
ENTROPIC QUESTIONING

NACHUM

1. Introduction

Goal. Pick the question that contributes most to finding a suitable product.

Idea. Use an information-theoretic measure.

Basics. Entropy (a non-negative real number) measures the amount of uncertainty
inherent in a distribution: high entropy corresponds to large uncertainty; zero
entropy corresponds to perfect knowledge.

Let P = {p1, . . . , pn} be a discrete probability distribution (set of probabilities),
corresponding to events {c1, . . . , cn}. The entropy of P is

HP = −
∑

i

pi log pi

By definition, set 0 log 0 = 0.
We will use binary logarithms, lg (= log2), instead of the usual natural loga-

rithms, ln, the difference being only a multiplicative constant.

Example. For n = 4, we have:
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2. Method

Theory. Let events ci be successes (item i is the right one). The (binary) entropy
of the system is

H = −
∑

i

Pr(ci) lg Pr(ci)

After asking a question (attribute) A and getting an answer j ∈ A, the entropy
becomes

Hj = −
∑

i

Pr(ci|j) lg Pr(ci|j)
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2 NACHUM

where Pr(ci|j) is the posterior probability of ci, given answer j. Thus, the expected
updated entropy after a question with answers j ∈ A is

H̄A = −
∑

j

Pr(j)Hj

where Pr(j) is the prior probability that answer j will be given.
Thus, H̄A measures the expected uncertainty after receiving an answer from A.

The lower H̄ is, the more information obtained by asking the question.

Example. Consider questions with the following answer distributions:
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Suppose that initially four items {a, b, c, d} are equiprobable, with entropy 2.
Question A gives a system with entropy 1, for either answer. Question B is mean-
ingless, and leaves the entropy as is, regardless of the answer. Question C reduces
the entropy to 1.125 if the answer is Y , and to 1.328 for N , for a weighted average
of 1.239.

So, clearly A is best. Having asked A and gotten an answer, both A and B are
worthless.

Note. When there are many answers j, each Hj will be relatively small, in which
case H̄ will also be small—assuming that the question is meaningful.

3. Application

Parameters.

S Set of (relevant) items

n = |S| Number of (relevant) items

pi = Pr(ci) A priori likelihood (normalized rank)
that item i ∈ S will be chosen

qij = Pr(j|ci) Probability of choice (answer) j for desired item i

rj = Pr(j) Probability of choice j

=
∑

i piqij

pj
i = Pr(ci|j) Posterior probability for item i, assuming choice j

= piqij/rj

Hj = −
∑

i pj
i lg pj

i Entropy after choosing j

H̄ =
∑

j rjHj Expected entropy (after answering given question)
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Method. Given the set S and probabilities pi and qij , choose the question with

smallest H̄ value. Update each pi to pj
i , where j is the answer obtained.

Additionally, one may want to ask no question when none make a significant
improvement in entropy.

Background. The use of entropy calculations to design decision trees was sug-
gested by Ross Quinlan in his famous ID3 algorithm [3].

Assumptions.

• All products in S with non-zero probability appear under at least one choice
(“other”, if necessary). If not, then some large “cost” should be assigned
them.

• Each leaf corresponds to a single product or to any of a number of indis-
tinguishable products (all of which will satisfy the customer equally).

Facts.
∑

i

pi =
∑

j

qij =
∑

j

rj = 1

Simplifications.

(1) The above entropy formula for a particular question is

H̄ =
∑

j

rjHj

=
∑

j

rj

(

−
∑

i

piqij

rj

lg
piqij

rj

)

= −
∑

j

(

∑

i

piqij lg
piqij
∑

i piqij

)

=
∑

j

∑

i

piqij lg

(

∑

i

piqij

)

−
∑

j

∑

i

piqij lg pi −
∑

j

∑

i

piqij lg qij

=
∑

j

[

lg

(

∑

i

piqij

)]

∑

i

piqij −
∑

i

pi lg pi

∑

j

qij −
∑

i

pi

∑

j

qij lg qij

=
∑

j

(

∑

i

piqij

)

lg

(

∑

i

piqij

)

−
∑

i

pi lg pi −
∑

i

pi

∑

j

qij lg qij

(2) Ignoring the middle part, which is the pre-question entropy, and is inde-
pendent of the (parameters of the) question, we are left with

∑

j

(

∑

i

piqij

)

lg

(

∑

i

piqij

)

−
∑

i

pi

∑

j

qij lg qij

representing the question’s expected improvement to entropy.
(3) We can use any base for the logarithm.
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(4) Pre-compute the following for each item i and each question:

ti = log
∑

j

qij log qij

(5) The formula is now equivalent to

∑

j

(

∑

i

piqij

)

log

(

∑

i

piqij

)

−
∑

i

piti

(6) One can save the piqij to reuse as the updated ranks, after picking a question
and getting answer j.

(7) The first half of this formula can be computed in one pass, by (selecting j
and) computing

∑

i piqij , for each j.

4. Example

Before Answer 0 Answer 1

pi lg pi pi lg pi qi0 p0
i lg p0

i p0
i lg p0

i qi1 p1
i lg p1

i p1
i lg p1

i ti
0.30 1.74 0.52 0.9 0.27 1.89 0.51 0.10 0.03 5.06 0.15 0.60
0.20 2.32 0.46 0.1 0.02 5.64 0.11 0.90 0.18 2.47 0.45 0.84
0.10 3.32 0.33 0.5 0.05 4.32 0.22 0.50 0.05 4.32 0.22 1.21
0.10 3.32 0.33 0.5 0.05 4.32 0.22 0.50 0.05 4.32 0.22 1.21
0.10 3.32 0.33 1 0.10 3.32 0.33 0.00 0.00 0.00 0.00 1.59
0.10 3.32 0.33 1 0.10 3.32 0.33 0.00 0.00 0.00 0.00 1.59
0.05 4.32 0.22 1 0.05 4.32 0.22 0.00 0.00 0.00 0.00 2.21
0.05 4.32 0.22 1 0.05 4.32 0.22 0.00 0.00 0.00 0.00 2.21
Σ 2.75 6 0.69 31.46 2.15 2.00 0.31 16.18 1.03
H 2.75 1.48 0.32

So the entropy before the question is 2.75 and the expected value after is 1.48 +
0.32 = 1.8.

5. Excursis

Path Length. Suppose the n leaves of a tree T are assigned probabilities pi. The
weighted path length w(T ) of T is the weighted average of the length ℓi of the paths
from the root to the leaves of T :

w(T ) =
∑

i

piℓi

Note. It is known [1] that for all probability distributions P there is a T such that

H(P ) ≤ w(T ) ≤ H(P ) + 2

So—for large trees—the entropy is a good estimate of the average path in the best
possible tree.1 (The lower bound follows from the nature of entropy.) The Huffman
code algorithm [2] (see below) is optimal.

Theorem 1. Assume that all probabilities in P are powers 2−k of 2. Then, one

can achieve w(T ) = H(P ).

Proof. Use Huffman’s algorithm:

1Some other connections between path length and entropy appear in [4, 5].
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(1) Each value in P is a leaf node.
(2) Replace the two nodes with smallest values, with a node containing their

sum, and with the original nodes as its children.
(3) Repeat previous step until only one node is left.

For the probabilities to add up to 1, the two smallest must be equal; so adding them
gives a new power of 2. (Just think of their binary representation.) By induction,
every node 2−k will end up on level k. The claim follows. �

Theorem 2. One can recursively partition a discrete distribution into two sets of

equal total probability, if and only if the probabilities are all powers 2−k.

Such a recursive partitioning corresponds to a perfectly balanced binary tree, in
which the two branches at every node have equal weight.2

Proof. Suppose we are given a set P of n such powers. If n = 2, then P =
{1/2, 1/2}, which can be split as desired. Suppose n > 2. Replace two equal ones
with their sum, which is also of the desired form. By induction, the new, smaller set
can be split evenly, after which the two combined probabilities can be decomposed.

Suppose P = {p1, . . . , pn} can be split as described into P1, P2, each weighing
1
2
. Each of Pj (j = 1, 2) can be split recursively, so if we double each probability

in Pj , the latter can also be split. Since |P1|, |P2| < |P |, by induction the doubled
probabilities are of the desired form. But then so are the non-doubled ones. �

Moral. Working under the assumption that there always is some question that
splits the relevant set into two halves, the expected length of a path to the chosen
(clicked) product for a given query is given by the entropy.
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