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Abstract. An automated system for the synthesis of functional programs, expressed as a convergent set of rewrite rules, is presented. Deductive and inductive rewriting techniques are combined to synthesize
a program from a formal specification. Deductive consequences of an
equational specification, and of equations expressing domain knowledge,
are produced by a completion-based inference engine. The novel component of the system is its incorporation of inductive techniques to guess
program clauses, which are then subjected to verification. This paper
describes the heuristics that are employed for generalizing from a set of
deductive consequences to form new equations. The proof-by-consistency
method is then used to establish validity in the initial algebra of newly
suggested program rules. In the same fashion, induction is used to guess
lemmata needed in the proof and deduction is used to verify them. An experimental ML implementation, geared to programs dealing with natural
numbers and recursive data structures, has been written and is described.
The judicious combination of completion, heuristic generalization, and
inductive theorem proving allows it to derive provably correct programs
fully automatically.
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Introduction

Rewriting [10, 23] is a very powerful method for dealing computationally with
equations. Oriented equations, called rewrite rules, are used to replace equals by
equals, always in one direction. The theory of rewriting centers on the concept
of normal form, which is an expression that cannot be rewritten any further.
Computations consist of rewriting to a normal form; when the normal form is
unique, it is taken as the value of the initial expression. When a rewrite system
always rewrites equal ground (variable-free) terms to the same normal form, it
is said to be ground convergent.
We have implemented an automated program synthesis system, combining
deduction and induction, based on old suggestions in [21, 9, 11]. Domain knowledge, specifications and programs are all expressed as equational identities, and a
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combination of equational inference and inductive generalization is employed to
deduce programs. The derived pattern-directed functional program is composed
of a set of oriented equations that can be used as a ground-convergent rewrite
system to compute normal forms.
In our system, a modern version of the Knuth-Bendix completion procedure
[14] serves as a deductive engine for producing new rules and proving theorems.
Generalization is used to guess program statements and lemmas. We propose
heuristics for generalizing from a sequence of deductive consequences. To prove
them, we use the “inductionless induction” method, pioneered in [18]; see [5].
Test sets (see [5]) are used to determine when a complete program has been
obtained.
Example 1 (Toy). The specification of a doubling function d is
d(x) = x + x

(1)

x+0=x
x + s(y) = s

(2)
(3)

d(0) → 0
d(s(x)) → s

(4)
(5)

The domain knowledge is

The result is

a self-contained program for doubling. It has four important properties:
1. It is terminating (all evaluations lead to a normal form).
2. It is ground confluent (any variable-free term has at most one normal form).
3. It is correct (true in the initial model of the specification and domain equations).
4. It is complete (every term of the form d(sn (0)) is reducible).
Early work on deriving programs from formal specifications includes [24, 17];
the use of equational reasoning for the creation of functional programs appears
in [6, 4]. One early example of the use of induction and of generalization to
guess program statements is [22]. The use of Knuth-Bendix completion [14] as
a deductive engine for synthesis was suggested in [7]. We proposed combining
equational synthesis with induction and generalization in [9]. The original BoyerMoore theorem prover [3] incorporated similar use of inductive techniques. A
recent collection on deductive program-synthesis methods is [12]; an older survey
of inductive methods for synthesizing logic programs is [16].
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The Method

The architecture of our synthesis system is as follows:
1. Initially, the database consists of equations expressing domain knowledge
and requirements of the function to be synthesized.
2. Completion is used continuously to infer new equations.
3. Recursive path orderings are used to orient equations into rewrite rules and
guide the prover.
4. The database is watched by a heuristic generalizer that suggests new equational hypotheses.
5. Structural induction is used to try to verify hypotheses.
6. Lemmas may be suggested by equations generated in the process.
7. Verified equations are continuously added to the database.
8. Test sets are used to determine when a ground convergent system for the
function being synthesized has been obtained.
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Implementation

The synthesis system described herein combines, for the first time, rewrite-based
methods for deductive reasoning, inductive reasoning, and testing of sufficient
completeness in one comprehensive framework. Inductive techniques are only
used as hypotheses that are subjected to formal validation. The results are provably correct programs—derived automatically.
The program is written in ML, and makes heavy use of the rewriting code in
[1]. It has been used to synthesize programs dealing with recursive term structures such as natural numbers, list and trees, including the examples in [9].
The program may be perused at [20].
Many variations on the above theme are possible:
– Unfailing completion [13, 2] and ordered paramodulation [19] should be used.
– We use inductionless induction (“proof by consistency”), since it fits the
framework so beautifully; other inductive theorem provers could be used.
– Orderings other than the recursive path orderings [8] may be used to guide
completion.
– Rippling heuristics [15] could be used to suggest new statements and lemmas.
– Other heuristics for generating “interesting” conclusions and for finding patterns in deduced rules should be experimented with.
We are exploring some of these directions, as well as theoretical issues raised
by the use of auxiliary functions when reasoning in the initial model (cf. [25]).
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