computation of
the inner integral of the bound and is met by most problems of interest. In
particular, we have seen that this restriction holds for both amplitude and
time-delay estimation. The following corollary follows easily from Theorem
4:

Corollary 5. Let Θ = [α, β] be the parameter space in a global estimation
problem, and let f be an estimator of Θ. Assume that the distribution on Θ
is uniform, and that Pmin(θ, θ + h) does not depend on θ. Then

Err(f) ≥
∫ β−α

0

β − α− h

β − α
Pmin(h)h dh. (4.39)

4.4.1 Amplitude estimation

One could substitute the computation (4.22) of Pmin(h) for amplitude esti-
mation into the above equation and evaluate the integrals directly. However,
we take a more indirect approach. Recall that the ML estimator for am-
plitude estimation was shown to be efficient; that is, its error is equal to
the Cramèr-Rao lower bound for that problem. Furthermore, in the pre-
vious chapter we derived Barankin bounds which are at least as tight as
the Cramèr-Rao bound, and thus for efficient estimators are equal to the
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Cramèr-Rao bound. A natural question to ask, then, is whether this is also
the case for the Ziv-Zakai bound. We may answer in the affirmative.

Lemma 12. The Ziv-Zakai and Cramèr-Rao bounds are equal in the case
of amplitude estimation, where the distribution over the parameter space is
uniform.

Proof. Looking back at the proof of the Ziv-Zakai bound, we see that the
inequality arises by comparing the error Pmin(A0, A1) of the likelihood detec-
tor, which is optimal, to the error Pf (A0, A1) of the suboptimal estimation
theorist’s approach. Thus, it suffices to show that these two detectors have
the same probability of error. In particular, we show that for all A0, A1 ∈ Θ,
the likelihood detector and estimation theorist’s approach produce the same
output (that is, choose the same hypothesis) for each x ∈ X .

Recall that for amplitude estimation, the transmitted signal is As(t),
where A, the amplitude, is the parameter value. Fix A0 and A1. The MAP
estimator (1.12) is

f(x) =
1
E

∫ T

−T
x(t)s(t) dt, (4.40)

where E =
∫ T
−T s(t)

2 dt. Let E0 and E1 be the energy of the corresponding
signals; then Ei = A2

iE for i = 1, 2. The estimation theorist’s approach
(4.26) is ∫ T

−T
x(t)s(t) dt

H1

≷
H0

E(A0 +A1)
2

. (4.41)

The likelihood ratio test (4.10) is

(A1 −A0)
∫ T

−T
x(t)s(t) dt

H1

≷
H0

E1 − E0

2
. (4.42)

However, (E1 − E0) = E(A2
1 − A2

0), so (E1 − E0)/(A1 − A0) = E(A1 +
A0). Thus, it follows that the detectors (4.41) and (4.42) choose the same
hypothesis for all x ∈ X . We need not worry about which hypothesis is
assigned to observations causing the left and right sides of (4.41) or (4.42)
to be equal, as it was shown in the derivation of the likelihood ratio test
that they do not affect the overall error.

The author is not aware of any previous computations of the Ziv-Zakai
bound for amplitude estimation. Most exposition on the Ziv-Zakai bound
has focused on its applications to time-delay and related problems, and
connections to the Cramèr-Rao bound have only been demonstrated for
those individual problems. An interesting avenue of future research would be
to further explore the connections between these two bounds as generalized
to arbitrary estimation problems.
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4.4.2 Time-Delay Estimation

We now apply the Ziv-Zakai bound to time-delay estimation, and demon-
strate the existence of a threshold effect. We will assume that the signal
bandwidth β2 (2.12) is finite. From our previous computations,

Pmin(h) = Φ

√E(1− ψ(h))
N0

 . (4.43)

Recall that

ψ(h) =

∫∞
0 2 cos(ωh) |S(ω)|2 dω∫∞

0 2 |S(ω)|2 dω
, (4.44)

where S(ω) is the Fourier transform of s0(t). Since 1−cos(v) = 2 sin2(v/2) ≤
v2/2, it follows that

1− ψ(h) ≤ 1
E

∫ ∞

0
|S(ω)|2 ω2h2 dω =

β2h2

2
. (4.45)

Since Φ is a decreasing function, we may lower-bound Pmin(h):

Pmin(h) ≥ Φ

(
hβ

√
E

2N0

)
. (4.46)

Applying this to (4.39) produces a lower bound on estimator which is po-
tentially weaker than the original Ziv-Zakai bound, but permits a direct
computation:

Err(f) ≥
∫ T

0

(
h− h2

T

)
Φ

(
hβ

√
E

2N0

)
dt. (4.47)

We will see that this bound exhibits the threshold effect. Computer sim-
ulations have shown that it provides a good characterization of the actual
error of the matched-filter estimator at a wide range of signal-to-noise ratio
conditions [2].

Integrating by parts, we find that

Err(f) ≥
[(

h2

2
− h3

3T

)]T

0

+
1

2
√
π
β

√
E

N0

∫ T

0

(
h2

2
− h3

3T

)
e−h2β2E/4N0 dt (4.48)

=
T 2

6
Φ

(
Tβ

√
E

2N0

)

+

√
N0

πβ2E

∫ β2T2E
4N0

0

(√
N0

β2E
v1/2 − 4N0

3TEβ2
v

)
e−v dv. (4.49)
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In order to express this in more digestible terms, define the regularized
gamma function by

Γa(z)
.=

1
Γ(a)

∫ z

0
e−vva−1 dv, (4.50)

where Γ(a) is the usual gamma function. In particular, Γ(3/2) =
√
π/2, and

Γ(2) = 1. Note that limz→∞ Γa(z) = 1, and limz→0 Γa(z) = 0.
Expressing the bound in terms of these functions produces

Err(f) ≥ T 2

6
Φ

(
Tβ

√
E

2N0

)
+

N0

Eβ2
Γ3/2

(
β2T 2E

4N0

)

− 4
3T
√
π

(
N0

β2E

)3/2

Γ2

(
β2T 2E

4N0

)
. (4.51)

This is the Ziv-Zakai bound for time-delay estimation.
Note that limh→∞ Γ3/2(h) = limh→∞ Γ2(h) = 1, and limh→∞Φ(h) = 0.

It follows that the ratio of this bound to the Cramèr-Rao bound, which is
N0/Eβ

2, converges to 1 as as E/N0 → ∞; that is, this bound is approxi-
mately equal to the Cramèr-Rao bound for high signal-to-noise ratios.

For large noise levels, however, this bound is tighter than the Cramèr-
Rao bound. It may be shown using l’Hospital’s rule that limh→0 Γ3/2(h)/h =
limh→0 Γ2(h)/h3/2 = 0. Furthermore, Φ(0) = 1/2. Therefore, as E/N0 → 0,
this bound converges to T 2/3, which is the a priori variance of the parameter
in the interval [T/2, T/2]. This situation occurs because for very large levels
of noise, the signal is obscured in the observation, and an estimator can do
little better than randomly guess the true parameter.



Conclusion

In this paper, we have presented the Cramèr-Rao, Barankin and Ziv-Zakai
lower bounds on estimator error. We have applied these bounds both to
the general case of signal parameter estimation, and to the specific cases of
amplitude and time-delay estimation. Amplitude estimation is completely
characterized by the Cramèr-Rao bound. We have shown that time-delay es-
timation exhibits a threshold effect since the Barankin and Ziv-Zakai bounds
approximate the Cramèr-Rao bound for high signal-to-noise ratios, but are
significantly tighter than it at low signal-to-noise ratios.

The Barankin bound is the minimum achievable local error for unbiased
estimators. Since it is difficult to compute this bound exactly, we resort to
suboptimal bounds which nevertheless have significant theoretical backing.
In particular, they approximate the Cramèr-Rao bound for high signal-to-
noise ratios. Furthermore, the well-known explanation of the threshold effect
in terms of secondary peaks of the autocorrelation function is justified the-
oretically. However, the bound does not approximate the true error at very
low signal-to-noise ratios, as the existence of an approximately unbiased
estimator is no longer true.

The Ziv-Zakai bound applies results from detection theory to lower
bound the global error of any estimator. Unlike the Barankin bound, it
does not extend the Cramèr-Rao bound in a simple, generic fashion. We
have showed, however, that the two bounds are equal for amplitude esti-
mation. We have also demonstrated that the Ziv-Zakai bound exhibits a
threshold effect for time-delay estimation; at high signal-to-noise ratios it
approximately equals the Cramèr-Rao bound, and at low signal-to-noise ra-
tios it reflects a priori knowledge about the parameter.

There are several interesting topics for future research. One might ex-
amine whether the results of this paper for the specific case of time-delay
estimation may be generalized to arbitrary estimation problems. In par-
ticular, we hypothesize that in arbitrary signal parameter estimation prob-
lems, the Ziv-Zakai bound is approximately equal to the Cramèr-Rao bound
at high signal-to-noise ratios. Developing the theory behind the Ziv-Zakai
bound to the level which exists for the Barankin bound would supplement
its current widespread use with a deeper understanding of its overall prop-
erties. Additionally, in this paper we have only treated the threshold effect
superficially; a more thorough treatment might try to quantify the threshold
signal-to-noise ratio in terms of properties of the bounds.
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