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Given a Boolean formulaA, the satisfiability problem
is concerned with finding an assignment of truth values (0
and 1) to the propositional variables inA that gives the for-
mula the value 1 (true), or—when there is no such satisfy-
ing assignment—proving that theA is equivalent to the con-
stant 0 (false). Alternatively, to establish validity ofA, one
can refute its negationB by inferring a contradiction1 = 0
from it. In general, a proof will require some form of case
splitting. SupposeB contains one or more occurrences of
a propositional variablex. FromB, one may infer the dis-
junctionB0 ∨ B1, whereB0 andB1 denote the formulaB
after making the assignmentx = 0 or x = 1, respectively.
If both alternatives lead to a contradiction, thenB is unsat-
isfiable andA is a tautology. Tracking “necessary” assign-
ments is crucial for reducing the number of backtracks that
must be performed during the search.

Boolean rings are an algebraic structure that provides an
alternative to Boolean algebra. By using exclusive-or (+)
instead of (∨), there is no need for a negation operator (x′

is x + 1). The Boolean-ring (exclusive-or) normal-form is a
sum of monomials, called aZhegalkin polynomial. The nor-
mal form of tautologies is 1, and is 0 for contradictions.
The use of this representation in automated deduction was
first suggested in [1]. We explore the range ofsimplifica-
tions that can be employed efficiently (that is, polynomi-
ally) on Boolean ring formulæ, and show how such sim-
plifications can be used to boost performance of satisfiabil-
ity algorithms. We avoid the potential exponential size in-
crease associated with the use of the distributive law needed
to compute Boolean-ring normal forms, splitting on vari-
ables instead.

We have implemented a mixedbinary-linear represen-
tation of Zhegalkin polynomials [4], which can help opti-
mize operations like unit propagation and hypothesis test-
ing. Extra variables are used to decompose each polynomial
equationM0 + · · · + Mn = 0 (n > 1) into a linear equa-
tion y0 + · · · + yn = 0 and a set of binomial equations
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Mi = yi. Satisfiability of binomial equations is (polynomi-
ally) equivalent to Horn-clause satisfiability; Gaussian elim-
ination solves the linear part. Cross-fertilization between
the two parts adds inferential power. Judicious use of sim-
plification, exploiting algebraic properties of the represen-
tation, reduces the necessity for case splitting.

Finally, we present a method for testing validity that
adapts St̊almarck’s method [3] to the Boolean-ring frame-
work. St̊almarck’s algorithm (and the similar method ofre-
cursive learning[2]) is a novel technique for tautology-
checking that has been used successfully for some
industrial-scale problems. “Simple” inference rules gener-
ate consequences of a given formula. New consequences
sharedby both B0 and B1 are then added to the setB.
This merging of consequences is iterated as long as pos-
sible, after which the allowed nesting depth of case split-
ting is incremented. In the binary-linear framework, check-
ing whether the binary (or linear part) ofB0 entails a newly
derived binomial (or linear, respectively) equation inB1 (or
vice-versa) is polynomial.
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