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Abstract. Bounded fairness is a stronger notion than ordinary eventu-
ality-based fairness, one that guarantees occurrence of an event within
a fixed number of occurrences of another event. We formalize bounded
fairness by introducing a new family of temporal modal operators. The
resultant logic is equivalent to temporal logic with the until modality,
but more succinct.

This logic can be used to specify bounded fairness requirements in a
more natural manner than possible with until. It can, for example, relate
the frequency of shared resource access of a particular process to other
processes that access the resource with mutual exclusion. As applications
of bounded fairness, we verify requirements for some standard concurrent
programming problems and for a new cache protocol. We also show that
Dekker’s mutual exclusion algorithm is fair in the conventional sense,
but not bounded fair.

Was euer booke containing such vile matter
So fairely bound?

The most excellent and lamentable tragedie,
of Romeo and Iuliet
—William Shakespeare (1599)
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1 Introduction

Fairness means that every process gets an opportunity to make progress, regard-
less of what other processes may do. The distinguishing feature of a large class
of fairness notions is eventuality, that is, fairness is defined as a restriction on
some infinite behaviors, relating to the eventual occurrence of some events [9)].
Temporal logic, with modal operators [ ] and <>, has been commonly used as
a tool to specify and analyze such fairness properties, in large measure due to
the pioneering work of Pnueli and Manna (see [21, 24, 25]). Gabbay et al. [10]
introduced the U (until) operator to formalize aspects of responsiveness (for ex-
ample, the absence of unsolicited response) and fairness (for example, “strict”
fairness).

For many applications (including real-time applications), the weak guarantee
of eventual occurrence may be insufficient. Instead, systems such as flight control
and process control systems require that time bounds on their reactive behavior
be met, which makes it necessary to specify and reason explicitly about the
frequency of occurrences of events. Many explicit-time logics have been proposed
for such applications (see [11,22,26]). Whereas eventual occurrence is too weak
a commitment, explicit mention of time is constrictive and unpleasant in many
situations. For example, the following is a plausible requirement: any process p
that requests a resource (such as a critical region) be granted the resource within
the next k times it is granted to a process arriving after p. This requirement
relates the frequency of shared resource access of a particular process with that of
other processes (which access the resource with mutual exclusion). It is stronger
than the eventuality requirement, but, nonetheless, does not require explicit
mention of time.

This parameterized notion of k-fairness allows one to express a variety of
fairness requirements elegantly, ranging from k = 1, corresponding to the (ab-
solutely fair) “first come first served” discipline, to k = oo, corresponding to
the (totally unrestricted) eventuality concept. Bounded fairness, though suited
to real-time applications, makes no assumption about the relative progress of
processes; that is, a process’s execution rate on a processor is independent of the
execution rate of another process. Such rate assumptions would make solutions
more restrictive and time-dependent.

Ezample 1 (Family Status). Consider a system comprising three variables: z
and m are Boolean; n is a natural number. Suppose three processes are running
concurrently:

— Z can set or reset z, or idle with z unchanged;
— M can set or reset m, or idle with m unchanged;
— N can increment n, or idle with n unchanged.
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demands that m hold true within three occurrences of z. The requirement

mAy=n<4 — zn>y

insists that n grow within eight occurrences, provided m holds and n does not
exceed four.3

In the literature, bounded fairness has been mentioned in specific contexts
or en passant. For example, Fagin and Williams [8] define an intuitively similar
notion in the context of a carpool scheduling algorithm. Manna and Pnueli [20]
mention “bounded overtaking,” which is the kind of fairness we have in mind
and suggested in [13,15]. Here, we provide practical motivation for using this
concept, and illustrate its application in rigorous temporal-logic analyses.

In the next section, we describe bounded fairness and show how to specify it
for some standard concurrent programming problems. In Section 3, we incorpo-
rate the family of binary modalities <’> into linear temporal logic, to formally
capture our intuitive idea of bounded fairness. Section 4 lists some properties of
kTL, and proves that this logic is precisely as powerful as temporal logic with
the until operator . We also demonstrate the succinctness made possible with
the new operator. In Section 5, we illustrate several applications of bounded
fairness. We show that Dekker’s solution to the (two process) mutual exclusion
problem is fair in the conventional sense, but not k-fair for any fixed value of k.
We also show that a shared-memory distributed synchronizer and a starvation-
free mechanism for a retry-based cache-coherence algorithm are both bounded
fair.

2 k-Fairness

We work in the context of the concurrent processing of several asynchronous
processes. Though we will define fairness using the state transition model of
Burns et al. [4], it will be obvious that bounded fairness could just as well be
defined for other abstract models of concurrent computation (for example, the
one described in [6]).

Our process model comprises a set of states with transition functions. Each
process p; is a triple (V, X;, 7;), where V is a shared set of values and X; is a
(possibly countably infinite) set of states partitioned into disjoint sets R;, T,
C;, and FE;, corresponding to the remainder, trying, critical, and exit regions of
process p;, respectively. The remainder set R; is non-empty; the other partitions
can be empty. The state transition function 7;: Vx X; ~» Vx X; has the following
restricted behavior:

T - VX(RlLJTl) ~ Vx (TlUCZ)
Ti: VX(OiUEi) ~> VX(RZ‘UE,').

3 Legend: z is true if Zohar called; m, if one is in the married state; n is the number
of one’s children.



For convenience, we refer to a process by the region to which it currently belongs.
We assume a linearly ordered sequence of time instants. The usual fairness
requirement expressed in linear temporal logic [24], and using the above process

model, is
pieT, — peli, (1)

stating that process p;, currently in its trying region, eventually (at some sub-
sequent instant) enters its critical region.

For some applications, one needs a stronger assertion than (1), namely that
the entry of any process into its critical section is k-fair. The parameter k is a
fixed positive integer referred to informally as the bound. A formula z <’> m may
be read “m is k-bounded to z” and is true at a particular state if and only if m is
true at one of the next k instants that z is true. Define the following proposition:

¢; : The scheduler allows a process p;, or another process arriving after
pi, into the respective critical region.

Then, k-fairness for p; is expressed as follows:

Pz‘GTi—>qz'<k>pi€Cz', (2)

meaning that any process p; wanting to enter its critical region is guaranteed to
do so at one of the next k times that a process is scheduled.

The following examples illustrate how bounded fairness requirements may be
specified for standard concurrent programming situations using the <’> operator
in a more natural manner than possible with either until or atnext [18].

Ezample 2 (Monitor). A monitor is a language construct for process synchro-
nization. A process must wait on a condition variable, say B, if it finds that it
should not be granted access to a particular section of the program. The opera-
tions defined on B are wait (delay the process waiting on B) and signal (awake
the process waiting on B) [12]. Let £ be the label at which a process p waits.
Define the following:

at ¢ : Control flow is at the beginning of statement £.
after £ : Control has just completed execution of /.
r : The process waiting on B is awoken.
q : Operation signal(B) awakens process p waiting on B, or
wakes a process waiting on B that arrived after p.

The standard fairness property for p is

O (ate A7) — aftert,

where an assertion |:|<>z means that z is true infinitely often. The stronger
k-fairness property (2) is

O [at€ - (q <k> aﬁereﬂ .



Ezample 3 (Five Dining Philosophers). Consider the familiar Dining Philoso-
phers Problem, as originally formulated by Dijkstra [5]. Suppose we do not re-
quire a strict precedence in granting forks to a philosopher according to the
order of the request made, since such a requirement holds up resources (forks).
Instead, allow philosopher i’s neighbors to hold the forks at most once out of
turn after ¢ expresses the wish to use them. Let T, and C** be the trying
and critical regions, respectively, of the ith philosopher’s process, ;. Define:

@;: The scheduler allows ;, or its neighboring processes ;41 and ¢;_1
(+ and — are modulo 5) arriving after ¢;, to enter the respective
critical region.

The specification for this bounded requirement is as follows:

5
/\ I:l l:(pi c Tiforks N (q'i <?> = Cieat>:| )
i=1

3 Semantics of £kTL

We define now the syntax and semantics of KTL, our linear-time logic with
temporal operators @ For convenience, we also use other well known temporal
operators; later (Proposition 3), we will show how these operators can also be
expressed in terms of @ Consider a language with atomic propositions zg, 21,
..., the usual propositional connectives, =, A, and V (and other connectives
as abbreviations for combinations of these), the truth constants, T and F, the
temporal connectives, <>, L1, O, U, atnest, and the new connectives @ for
each positive integer k. We refer to well-formed formulee in this language as
“kTL formulae.”
A run (model) o is given by:

— A (countably infinite) sequence of states, g, 071, ..., indexed by “instants.”
— A truth assignment o, i |= z,, for each atomic proposition z,, in each individ-
ual state o;.

The semantics of the temporal operators are given by inductively extending
the truth assignment to all temporal formulse. The meanings of propositional
connectives and the standard temporal operators, <>, [], and O, are as usual
[21]. In addition, we define:

o jEmMU z iff
o,k =z for some k > j and o,i =m for all 4, j <i < k.
0,j E m atnext z iff
o,klEmAz forsome k > j and 0,0 £ z for all 4, j < i < k.
0,72 m (k> 0) iff
there are j < t; < --- <ty, 1 <{ <k, such that o,t; =m, (3)
o, t; Ezforalli, 1 <i</{ and
otz forallt, t; 1 <t<t;, 1<i</.



By convention, temporal operators do not to include the present state. The
definitions of U and atnext are “strong” in the sense that assertion z must hold
in the future for the formule to be true.

For completeness, we ought to also define O-fairness:

A ETL formula ¢ is satisfiable if there is a run o such that 0,0 | ¢; it is
valid if 0,0 |= ¢ for all 0.

4 Expressiveness of £TL

Any formula z <’> m can be unfolded into k nested untils, k occurrences of @,
and linearly many duplications of z and m:

Proposition 1. The following equivalence is valid for all positive integers k:

z@m & (z@m)V [ﬂzZ/{(z<k>m>]

Proof. Consider what it means (by 3) for the left side to be true at instant ¢ for
run o, namely, that there are ¢, 1 < ¢ < k + 1, subsequent instants ¢ < i; <
19 < --- < iy at which z holds, but between which z is false, and, furthermore,
m is true at the last instant, 7y. The meaning of the second disjunct on the right
is that z is false until some instant ¢; (when it may or may not be true), true
at exactly the instants is,..., 4y (for some ¢/ < k + 1), while m is true at i, .
Comparing the two, we see that the left side is also true when m and z are both
true at iy, which is exactly covered by the disjunct z @ m.

If, on the other hand, the first disjunct of the right side is true, then so is
the left side. Otherwise, for the right side to be true, m must be false when z is
first true, but true one of the next k times it is, which also makes the left side
true. O

Alternatively:

Proposition 2. The following equivalence is valid for all natural numbers k:

z@m = z<> {m \/(z<k>m>}
For convenience, we may define a dual notion to that of bounded eventuality,
namely bounded contemporaneity:

J[r]m e ﬂ<z@ﬁm),

under which m must be true each of the next k instants z is.



The other temporal connectives can be expressed succinctly in terms of @:

Proposition 3. The following translations are valid:

Om e T

on o 1>

S
etz o =

Kamp [16] showed that £ (U ), the language with U as the only temporal con-
nective (plus atomic sentences and the usual logical connectives), is as expressive
as the first-order theory of linear order (given by the set of natural numbers with
= and < and a set of monadic predicates). Based on this, £ (i) is said to be
expressively complete.

Theorem 1. kTL is of the same expressive power as L (U ).

Proof. The temporal connective U can be expressed in terms of @, as follows:

2 UM & (z—>m)<>m- (4)

Consider the left side: it holds in state o; if m is true in some state o, 7 > 7, and
z and —m hold in each state of the (possibly empty) sequence o;41,...,0;-1.
Similarly, the right side holds in o; when m is true at some state o, j > 1,
at which time z — m must also be true; at all other states in the sequence
(Gix1,--.,04-1), z is true and m is false.

For the other direction, it is fairly obvious that @ can be expressed in terms
of U in the following manner:

z<>m & zU (MmAz).

Thus, we have that £ (@), the language with just @, is of equal expressiveness
as L(U).

By the preceding two propositions, the temporal connectives of KTL may all
be expressed in terms of < (or, for that matter, ¢/). So £ (U) and £ (<) are
as expressive as all of kTL:

£(<>,D,O,L{7atnext7<>,<2>,...). a

As a corollary, since £ (U ) is more powerful than £ (<>, []) [10], our logic
kTL is also more powerful.

There is an inter-dependence between the iterated atnezt operator of [18]
and our <’>, first proposed in [15]. Informally, m atnext® z means, “m holds at
the kth next state at which z holds,” but may hold earlier, too. Let’s symbolize
atnext® by an infix circle operator (¥ . It is straightforward to see that:



Theorem 2. The following equivalences are valid for all positive integers k:
k+1
z @ m & \/ {m @ z]
i=1
@ e (D (On).

Furthermore, one can show by induction that:

Corollary 1. The following expansions are valid for all positive integers j and

B S o)
@ e D (On)

Timed (metric) temporal operators (as in [17], for example) are also easily
expressible. For example, the formula {>. ,m, meaning that m holds within the
next k instants, is simply T @ m. B

Finally, we point out that the operator <’> contributes to the succinctness
of expressions that would otherwise require multiple occurrences of U:

Theorem 3. Formule of kTL can be much more succinct than those of L (U ).

Proof. We have seen (4) how to transform any occurrence of I into one instance
of @ On the other hand, expressing <’> requires nested U’s. Specifically, the
formula STAIR 1 of [7], which expresses the claim that there is a subrun with
k+1 occurrences of event a but no b’s, can be expressed using (the dual of ) <,

as follows:
& {a [~b A (b U a)]}.

But, as shown in [7, Thm. 4.1], expressing STAIR; 41 in £ (U ) requires k nested
U’s. O

Since propositional temporal logic with until is decidable, it follows from
Theorem 1 that kTL is likewise decidable, for example by designing a semantic
tableau (cf. [27]).

5 Applications of £tTL

This section considers the analysis of three programs for fairness, running the
gamut from linear-bounded fairness to unbounded fairness.

Ezample 4 (Distributed Synchronizer). A synchronization primitive, particularly
suited for implementation on large shared memory multiprocessors, and called
the Distributed Synchronizer, was introduced in [14]. It was shown there that
for a multiprocessor with n processing elements, the DSP and DSV operations
(the usual P and V operations implemented with the distributed synchronizer)
are (2n — |logyn| — 1)-fair.



Our next example appeals to the following:

Lemma 1. For all positive integers k and £, the following implication is valid:

D<p<k>q>/\((p/\q)<ff>r> = pr.

Proof. Consider a run o such that 0,0 = [1(p<> ¢) A [(p A q) < r]. By hy-
pothesis, 0,1 |E p@ q, which (by 3) implies that there should be instants
1<ty < < tgy, 0 <k <k, such that o,tx, = p A ¢ and p false at all
intervenient instants. Furthermore, o,tx, | p<’> q, which implies that there
are tg, < tig41 < o0 < tgy, k1 < ko < k1 + k, for which o,tx, E p A q.
Consider the endless sequence ¢y, < tr, < ---, constructed in this manner,
with o,tx, = p Aq, for all 4, and o,j = —p, for all t, < j < ty,,. The
hypothesis 0,0 = (p A q) @r implies that there is an instant ¢, £ < /,
in this sequence that satisfies o, ke, = r. Now, we can construct a sequence
<ty < < gy < gygr <o < gy < tgypr < -0 < tg,,, of length at most
kl, at each instant of which p holds (but not in between), because ¢ < ¢ and
ki < kiy1 < k; + k, for all i (kg = 0). The run o therefore satisfies the intended
meaning (3) of the consequent of the formula. That is,

0,0|:pr. O

Ezample 5 (Scalability Port). An application of bounded fairness arises in retry-
based multiprocessor cache-coherence protocols in which source agents make
caching requests to home agents associated with cache lines. In such protocols,
requests may need to be retried when there are multiple requests to the same
cache line—referred to as an address conflict, or when there are no available re-
sources to grant at the home agent—referred to as a resource conflict. In either
case, it is important that a particular source agent does not starve because it
encounters one of the two conflicts each time its request arrives at a home agent.
Intel’s Scalability Port specification [2] is an example of a retry-based protocol.

A total of N caching agents are competing for shared resources to process
transactions to shared memory. The resources are managed by a starvation-
prevention algorithm that enforces fairness among the multiple agents, while
prioritizing retried transactions resulting from address conflicts. Home agents
prioritize retried caching agents over other serviced agents for the shared resource
in the future.

Priorities assigned on account of resource conflict and address conflict are
tracked separately by each home agent using two vectors, R (priority vector due
to resource conflict) and A (priority vector due to address conflict), indexed by
caching agents. Vector entries can be in a Normal, Prioritized, or Serviced state.

A request may be serviced if it is from a Prioritized agent and the resource is
available. Whenever a request is serviced, the corresponding entry is set to Ser-
viced. Whenever a request is retried, the corresponding entry is set to Prioritized
unless it is already Serviced. When there are no Prioritized agents, the vector
reverts to Normal. When a retry results from an address conflict, the resource



is, in addition, marked by a conflict flag and reserved for the specific cache line.
This flag is reset when the entries in A transition back to Normal.
Define the following propositions:

p: A new request is serviced.

q : The conflict flag is reset and vector A reverts to Normal.

7 : The resource is acquired by a request from a particular caching
agent.

Once a conflict flag is set for a resource, there can be at most IV requests, one from
each caching agent, that are serviced by that resource before the home agent’s
A vector gets back to Normal and the flag is cleared. Therefore, the algorithm
satisfies D(p<N> q). Once both p and ¢ events occur, only Prioritized agents
in R get serviced, because there cannot be a resource with its address conflict
flag set. Therefore, caching agents are guaranteed to get serviced before such an
event recurs N times. Consequently, the algorithm satisfies []((p A q) O T).
Applying the lemma, with £ = ¢ = N, and p, ¢, and r, as above, we have:

|:|<p<N>q>A<(pM)<N>T) = p@?ﬁ

and conclude that every caching agent’s request will get serviced before N2
subsequent requests are.

Ezample 6 (Dekker’s Algorithm). One can show that Dekker’s solution (see
Fig. 1) to the two-process mutual-exclusion problem [5,19] is not k-fair, for
any fixed value of k. The trying regions in this case are Ty = {z1,..., 26} and
Ty = {m1,...,mg}; the critical regions are C; = {z7, 25} and Cy = {my,mg};
the exit regions are Fy = {z9} and Ey = {mg}; and the remainder regions are
Ry = {20} and Ry = {my}. For process p1, the k-fairness requirements are:

p1 € Ty AN py € To — after zo V <after mo @ after zz>
p1 €11 ANpa & To — after z9 V (aﬁer mo <s> after 22> .

Assume that the processor executing Process 1 is at z5 and that it takes a
long time to execute z5 (making no assumptions about the relative speeds of
processes). Meanwhile, the processor executing Process 2 executes my, ..., my,
and is at mo. It still finds that y; = false, since z; and zg have not completed.
Thus, it enters its critical region though p; € T;. This, in fact, can happen any
number of times. Hence, the algorithm is not k-fair for any fixed value of k. It
is, however, fair in the unbounded sense, since Process 1 will eventually be able
to enter its critical region. (Each instruction takes only a finite amount of time
to execute.)



LI t:=1; y1 := false;

Process 1

y2 = false;

Process 2

Z0-
Z1:
zZ92:
Z3:
Z4:
z5.
Z6-
z7:
z8:
Z9:

non-critical

y1 = true

if —y> then goto z7
if t = 1 then goto 22
y1 := false

await ¢t = 1

goto 2

t:=2

y1 := false

goto 2o

. non-critical

T y2 1= true

: if —y; then goto m~»

. if ¢ = 2 then goto ma
1 yo = false

:await t = 2

: goto my

=1

1 yo = false

: goto mo

Fig. 1. Dekker’s algorithm

6 Discussion

Most fairness properties involve the temporal concept, “eventually.” Eventuality,
however, is a relatively weak concept with which to specify desirable properties of
many concurrent programs. Instead, we have proposed a stronger notion, called
k-fairness, and introduced a new set of binary temporal modalities, @, into
linear temporal logic. The definition is elegant in that time is not explicit. As we
have seen, one is able to express a variety of fairness notions, ranging from strict
first-come-first-served fairness to eventuality, and to analyze standard concurrent
programming problems and mutual exclusion algorithms for bounded fairness.

Specifically, we have seen that:

1. There is a linear bound, in the number of processors, for the Distributed

Synchronizer.

2. The bound for the retry-based Scalability Port algorithm is quadratic in the

number of agents.

3. There is no fairness bound for Dekker’s algorithm.

One can similarly analyze other concurrent algorithms for bounded fairness. In

particular:

4. The solution to the Dining Philosophers Problem utilizing monitors (pre-

sented in [3]) is 1-fair.

5. Peterson’s two process Mutual Exclusion Algorithm [23] is 2-fair, since it
permits a process executing in its trying region to be overtaken at most

once.



The concept of bounded fairness developed here lends itself to a range of
quantitative variants. Consider the assertion, “m is true the kth time z is, but
not before,” which we might denote

This temporal connective can be expressed in terms of our <’> operator as fol-

sz@m
(- D) ().

All in all, we now have a full spectrum of related temporal modalities:

z<k>m z@m zvm <[] m.

Each refers to the next k instants when event z is true. The first asks only that
m hold at one of them; the second demands that it be true precisely at the last
occurrence; the third adds that it not hold before; the last requires m to be true
at all of them.

Alur and Henzinger [1] have promoted an idea called “finitary fairness,”
which imposes bounds on the relative frequency in scheduling of a set of events,
and have developed the formal semantics of their F,, modality. While that no-
tion applies to a set of events uniformly, k-fairness can specify fairness of one
particular event relative to another. One is tempted to suggest a locally-finitary
operator @, meaning @ for some k. Unlimited use of unbounded modalities
Jk. z <’> m, however, gives an undecidable logic.

We have only described bounded modalities for the future fragment of time.
It would be natural to also refer to the past by allowing negative k in kTL.
Though this would not add expressive power to the temporal logic of discrete
linear time with a since operator, it would perhaps allow simpler specifications
and simpler proofs of past program behavior.
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