Relating termination and infinitary normalization^⋆

Salvador Lucas

Departamento de Sistemas Informáticos y Computación Universidad Politécnica de Valencia Camino de Vera s/n, E-46022 Valencia, Spain

e.mail: slucas@dsic.upv.es

Lazy languages admit giving infinite values as the meaning of expressions. Infinite values are limits of converging infinite sequences of partially defined values which are more and more defined. This can be formalized by using strongly convergent infinitary rewrite sequences [KKSV95]. These are Cauchy convergent rewrite sequences in which redexes are (ultimately) contracted deeper and deeper. We only consider sequences of length at most ω issued from finite terms. The existence of a strongly convergent rewrite sequence leading from a term to another is undecidable. However, we have the following.

Theorem 1. Let R be a confluent, left-linear, right ground TRS over a finite signature, t ∈ T (Σ), and δ be a constructor (possibly infinite) term. It is decidable whether t reduces to δ.

A TRS is top-terminating if no infinitary reduction sequence performs infinitely many rewrites at Λ [DKP91]. A TRS R is strongly convergent if all infinitary reductions in R are strongly convergent [GOV99]. Giesl et al. showed that dependency pairs [AG00] can be used for proving strong convergency of TRSs (without collapsing rules) [GOV99]. Kennaway et al. remarked that top-termination also ensures strong convergence of TRSs; this was implicit in the proof of Proposition 5.1 in [DKP91]. In fact, both notions coincide.

Theorem 2. A TRS is top-terminating if and only if is strongly convergent.

A TRS is infinitary normalizing if every (finite) term t admits a strongly convergent sequence starting from t and ending into a normal form (i.e., a term without redexes). Infinitary normalizing TRSs can be thought of as playing the role of normalizing TRSs in the infinitary setting, i.e., ensuring that every term has a meaning. The following fact easily follows from^1 [DKP91].

Theorem 3. Every left-linear, top-terminating TRS is infinitary normalizing.

Infinitary normalizing TRSs do not need to be top-terminating: Consider the TRS R:

f(a) → f(f(a)) f(a) → a

It is not difficult to see that R is infinitary normalizing; however, the infinite rewrite sequence

f(a) → f(f(a)) → f(a) → · · ·

performs infinitely many reductions at the top position.

We show that it is possible to prove top-termination of a left-linear TRS R by proving termination of the canonical context-sensitive rewrite relation associated to R. In contextsensitive rewriting [Luc98], we (only) rewrite subterms at replacing arguments; a replacement

⋆ This work has been partially supported by CICYT TIC 98-0445-C03-01.

1 But note that the notion of infinitary normal form used in [DKP91] (a term t such that t = t^′ whenever t → t^′) differs from the usual one.

map μ : Σ → P(N) discriminates the argument positions μ(f) ⊆ {1, . . ., ar(f)}, on which we can perform replacements. This is extended to positions of terms inductively. If the contextsensitive rewrite relation associated to a TRS R and a replacement map μ is terminating, we say that R is μ-terminating. A replacement map μ is more restrictive than μ^′, written μ ⊑ μ^′ if ∀f ∈ Σ, μ(f) ⊆ μ^′(f); μ_⊤ given by μ_⊤(f) = {1, . . ., ar(f)} for all f ∈ Σ is the less restrictive map, imposing no restriction. Given a TRS R, its canonical replacement map μ^{can}_R is the most restrictive replacement map that permits replacements at every non-variable position of the lhs’s of R. We have the following.

Theorem 4. If a left-linear TRS R is μ^{can}_R -terminating, then R is top-terminating.

Strongly convergent TRSs do not need to be μ^{can}_R -terminating: Consider the TRS R:

f(a) → f(f(a))

It is not difficult to see that R is strongly convergent. However, it is not μ^{can}_R -terminating, since μ^{can}_R = μ_⊤ and R is not terminating.

Since μ^′-terminating TRSs are also μ-terminating whenever μ ⊑ μ^′ (see [Luc96]), Theorem 4 can trivially be extended to replacement maps μ such that μ^{can}_R ⊑ μ. However, Theorem 4 does not necessarily hold if μ^{can}_R ⋢ μ: consider our first example; if μ(f) = ∅, then R is μ-terminating but it is not top-terminating. In this way, μ-termination criteria [GM99,Luc96,SX98,Zan97] can also be used for proving infinitary normalization. The advantage w.r.t. [GOV99] is that we can use available software and techniques for proving termination by just pre-processing the original TRS by using the transformations of [GM99,Luc96,SX98,Zan97].

References

[AG00] T. Arts and J. Giesl. Termination of Term Rewriting Using Dependency Pairs Theoretical Computer Science, 236:133-178, 2000.

[DKP91] N. Dershowitz, S. Kaplan, and D. Plaisted. Rewrite, rewrite, rewrite, rewrite, rewrite. Theoretical Computer Science 83:71-96, 1991.

[GM99] J. Giesl and A. Middeldorp. Transforming Context-Sensitive Rewrite Systems. In P. Narendran and M. Rusinowitch, editors, Proc. of 10th International Conference on Rewriting Techniques and Applications, RTA’99, LNCS 1631:271-285, Springer-Verlag, Berlin, 1999.

[GOV99] J. Giesl, V. van Oostrom, and F.J. de Vries. Strong convergence of term rewriting using strong dependency pairs (Extended abstract). In Proc. of 4th International Workshop on Termination, WST’99, pages 38-39, 1999.

[KKSV95] R. Kennaway, J.W. Klop, M.R. Sleep, and F.-J. de Vries. Transfinite reductions in Orthogonal Term Rewriting Systems. Information and Computation 119(1):18-38, 1995.

[Luc96] S. Lucas. Termination of context-sensitive rewriting by rewriting. In F. Meyer auf der Heide and B. Monien, editors, Proc. of 23rd. International Colloquium on Automata, Languages and Programming, ICALP’96, LNCS 1099:122-133, Springer-Verlag, Berlin, 1996.

[Luc98] S. Lucas. Context-sensitive computations in functional and functional logic programs. Journal of Functional and Logic Programming, 1998(1):1-61, January 1998.

[SX98] J. Steinbach and H. Xi. Freezing – Termination Proofs for Classical, Context-Sensitive and Innermost Rewriting. Institut für Informatik, T.U. München, January 1998.

[Zan97] H. Zantema. Termination of Context-Sensitive Rewriting. In H. Comon, editor, Proc. of 8th International Conference on Rewriting Techniques and Applications, RTA’97, LNCS 1232:172-186, Springer-Verlag, Berlin, 1997.

2