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Abstract17

The random greedy algorithm for finding a maximal independent set in a graph has been studied18

extensively in various settings in combinatorics, probability, computer science — and even in19

chemistry. The algorithm builds a maximal independent set by inspecting the vertices of the graph20

one at a time according to a random order, adding the current vertex to the independent set if it is21

not connected to any previously added vertex by an edge.22

In this paper we present a natural and general framework for calculating the asymptotics of the23

proportion of the yielded independent set for sequences of (possibly random) graphs, involving a24

useful notion of local convergence. We use this framework both to give short and simple proofs for25

results on previously studied families of graphs, such as paths and binomial random graphs, and to26

study new ones, such as random trees.27

We conclude our work by analysing the random greedy algorithm more closely when the base28

graph is a tree. We show that in expectation, the cardinality of a random greedy independent set in29

the path is no larger than that in any other tree of the same order.30
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1 Introduction46

Algorithmic problems related to finding or approximating the independence number of a47

graph, or to producing large independent sets, have long been in the focus of the computer48

science community. Computing the size of a maximum independent set is known to be49

NP-complete [30] and the groundbreaking work [16] on the difficulty of approximating it50

even made its way to The New York Times. A natural way to try to efficiently produce a51

large independent set in an input graph G is to output a maximal independent set (MIS)52

in G, where a vertex subset I ⊆ V (G) is a MIS in G if I is maximal by inclusion. While53

in principle a badly chosen MIS can be very small (like, say, the star center in a star), one54

might hope that quite a few of the maximal independent sets will have size comparable in55

some sense to the independence number of G.56

In this paper, we study the random greedy algorithm for producing a maximal independent57

set, which is defined as follows. Consider an input graph G on n vertices. The algorithm first58

orders the vertices of G uniformly at random, and then builds an independent set I(G) by59

considering each of the vertices v one by one in order, adding v to I(G) if the resulting set60

does not span any edge. Observe that the set I(G) is in fact the set of vertices coloured in61

the first colour in a random greedy proper colouring of G. A basic quantity to study, which62

turns out to have numerous applications, is the proportion of the yielded independent set63

(which we call the greedy independence ratio). In particular, it is of interest to study64

the asymptotic behaviour of this quantity for natural graph sequences.65

Due to its simplicity, this greedy algorithm has been studied extensively by various66

authors in different fields, ranging from combinatorics [48], probability [42] and computer67

science [18] to chemistry [20]. As early as 1931 this model was studied by chemists under68

the name random sequential adsorption (RSA), focusing mostly on d-dimensional grids. The69

1-dimensional case was solved by Flory [20] (see also [38]), who showed that the expected70

greedy independence ratio tends to ζ2 = (1− e−2)/2 as the path length tends to infinity.71

A continuous analogue, where “cars” of unit length “park” at random free locations on72

the interval [0, X], was introduced (and solved) by Rényi [43], under the name car-parking73

process. The limiting density, as X tends to infinity, is therefore called Rényi’s parking74

constant, and ζ2 may be considered as its discrete counterpart (see, e.g., [17]). Following75

this terminology, the final state of the car-parking process is often called the jamming limit76

of the graph, and the density of this state is called the jamming constant. For dimension 2,77

Palásti [39] conjectured, in the continuous case (where unit square “cars” park in a larger78

square), that the limiting density is Rényi’s parking constant squared. This conjecture may79

be carried over to the discrete case, but to the best of our knowledge, in both cases it remains80

open. For further details see [17] (see also [15] for an extensive survey on RSA models).81

In combinatorics, the greedy algorithm for finding a maximal independent set was analysed82

in order to give a lower bound on the (usually asymptotic) typical independence number of83

(random) graphs1. The asymptotic greedy independence ratio of binomial random graphs84

with linear edge density was studied by McDiarmid [35] (but see also [9,25]). The asymptotic85

greedy independence ratio of random regular graphs was studied by Wormald [48], who86

used the so-called differential equation method (see [49] for a comprehensive survey; see also87

[47] for a short proof of Wormald’s result). His result was further extended in [33] for any88

regular graph sequence with growing girth (see also [28,29] for similar extensions for more89

1 In this regard, the greedy algorithm has long been superseded by more sophisticated algorithms; these
algorithms often lack, however, the local properties of the greedy algorithm.
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sophisticated algorithms). Recently, the case of uniform random graphs with given degree90

sequences was studied (independently) in [5] and [11].91

In a more general setting, where we run the random greedy algorithm on a hypergraph,92

the model recovers in particular the triangle-free process (or, more generally, the H-free93

process). In this process, which was first introduced in [14], we begin with the empty graph,94

and at each step add a random edge as long as it does not create a copy of a triangle (or a95

copy of H). To recover this process we take the hypergraph whose vertices are the edges of96

the complete graph, and whose hyperedges are the triples of edges that span a triangle (or97

k-sets of edges that form a copy of H, if H has k edges). Bohman’s key result [7] is that for98

this hypergraph, |I| is asymptotically almost surely Θ(n3/2
√

lnn), where n is the number99

of vertices. The exact asymptotics was later found by Bohman and Keevash [8] and by Fiz100

Pontiveros, Griffiths and Morris [19]. Similar results were obtained for the complete graph on101

4 vertices by Warnke [46] and for cycles independently by Picollelli [41] and by Warnke [45].102

For a discussion about the general setting, see [4].103

Consider the following alternative but equivalent definition of the model. Assign an104

independent uniform label from [0, 1] to each vertex of the graph, and consider it as the105

arrival time of a particle at that vertex. All vertices are initially vacant, and a vertex becomes106

occupied at the time denoted by its label if and only if all of its neighbours are still vacant107

at that time. Clearly, we do not need to worry that two particles will arrive at the same108

time. The set of occupied vertices at time 1 is exactly the greedy MIS. The advantage of this109

formulation of the model is that under mild assumptions, it can be defined on an infinite110

graph. We may think of the resulting MIS as a factor of iid (fiid)2, meaning, informally,111

that there exists a local rule which is unaware of the “identity” of a given vertex, that112

determines whether that vertex is occupied. It was conjectured (formally by Hatami, Lovász113

and Szegedy [26]) that, using a proper rule, fiid can produce an asymptotically maximum114

independent set in random regular graphs. However, this was disproved recently by Gamarnik115

and Sudan [23]. In fact, they showed that this kind of local algorithms has a uniformly116

limited power for sufficiently large degree, and later Rahman and Virág [42] showed that the117

density of fiid independent sets in regular trees and in Poisson Galton–Watson trees, with118

large average degree, is asymptotically at most half-optimal, concluding (after projecting to119

random regular graphs or to binomial random graphs) that local algorithms cannot achieve120

better.121

However, on other families of graphs, local algorithms may clearly do better than that. A122

trivial example is the set of stars, where the greedy algorithm typically performs perfectly. A123

less trivial example is that of uniform random trees. The expected independence ratio of124

a uniform random tree is the unique solution of the equation x = e−x (see [36]), which is125

approximately 0.5671..., while the greedy algorithm yields an independent set of expected126

density 1/2 as we will see in Section 2.3.127

Finally, we note that the following parallel/distributed algorithm gives a further way to128

look at the maximal independent set generated by the greedy algorithm. After (randomly)129

ordering the vertices, we colour “red” all the sinks, that is, all the vertices which appear130

before their neighbours in the order, and then remove them and their neighbours from the131

graph and continue. Formulated this way, the algorithm is very easy to implement, and132

requires only local communication between the nodes. Also, conditioning on the initial133

random ordering, it is deterministic, a property which appears to be of importance (see,134

e.g., [6]). A main question of interest is the number of rounds it takes the algorithm to135

2 The letters iid abbreviate “independent and identically distributed”.
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terminate. In [18] it was shown that with high probability (whp)3 it terminates in O(lnn)136

steps on any n-vertex graph, and that this is tight. Thus, even though these algorithms may137

be suboptimal, they are strikingly simple and can be surprisingly efficient.138

1.1 Our Contribution139

The goal of this work is to introduce a simple and fairly general framework for calculating the140

asymptotics of the greedy independence ratio for a wide variety of (random) graph sequences.141

The general approach is to study a suitable limiting object, typically a random rooted infinite142

graph, which captures the local view of a typical vertex, and to calculate the probability that143

its root appears in a random independent set in this graph, which is created according to144

some natural “local” rule, to be described later. We show that this probability approximates145

the expected greedy independence ratio.146

Let us formulate this more precisely. For a (random) finite graph G let I(G) be the147

random greedy maximal independent set of G, let ι(G) := |I(G)|/|V (G)| be its density, and148

let ῑ(G) be its expected density (taken over the distribution of G and over the random greedy149

maximal independent set). Suppose (U, ρ) is a random rooted infinite graph (that is, (U, ρ)150

is a distribution on rooted infinite graphs). A random labelling σ = (σv)v∈V (U) of U is151

a process consisting of iid random variables σv, each distributed uniformly in [0, 1]. The152

past of a vertex v, denoted Pv, is the set of vertices in U reachable from v by a monotone153

decreasing path (with respect to σ). We say that (U, ρ) has nonexplosive growth if the154

past of ρ is almost surely finite. For such (U, ρ) we may define155

ι(U, ρ) = P[ρ ∈ I(U [Pρ])].156

We say that a graph sequence Gn converges locally to (U, ρ), and denote it by Gn
loc−−→ (U, ρ),157

if for every r ≥ 0, the ball of radius r around a uniformly chosen point from Gn converges in158

distribution to the ball of radius r around ρ in U . To make this notion precise, we need to159

endow the space of rooted locally finite connected graphs with a topology. This will be done160

rigorously in Section 3. The following key theorem gives motivation for the definitions above.161

I Theorem 1.1. If Gn
loc−−→ (U, ρ) and (U, ρ) has nonexplosive growth then ῑ(Gn)→ ι(U, ρ).162

We remark that ι(U, ρ) is almost surely positive, implying that for locally convergent163

graph sequences the expected size of the random greedy maximal independent set is linear.164

With some mild growth assumptions on the graph sequence, we can also obtain asymptotic165

concentration of the greedy independence ratio around its mean. For a graph G let NG(r)166

be the random variable counting the number of paths of length at most r from a uniformly167

chosen random vertex of G. For two real numbers x, y denote by x ∧ y their minimum. Let168

µ∗(r) = lim
M→∞

lim sup
n→∞

E[NGn(r) ∧M ].169

We say that Gn has subfactorial path growth (sfpg) if µ∗(r) �r r!.4 Note that every170

graph sequence with uniformly bounded degrees has sfpg, but there are graph sequences171

with unbounded degrees, and even with unbounded average degree, which still have sfpg.172

For most cases, and for all of the applications presented in this paper, requiring that173

the somewhat simpler expression lim supn→∞ E[NGn(r)] is subfactorial would have sufficed;174

3 That is, with probability tending to 1 as n tends to infinity.
4 By g1(r)�r g2(r) we mean that limr→∞ g1(r)/g2(r) = 0.
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however, requiring that µ∗(r) is subfactorial is less strict, and is more natural for the following175

reason: if the graph sequence converges locally, then µ∗(r) is the expected number of paths176

of length at most r in the limit. For two functions f1(n), f2(n) write f1(n) ∼ f2(n) if177

f1(n) = (1 + o(1))f2(n). We are now ready to state our concentration result.178

I Theorem 1.2. If Gn has sfpg and Gn
loc−−→ (U, ρ) then ι(Gn) ∼ ι(U, ρ) with high probability.179

I Remark. Gamarnik and Goldberg [22] have established concentration of ι(Gn) around its180

mean, under the assumption that the degrees of Gn are uniformly bounded. Here we relax181

that assumption.182

I Remark. A sequence of graphs which has sfpg does not necessarily have a local limit,183

but it does have a locally convergent subsequence. Any limit of such a sequence will have184

nonexplosive growth.185

When the limiting object is supported on rooted trees, we call the (random) graph186

sequence locally tree-like. Our next result is a general differential-equations based tool187

for analysing the asymptotics of the greedy independence ratio of locally tree-like (random)188

sfpg graph sequences, with the restriction that their limit may be emulated by a simple189

branching process with at most countably many types. Roughly speaking, a multitype190

branching process is a rooted tree, in which each node is assigned a type, and the number191

and types of each node’s “children” follow a law which depends solely on the node’s type,192

and is independent for distinct nodes. Such a branching process is called simple if each193

such law is a product measure. Formal definitions will be given in Section 5. The following194

theorem reduces the problem of calculating ι(U, ρ) in these cases to the problem of solving a195

(possibly infinite) system of ODEs.196

I Theorem 1.3. Let (U, ρ) be a simple multitype branching process with finite or countable197

type set T , root distribution µ̇ and offspring distributions µk→j. For every x ∈ [0, 1] and198

k, j ∈ T let µk→jx = Bin(µk→j , x) denote the distribution of the number of children of type j199

of a node of type k with random label at most x. Then,200

ι(U, ρ) =
∑
k∈T

yk(1)µ̇(k), (1)201

where {yk}k∈T is a solution to the following system of ODEs:202

y′k(x) =
∑
`∈NT

∏
j∈T

µk→jx (`j)
(

1− yj(x)
x

)`j
, yk(0) = 0. (∗)203

We call (∗) the fundamental system of ODEs of the branching process (U, ρ). While204

this system of ODEs may seem complicated, in many important cases it reduces to a fairly205

simple system, as we will demonstrate in Section 2. In particular, the proof of Theorem 1.3206

implies that a solution to (∗) exists, and in the presented applications it will be unique.207

In the cases where (U, ρ) is either a single type branching process or a random tree with208

iid degrees, we provide an easy probability generating function tool that may be used to209

“skip” solving (∗). This is described in Appendix B. We mention that a somewhat related,210

but apparently less applicable statement, providing differential equations for the occupancy211

probability of a given vertex in bounded degree graphs, appears in [40].212

I Remark. The proof of Theorem 1.3 actually yields a stronger statement. Replacing yk(1)213

with yk(x) in the RHS of (1), the obtained quantity is the probability that the root is214

occupied “at time x”, namely, when vertices whose label is above x are ignored.215
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We conclude our work with a theorem, according to which on the set of all trees of a216

given order the expected size of the greedy MIS achieves its minimum on the path.217

I Theorem 1.4. Let n ≥ 1, let T be a tree on n vertices and let Pn be the path on n vertices.218

Then ῑ(Pn) ≤ ῑ(T ).219

This theorem gives us an exact (non-asymptotic) explicit lower bound for the expected greedy220

independence ratio of trees (an asymptotic upper bound is trivial). The methods used to221

prove it are different from the ones used in the rest of this paper, and are more combinatorial222

in nature. In particular, we make use of a transformation on trees, originally introduced by223

Csikvári in [12], which gives rise to a graded poset of all trees of a given order, in which the224

path is the unique minimum (say). While we are not able to show that this transformation225

can only increase the expected greedy independence ratio, we show it can only increase some226

other quantitative property of trees, which allows us to argue that paths indeed achieve the227

minimum expected greedy independence ratio.228

1.2 Organisation of the Paper229

We start by a short list of important applications in Section 2, where we prove some new230

results and reprove some known ones, using the machinery of Theorems 1.2 and 1.3. In231

a few cases, we are assisted by the claims from Appendix B. In particular, we calculate232

the asymptotics of the greedy independence ratio for paths and cycles (reproving results233

from [20,38]), binomial random graphs (reproving a result from [35]), uniform random trees234

and random functional digraphs (new results) and random regular graphs or regular graphs235

with high girth (reproving results from [33,48]).236

We then shift our focus to the formal definitions and proofs. We begin by introducing the237

metric that is used to define the notion of local convergence in Section 3, where we also prove238

Theorem 1.1. In Section 4 we prove Theorem 1.2, by essentially proving a decay of correlation239

between vertices in terms of their distance, and showing that typical pairs of vertices are240

distant. In fact, the results of Section 4 imply that even without local convergence, under241

mild growth assumptions, the variance of the greedy independence ratio is decaying.242

In Section 5 we turn our attention to locally tree-like graph sequences, define (simple,243

multitype) branching processes, and prove Theorem 1.3. We enhance this in Appendix B by244

introducing a probability generating functions based “trick”, which allows, in some cases, a245

significant simplification. In Section 6 we focus further on tree sequences, where we prove246

Theorem 1.4. To this end we pinpoint several interesting properties of the expected greedy247

independence ratio of the path.248

2 Applications249

The goal of this section is to demonstrate the power of the introduced framework by finding250

ι for several natural (random) graph sequences, via finding their local limit and solving its251

fundamental system of ODEs, as described in Theorem 1.3. In some cases, we may use252

probability generating functions, as described in Appendix B, to ease calculations.253

2.1 Infinite-Ray Stars254

For d ≥ 1, let Sd be the infinite-ray star with d branches. Formally, the vertex set of Sd is255

{(0, 0)} ∪ {(i, j) : i ∈ [d], j = 1, 2, . . .}, and (i, j) ∼ (i′, j′) if |j − j′| = 1 and either i = i′ or256

ii′ = 0. Note that S1 = N and S2 = Z. This is a two-type branching process, with types257
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d for the root and 1 for a branch vertex. The fundamental system of ODEs in this case is258

y′d(x) = (1− y1(x))d, and for d = 1 we obtain the equation y′1 = 1− y1 of which the solution259

is y1(x) = 1 − e−x. For d > 1 we obtain the equation y′d = e−dx of which the solution is260

yd(x) = 1
d (1− e−dx). Since τ = d a.s., it follows that ι(Sd) = yd(1) = ζd := 1

d (1− e−d). In261

particular, ι(N) = 1− e−1 ≈ 0.6321... and ι(Z) = 1
2 (1− e−2) ≈ 0.43233....262

As N is a single type branching process and Z is a random tree with iid degrees, we263

may use the alternative approach for calculating ι(N) and ι(Z), as described in Appendix B.264

Solving
∫ 1
h
dz
z = 1 gives h = e−1, hence by Claim B.1, ι(N) = 1 − e−1, and by Claim B.2,265

ι(Z) = 1
2
(
1− e−2).266

The local limit of the sequences Pn of paths and Cn of cycles is clearly Z. It follows from267

the discussion above that ι(Pn), ι(Cn) ∼ 1
2 (1− e−2) whp. This was already calculated by268

Flory [20] (who only considered the expected ratio) and independently by Page [38], and can269

be thought of as the discrete variant of Rényi’s parking constant (see [17]).270

2.2 Poisson Galton–Watson Trees271

A Poisson Galton–Watson tree Tλ is a single type branching process with offspring distribution272

Pois(λ) for some parameter λ ∈ (0,∞). The fundamental ODE in this case is y′(x) = e−λy(x).273

(This can be calculated directly using (4)). The solution for this differential equation is274

y(x) = ln(1+λx)/λ, hence ι(Tλ) = y(1) = ln(1+λ)/λ. The same result can be obtained using275

the probability generating function of the Poisson distribution, as described in Appendix B.276

Consider the binomial random graph G(n, λ/n), which is the graph on n vertices277

in which every pair of nodes is connected by an edge independently with probability λ/n.278

It is easy to check that it converges locally to Tλ, hence ι(G(n, λ/n)) ∼ ln(1 + λ)/λ whp,279

recovering a known result (see [35]).280

2.3 Size-Biased Poisson Galton–Watson Trees281

For 0 < λ ≤ 1, a size-biased Poisson Galton–Watson tree T̂λ can be defined (see [34]) as a282

two-type simple branching process, with types s (spine vertices) and t (tree vertices), where283

a spine vertex has 1 spine child plus Pois(λ) tree children, a tree vertex has Pois(λ) tree284

children, and the root is a spine vertex. The fundamental system of ODEs in this case is285

y′s(x) = x

∞∑
d=0

(λx)d

eλxd!

(
1− ys(x)

x

)(
1− yt(x)

x

)d
+ (1− x)

∞∑
d=0

(λx)d

eλxd!

(
1− yt(x)

x

)d
286

= (1− ys(x))
∞∑
d=0

(λx)d

eλxd!

(
1− yt(x)

x

)d
= (1− ys(x))e−λyt(x),287

288

and from Section 2.2 we obtain yt(x) = ln(1 + λx)/λ. Hence y′s(x) = (1− ys(x))/(1 + λx),289

and the solution for that equation is ys(x) = 1− exp(− ln(1 + λx)/λ). Thus ι(T̂λ) = ys(1) =290

1− (1 + λ)−1/λ = 1− e−ι(Tλ). In particular, ι(T̂1) = 1/2.291

It is a classical (and beautiful) fact (see, e.g., [24, 32]) that if Tn is a uniformly chosen292

random tree drawn from the set of nn−2 trees on (labelled) n vertices, then Tn converges293

locally to T̂1, hence ι(Tn) ∼ 1/2 whp. To the best of our knowledge, this intriguing fact294

was not previously known. In fact, it was shown recently in [27] that if Gn is a sequence of295

connected regular graphs that converges to a nondegenerate graphon, and Tn is the uniform296

spanning tree of Gn, then Tn also converges locally to T̂1, hence it follows that ι(Tn) ∼ 1/2297

whp in this case as well.298
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It can be easily verified that the local limit of a random functional digraph ~G1(n) (the299

digraph on n vertices whose edges are (i, π(i)) for a uniform random permutation π), with300

orientations ignored, is also T̂1, hence ι(~G1)→ 1/2 whp.301

2.4 d-ary Trees302

For d > 1, let Td be the d-ary tree. It may be viewed as a (single type) branching process. It303

thus immediately follows from (4) that y′(x) = (1− y(x))d. The solution for this differential304

equation is y(x) = 1− ((d− 1)x+ 1)−1/(d−1). It follows that ι(Td) = y(1) = 1− d−1/(d−1).305

This fact also follows easily using the generating functions approach described in Appendix B.306

A remarkable example is ι(T2) = 1/2.307

2.5 Regular Trees308

For d ≥ 3, let Td be the d-regular tree. It may viewed as a two-type branching process309

with types d for the root and 1 for the rest of the vertices. The fundamental system310

of ODEs in this case is y′d(x) = (1 − y1(x))d, and from Section 2.4 we obtain y1(x) =311

1− ((d−2)x+1)−1/(d−2). It follows that y′d(x) = ((d−2)x+1)−d/(d−2), of which the solution312

is yd(x) = (1− ((d− 2)x+ 1)−2/(d−2))/2. Therefore,313

ι(Td) = yd(1) = 1
2

(
1− (d− 1)−2/(d−2)

)
.314

As with d-ary trees, here again the generating functions approach works easily: the solution315

to
∫ 1
h(x) z

d−1dz = x is h(x) = (1− (2− d)x)1/(2−d), and the result follows from Claim B.2.316

Remarkable examples include ι(T3) = 3/8 and ι(T4) = 1/3.317

Since the random regular graph G(n, d) (a uniformly sampled graph from the set318

of all d-regular graphs on n vertices, assuming dn is even) converges locally to Td (see,319

e.g., [50]), the above result for this case is exactly [48, Theorem 4]. In fact, since any sequence320

of d-regular graphs with girth tending to infinity converges locally to Td, we also recover321

[33, Theorem 2].322

3 Local Limits323

In order to study asymptotics, it is often useful to construct a suitable limiting object first.324

Local limits were introduced by Benjamini and Schramm [3] and studied further by Aldous325

and Steele [2] (A very similar approach has already been introduced by Aldous in [1]). Local326

limits, when they exist, encapsulate the asymptotic data of local behaviour of the convergent327

graph sequence, and in particular, that of the performance of the greedy algorithm.328

We start with basic definitions. Consider the space G• of rooted locally finite connected329

graphs viewed up to root preserving graph isomorphisms. We provide G• with the met-330

ric dloc((G1, ρ1), (G2, ρ2)) = 2−R, where R is the largest integer for which BG1(ρ1, R) '331

BG2(ρ2, R). Here we understand BG(ρ,R) as the rooted subgraph of (G, ρ) spanned by the332

vertices of distance at most R from ρ, and ' as rooted-isomorphic. It is an easy fact that333

(G•, dloc) is a separable complete metric space, hence it is a Polish space. (G•, dloc), while334

being bounded, is not compact (the sequence of rooted stars Sn does not have a convergent335

subsequence).336

Recall that a sequence of random elements {Xn}∞n=1 converges in distribution to a337

random element X, if for every bounded continuous function f we have that E[f(Xn)]→338

E[f(X)]. Let Gn be a sequence of (random) finite graphs. We say that Gn converges339
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locally to a (random) element (U, ρ) of G• if for every r ≥ 0, the sequence BGn(ρn, r)340

converges in distribution to BU (ρ, r), where ρn is a uniformly chosen vertex of Gn. Since the341

inherited topology on all rooted balls in G• with radius r is discrete, this implies convergence342

in total variation distance.343

We are now ready to prove Theorem 1.1.344

Proof of Theorem 1.1. Fix ε > 0. For a given labelling σ of U , let `σ be the length of the345

longest decreasing sequence (w.r.t. σ) starting from ρ. Since (U, ρ) has nonexplosive growth,346

there exists rε for which for every r ≥ rε, P[`σ ≥ r] < ε. For r ≥ 0, let Grn = BGn(ρn, r)347

and Ur = BU (ρ, r). We couple Grn and a random permutation π on its vertices with Ur348

and a random labelling σ as follows. First, since Grn converges in distribution (and hence349

in total variation distance) to Ur, there exists nr such that for all n ≥ nr we have that350

P[Grn 6' Ur] ≤ ε. If this event occurs, we say that the coupling has failed. Otherwise,351

for some isomorphism ϕ : Grn → Ur, we let π be the permutation on the vertices of352

Grn which agrees with the ordering of the labels on the vertices of the isomorphic image353

(that is, πu < πv ⇐⇒ σϕ(u) < σϕ(v)). Note that under this coupling, if it succeeds,354

ρn ∈ I(Grn) ⇐⇒ ρ ∈ I(Ur). However, on the event “`σ ≤ r”, ρn ∈ I(Grn) ⇐⇒ ρn ∈ I(Gn)355

and ρ ∈ I(Ur) ⇐⇒ ρ ∈ I(U [Pρ]). Observing that ῑ(Gn) = P[ρn ∈ I(Gn)] we obtain that for356

r ≥ rε and n ≥ nr, |ῑ(Gn)− ι(U, ρ)| < 2ε. J357

4 Concentration358

With some mild growth assumptions on the graph sequence, without assuming local conver-359

gence, we obtain asymptotic concentration of the greedy independence ratio around its mean.360

Under these assumptions we show that the dependence between the inclusion of distinct361

nodes in the maximal independent set decays as a functions of their distance, a phenomenon362

which is sometimes called correlation decay or long-range independence. To prove that the363

model exhibits this phenomenon, we show that with high probability there are no “long”364

monotone paths emerging from a typical vertex, which is the contents of the next claim. We365

then observe that two independent random vertices are typically distant, and use a general366

lemma about exploration algorithms to prove decay of correlation. We remark that similar367

locality arguments appear in [37]. Some of the proofs are given in Appendix A.368

B Claim 4.1. Suppose that Gn has sfpg. Let π be a uniform random permutation of the369

vertices of Gn, and let u be a uniformly chosen vertex from Gn. Then, for every ε > 0, there370

exists r > 0 such that for every large enough n, the probability that there exists a monotone371

decreasing path of length r (w.r.t. π), emerging from u, is at most ε.372

B Claim 4.2. Suppose that Gn has sfpg. Let u, v be two independently and uniformly373

chosen vertices from Gn. Then, for every ε, r ≥ 0 we have that for every large enough n,374

P[distGn(u, v) ≤ r] ≤ ε.375

Let G = (V,E) be a graph. An exploration-decision rule for G is a (deterministic)376

function Q, whose input is a pair (S, g), where S is a non-empty sequence of distinct vertices377

of V , and g : S → [0, 1], and whose output is either a vertex v ∈ V r S or a “decision” T or378

F. An exploration-decision algorithm for G, with rule Q, is a (deterministic) algorithm379

A, whose input is an initial vertex v ∈ V and a function f : V → [0, 1], which outputs380

T or F, and operates as follows. Set u1 = v. Suppose A has already set u1, . . . , ui. Let381

x = Q((u1, . . . , ui), f �{u1,...,ui}). If x ∈ V , set ui+1 = x and continue. Otherwise stop and382

return x. We call the set u1, . . . , ui at this stage the range of the algorithm’s run. We383
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denote the output of the algorithm by A(v, f) and its range by rngA(v, f). The radius of the384

algorithm’s run, denoted radA(v, f), is the maximum distance between v and an element of385

its range.386

I Lemma 4.3. Let ε > 0. Let G = (V,E) be a graph, let σ be a random labelling of387

its vertices, let A be an exploration-decision algorithm for G and let r ≥ 1. Let u, v be388

sampled independently from some distribution over V . Suppose that w.p. at least 1− ε both389

distG(u, v) ≥ 3r, and radA(u, σ), radA(v, σ) ≤ r. Then | cov[A(u, σ),A(v, σ)]| = oε(1).390

We now apply the lemma in our setting.391

B Claim 4.4. Suppose that Gn has sfpg. Let u, v be two independently and uniformly chosen392

vertices from Gn. Denote by Ru, Rv the events that u ∈ I(Gn), v ∈ I(Gn), respectively.393

Then | cov[Ru, Rv]| = o(1).394

Proof. Let ε > 0. We describe an exploration-decision algorithm A by defining its rule. Given395

a vertex sequence S = (u1, . . . , ui) and labels g : S → [0, 1], the rule checks for monotone396

decreasing sequences emerging from u1, in S, with respect to g. Denote by E the set of ends397

of these sequences. If there are vertices in V r S with neighbours in E , return an arbitrary398

vertex among these. Otherwise, perform the Greedy MIS algorithm on the past of u1 inside399

S, and return T if u1 ends up in the MIS, or F otherwise. We observe that if σ is a random400

labelling of Gn then for w ∈ {u, v} the event A(w, σ) = T is in fact the event Rw. We also401

note that if the longest monotone decreasing sequence, w.r.t. σ, emerging from w is of length402

r − 1, then radA(w, σ) ≤ r.403

By Claim 4.1 there exists r > 0 such that for every large enough n the probability that404

there exists a monotone decreasing path of length r − 1 from either u or v is at most ε. By405

Claim 4.2, for large enough n, the probability that the distance between u and v is at most406

3r is at most ε. Therefore, by Lemma 4.3, | cov[A(u, σ),A(v, σ)]| = oε(1). J407

B Claim 4.5. Suppose that Gn has sfpg. Then Var[ι(Gn)] = o(1).408

Proof. For a vertex w, denote by Rw the event that w ∈ I(Gn). Let u, v be two independently409

and uniformly chosen vertices from Gn. Since the random variables E[Ru | u] and E[Rv | v]410

are independent, by Claim 4.4,411

Var[ι(Gn)] = E[cov[Ru, Rv | u, v]]412

= cov[Ru, Rv]− cov[E[Ru | u]E[Rv | v]] = cov[Ru, Rv] = o(1). J413
414

Proof of Theorem 1.2. Let ε > 0. Note that since Gn has sfpg, (U, ρ) has nonexplosive415

growth, hence by Theorem 1.1 there exists n0 such that for every n ≥ n0, |ῑ(Gn)−ι(U, ρ)| ≤ ε.416

Thus, by Chebyshev’s inequality and Claim 4.5,417

P[|ι(Gn)− ι(U, ρ)| > 2ε] ≤ P[|ι(Gn)− ῑ(Gn)| > ε] ≤ ε−2 Var[ι(Gn)] = o(1). J418

5 Branching Processes and Differential Equations419

As promised, we begin with a formal definition of multitype branching processes. Let T420

be a finite or countable set, which we call the type set. Let µ̇ be a distribution on T ,421

which we call the root distribution, and for each k ∈ T let (µk→j)j∈T be an offspring422

distribution, which is a distribution on vectors with nonnegative integer coordinates. Let423

τ ∼ µ̇ and for every finite sequence of natural numbers v let (ξk→jv )j∈T ∼ (µk→j)j∈T be424

a random vector, where these random vectors are independent for different indices v and425
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are independent of τ . A multitype branching process (Zt)t∈N with type set T , root426

distribution µ̇ and offspring distributions (µk→j)j∈T is a Markov process on labelled trees,427

in which each vertex is assigned a type in T , which may be described as follows. At time428

t = 0 the tree Z0 consists of a single vertex of type τ , labelled by the empty sequence. At429

time t+ 1 the tree Zt+1 is obtained from Zt as follows. For each k ∈ T and v of length t430

and type k in Zt, we add the vertices v _ i for all 0 ≤ i <
∑
j∈T ξ

k→j
v , having exactly ξk→jv431

of them being assigned type j, uniformly at random, and connecting them with edges to432

v.5 If in addition (µk→j)j∈T is a product measure, namely, if ξk→jv ∼ µk→j are sampled433

independently for distinct j ∈ T , the process is called simple. We often think of a multitype434

branching process as the possibly infinite (random) rooted graph Z∞ =
⋃
t≥0 Zt, rooted at435

the single vertex of Z0.436

Proof of Theorem 1.3. Let σ be a random labelling of U . To ease notation, set ι = ι(U, ρ)437

and I = I(U [Pρ]), and recall that ι = P[ρ ∈ I]. Let τ ∼ µ̇ be the type of the root. For k ∈ T438

and x ∈ [0, 1], define ι(k) = P[ρ ∈ I | τ = k] and ι(k)
x = P[ρ ∈ I | σρ = x, τ = k]. Note that439

this is well defined, even if the event that σρ = x has probability 0. Let further440

ι
(k)
<x =

∫ x

0
ι(k)
z dz,441

so ι(k) = ι
(k)
<1 , hence442

ι =
∑
k∈T

ι
(k)
<1 · P[τ = k].443

It therefore suffices to show that the family yk(x) := ι
(k)
<x satisfies (∗) (it clearly satisfies the444

boundary conditions). The key observation is that distinct children in the past of the root445

are roots to independent subtrees. Formally, conditioning on the event that v1, . . . , va are446

the children of ρ in its past, the events “vi ∈ I” for i = 1, . . . , a are mutually independent.447

Since ρ ∈ I if and only if vi /∈ I for every i = 1, . . . , a,448

y′k(x) = (ι(k)
<x)′ = ι(k)

x =
∑
`∈NT

∏
j∈T

µk→jx (`j)(1− P[ρ ∈ I | σρ < x, τ = j])`j449

=
∑
`∈NT

∏
j∈T

µk→jx (`j)
(

1− yj(x)
x

)`j
. J450

451

6 Lower Bound on Tree Sequences452

Let us focus on tree sequences. How large can the expected greedy independent ratio be? How453

small can it be? The sequence of stars is a clear witness that the only possible asymptotic454

upper bound is the trivial one, namely 1. Apparently, the lower bound is not trivial. An455

immediate corollary of Theorems 1.1 and 1.4 is that a tight asymptotic lower bound is456

ι(Z) = (1− e−2)/2 (compare with [44]). The statement of Theorem 1.4 is, however, much457

stronger: paths achieve the exact (non-asymptotic) lower bound for the expected greedy458

independence ratio among the set of all trees of a given order.459

To prove Theorem 1.4 we will need to first understand the behaviour of the greedy460

algorithm on the path.461

5 By v _ i we mean the sequence obtained from v by appending the element i.
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For a graph G denote by i(G) the cardinality of its greedy independent set, and let462

ī(G) = E[i(G)]. Let αn = ī(Pn). Suppose the vertices of Pn are 1, . . . , n, and let S be the463

vertex which is first in the permutation of the vertices. Setting α−1 = α0 = 0, we obtain the464

recursion465

αn = E[E[i(Pn) | S]] = 1
n

n∑
i=1

(1 + αi−2 + αn−i−1) = 1 + 2
n

n∑
i=1

αi−2, (2)466

from which an explicit formula for αn can be derived (see [21]). We will need the following467

two properties of αn, whose proofs (which are rather long and technical) we omit in this468

extended abstract.469

B Claim 6.1. αn is monotone increasing and subadditive.470

Let ξn,` =
∑`
j=1 αn+j .471

B Claim 6.2. For every `, a, b ≥ 1 it holds that ξa,` + ξb,` ≤ ξa+b,` + ξ0,`.472

6.1 KC-Transformations473

In this section we introduce the main tool that will be used to prove Theorem 1.4. Let T be474

a tree and let x, y be two vertices of T . We say that the path between x and y is bare if for475

every vertex v 6= x, y on that path, dT (v) = 2. Suppose x, y are such that the unique path476

P in T between them is bare, and let z be the neighbour of y in that path. For a vertex v,477

denote by N(v) the neighbours of v in T . The KC-transformation KC(T, x, y) of T with478

respect to x, y is the tree obtained from T by deleting every edge between y and N(y) r z479

and adding the edges between x and N(y) r z instead. Note that KC(T, x, y) ' KC(T, y, x),480

so if we care about unlabelled trees, we may simply write KC(T, P ), for a bare path P in T .481

The term “KC-transformation” was coined by Bollobás and Tyomkyn [10] after Kelmans,482

who defined a similar operation on graphs [31], and Csikvári, who defined it in this form [12]483

under the name “generalized tree shift” (GTS).484

A nice property of KC-transformations, first observed by Csikvári [12], is that they induce485

a graded poset on the set of unlabelled trees of a given order, which is graded by the number486

of leaves. In particular, this means that in that poset, the path is the unique minimum (say)487

and the star is the unique maximum. Note that if P contains a leaf then KC(T, P ) ' T ,488

and otherwise KC(T, P ) has one more leaf than T . In the latter case, we say that the489

transformation is proper.490

Here is the plan for how to prove Theorem 1.4. For a tree T and a vertex v, denote by491

T ? v the forest obtained from T by shattering T at v, that is, by removing from T the492

set {v} ∪ N(v). Denote by κv(T ) the multiset of orders of trees in the forest T ? v, and493

by κ(T ) the sum of κv(T ) for all vertices v in T . Note that for trees with up to 3 vertices,494

Theorem 1.4 is trivial; we proceed by induction. By the induction hypothesis,495

ī(T ) = 1
n

∑
v∈V (T )

∑
S∈T?v

(1 + ī(S)) ≥ 1 + 1
n

∑
v∈V (T )

∑
k∈κv(T )

αk = 1 + 1
n

∑
k∈κ(T )

αk. (3)496

Therefore, it makes sense to study the quantities νv(T ) =
∑
k∈κv(T ) αk and ν(T ) =497 ∑

k∈κ(T ) αk. In fact, it would suffice to show that for any tree T on n vertices ν(T ) ≥ ν(Pn),498

since by (2) and (3) we would obtain499

ī(T ) ≥ 1 + 1
n
ν(T ) ≥ 1 + 1

n
ν(Pn) = ī(Pn).500

We therefore reduced our problem to proving the following theorem about KC-transformations.501
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I Theorem 6.3. If T is a tree and P is a bare path in T then ν(KC(T, P )) ≥ ν(T ).502

It would have been nice if for every v ∈ V (T ) we would have had νv(KC(T, P )) ≥ νv(T );503

unfortunately, this is not true in general. However, the following statement, whose proof can504

be found in Appendix C, would suffice.505

I Theorem 6.4. Let T be a tree and let x 6= y be two vertices with the path between them506

being bare. Denote T ′ = KC(T, x, y). Let A be the set of vertices v 6= x in T for which every507

path between v and y passes via x, and similarly, let B be the set of vertices v 6= y in T for508

which every path between v and x passes via y. Let P be the set of vertices on the bare path509

between x and y, so A ∪B ∪ P is a partition of V (T ). Then510

1. For v ∈ A ∪B we have that νv(T ′) ≥ νv(T ).511

2.
∑
v∈P νv(T ′) ≥

∑
v∈P νv(T ).512

7 Concluding Remarks and Open Questions513

Non Locally Tree-Like Graph Sequences514

Our local limit approach does not assume that the converging sequence is locally tree-like.515

However, the differential equation tool fails completely if short cycles appear in a typical516

local view. As it seems, to date, there is no general tool to handle these cases, and indeed,517

even the asymptotic behaviour of the random greedy MIS algorithm on d-dimensional tori518

(for d ≥ 2) remains unknown.519

Better Local Rules520

The random greedy algorithm presented here follows a very simple local rule. More com-521

plicated local rules may yield, in some cases, larger maximal independent sets; for example,522

the initial random ordering may “favour” low degree vertices. It would be nice to adapt our523

framework, or at least some of its components, to other settings. For adaptive “better” local524

algorithms we refer the reader to [48,51].525

The Second Colour526

In this work we have analysed the output of the random greedy algorithm for producing a527

maximal independent set. As already remarked, this is in fact the set of vertices in the first528

colour class in the random greedy colouring algorithm. It is rather easy to see, that, after529

slight modifications (in particular, in Theorem 1.3) this approach allow us to calculate the530

asymptotic proportion of the size of the set of vertices in the second colour class (or in the531

k’th colour class in general, for any fixed k) as well. Non-asymptotic questions about the532

expected cardinality of the set of vertices in the second colour class might be also of interest.533

For example, is it true that the path has the smallest expected number of vertices in the534

first two colour classes among all trees of the same order? It is not hard to see that this535

statement is not true for the first three colour classes (as three colours suffice to greedily536

colour the path).537

Monotonicity With Respect to KC-Transformations538

It is likely that the expected greedy independence ratio in trees is monotone with respect539

to KC-transformations, and strictly monotone with respect to proper KC-transformations.540

If true, this would imply that the greedy independence ratio in trees achieves its unique541

minimum on the path and its unique maximum on the star.542
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A Proofs for Section 4653

Proof of Claim 4.1. Let ε ≥ 0. Since µ∗(r) �r r! for every large enough r we have654

µ∗(r) ≤ εr!. We couple NGn(r) and u such that the former counts the number of paths655

of length at most r emerging from the latter. Denote by Arn the event that there exists656

a monotone decreasing path in Gn (w.r.t. π) emerging from u of length r. Note that the657

probability that a given path of length r is monotone decreasing w.r.t. π is 1/r!. Since µ∗(r)658

is finite, there exists M ≥ 0 such that P[NGn(r) > M ] < ε for every large enough n. In659

addition, for large enough n we have E[NGn(r) ∧M ] ≤ 2µ∗(r). Hence, for large enough n,660

P[Arn] ≤
M∑
m=0

P[Arn | NGn(r) = m] · P[NGn(r) = m] + P[NGn(r) > M ]661

≤ 1
r! · E[NGn(r) ∧M ] + ε ≤ 3ε. J662

663

Proof of Claim 4.2. Let ε, r ≥ 0. We couple NGn(r) and u such that the former counts the664

number of paths of length at most r emerging from the latter. Note that under this coupling,665

|BGn(u, r)| ≤ NGn(r). Since µ∗(r) is finite, there existsM ≥ 0 such that P[NGn(r) > M ] < ε666

for every large enough n. Hence, for large enough n,667

P[distGn(u, v) ≤ r] = P[v ∈ BGn(u, r)]668

≤
M∑
m=0

P[v ∈ BGn(u, r) | NGn(r) = m] · P[NGn(r) = m] + P[NGn(r) > M ]669

≤ 1
n
· E[NGn(r) ∧M ] + ε ≤ M

n
+ ε ≤ 2ε. J670

671

I Remark. We only used the fact that NGn(r) are uniformly integrable for every r ≥ 0.672

Proof of Lemma 4.3. Let Q be the rule of the algorithm A. The r-truncated version of673

Q, denoted Qr, is defined as follows. To determine Qr((u1, . . . , ui), g), Qr checks the value674

x = Q((u1, . . . , ui), g). If x ∈ {T,F} or distG(u1, x) ≤ r, Q returns x. Otherwise it returns675

F. The r-truncated version of the algorithm A, denoted Ar, is the exploration-decision676

algorithm with rule Qr. Note that for every v and f , radAr (v, f) ≤ r.677

For a vertex w ∈ {u, v}, let Xw be the event “A(w, σ) = T”, let Yw be the event678

“Ar(w, σ) = T”, and let rw = radA(w, σ). Note that P[Xw∧rw ≤ r] = P[Yw∧rw ≤ r] = P[Yw],679

thus P[Xw] = P[Yw] + oε(1). Since for x, y satisfying distG(x, y) ≥ 3r we have that Yx, Yy680

are independent, it follows that P[Yu ∧ Yv] = P[Yu]P[Yv] + oε(1).681

P[Xu ∧Xv] = P[Xu ∧Xv ∧ (max{ru, rv} ≤ r)] + P[Xu ∧Xv ∧ (max{ru, rv} > r)]682

= P[Yu ∧ Yv ∧ (max{ru, rv} ≤ r)] + oε(1)683

= P[Yu ∧ Yv] + oε(1) = P[Yu]P[Yv] + oε(1) = P[Xu]P[Xv] + oε(1). J684
685

B Probability Generating Functions686

The goal of this section is to demonstrate how generating functions may aid solving the687

fundamental system of ODEs (∗) (and thus finding ι) for certain simple branching processes.688

In the following sections, we will use the notation yk(x) as in (∗), and omit the subscript k689

when the branching process has a single type.690
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Single Type Branching Processes691

For a probability distribution p = (pd)∞d=0, let Tp be the p-ary tree, namely, it is a (single692

type) branching process, for which the offspring distribution is p. The fundamental ODE in693

this case is694

y′(x) =
∞∑
d=0

pd

d∑
`=0

(
d

`

)
(1− x)d−`x`

(
1− y(x)

x

)`
=
∞∑
d=0

pd(1− y(x))d. (4)695

This differential equation may not be solvable, but in many important cases it is, and we696

will use it. Denote by gp(z) the probability generating function (pgf) of p, that is,697

gp(z) =
∞∑
d=0

pdz
d. (5)698

Let hp(x) be the solution to the equation699 ∫ 1

hp(x)

dz

gp(z) = x. (6)700

B Claim B.1. y(x) = 1− hp(x).701

Proof. Fix x ∈ [0, 1], let h = hp(x) and g(z) = gp(z). Define ϕ : [0, β] → [h, 1], where702

β = y−1(1− h), as follows: ϕ(u) = 1− y(u). Note that by (4),703

ϕ′(u) = −y′(u) = −g(ϕ(u)).704

Thus705

x =
∫ 1

h

dz

g(z) = −
∫ ϕ(β)

ϕ(0)

dz

g(z) = −
∫ β

0

ϕ′(z)dz
g(ϕ(z)) = β,706

hence y(x) = 1− h. J707

In particular, it follows from Claim B.1 that ι(Tp) = 1− hp(1).708

Random Trees With IID Degrees709

For a probability distribution p = (pd)∞d=1, let Tp be the p-tree, namely, it is a random tree710

in which the degrees of the vertices are independent random variables with distribution p.711

We may view it as a two-type branching process, with type 0 for the root and 1 for the rest712

of the vertices. Let gp(z) be the pgf of p (see (5), and note that p0 = 0). The fundamental713

system of ODEs in this case is714

y′0(x) =
∞∑
d=1

pd

d∑
`=0

(
d

`

)
(1−x)d−`x`

(
1− y1(x)

x

)`
=
∞∑
d=1

pd(1− y1(x))d = gp(1−y1(x)), (7)715

and by (4),716

y′1(x) =
∞∑
d=0

pd+1(1− y1(x))d = 1
1− y1(x)

∞∑
d=1

pd(1− y1(x))d = gp(1− y1(x))
1− y1(x) . (8)717

Let hp(x) be the solution to the equation718 ∫ 1

hp(x)

zdz

gp(z) = x.719
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The next claim is [13, Theorem 1].6720

B Claim B.2. y0(x) = 1
2
(
1− h2

p(x)
)
.721

Proof. Fix x ∈ [0, 1], let h = hp(x) and g(z) = gp(z). Define ϕ : [0, β] → [h, 1], where722

β = y−1
1 (1− h), as follows: ϕ(u) = 1− y1(u). Note that by (8),723

ϕ′(u) = −y′1(u) = −g(ϕ(u))
ϕ(u) .724

Thus725

x =
∫ 1

h

zdz

g(z) = −
∫ ϕ(β)

ϕ(0)

zdz

g(z) = −
∫ β

0

ϕ′(z)ϕ(z)dz
g(ϕ(z)) = β,726

hence y1(x) = 1− h. From (7) and (8) it follows that y′0(x) = g(h) = y′1(x) · h = −hh′, and727

since y0(0) = 0 it follows that y0(x) = 1
2
(
1− h2). J728

In particular, it follows from Claim B.2 that ι(Tp) = 1
2
(
1− h2

p(1)
)
.729

C Proof of Theorem 6.4730

1. It suffices to prove the claim for v ∈ A. First note that there exists a unique tree Sv731

in T ? v which is not fully contained in A, and the rest of the trees are retained in the732

KC-transformation. The set of trees in T ′ ? v which are not fully contained in A may733

be different from Sv, but they are on the same vertex set, so the result follows from734

subadditivity of αn (Claim 6.1).735

2. Write |A| = a, |B| = b and |P | = `+ 1. Let A1, . . . , As be the trees of T ? x which are736

fully contained in A, and denote ai = |Ai|. Let B1, . . . , Bt be the trees of T ? y which737

are fully contained in B, and denote bi = |Bi|. Let αA =
∑s
i=1 αai , α

+
A =

∑s
i=1 α1+ai ,738

αB =
∑t
i=1 αbi and α

+
B =

∑t
i=1 α1+bi . Denote the vertices of P by x = u0, u1, . . . , u`.739

The following table summarises the values of ν in T, T ′ along vertices of P , in the case740

where ` ≥ 3 (similar tables can be made for the cases ` = 1, 2).741

νuj (T ) νuj (T ′)
j = 0 αA + αb+`−1 αA + αB + α`−1

j = 1 α+
A + αb+`−2 α+

A + α+
B + α`−2

2 ≤ j ≤ `− 2 αa+j−1 + αb+`−j−1 αa+b+j−1 + α`−j−1

j = `− 1 αa+`−2 + α+
B αa+b+`−2

j = ` αa+`−1 + αB αa+b+`−1

742

It follows (for every ` ≥ 1) that743

∑
v∈P

(νv(T ′)− νv(T )) =
`−1∑
j=1

(αa+b+j + αj − αa+j − αb+j)744

= ξa+b,`−1 + ξ0,`−1 − ξa,`−1 − ξb,`−1,745
746

which is, by Claim 6.2, nonnegative. J747

6 In [13] the authors required that the the degrees of the tree are all at least 2; we do not require this here.
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