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X. INTKODUCTION - --- 

In this paper we consider the class T of ordered trees with n edges and give n 
combinntorial proofs to several enumeration formulae concerning T . In particular, n 
closed-form expressions are given for (1) the number of trees in T with n leaves, 

n 0 
n1 unary nodes, . . . , nd nodes with d children, and no restrictions on nodes with 
more than d children, and for (2) the number of nodes in T on level R with d chil- 

n 
dren. Several statistical results are derived from these. 

The combinatorial tools we use to prove our results include one-to-one 

correspondences between ordered trees and other combinatorial objects, the Cycle 

Lemma, and lattice-path techniques. Many of these results could, alternatively, 

have been obtained using generating functions and the Lagrange inversion formula. 

We demonstrate the use of these enumerations in analyzing the following appli- 

cations: (1) a sorting problem, (2) the average height of a stack during tree- 

traversal, (3) algorithms for threaded binary trees, and (4) a pattern-matching 

problem. 

We consider ordered trees (see Knuth [I9681 for definitions). Each node has a --- - 
degree (the number of its children). A node of degree 0 is termed a lezf; otherwise --- 
it is called an internal node. The level of a node is its distance from the root ---- 
(the root is on level 0 ) .  The number of trees in the set T of ordered trees with n n 
edges is the well-known Catalan number 
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(see, for example, Gardner [1976]). 

There are numerous one-to-one correspondences between elements of these sets of 

ordered trees and other combinatorial objects (see, for example, Kuchinski [1977]1. 

Among them, the correspondences between the following sets help in our enumerations: 

Tn: 
the set of ordered trees with n edges. 

B : the set of binary trees with n internal nodes, each having exactly two 
n 

children. 

P : the set of sequences of n open parentheses and n close parentheses, where n 
each open parenthesis has a matching close parenthesis. 

In: the set of sequences aoal. .a of d-1 nonnegative integers summing to n, 
4 

n 
A 

such that C a. > i for i=O, 1, . . . ,n-1. 
j=o J 

Ln: the set of shortest lattice-paths from (0,O) to (n,n) that do not go below 

the diagonal y=x (all steps are either up or to the right). 

The correspondences between these five sets are illustrated in Figure 1. In 

general, from a tree t in T one gets a sequence p(t) in P by traversing t in 
n n 

preorder, writing "(" for each edge passed on the way down and ")" for each edge 

passed on the way up. (See Figure 1.2.) From p(t) one gets a lattice path A(t) in 

L by starting at (0,O) and going up one coordinate for each open parenthesis and 
n 
going right one coordinate for each close parenthesis. (See Figure 1.3.) From t one 

gets a sequence i(t) in I by reading the degrees of all the nodes of t in preorder. 
n 

(See Figure 1.4.) From A(t) a binary tree b(t) in B is built in preorder, each 
n 

step up on the path corresponding to an internal node and each step to the right 

corresponding to a leaf (a final leaf is also added). (See Figure 1.5.) 

A sequence of open and close parentheses is called legal if in each prefix the 

number of open parentheses is greater than the number of close parentheses. We use 

the following lemma: 

Cycle Lemma (Dvoretzky and Motzkin [I9471 ): For any sequence p 1 p zW*Pmtn of m 

open and n close parentheses, man, there are exactly m-n cyclic permutations 

that are legal. 





From this lemma it follows that there is a one-to-one correspondence between 

ordered trees in T and cycles with n+l open parentheses and n close parentheses, n 
there being only one legal permutation of p(t) with an extra open parenthesis 

prepended. Furthermore, each such cycle of parentheses corresponds to a cycle of 

n+l nonnegative integers summing to n (representing the number of close parentheses 

between pairs of open parentheses). These correspondences are the basis for our use 

of the Cycle Lemma in the enumerations. 

111. ENUMERATIONS - 

In this section we present the main enumeration results and discuss some of 

their consequences. All trees are in T . n 

Theorem - 1: The number Ln(no,nl,-*,nd) of trees in Tn with n nodes of degree 
j 

j, O<j<d, and no restrictions on nodes of degree greater than d is 

1 n-e-d(n-dl)-1 -4 n-t 1 
n+l n-m ) (no, nl, . . . ,nd,n-m+l I 

where m=Zn (the total number of restricted nodes) and e=Zjn. (the total number 
j J 

of edges accounted for). 

This generalizes a result of Narayana [I9591 for d=0 (proved in Dershowitz and Zaks 

[I9801 using the Cycle Lemma) and the multinomial formula for the case d=n (Erdelyi 

and Etherington [1940], proved in Raney [I9601 using the Cycle Lemma). 

Proof: By the Cycle Lemma we have to count the cycles with n+l nonnegative integers 

summing to n, of which n are i, O<i<d. To count the number of cycles with these 
i 

restrictions, note that there are 

ways of placing the degrees of the restricted nodes on a cycle with nt-1 positions. 

The remaining n+l-m unrestricted nodes must have degrees ranging from d+l to n and 

summing to n-e. The number of ways to place these degrees is the same as the nmber 

of ways of decomposing the integer n-e-(d+l)(n+l-m) into n+l-m integers ranging rcm 

0 to n-(d+l), which is 

n-e-d(n+l -m)-1 
( n-a 1 n 



From t h i s  theorem, we can d e r i v e  t h e  fo l lowing  

Consequences : 

1.1)  The number L ( k )  of t r e e s  w i t h  k l e a v e s  i s  
n 

This  is Narayana's [I9593 r e s u l t  ( s ee  a l s o  Mohanty [1979]) .  

1 .2)  The number L ( k )  of t r e e s  w i th  k l e a v e s  is  equa l  t o  t h e  number Ln(n+l-k) of 
n 

t r e e s  with  n+l-k leaves .  

1.3) The expected number of l e a v e s  ( o r  i n t e r n a l  nodes) i s  n+l -T. (Here, and i n  t h e  

s eque l ,  a l l  t r e e s  i n  T a r e  assumed equiprobable ) .  Th i s  r e s u l t  has  a l s o  been n 
g iven  by Dasarathy and Yang [1980]. 

1 .4)  The expected degree  of a n  i n t e r n a l  node i s  

Theorem 2: The t o t a l  number N (R,d) of nodes i n  T o f  degree d on l e v e l  R i s  - n n 

This  r e s u l t  was f i r s t  proved i n  Dershowitz and Zaks [1980].  We g i v e  h e r e  a 

l a t t i c e - p a t h  proof.  

Proof:  The number of l a t t i c e  pa th s  from (0,O) t o  (n-d-A,n+l-1) t h a t  do not  go below -- 
t he  d iagona l  y=x i s  

( s e e ,  f o r  example, Mohanty [1979]) .  We g ive  a correspondence between each such pa th  

and each node i n  T of degree d on l e v e l  1. (The correspondence a p p l i e s  t o  t h e  c a s e  n 
A > 1 ;  f o r  A=O a s impler  correspondence works.) 



Consider  a  t r e e  t i n  T and t h e  cor responding  l a t t i c e  p a t h  R ( t )  from (0,O) t o  n  
( n , n ) .  A node x  of  degree  d on l e v e l  R of  t cor responds  t o  a  p a t h  segment 

t h a t  does  n o t  go below t h e  d i a g o n a l  y=x+R ( e x c e p t  a t  t h e  two ends) .  T h i s  segment i s  

preceded by a n o t h e r  segment 

and i s  fol lowed by a segment 

To g e t  t h e  d e s i r e d  l a t t i c e  p a t h  from (0,O) t o  (n-d-R,n-R-1), w e  do t h e  f o l l o w i n g  

( s e e  F i g u r e  2 )  : 

( a )  The l a t t i c e  p a t h  s t e p s  i j -  ) ( , ,  l g j g d ,  as w e l l  a s  
J J J  

( i d , i d + R ) - + ( i d + l ,  i d + l ) ,  a r e  removed from segment ( a ) ,  y i e l d i n g  a p a t h  segment 

I from ( i  0 '  i 0 +R-1) t o  (id-d,id+R). 

I ( b )  Segment (b )  is l e f t  i n t a c t .  

( c )  Segment ( c )  i s  i n v e r t e d  by r e v e r s i n g  bo th  t h e  o r d e r  and t h e  d i r e c t i o n  of i t s  

s t e p s ,  i . e .  every  s t e p  r i g h t  becomes a s t e p  down and every  s t e p  up becomes a 

s t e p  l e f t ,  y i e l d i n g  a  p a t h  segment t h a t  ends  a t  (n-d-R,n+R-1) and b e g i n s  a t  

S i n c e  t h i s  correspondence between nodes and p a t h s  is  one-to-one, t h e  d e s i r e d  r e s u l t  

i s  proved. (To g e t  t h e  cor responding  node, g i v e n  a p a t h ,  n o t e  t h a t  R and d  a r e  

determined by t h e  endpoin t  (n-d-A,n+R-1) and t h a t  f o r  all j, O<j<d, t h e  p a t h  segment 

from ( i . , i .+J ! )  t o  t h e  endpoin t  does  n o t  r e t u r n  below t h e  d i a g o n a l  y=x+cfR+j. Both t h e  
J J  

d e l e t e d  s t e p s  and t h e  i n v e r t e d  pa th  segment can be e a s i l y  r e s t o r e d . )  a 





. From t h i s  theorem, we can  d e r i v e  t h e  f o l l o w i n g  

Consequences : 

2.1)  The t o t a l  number of nodes of  d e g r e e s  i through j on l e v e l  R i s  

I n  p a r t i c u l a r ,  t h e  t o t a l  number o f  nodes on l e v e l  R i s  

2.2) The expec ted  number of l e a v e s  on l e v e l  R of a t r e e  i n  T is n 

For  s m a l l  R,  

2 . 3 )  The expected l e v e l  of a l e a f  i s  

( T h i s  sum a n d '  subsequen t  ones  may b e  e v a l u a t e d  u s i n g  t h e  i d e n t i t i e s  i n ,  f o r  

example, Riordan [1968] . )  Thus, t h e  expec ted  e x t e r n a l  p a t h  l e n g t h  of a t r e e  

( a s  d e f i n e d  i n  Knuth [1968]) i s  

2.5) T h e  expected number of i n t e r n a l  nodes on l e v e l  R i s  

n 



For small R, 

2.5) The expected level of an internal node is 

Thus, the expected internal path length of a tree is 

2.6) The expected level of a node is 

This result has been given by Volosin [1974], Meir and Moon [1978], and 

Dasarathy and Yang [1980]. Higher moments of the node level can be calculated 

in the same way. 

2.7) The total number of nodes of degree d on levels i through j is 

In particular, the total number Dn(d) of nodes of degree d is 

It follows that the total number of nodes on levels i through j is 

and the total number of nodes of degrees i through j is 



2.8) The expected number of nodes of degree d i n  a t r e e  i n  T i s  n 

For small  d ,  

2.9) The number Rn(r)  of t r e e s  w i th  r o o t  degree r i s  

The expected roo t  degree is  

These r e s u l t s  a r e  a l s o  g iven  i n  Ruskey and Hu [1977]. I n  a s i m i l a r  manner 

h ighe r  moments can be ca l cu l a t ed .  For example, t h e  va r i ance  of t h e  r o o t  degree 

is 



I V .  APPLICATIONS - 

I n  t h i s  s e c t i o n  w e  i l l u s t r a t e  how t h e  formulae  o f  t h e  p r e v i o u s  s e c t i o n  c a n  h e l p  

i n  the  a n a l y s i s  of v a r i o u s  a l g o r i t h m s .  

1. - A s o r t i n g  problem: Given a n  o r d e r e d  t r e e  w i t h  n  edges ,  w i t h  a  number s t o r e d  a t  

each node, we want t o  o r d e r  t h e  edges s o  t h a t  t h e  c h i l d r e n  of each  node w i l l  be 

i n  i n c r e a s i n g  o r d e r .  (The need t o  s o r t  t r e e s  i n  t h i s  manner a r o s e  i n  a n  algo- 

r i t h m  f o r  computing t h e  r e c u r s i v e  p a t h  o r d e r i n g  on terms,  a s  d e f i n e d  i n  
2 Dershowitz [1981] ) .  A node w i t h  d  c h i l d r e n  needs  no more t h a n  d /3 comparisons 

2 
t o  s o r t  them, hence t h e  t o t a l  number of  comparisons i s  bounded by C i  n  / 3  f o r  a  

i 
t r e e  w i t h  n  nodes of degree  i. To f i n d  t h e  a v e r a g e  of t h i s  f u n c t i o n  o v e r  

i 
a l l  t r e e s  i n  T we make u s e  o f  t h e  c l o s e d  form f o r  t h e  number D ( d )  of nodes 

n '  n  
o f  d e g r e e  d  i n  T (Consequence 2.7):  

n  

Thus, on t h e  average ,  l e s s  t h a n  one comparison p e r  node i s  r e q u i r e d .  Consider-  

i n g  t h a t  s o r t i n g  d  c h i l d r e n  a c t u a l l y  r e q u i r e s  on ly  on t h e  o r d e r  o f  dmlog d  c o w  
2  

p a r i s o n s ,  a s l i g h t l y  b e t t e r  r e s u l t  shou ld  be p o s s i b l e .  

2. Average h e i g h t  of a  s t a c k :  The h e i g h t  of a n  o r d e r e d  t r e e  i s  t h e  w o r s t  s t a c k  - - -  
s i z e  t h a t  i s  formed w h i l e  t r a v e r s i n g  t h e  t r e e  i n ,  s a y ,  ~ r e o r d e r .  d e B r u i j n ,  

Knuth, and Rice  [I9721 and o t h e r s  have shown t h a t  t h e  expec ted  v a l u e  of t h i s  

h e i g h t ,  over  a l l  t r e e s  i n  T  i s  about  6. I f ,  i n s t e a d  of  s t u d y i n g  t h e  wors t  
n b  

s t a c k  s i z e ,  we look a t  t h e  average w h i l e  t r a v e r s i n g  t h e  t r e e ,  we need t h e  

expec ted  l e v e l  of a node, which we have a l r e a d y  s e e n  (Consequence 2.6) i s  

I f  t h e  average is  weighted by t h e  number of t imes  d u r i n g  t h e  t r a v e r s a l  t h a t  t h e  

stack i s  of t h a t  h e i g h t ,  i . e .  by t h e  d e g r e e  of t h e  node p l u s  one, t h e n  we g e t  



C 

.. 3. Threaded .- binary trees: In a recent paper by Brinck and Foo [1981], algorithms 

on threaded binary trees are investigated. The analyses are based on certain 

enumeration lemmas, proved using recurrence relations. Our enumeration tech- 

niques enable one to prove those lemmas using a direct combinatorial approach, 

which also sheds light on the structure of these trees. 

For example, the expected number of left leaves (i.e. backward threads) in a 

binary tree in B and the expected number of right leaves (i.e. forward n' 
threads), are equal to the expected number of leaves in an ordered tree (by the 

n+l correspondence between T and Bn), which we have seen (Consequence 1.3) is T. n 
Also, the expected distance from the root of a binary tree to the leftmost (or 

rightmost) leaf is equal to the expected root degree of an ordered tree (let- 

ting each digit in a sequence in I correspond to the number of internal leaves n 
that: precede a leaf in the preorder construction of a tree in B ), which we n 

3n have seen (Consequence 2.9) is - 
n+2 

4. Pattern matching: Fla jolet and St eyaert [I9801 have recently investigated 

tree-matching algorithms. Using our techniques one can deal with similar prob- 

lems. For example, a pattern is an ordered tree some of whose leaves are 

designated open. A pattern p is said to occur in a tree x if x contains a sub- 

tree of the same form as p with arbitrary trees substituted for the open nodes. 

In order to know how many times a certain pattern p - with e edges and d open 

leaves - occurs as a subtree in some tree in T we simply replace p by a node n' 
of degree d, and ask how many nodes of degree d are in T this number is 

n-e' 
given (Consequence 2.7) by 

Similarly, the number of occurrences of p on level R is given by 

More generally, the number of occurrences of the combination of m distinct 

nonoverlapping patterns within Tn is 

where e is the total number of edges in the patterns, d is the total number of 

open leaves, and x%c(x-1) (x-dl). To prove this, note that the number of 

occurrences of the patterns p in trees with n nodes is equal to the number of i 



t r e e s  w i t h  m l a b e l l e d  nodes hav ing  d e g r e e s  dl,. . . ,dm (where di i s  t h e  number of 

open l e a v e s  i n  p ) and n-e+d edges.  Each such  t r e e  cor responds  (by t h e  Cycle 
i 

  em ma) t o  a c y c l e  of n-e+d+l d e g r e e s  -- m o f  them s p e c i f i e d  and  l a b e l l e d  -- 
summing t o  n-e+d. There  a r e  

ways of p l a c i n g  t h e  l a b e l l e d  nodes on t h e  c y c l e  and t h e r e  a r e  

ways of s p e c i f y i n g  t h e  d e g r e e s  of t h e  remaining nodes.  

I n  a s i m i l a r  manner i t  can  be  shown t h a t  

i s  t h e  number of o c c u r r e n c e s  o f  m p a t t e r n s  i n  t h e  set B of  b i n a r y  t r e e s ,  i n  n 
which c a s e  e d e n o t e s  t h e  t o t a l  number o f  i n t e r n a l  nodes  i n  t h e  p a t t e r n s .  For 

example, t h e  number of l e f t  nodes i n  B t h a t  have forward t h r e a d s  ( i - e .  t h e  
n 

number of i n t e r n a l  nodes t h a t  a r e  l e f t  c h i l d r e n  and have r i g h t  l e a v e s )  i s  

( c f .  Br inck and Foo [1981]) .  
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