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This survey describes methods for proving that systems of rewrite rules are terminating
programs. We illustrate the use in termination proofs of various kinds of orderings on terms,
including polynomial interpretations and path orderings. The effect of restrictions, such as
linearity, on the form of rules is also considered. In general, however, termination is an
undecidable property of rewrite systems.

1. Introduction

A rewrite (term-rewriting) system & over a set of terms 7 is a (finite) set of rewrite rules,
each of the form [ —r, where [ and r are terms containing variables ranging over 7, and
such that r only contains variables also in /. A rule /—r applies to a term ¢t in 7 if a
subterm s of ¢+ matches the left-hand side ! with some substitution ¢ of terms in 7 for
variables appearing in [ (i.e. s=1l¢). The rule is applied by replacing the subterm s in ¢
with the corresponding right-hand side ro of the rule, within which the same substitution
o of terms for variables has been made. We write t=>,u, or just t=u, to indicate that the
term t in F rewrites in this way to the term u in J by a single application of some rule in
. A derivation is a sequence of rewrites; if t= - - - =u in zero or more steps, abbreviated
t="u, then we say that u is derivable from t; if no rule can be applied to ¢, we say that ¢ is
irreducible; when an irreducible term u is derivable from ¢t we say that u is a normal form of
t. See Huet & Oppen (1980), Dershowitz (1982b), and Dershowitz & Jouannaud (1987)
for surveys of term-rewriting and its applications.
There are five basic properties of rewrite systems that are of interest:

(1) termination—no infinite derivations are possible;

(2) determinism—each term has at most one normal form;
(3) soundness—terms are only rewritten to equal terms,
(4) completeness—equal terms have the same normal form;
(5) correctness—all normal forms satisfy given desiderata.

Depending on the purpose, various combinations of these properties are needed. This
survey is devoted to a discussion of the first aspect, namely termination, generally a
prerequisite for demonstrating other properties. Two related concepts, only briefly
discussed, are ‘“quasi-termination” and “normalisation”. A quasi-terminating rewrite
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70 Nachum Dershowitz

system is one for which only a finite number of different terms are derivable from anv
given term. A normalising system is one for which every term has ar least one norm;ﬁ
form.

Consider. for example. a simple system. consisting of three rules:

white. red — red. white
blue. red — red. blue (0)
blue, white — white, blue.

This program plays the “Dutch National Flag" game: given a sequence of marbles,
coloured red. white. or blue and placed side by side in no particular order. they are
rearranged so that all red ones are on the left. all blue ones are on the right. and all white
ones are in the middle. The first rule. for example. states that if anywhere in the series
there is an adjacent pair of marbles. the left one white and the right one red, then they
may be exchanged so that the red marble is on the left and the white one is on the right. It
is not hard to prove that, regardless of the initial arrangement of marbles. applying the
above rules in any order always results in a sequence of correctly arranged marbles. As we
will see, a termination proof can be based on the ordering: blue is greater than white and
white is greater than red. Each rule replaces two marbles: the one on the left with
“greater” colour is exchanged with the *‘smaller™ one to its right.

The following system (for disjunctive normal form) illustrates some of the difficulties
that may be encountered when attempting to determine if, and why, a rewrite system
terminates:

——ax-ox
~(@+p) > —xx—B
—(@xf)—> —a+ -8 (1)

ax(B+7) = (ax )+ (ax7y)
B+7)xa—=(Bxa)+(yx2).

The first rule eliminates double negations; the second and third rules apply DeMorgan’s
laws to push negations into sums and products; the last two apply the distributivity of
times over plus. It is not obvious that. this system terminates, since some derivations
decrease the length of a term, e.g.

—Ox(=1+—-1)=>--=-0+(1x1),
while others, e.g.

—O0Ox(1+D))="=2(((=0x —0)+(=0x —1))+(—1x =0)+(—=1x —1)))
increase it. Furthermore, applying a rule at a subterm not only affects the structure of
that subterm (perhaps duplicating parts of it), but that of its superterms as well. Any
proof of termination must take into consideration the many different possible rewrite
sequences generated by the non-deterministic choice of rules and subterms. For a lively
discussion of simple tasks that are difficult to show terminating, see Gardner (1983).

Various methods for proving termination of rewrite systems have been suggested,
including Gorn (1967), Iturriaga (1967), Knuth & Bendix (1970), Manna & Ness (1970),
Gorn (1973), Lankford (1975a, b, 1977). Lipton & Snyder (1977), Plaisted (1978a, b),
Dershowitz & Manna (1979), Lankford (1979), Kamin & Lévy (1980), Pettorossi (1981),
Dershowitz (1982a), Jouannaud et al. (1982), Dershowitz et al. (1983), Lescanne (1984),
Jouannaud & Muiioz (1984), Kapur et al. (1985), Bachmair & Plaisted (1985), Bachmair
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& Dershowitz (1986), and Rusinowitch (1987). Termination is, in general, an undecidable
property of rewrite systems (see, for example, Huet & Lankford (1978)). as it is known to
be for non-deterministic Markov systems on strings (see, for example, Tourlakis (1984)).

In the next section we present a prooi of the undecidability of termination. In section 3
we show how well-founded orderings. in general, and polynomial interpretations, in
particular. are used in termination proofs. In section 4 simplification orderings are defined
and their use illustrated: similar methods are described in section 5 for using quasi-
orderings to prove termination or quasi-termination. Section 6 discusses multiset
orderings. Then, in section 7, we present various path orderings based on an underlying
operator ‘“‘precedence”. This is followed in the last two sections with methods for
determining when rewriting “‘modulo” a congruence is terminating, when a rewrite
system is normalising, and when systems of restricted form are terminating. Examples are
provided throughout; proofs are generally omitted.

2. Non-termination

Given a (countable) set of function symbols # we consider the set 7 (%) of all terms
constructed from symbols in % Function symbols in # may be varyadic, i.e. have
variable arity, in which case, whenever f is a function symbol and ¢, ..., ¢, (n>0) are
terms in 7 (#), the term f(t,,.. ., t,) is also in J(#). Or a function symbol f may be
restricted to a fixed arity, in which case f(t,, . . ., t,)€ 7 (¥) only if f'is of arity n. Function
symbols with arity zero are referred to as constants. We use J for 7 (F) when # is
arbitrary. A rewrite rule is an ordered pair | —r of free (first-order) terms, i.e. the terms /
and r are constructed from function symbols in & and rule variables from some
(countable) set ¥. A rewrite system is a (finite or infinite) set of rewrite rules. (Terms in 7
might also contain “term” variables, but for the purposes of this paper, these are usually
treated as constants.)

DEFINITION 1. A rewrite system Z is terminating for a set of terms 7 if there exists no
infinite (endless) sequence of terms t;€.J such that ¢, =t,=t3=----. A system is non-
terminating if there exists any such infinite derivation.

This is the same—for finite #—as saying that there are only a finite number of
derivations issuing from any given initial term ¢,. Terminating systems are variously
called finitely terminating, uniformly terminating, strongly terminating, and noetherian.
Unless indicated otherwise, when we speak of termination, we mean with respect to all
terms constructed from a given set of (fixed or vaniable arity) function symbols #. Rules of
a terminating system are called reductions.

EXAMPLE. A trivial example of a terminating system is
e e 2 (2)
ExaMPLE. An equally trivial example of a non-terminating system is
—2-> ———a. 3)

EXAMPLE. A less trivial example (of what?) is

—(@+p) > (——x+p+5 4)
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THEOREM 1. It is undecidable whether a rewrite system is terminating, even if it has only two
rules.

PRrOOF. Turing machines can be simulated by rewrite systems: given any Turing machine
- /. there exists a two-rule system R, such that R, terminates for all initial terms if. and
only if. .4 halts for all input tapes. Since it is undecidable (not even semi-decidable) if a
Turing machine halts uniformly, it is also undecidable if rewrite systems terminate.

Each state symbol and tape symbol of the machine will be a constant in the system.
Additionally. we need three function symbols: a binary operator (which we will denote by
Juxtaposition and which associates to the right), a unary operator C (an erase operator),
and a ternary operator C.t The binary operator is used to construct a finite non-empty
tape segment from individual constants representing tape symbols, with an additional
constant (] denoting the end of the segment. Corresponding to a machine in state q with
non-blank left portion of the tape a,a, - - a, (from the left end until the symbol
preceding the read head) and right portion b, b, - - - b, (from the symbol being scanned to
the end), is the term

C(a, - - -a,a,, gb; b, - - - b,[3, machine),

where machine is a term encoding transitions as subterms of the form

PN

sqa sa'qs’a

signifying "if the machine is in state g reading the symbol a and the symbol immediately
to the left of a is 5. then replace the tape segment sa with s'a’s”a”, position the head on s”.
and go into state g'”". One or two of the tape symbols in s'a’s"a” will be extra, and will be
represented by the term &(#); as we will see, these terms can be eliminated from the tape
by one of the rewrite rules. Thus, for each left-moving instruction of the form “if in state q

reading a, write a”. move left. and go into state g, there are subterms of the form
sqa O(#)0(#)q'sa”

for every tape symbol s. as well as an extra subterm of the form
OqaOc(#)q #a”

(where # is the blank symbol) to handle the left end of the tape. For each right-moving
instruction of the form “if in state q reading a, write a’, move right, and go into state g .
there are subterms of the form

sqa sa'q'C(#)o(#)
for every tape symbol s. as well as extra subterm of the form
sqJ sa'q'e(#)0

when a is the blank symbol # (to handle the right end of the tape). Each such transition
term (; is embedded in an erase operator 3, so that the machine can (non-
deterministically) skip over it, and the term machine is just the concatenation
¢(i,)C(zr,) - - &(r,) of all transition terms.

* CI Bergstra and Tucker (1980). where it is shown that six ““hidden” functions suffice for the specification of
computable data types.
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The rewrite system R, consists of exactly two rules:

-t

1
1
C(as. aBp.C(aofx' o’ 2" 1) = C(FA' 4. 02" " p. machine) .

L

where the primed and unprimed Greek letters are all variables. The first rule erases
transitions from the machine description until an applicable one is at the head. at which
time the second rule can be applied to simulate a move. The first rule also erases extra
tape symbols introduced by the fixed-format transitions. (Though there are derivations
that erase all applicable transitions and therefore do not correspond to a machine
computation, they all terminate.) Clearly, if the machine .# does not terminate for some
input tape, then the system R, does not terminate for the corresponding input term.

Note that no rewrite step can increase the number of occurrences of the operator C in a
term. Thus. the only way for R, not to terminate is for one of the occurrences of C to be
rewritten infinitely often by the second rule—in a manner corresponding to an infinite
computation of . #. =

An alternative proof of undecidability of termination is given in Huet & Lankford
(1978); see section 9. The number of rules in that proof depends on the number of
machine transitions.+

Though termination of a rewrite system means that all (infinitely many) possible
derivations are finite, one need only consider derivations that begin with certain terms:

LeEMMA 1. A rewrite system is terminating ( for all terms) if, and only if, it terminates for all
instances of its left-hand sides.

By an instance of a left-hand side [ we mean a term lo with terms substituted for the
variables of [. The point is that there must be an infinite derivation with some rule
application at the root (outermost) symbol, if there is an infinite derivation at all. (This
lemma is implicit in Dershowitz (1982a) and elsewhere.)

Certainly, if a derivation repeats a term, the system is non-terminating; we call this
“cycling™”:

DEerINITION 2. A derivation 1, =1, = - -=>t;=- - == - cycles if t; = ¢, for some j <k.
A rewrite system cycles if it has a cycling derivation.

(The previous lemma is given in Guttag et al. (1983) for cycling systems; a stronger
version appears in Klop (1980).) Cycling is a special case of “looping™:

DEFINITION 3. A derivation t, =t,=- - -=t;=---=t,= - - - loops if t; is a (not necessarily
1 2 J - k . . J . . - o
proper) subterm of ¢, for some j < k. A rewrite system loops if it has a looping derivation.

It is also obvious that looping systems do not terminate. But a system need not be
looping to be non-terminating.

+ Cf. the above theorem with Lipton & Snyder (1977), which asserts, sans proof. that rhree rules suffice for
undecidability.
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ExaMPLE. System (4) is non-looping. but has the following infinite derivation. beginning
with an instance of its left-hand side —(x+ f):

—((==0+D+D)=>(=—(——=0+1)+1)+1

=(-((———=0+D+DLH+D+1
>(((——(———==0+D+D+D+D+1
I _

To characterise non-termination. therefore, a notion weaker than looping is needed.
Viewing terms as ordered trees suggests the following definition:

DerFiNiTION 4. The homeomorphic embedding relation ™ on a set 7 of terms is defined
recursively as follows:

S=f(8;.52, . S gty ty, .. 1) =1t
if either
s;>t forsomei=1,....m
or
f=gands; >ty forallj=1,...n,
where 1 <i) <i,< - <i,<m.

Thus, this relation embodies a notion of “syntactic simplicity’”: s &> t (equivalently,
t < s)if t may be obtained from s by deletion of selected function symbols and operands.
If t is embedded in s, but s 5 ¢, then we write s> t. For example,

((=—(====0+D+ D+ D+ D+1> ——=0+1).

THEOREM 2 (Kruskal, 1954, 1960). If F is a finite set of function symbols, then any infinite
sequence t, t,, - - - of terms in the set T (F) of terms over F contains two terms t; and
t, (j < k) such that ; <1,.

For a finite set of fixed-arity function symbols, this result is due to Higman (1952); a
more general result will be proved in section 7.
This notion of embedding provides a necessary condition for non-termination:

DEFINITION 5. A derivation ¢, =1,=- == =,= - is self-embedding if ;e for
some j < k. A rewrite system is self-embedding if it allows a self-embedding derivation.

THEOREM 3 (Dershowitz, 1982a). If a finite rewrite system is non-terminating, then it is self-
embedding.

PrOOF. If a system R does not terminate, then, by definition, there exists at least one
infinite derivation t, =t,= . Since there can be only a finite number of function
symbols appearing in the derivation (those in ¢, and in R), by the previous theorem, S
forsome j<k. o

To show termination, it follows from Theorem 3 that one need only prove the system to
be non-self-embedding. The converse, however, does not hold: self-embedding does not
imply non-termination.
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ExXaMPLE. The rewrite system
SUf(2) = f(g(f(2)) (5)

is both seif-embedding and terminating. C
Unfortunately. even this sufficient condition for termination is undecidable:

THEOREM 4 (Plaisted, 1985). It is undecidable whether a (finite) rewrite system is self-
embedding.

Of course, self-embedding is semi-decidable: just search through all derivations until an
embedding is discovered. (This fact is exploited in Plaisted, 1986.) It is similarly
undecidable if a system cycles or loops. (For details, see Plaisted. 1985.)

Termination, which is what we have considered up to now. demands that all
derivations be finite. For non-deterministic programs—which most rewrite systems are—
there is a weaker notion that is also of interest:

DEFINITION 6. A rewrite system # is normalising for a set of terms 7, if every term te .7
has a normal form.

A normalising system is also called weakly-terminating. Like termination, normalisation
is an undecidable property (see section 9).

ExaMpLE. Let f and g be unary function symbols and b a constant. The one-rule system

Ag(@) = g(@(S(f(2)) (6)

is not even normalising; witness the term f(f(g(b))) which has no normal form. O

3. Termination

To express proofs of termination, we need the following concepts: a partially-ordered set
(& >) consists of a set & and a transitive and irreflexive binary relation > defined on
elements of &t As usual, s>t means that either s>t or s =t, s<t means the same as
t>s. and s<t means t>s. A partially ordered set is said to be totally ordered if for any
two -distinct elements s and ¢ of &, either s>t or t>s. For example, both the set of
integers and the set of natural numbers are totally ordered by the “greater-than™ relation
>. The set of all subsets of the integers is partially ordered by the *‘proper subset”
relation <. An extension of a partial ordering > on ¥ is a partial ordering > also on &
such that s >t implies s >t for all s, t € &; a restriction of > is a partial ordering > on &
such that s>t implies s >t for all s, t € & Partial orderings of sets of elements can be used
to induce a partial ordering of tuples of component elements: an n-tuple (s;.s,.....s,) In
(F, =) X (Lo =) x - x(F,, >,) is lexicographically greater than another such tuple
(ty. ty. ... 1) if s;>=1; for some i (1 <i<n), while s;=¢ for all j <i. In the same manner,
a partial ordering > on a set % induces a lexicographic ordering > on the set ¥* of
finite sequences (words) over &; in this case, a sequence is greater than all of its prefixes.

A partially ordered set (%, >) is said to be well-founded if there are no infinite (strictly)

+ Asymmetry of such a sirict partial ordering follows from transitivity and irreflexivity.
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descending sequences s; > s, >s3>> - - - of elements of ¥ Thus. the natural numbers N
under there “natural™ ordering > are well-founded. since no sequence of natural numbers
can descend bevond 0. But > is not a well-founded ordering of all the integers. since. for
example. —1>—2>—3>--- is an infinite descending sequence. Nor is > a well-
founded ordering of the (positive) rationals or reals. Clearly. any restriction of a well-
founded ordering 1s also well-founded. If (4. >,) and (%,. >,) are two well-founded sets.
then their lexicographically ordered cross-product (%, x %,. >, ,) is also well-founded.
Similarly. a lexicographic ordering of tuples of any fixed length is well-founded. if the
orderings of the components are. For example, the tuple (2.5.1.6) 1s greater than
(2.4.9.3) in the well-founded lexicographic ordermg >* of quadruples of naturally
ordered natural numbers: the lexicographic ordering >" of unbounded-length sequences of
natural numbers is not well-founded. (See. e.g.. Manna. 1974.)

The notion of well-foundedness suggests the following straightforward method of
proving termination:

THEOREM 5 (Manna & Ness. 1969). A rewrite system & over a set of terms 7 is terminating
if. and only if. there exists a well-founded ordering > over 7 such that

t=>,u implies t>u
for all terms t and u in 7~

That is. # terminates if its rewrite relation => is contained in a well-founded ordering
> . (This theorem holds equally well for finite and infinite systems; the proofs in Manna
& Ness, 1969 and Lankford, 1975a presuppose finite #.)

ExaMpLE. System (0) terminates, since the lexicographic ordering of tuples of colours
(with blue > white > red) is well-founded and the tuple of colours corresponding to a
sequence of marbles is reduced with each rule application. By the nature of the
lexicographic ordering, one need only consider the change in the leftmost of the two
affected components: if it was white before, then it is red after; if it was blue before. then it
1s either red or white after. O

The following reformulation of Theorem 5 (see Kamin & Lévy, 1980) takes advantage
of the structure of terms:

COROLLARY. A rewrite system & over a set of terms 7 is terminating, if and only if, there
exists a well-founded ordering > over 7 such that
I>r
for each rule I—rin R and for any substitution of terms in J for the variables of the rule.
and such that
t=,uand t>u imply f(---t - )>=f("u---)
for all terms in 7.

ExaMPLE. The system

S (2) = flg(f(0))) )

Is terminating, since the number of adjacent f7s is reduced with each application. Note
that counting the number of adjacencies makes g(f(f(a)))>f(a). though

S f(@)) + f(f(@). But. since g((f(a))) % f(a), this corollary can apply. o

alt i
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The problem with using the above results lies in the need to consider an infinite number
of possible rewrites t=>u in termination proofs. To avoid that, we can make use of a
definition of monotonicity:

DeriNITION 7. A partial ordering > over a set of terms .7 is monotonic (with respect to
term structure) if it possesses the replacement property,

t>u implies f(---t--)>f(-u---),
for all terms in .7

In other words. reducing a subterm, reduces any superterm containing it. This suggests
the following means of proving termination:

THEOREM 6 (Lankford. 1977). A rewrite system A over a set of terms 7 is terminating if.
and only if. there exists a monotonic well-founded ordering > over 7 such that

I>r

for each rule | —r in R and for any substitution of terms in I for the variables of the rule.

Note that the ordering > is defined on the set 7 of ground (i.e. closed) terms, without
variables; the theorem requires that [ >r for all (ground) substitutions that yield terms in
7. Together with monotonicity, this “local” condition on rules ensures that t>u
whenever ¢ rewrites to u for terms t and u in Z, but requires some means of testing
inequality for all substitutions. An alternative is to speak of an ordering of free terms,
containing variables, while insisting that the ordering be stable with respect to
substitutions, i.e. that if t >u, then to > uc for all substitutions ¢ for variables in ¢t and u.
Then one need only require that [ >r for each rule in some monotonic, stable, and well-
founded ordering > on free terms. As we will see, it is sometimes possible to “lift” a
ground ordering on J to an ordering of free terms, so that [>>r in the lifted ordering
guarantees that in fact lo >ro in the base ordering for all ground substitutions o.

ExaMPLE. The system ‘
fg(@) — g(f(®)) (N

terminates. To see this, consider the following stable, well-founded, monotonic ordering
on free monadic terms (constructed from the unary symbols f and g, constants, and
variables): terms are incomparable if one has a variable not in the other. Otherwise, a
term s is greater than a term ¢ if s is longer than ¢, or if they have the same number of
symbols, but the root (outermost) symbol of s is f while that of ¢ is g, or if they are of the
same length and their root symbols are identical, but the operand in s is (recursively)
greater than the operand in t. The above rule is clearly a reduction vis-g-vis this ordering.
This is an example of the ordering used in Knuth & Bendix (1970); see section 5. O

It is frequently convenient to separate a well-founded ordering of terms into two parts:
a termination function t that maps terms in J (%) to a set ¥ and a “standard” well-
founded ordering > on that %’

DEFINITION 8. A termination function t from a set of terms J (#) to a partially-ordered set
(%, >) is composed of a set of functions f,: #™— ¥, one for each function symbol f

e o~ B = iy,
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and arity n. and is defined by
(St ty) = f(z(t). .. . 2(z,))

for every term f(¢,.....t,) in 7. and for which

x>x" implies f(- - Xyl x )
forall x.x". - in ¥ and fin Z.

In other words. a termination function is a monotonic morphism from the free
F-algebra 7 (#) to an F-algebra % that is well-founded under >. With this definition.
we have the following refinement of the previous theorem:

THeOREM 7 (Lankford, 1975a). A rewrite system # over a set of terms T (F) is terminating
if, and only if, there exists a well-founded set (W, >) and termination function
. T(F)—> W . such that

t(lo) > t(ro)

Jfor each rule [ —r in £ and for any substitution ¢ of ground terms in T (F) for the variables
of the rule.

The “if" direction of this theorem, and the preceding two, underlies most of the early
termination proofs (e.g. Gorn, 1967; Iturriaga, 1967; Knuth & Bendix, 1970; Manna &
Ness, 1970). The “only if” direction is also straightforward (let > be the derivation
relation itself); a proof for finite Z appears in Lankford (1975a).

The use of monotonic polynomial interpretations was developed in Lankford (1975a.
1979). Using this method, an integer polynomial F (x4, ..., x,) of degree n is associated
with each n-ary function symbol f. The choice of coefficients must ensure monotonicity
and that terms are mapped into non-negative integers only, as is, for example, the case
when all coefficients are positive. Then each rule must be shown to be reducing; that is,
for each rule /—r, the polynomial t(l)—t(r) must be positive for non-negative
interpretations of rule variables. Linear interpretations were used in Knuth & Bendix
(1970); linear and quadratic ones were used in Manna & Ness (1970), who also illustrate
how the coefficients of linear interpretations can be chosen by solving the desired
inequalities; a number of other examples of polynomial interpretations may be found in
Dershowitz & Manna (1979); the method in Iturriaga (1967) is based on exponential
interpretations. An implementation of the polynomial method was incorporated in the
theorem-prover described in Ballantyne & Lankford (1975); recent work on automating
polynomial proofs is reported in Ben-Cherifa & Lescanne (1986).

ExaMPLE. Let 7 consist of all terms constructed from the constants 0 and 1 and the
binary function symbols + and x. To show that the system

Ax(B+7) = (ax f)+(axy)
B+7)xa—(Bxa)+(yx2) (8)
(@+B)+7—>a+(B+7)

over J terminates, we use the following polynomial interpretation:

taxpf)=rt(@)-1(f) 1(0)=2
(a+p) =21(x)+1(f) (1) =2.
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Under this interpretation, each rule is a reduction. For each of the first two rules, we have
() = t1(2)- t(B+7) = 2t(2) (B + 1(2) - t(;) + 7(2)
(r) = 2t(2) () +1(2) - t(y)+ L.
Since constants are given the interpretation 2, we must have t(x) > 1 for all terms . For
the third rule. we have
() =2t(a+ P +1(;)+1 =41(0)+21(f) + () +3
t(r) = 21(0)+ 22(B) + () + 2.

Since () is non-negative, this is a reduction. [

Note that, for termination proofs, constants (and hence terms) can be assigned
arbitrarily large values; thus, it suffices to show that t(I) — t(r) is eventually positive. This
suggests the following recursive test, due to Lankford (1976): let p be a polynomial in
variables x,, x,, . . ., x,. It is eventually positive, if all its coefficients are positive, or if
n > 1and its n first partial derivatives Op/0x,, Cp/Cx,, . . ., Cp/Cx, are eventually positive.

ExampLE. Consider the following system (for symbolic differentiation with respect to x):+
D.x—1
D.a—-0
D (x+B)—D.a+D.p
D.(axp)— pxD,a+axD.p
D2a—p)—D,2—D.p
D(—a)—> —D.x (9)

2 _)Dxaz_‘ D.B
D"(B) ; o X 7

D
D.(In z) — T“

D(2#) » Bx2" ' x D, a+af x (In 2) x D, B,

where a is any constant symbol other than x. Let the termination function 7: 7 — N be
defined as follows:

H(a+B) =t()+1(B)  t(axp) =t(D)+(p)
(x—p) = 1(0) +1(B) ©(a/B) = (1) +1(B)
() = t(@)+1(p) (D) = ()
(—2x2)=1t(x)+1 (ln 2) = t(2)+ 1.

For each of the nine rules [ —r, the value of t(l) is greater than that of t(r) when the
interpretation of the variables is sufficiently large. For examplie,

T <D (i)) =1 <i>2 = 1(2)? + 1(B)* + 21(2) - 1(B),
X B B

+ This system is taken from Knuth (1973). p. 337. Proving termination of the first five of these rules was one
of the problems on a qualifying exam given at Carnegie-Mellon University in 1967.
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while

T <D/';1 1% %‘f) = 1(D.2)+1(B)+ t(2) + 1(D. f) + ()
= ()2 + (B’ + 1(2) + 2t(B) + =(2).
The polynomial
X2+ 3P+ 2xy—x?—y2—x—2y—c

(with x for t(2). y for (f), and ¢ for t(2)) is eventually positive, since its two derivatives.
2y—1land 2x-2. are.

Integer polynomials cannot, however. suffice for termination proofs in general. since
that would place a super exponential bound on the length of computations; by the same
token, primitive recursive interpretations cannot suffice (as pointed out in Stickel. 1976).

EXAMPLE. It seems that System (1) cannot be proved to terminate with any monotonic
polynomial interpretation (Dershowitz, 1983).+ But termination can be proved using
exponentials (Filman, 1978), defining t: 7 — N as follows:

a+B) =@ +1(f)+1  t(—2) =2
t(ax fB) = 1(2)- t(p) t(u) = 2,

where u is any constant. O

4. Simplification Orderings

In proving termination, one can use any ordering > that is well-founded over all terms
that could appear in any one derivation; the ordering need not be well-founded over all
terms in all derivations. We call an ordering > for which > ~=* is well-founded for any
finite A, well-founded for derivations, the advantage being that a derivation (for finite #)
can only involve a finite number of function symbols. Thus, to apply Theorem 5, we need
only that > be a well-founded ordering for derivations. In particular, Theorem 3 implies
the following:

LEMMA 2. A4 partial ordering > is well-founded for derivations if it (has any extension that)
extends the embedding relation ©>.

To apply the ““local” method of Theorem 6, we also need > to be monotonic. The
following definition describes monotonic extensions of & :

DEFINITION 9 (Dershowitz, 19824). A monotonic partial ordering > is a simplification
ordering for a set of terms 7 if it possesses the subterm property,

fCrt oy,

and the deletion property,

a7

for all terms in 7

By iterating the subterm property, any term is also greater than any of the (not
necessarily immediate) subterms contained within it. The deletion condition asserts that

+ This system was presented in Iturriaga (1967) without a proof of termination.

i
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deleting subterms of a (variable arity) function symbol reduces the term in the ordering: if
the function symbols f have fixed arity, the deletion condition is superfluous.
(Simplification orderings for fixed-arity function symbols were investigated in Higman.
1952.) Together these conditions imply that “syntactically simpler™ terms are smaller in
the ordering. Hence:

THEOREM 8 (Dershowitz. 1982a). Any simplification ordering is a monotonic well-founded
ordering for derivations.

In the previous section, we observed the use of polynomial interpretations for
termination proofs. That method requires that terms be mapped onto the well-founded
non-negative integers. Using simplification orderings, on the other hand. allows those
methods to be extended to domains that are not themselves well-founded. For example.
one can associate a monotonic multivariate polynomial F(x,, .. ., x,) over the reals with
each n-ary function symbol f (see Dershowitz, 1979). For any given choice of polynomials
F to provide a simplification ordering, we must have that

x;> x; implies F(---x;---)>F(---xi--)
and
F(-  x;" " )>x,

for all positions i and for all real-valued x;’s.t For termination, we need
t(lo) > t(ro),

for all rules /—r and for all assignments o to the variables in /. Allowing the x,'s to take
on any real value is usually too strong a requirement; instead one may show that terms
always map into some subset S of the reals, i.e. x, .. ., x, in S implies F(x,, ..., x,) in S.
Then one need only show that the conditions hold for all x in S. In practice, S is usually
the subrange of x greater than some c. The above conditions are all decidable (albeit in
superexponential time), since they are logical combinations of multivariate polynomial
inequalities over the reals (Tarski, 1951; see Cohen (1969) for a much briefer decision
procedure and Collins (1975) for a more efficient one). Thus, the polynomial ordering can
be effectively “lifted” to terms containing rule variables (as first suggested for integer
polynomials in Lankford (1975a) for those cases where the interpretation is reducing for
all real values of the variables). It is similarly decidable if there exist polynomials (and a
suitable definition of S) of a given (maximum) degree that satisfy the conditions and
thereby prove termination. (The decision procedure, however, cannot point to the
appropriate polynomials.) For polynomials over the natural numbers, these conditions
are not decidable (see Lankford, 1979).

ExampLE. Consider the set of expressions J constructed from some set of constants and
the single function symbol x and the system (for semigroups)

(axB)yxy—ax(fxy) (10)

Terms ¢t and u are compared by comparing their real value interpretations, t(t) and t(u).

+ The methods of the next section allow the strict inequalities > in these two conditions to be replaced by >:
see Dershowitz (1982a).
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One example of real polynomials that serve the purpose are:
(ax f) = 5-1(1)+1(ﬂ)
t(u) = 107°,
for all constants u. This termination function t maps terms to positive reals and satisfies
the conditions on simplification orderings. It decreases for the subterm that the rule is
applied to: for any terms x, f. and .
H(xx B)x 1) = 21() + 20(B) +1(7) >, 25(0) +, 20(B) + () = (3 x (B x 7)),
since t(2)>0. —

Most orderings used in conjunction with Theorem 6 to prove termination of rewrite
systems are simplification orderings. In fact:

THEOREM 9 (Dershowitz, 1982a). Any total monotonic ordering > is well-founded for
derivations if. and only if, it is a simplification orderinz.

In particular, polynomial interpretations must satisfy the subterm property. In general.
however, total monotonic orderings, and hence simplification orderings, cannot suffice for
termination proofs.+t

ExampLE. Consider the terminating systemi

fla) > f(b)
g(b) = g(a).
If an ordering > is total, then either a>b or b>a. If a> b, then we would also have

g(a) > g(b), and the second rule would not be a reduction; analogously, if b > a, the first
rule would not be. &

(11

We have seen (Theorem 1) that termination is undecidable for two-rule systems; for
one-rule systems, the question of decidability is open. The following is known:

THEOREM 10 (Jouannaud & Kirchner, 1984). It is decidable whether a system of only one
rule reduces under any simplification ordering.

5. Quasi-orderings

This section describes methods for proving termination using quasi-orderings. A quasi-
ordered set (&, Z) consists of a set ¥ and a transitive and reflexive binary relation =
defined on elements of ¥ For example, the set of integers is quasi-ordered under the
relation “‘greater or congruent modulo 10”. For any rewrite system %, the derivability
relation =, is a quasi-ordering on J. Given a quasi-ordering = on a set %, we define the
associated equivalence relation x as both = and < and (strict) partial ordering > as X
but not <. An extension of a quasi-ordering = on & is a quasi-ordering = also on &
such that szt implies s 't and s>t implies s >'t for all 5. t € &; the relation X is, in that

+ Thus. the requirement that a total monotonic well-founded ordering also have the subterm property (e.g. in

Brown (1975)) turns out to be redundant.
1 Given, for example. in Huet & Oppen (1980).
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case. a restriction of X'. A quasi-ordering = on & is total if, for any two elements s and ¢
in . either s X1 or else s >!-

Note that the strict part > of a quasi-ordering X is well-founded if. and only if. all
infinite quasi-descending sequences s, Xs; Zs3;X - of elements of % contain a pair
5; s, for some j < k. We will refer to a quasi-ordering > as well-founded whenever its
strict part > is. If X is well-founded, then from some point on, in any infinite quasi-
descending sequence, all elements are equivalent.

Suppose Xz and = are two well-founded quasi-orderings on a set 7 of terms. and we
wish to combine them (lexicographically) to obtain a single well-founded quasi-ordering
%" on 7 for use in termination proofs. That is, we define ¢ =" u if either t >u. or else r ~ u
and ¢ > u. In order for >" to be a monotonic ordering, we not only need > and > to be
monotonic, but also need = to be a congruence, ie. trxu should imply
f(---t---)xf(---u---). We have the following definition:

DEFINITION 10. A quasi-ordering X over a set of terms 7 is monotonic if

tZu implies f(---t - )Zf(-u---)
for all terms in 7.

Clearly, if Z is monotonic, then the associated equivalence relation x is a congruence:
hence a monotonic quasi-ordering is sometimes termed a ‘“‘pre-congruence”. The use of
pairs of monotonic polynomial interpretations in termination proofs is illustrated in
Manna & Ness (1970) and Lankford (1979); its implementation is described in Ben-
Cherifa & Lescanne (1986).

ExaMpLE. To prove termination of
ax(B+7) = (@x )+ (xx7)
(B+7)xx = (@xp)+(xx7) (12)
(@xf)xy >ax(Bxy)

over 7 we can use the following pair, t and 7', of monotonic polynomial interpretations:

t(ax ) = 1(2) 1(f) T(ax f) = 2t'(0)+7(B)
(x+pf) =t@+(f)+1 t(@+p) =7@@+7(p)
t(u) =2 T'(u) = 2,
where u is any constant. The first two rules reduce under 7; while the last reduces under 1'.

Since the last rule preserves value under 7, we can use the lexicographic combination of ©
and 7’ to prove termination of the whole system. O

Well-founded quasi-orderings can be used to prove termination in the following way:

THEOREM 11. A rewrite system R over a set of terms J is terminating if there exists a well-
founded quasi-ordering X, which enjoys the subterm property,

S X
such that
I>r

for each rule | - r in R and for any substitution of terms in F for the variables of the rule.
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and such that
t=4u and tZu imply f(- -t )VZf(- u--)

tor all terms in 7.

ExampPLE. To prove that System (10) terminates, the following well-founded quasi-
ordering can be used: t X u if the size lt| of ¢ (i.e. the number of function symbols in 1) is
greater. or if ¢ and u are products of equal size, but the size of the first multiplicand of ¢ is
at least as big as that of u. The subterm property certainly holds for this quasi-ordering.
The two sides of the rule have the same size, but the size |x x S| of the first multiplicand of
the left-hand side. I=(xxf)x7y, is of necessity greater than the size |x of the first
multiplicand in the right-hand side, r = x x (8 x7); hence I>r. Since |t| = |u] whenever
r=>u. we have x xt x~ xxu, as well as t x x x u x 2, whenever t=>u. &

Recall that a derivation cycles if it repeats a term. That suggests a weaker notion than
termination:

DEFINITION 11. A rewrite system # is quasi-terminating for a set of terms J if every
infinite derivation ¢, =r,=¢y;=--- of terms in 7 cycles.

ExaMPLE. The following system quasi-terminates, as does any (finite) system that never
increases the size of terms:

(xxB)yxy—=ax(fx7)

axf->pBxa. (133
C
ExampLE. The following non-terminating systemt is, nonetheless. quasi-terminating:
fa, b, 2) > f(z, 2, 2)
g(a, p) —» (14)
g9(x, B) — B.

To see this, notice that the depth of a term (i.e. the maximum nesting of function symbols)
in a derivation is bounded by the depth of the initial term. 3

Note that for finite systems #, a term can rewrite in a single step to only a finite
number of distinct terms. Thus:

LEMMA 3. A finite rewrite system R is quasi-terminating for a set of terms 7 if, and only if.
all its derivations contain only a finite number of distinct terms.

(An infinite system can have cycling derivations with an infinite number of distinct
terms.) Finite quasi-terminating systems are also globally finite in the sense of Huet
(1980), i.e. only a finite number of distinct terms are derivable from any given term. As
might be expected:

THEOREM 12 (Guttag et al., 1983). It is undecidable whether a (finite) rewrite system is
quasi-terminating.

+ Borrowed from Toyama (1987).
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On the other hand. non-termination of any quasi-terminating system is clearly semi-
decidable. Also, termination of a finite quasi-terminating system for a given input term is
decidable (construct all derivations initiated by that term until they terminate or cycle).

We call an equivalence relation x that admits only finite equivalence classes thin. To
prove that a system is quasi-terminating. one can use quasi-orderings and thinness in the
following natural way:

THEOREM 13. A rewrite system R over a set of terms J is quasi-terminating if there exists a
well-founded quasi-ordering Z, whose equivalence relation = is thin, such that

t=,u implies tZu

for all terms t and u in J.

These conditions on the quasi-ordering (viz. well-foundedness and thinness) are
satisfied if for every term ¢ there is only a finite number of terms s such that > s (see
Gobel, 1983).

A stronger notion than well-foundedness plays an important role in what follows:

DeFINITION 12 (Kruskal, 1960). A set & is well-quasi-ordered under a quasi-ordering 2 if
every infinite sequence s,, s,, - - - of elements of & contains a pair of elements s; and s,.
j <k, such that 5;<s,.

Well-quasi-ordered sets are said to have the finite basis property in Higman (1952) and
to be partially well-ordered in Rado (1954). For a survey of the history and applications of
well-quasi-orderings, see Kruskal (1972). Note that any finite set is well-quasi-ordered
under any quasi-ordering (including equality), and that a well-founded set is well-quasi-
ordered when it has only a finite number of pairwise incomparable elements. We have
seen already (Theorem 2) that the embedding relation &> is a well-quasi-ordering of the
set of terms 7 (&) for finite Z.

Clearly, any extension of a well-quasi-ordering is also a well-quasi-ordering. Moreover,
if a quasi-ordering has only well-founded extensions, then it is a well-quasi-ordering; in
other words, a set & is well-quasi-ordered under X if, and only if, all its extensions (and
all of their restrictions) are well-founded. In particular, if > is a well-ordering (i.e. a total
well-founded ordering) of %, then % is well-quasi-ordered under > (the reflexive closure
of >).

In general, whenever > is a well-quasi-ordering, the equivalence relation = must be
thin, because any infinite sequence of equivalent terms would have to include repetitions.
Furthermore, if > is a well-quasi-ordering, then X is well-founded. Hence, we have:

COROLLARY. A rewrite system R over a set of terms J is quasi-terminating if there exists a
quasi-ordering 2z, such that its restriction > is a well-quasi-ordering, and such that

t=,u implies t Zu
for all terms t and u in .

In particular, we can—for finite #—use the well-quasi-ordered embedding relation ©.
(Strictly speaking, ~ is thin, in this case, only when it is restricted to terms appearing in
any single derivation.)
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ExampLE. Consider the one-rule system (for normalising conditionals).+

i (f (2. B.7), 6.8) > if (. if (B, 0. ¢), if (, 6. ¢)) (15)
and the monotonic polynomial interpretation.
T(if (. B. 7)) = 1(2) - (2(B)+ (7)),
with constants assigned the value 2. The quasi-ordering >, where r>u if, and only if,

7(f) = t(u), contains the embedding relation > and is thus a well-quasi-ordering. Since
() = t(r) for the rule, the above corollary establishes quasi-termination.

Another way to establish thinness is the following:

THEOREM 14. If the strict part > of a quasi-ordering = on a set T (F) of terms over a finite
set F of function symbols enjoys the strict subterm property,

enjoys the strict deletion property,

and has the property that for any term t in T (F) the length of a strictly descending
sequence beginning with t is bounded, then the equivalence relation ~ is thin.

Note that the partial ordering > is well-founded, but not necessarily monotonic. This
is the essence of the method in Lipton & Snyder (1977), extended to allow varyadic
function symbols f.

ExampLE. Consider the following system (for multiplication):

ax(B+y) = (axpf)+(xx7y)
B+ xax=>(Bxa)+(yxa)
Aax1—-a

Ixx—>2 (16)

ax0=0
Oxa—0.

Under the “natural” interpretation (+ as addition and x as multiplication, but all
constants as 2), terms map onto natural numbers (and hence the term ordering is of
order-type w), while satisfying the subterm property. Since, under this interpretation,
t Z u whenever t=>u, the system quasi-terminates.

Another notion that has been investigated is fair termination (of quasi-terminating
systems), in which all infinite derivations must include an application of each rule that is
infinitely often applicable. See Porat & Francez (1985).

Given quasi-termination, the following method may be used to prove full termination:

THEOREM 15. A quasi-terminating rewrite system R over a set of terms 7 is terminating if,
and only if, there exists a monotonic quasi-ordering X such that
I>r
+ Circulated by Boyer (1977).

< AR
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for each rule | —r in R and for any substitution of terms in F for the variables of the rule.

The ‘if”" direction appears in Dershowitz (1982a); the “only-if” direction is trivial (let

Z be the derivability relation =,). Thus, to prove termination one can first find an
approprxate quasi-ordering X guaranteeing quasi-termination, and then find any
monotonic quasi-ordering =" under which each rule is a reduction.+

ExaMpLE. A full proof of termination for quasi-terminating System (15) may be obtained
via the monotonic quasi-ordering %', where tx'u if, and only if, |t|<|ul. A term
“*decreases” under this quasi-ordering with each application of the size-increasing rule.

Using monotonicity, we can apply the corollary to Theorem 13 and also give a local
condition for quasi-termination:

THEOREM 16. A rewrite system R over a set of terms I is quasi-terminating if there exists a
monotonic quasi-ordering X, such that the relation > is a well-quasi-ordering, and such that

I=r

for each rule | -r in R and for any substitution of terms in J for the variables of the rule.

ExaMPLE. System (16) can be shown to be quasi-terminating using the ‘“natural”
interpretation of plus and times, which preserves the value of a term under rewriting, i.e.
() = 7(r), for the first two rules. By letting constants (including 0 and 1) have a value no
less than one, the quasi-ordering > becomes a monotonic extension of the well-quasi-
ordered embedding relation &>. O

By combining monotonicity with additional properties, we can extend the results on
simplification orderings of the previous section:

DerFINITION 13 (Dershowitz, 1982a). A monotonic quasi-ordering X is a quasi-
simplification ordering for a set of terms J if it possesses the subterm property,

Stz

and deletion property,
for all terms in 7.

A quasi-simplification ordering for fixed-arity function symbols (without the deletion
property) is called a divisibility order in Higman (1952). This definition means that any
quasi-ordering X which is a monotonic extension the embedding relation >, is a quasi-
simplification ordering. By Theorem 3, its strict part > is well-founded for derivations.
Thus, as a corollary to Theorem 11, we get:

THEOREM 17 (Dershowitz, 1982a). A finite rewrite system R over a set of terms T s
terminating if there exists a quasi-simplification ordering = such that

I>r
Sor each rule | ->r in & and for any substitution of terms in F for the variables of the rule.

+ Lipton & Snyder (1977) and Guttag et al. (1983) use “‘increasing length” where any monotonic quasi-
ordering would do.
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Suppose we are given two quasi-orderings. one on a set of terms and the other on its set
of function symbols. They can be combined to form another ordering on terms:

DerFiNITION 14 (Knuth & Bendix. 1970; Dershowitz, 1982a). Let X, be a quasi- ordering
on a set # of fixed-arity function symbols and =; a quasi- ordenng of the set 7(#) of
terms over .# The Knuth-Bendix ordering z,,, on 7 (F) is defined recursively as follows:

N =f(51s AEEERE) m) ~kbog(t1* R tn) =t
if
s>rt,
or else
Syt and f>¢g,
or else

Srt, fxpg and (Sq, .. o Sp) Zipo (Ers - - o0 ),

where X, is the lexicographic ordering induced by X, .

This generalises the ordeﬁng defined in Knuth & Bendix (1970) to any quasi-ordering
Zr.

THEOREM 18 (Dershothz 1982q). If Z; is a quasi-simplification ordermg onaset 7(F)of
terms over a set F of fixed-arity function symbols, such that f( - - )Xt can hold only
when f is unary and maximal under the quasi-ordering Xy of F (1 e. fZpg for all function
symbols ge F), then >, is a simplification ordering on T (F).

The condition on the function symbol ordering X ensures that >, possesses the
subterm property.

To prove termination via this method, one must find appropriate quasi-orderings =,
and Xy for which I’>>,,r for all rules |- r in the given system. For example, the method
of Knuth & Bendix (1970) totally orders function symbols under an ordering >, and
also assigns a positive integer weight to each constant and a non-negative integer weight
to each other function symbol, with X; comparing terms according to the sum of the
weights of their respective function symbols. Thus, the condition on X; requires that a
unary function symbol have zero weight only if it is the largest function symbol under >r.
Lankford (1979) replaces the linear weight function with monotonic polynomials having
non-negative integer coefficients. Since both these methods use total monotonic orderings,
by Theorem 9, the subterm condition is both necessary and sufficient for the orderings to
be well-founded; the integer requirements are not themselves necessary.

ExaMPLE. For System (10) we can use the Knuth-Bendix ordering 2,,, taking t X, u to
be [t| > |u| and Zf to be equality. O
ExaMPLE. This method applies also to the following system:
——a—
~@+p - ———ax———f (17
~(@xp) - ——a+———p

with tZ7u if, and only if, the number of occurrences of function symbols other than
minus in t is no less than in u, and minus is the largest function symbol under >;. O

sk
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6. Sequence Orderings
A quasi-ordering X on a set ¥ induces a quasi-ordering >, on the set ¥* of finite
sequences over & in the following manner:

DEeFINITION 15. The embedding relation >, on a set * of finite sequences over a set &,
quasi-ordered by X, is defined as follows:

" (51,82, - 2 Sm) B (ty, 82, .. 5 1)
1

s, 2t forallj=1,...n,
where 1 <i, <i, < - <i,<m.

That this relation preserves well-quasi-orderedness is known as Higman’s lemma:

LEMMA 4 (Higman, 1952). A set #* of finite sequences over a set & is well-quasi-ordered
under the embedding relation > if, and only if, the set & is well-quasi-ordered under the
quasi-ordering <.

ProoF (Nash-Williams, 1963). Suppose the theorem were false. Let the infinite sequence

T = tl, tz, cr
of words (finite sequences) be a “minimal counterexample”. That is, no element of this
counterexample can be embedded in a subsequent one, and for every i=1,2,--- no
other counterexample begins with ¢, ¢, . . ., t;-, followed by a shorter word than ¢;. (The

Axiom of Choice is needed for such a construction.)

A counterexample cannot contain an infinite subsequence of elements, each of which is
a word of length one, since the set & is itself well-quasi-ordered. So, 7 must contain an
infinite subsequence 7 of words of length greater than one. Each of its elements r; can be
split into two strictly shorter, non-empty words r; and r/. By minimality, the set of left
parts must be well-quasi-ordered by the embedding relation (or else t,¢,,...,
ti—y, Ty, Py, - . ., where 7 is the left part of t,, would be a smaller counterexample than 7).
Similarly, the right parts must be well-quasi-ordered.

Now note that (by the infinite version of Ramsey’s theorem) any infinite sequence
41, 43, - - - of elements of a well-quasi-ordered set (2, ) must contain an infinite chain of
quasi-ascending elements ¢; ¢, -+ (with 1 <i, <i, < ---). For suppose that a
chain q;, $¢;, - - - Sq;, could not be extended any further. Then the infinite remainder
@i +1-9i,+2, -~ would either contain an infinite chain or would also contain such an
unextendible finite chain. Thus, were there no infinite chain, there would be an infinite
number of unextendible finite chains. But the infinite sequence consisting of the final
elements of those chains must itself have a quasi-ordered pair, meaning that one of the
unextendible chains could, in fact, have been extended.

Thus, the fact that the left parts are well-quasi-ordered by >, means that there is an
infinite chain of embeddings 7}, 9<r}, I< - - . Since the right parts are also well-quasi-
ordered, there must also be an embedding among rj,,r},, - - - . But then ¥ would also
contain an embedding.

Since we have shown that there can be no counterexample, the theorem must hold. O

Multisets, or bags, are unordered sequences; they are like sets, but allow multiple
occurrences of identical elements. For example, the multiset {3, 3, 3,4, 0, 0} of natural
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numbers 1s identical to the multiset {0, 3, 3, 0. 4, 3}, but distinct from {3.4.0}. A quasi-
ordering X on any given set & induces a quasi-ordering % on the set .#(¥) of finite
multisets over &¥:

DerviTioN 16. For a set & quasi-ordered by X, the multiset ordering ¥ on the set H(F)
of finite multisets over % is defined recursively as follows:

X={xp...x Z{yis. syu =Y

f X=Yorif )
xixy and X—{x} 2 Y—{y},
forsomei=1,...,mandj=1,...,n or
Xi > Vs Vigo -+ o Vi @ X = {x} Z Y= {3, %00 - - Vits
forsomei=1,... . mand 1 <j, <j,< - - <j, <n(k=0).

(A multiset difference X — Z decreases the number of occurrences of each element in X
by its number of occurrences in Z.) Two multisets are equivalent under this quasi-
ordering if they are the same up to (permutation and) replacement of individual elements
with equivalent ones. In the induced strict partial ordering, M M’, for two finite
multisets M and M’ over % if M’ can be obtained from M by replacing one or more
elements in M by any (finite) number of elements taken from & each of which is smaller
than one of the replaced elements.

In Dershowitz & Manna (1979) a strict multiset ordering 3> is induced from a given
partial ordering >. In that case, two multisets are equivalent only if they are equal as
multisets, i.e. have the same elements with the same multiplicities, but perhaps in a
different order. If M > M’ in the multiset extension of >, but M # M’, then M > M’ in the
strict multiset ordering. If > is the empty relation, then > is proper multiset
containment. If N is the set of natural numbers 0, 1, 2, ... with the > ordering, then
under the corresponding multiset ordering » over N, the multiset {3,3,4,0} is greater
than each of the muitisets {3, 4}, {3,2,2,1,1,1,4,0}, and {3,3,3,3, 2, 2}. In the first
case, two elements have been removed (i.e. replaced by zero elements); in the second case,
an occurrence of 3 has been replaced by two occurrences of 2 and three occurrences of 1;
and in the third case, the element 4 has been replaced by two occurrences each of 3 and 2,
and in addition the element 0 has been removed. (See also Smullyan, 1979.) Alternate
definitions of induced orderings on multisets are explored in Jouannaud & Lescanne
(1982) and Martin (1986).

ExampLE. To prove termination of System (17), we can use Theorem 17 and the quasi-
simplification ordering 2, where ¢ Xz u if, and only if,

it 21Ul and {Jaf, : —aint} > {jal,, : —a in u}.

The multisets used here contain the value |x|, ., by which we denote the number of
occurrences of symbols other than minus, for each operand a of a minus sign; these
multisets are compared using the multiset ordering induced by > for integers. It is easy to
see that this monotonic quasi-ordering satisfies the subterm property of quasi-
simplification orderings on fixed-arity terms. It remains to show that each rule reduces the
subterm it is applied to. For all three rules, the number of symbols other than minus is the
same on both sides. To see that
——a>2,
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note that there are two less elements in the multiset of numbers of symbols for the right-
hand side than for the left-hand side. To see that
—(@+pf)>———ax——-8
—(@xf)>———a+———p,

note that the number of symbols other than minus in x+ f (and x x f) is greater than for
eachof — —x, —a,2,——f,—f,and . O

Multiset orderings are used in termination proofs (e.g. in Dershowitz & Manna. 1979;
Jefferson, 1980; Gardner, 1983) on account of the following:

THEOREM 19 (Dershowitz & Manna, 1979). 4 quasi-ordering = on a set ¥ is well-founded

if, and only if, the induced multiset ordering 2z on the set # () of finite multisets over & is
well-founded.

This result follows from Konig’s lemma (see Dershowitz & Manna, 1979). Well-
founded multiset orderings have also been used for inductive proofs in Jouannaud &
Kirchner (1986) and Bachmair (1987). Note that, as a result of Higman's lemma, we
know that % is a well-quasi-ordering if, and only if, X is.

ExaMPLE. To prove termination of System (9), we use the simple path ordering of Plaisted
(1978a). Terms are mapped into multisets of sequences of function symbols; sequences are
compared in the monadic path ordering >,,,. In this ordering, sequences are compared
left-to-right. At each step, any function symbol (or constant) less than or equal to the
current one in the other sequence is discarded. Whichever sequence becomes a proper
subsequence of the other (or is finished first) is smaller. The monotonic termination
function used for the simple path ordering is

t(t) = {(fl’fz’ .- '9ﬁ)!f1f2 o f;z iS a path in t}’

where a path is a sequence of function symbols, starting with the root symbol f,, and
taking subterms until an innermost, constant symbol f, is reached. For the function
symbol ordering, we take D to be greater than all else.t For example, consider the term

t = D,D,(D,yx(y+D,D,x)),
or with the D’s numbered for expository purposes,
t =D, Dy(D;3 yx(y+D,Dsx)).
It has three paths:
t(t) = {(Dy, D;, x, D3, y), (Dy, D,, x, +,y),(D;, D,, x, +, Dy, Ds, x)}.
Applying the rule
D(xxB)—=BxD,a+axD.f
to ¢t yields
u=D((y+D4yDsx)xD,D;y)+ (D3 y*xDy(y+D,Dsx)))
+ Gorn (1973) uses a “stepped” lexicographic ordering (under which longer sequences are always larger) to

prove termination of differentiation. but without using multisets, that proof applies only when D’s are not
nested.
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(with the labelling of the D.’s retained), and accordingly:

t(w) = (D, +. x. +. V). (D}, +. x, +.D,. Dy, x). (Dy, +. x, D,, D, y).
(Dy. +. x.D3. ). (Dy. +. x. Dy, +. ). (Dy, +. x. Dy, +. D,. Ds, x)}.
We have (1) »,,7(u), since

(D15 Dy, X, Dy, y) >ppe (Dy, +, %, +. y)

(D1, Dy, x, +. Dy, Ds, x) >,,,,(Dy. +, X. +. Dy, Ds, x)
(D1, Dy, X, D3, y) >pps (Dy, +. %, Dy, D3, y)
(D1, Dy, x, D3, ) >ppo(Dy, +. X, D3, y)
(D1, Dy, X, D3, y) >ppo (D1, +. X, Dy, +.,y)

(Dy, Dy, x, +, Dy, Ds, X) >0 (Dy, +, X, Dy, +, Dy, Ds, X). C

This multiset ordering %2 is “incremental”, in the sense that enlarging the quasi-
ordering X always enlarges the induced ordering 2. Furthermore, as has been shown in
Jouannaud & Lescanne (1982), no other incremental, induced ordering of multisets
contains the multiset ordering » for all >. For other such orderings on multisets, see
Martin (1986). When > is a total ordering, one may determine whether M > M’ by first
sorting the elements of both M and M’ in non-ascending order (with respect to the
relation >>) and then comparing the two sorted sequences lexicographically.t+ For
example, to compare the multisets {3, 3,4, 0} and {3, 2, 1, 2, 0, 4}, one may compare the
sorted sequences (4,3,3,0) and (4, 3,2,2,1,0). Since (4, 3,3,0) is lexicographically
greater than (4, 3,2, 2, 1,0), it follows that {3,3,4,0} » {3,2,1,2,0,4}. Jouannaud &
Lescanne (1982) describe one implementation of multiset orderings for the non-total case.

7. Term Orderings

In this section, we describe well-founded orderings on terms, mostly induced by a given
precedence ordering > (or quasi-ordering ) on function symbols. These are called
syntactic orderings. We also describe semantic orderings, which are induced by a given
ordering > (or quasi-ordering ) on terms. In general, we give definitions of quasi-
orderings on terms, with the intention of also defining the partial orderings obtained by
excluding equivalent terms.

A quasi-ordering X on a set # of function symbols induces an embedding relation >,
on the set 7 (%) of terms in the following manner:

DEerINITION 17. For any quasi-ordering = on a set # the homeomorphic embedding
relation >, on the set J(#) of terms over # is defined recursively as follows: for two
terms, s and ¢,

S=f(51,55, .. 5 gty ty .. t,) =t

if either
s;>xt forsomei=1....m
or
fZgands >t forallj=1,...n,
where | <i, <i, < -+ <i,<m.

+ This is the ordering I in Manna (1968).
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