Constructive bounds for a Ramsey-type problem

Noga Alon^∗ Michael Krivelevich^†

Abstract

For every fixed integers r, s satisfying 2 ≤ r < s there exists some ϵ = ϵ(r, s) > 0 for which we construct explicitly an infinite family of graphs H_{r,s,n}, where H_{r,s,n} has n vertices, contains no clique on s vertices and every subset of at least n^{1−ϵ} of its vertices contains a clique of size r. The constructions are based on spectral and geometric techniques, some properties of Finite Geometries and certain isoperimetric inequalities.

1 Introduction

The Ramsey number R(s, t) is the smallest integer n such that every graph on n vertices contains either a clique K^s of size s or an independent set of size t. The problem of determining or estimating the function R(s, t) received a considerable amount of attention, see, e.g., [14] and some of its references. A more general function was first considered (for a special case) by Erdős and Gallai in [11]. Suppose 2 ≤ r < s ≤ n are integers, and let G be a K^s-free graph on n vertices. Let f_r(G) denote the maximum cardinality of a subset of vertices of G that contains no copy of K^r, and define, following [12], [8]:

f_{r,s}(n) = min f_r(G),

where the minimum is taken over all K^s-free graphs G on n vertices.

It is easy to see that for r = 2, we have f_{2,s}(n) < t if and only if the Ramsey number R(s, t) satisfies R(s, t) > n, showing that the problem of determining the function f_{r,s}(n) extends that of determining R(s, t).

∗Department of Mathematics, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel Aviv University, Tel Aviv, Israel. Email: noga@math.tau.ac.il. Supported in part by the Fund for Basic Research administered by the Israel Academy of Sciences.

†Department of Mathematics, Raymond and Beverly Sackler Faculty of Exact Sciences, Tel-Aviv University, Tel-Aviv, Israel. Email: krivelev@math.tau.ac.il. Supported in part by a Charles Clore Fellowship.

Erdős and Rogers [12] combined a geometric idea with probabilistic arguments and showed that f_{s−1,s}(n) ≤ O(n^{1−1/O(s4 log s)}). This bound has been improved in several subsequent papers [8], [17], [18] and the best known bounds, proved in [17], [18], are

c_1n^{1s−r+1} (log log n)^{1− 1s−r+1} ≤ f_{r,s}(n) ≤ c_2n^{rs+1} (log n)^{1r−1} ,

where c_1, c_2 are positive constants depending only on r and s. Note that to place an upper bound on f_{r,s}(n) one has to prove the existence of a graph with certain properties. As is the case with the problem of bounding the usual Ramsey numbers, the existence of these graphs is usually proved by probabilistic arguments. In fact there is no known explicit construction that provides any nontrivial upper bound for f_{r,s}(n) for any value of r other than 2. By explicit we mean here a construction that supplies a deterministic algorithm to construct a graph with the desired properties in time polynomial in the size of the graph. It is worth noting that for the case r = 2, corresponding to the usual Ramsey numbers, there are several known explicit constructions; see [10], [13], [9], [1], [2], [3]. Despite a considerable amount of effort, all these constructions supply bounds that are inferior to those proved by applying probabilistic arguments. The problem of finding explicit constructions matching the best known bounds is of great interest, and may have algorithmic applications as well.

In the present note we describe two different explicit constructions providing nontrivial upper bounds for the function f_{r,s}(n) in the case r > 2. The first one is based on a spectral technique together with some of the properties of finite geometries and implies that for every fixed r, s we have: f_{r,s}(n) = O ( n^{12 + 2r−32s−4} ) . The second construction is based on a geometric idea and certain isoperimetric inequalities, and shows that for every s ≥ 2, f_{s,s+1}(n) ≤ n^{1−ϵ(s)}, where

ϵ(s) = (1 + o(1)) 2 s^2(s + 1)^2 ln s

and the o(1) term tends to 0 as n tends to infinity.

Both constructions are explicit according to all common definitions of this notion and, in particular, provide a linear time deterministic algorithm to construct the appropriate graph as well as an algorithm that determines if two given vertices are connected using a constant number of arithmetic or bit operations on words of length O(log n), where n is the number of vertices.

In the rest of this note we describe these two constructions and prove their properties.

2 The first construction

The first construction we present applies finite geometries and the proof of its properties is based on the spectral technique used in [1] for a similar purpose, together with some additional ideas. Graphs considered in this section may have loops. Each loop contributes one to the degree of a vertex incident to it and contributes 1/2 when we count the number of edges spanned by a set of vertices.

We need the following lemma.

Lemma 2.1 Let G be a d-regular graph on n vertices with at most one loop at each vertex and suppose that the absolute value of any eigenvalue of G but the first is at most λ. For every integer r ≥ 2 denote

s_r =

(λ + 1)n d ( 1 + n d + · · · + ( n d )_{r−2}) . Then every set of more than s_r vertices of G contains a copy of K^r.

Proof. The proof relies on the following simple statement proved (in a slightly stronger form) in [5] (see also [6], Chapter 9, Corollary 2.6.)

Proposition 2.2 Let G = (V, E) be a d-regular graph on n vertices (with loops allowed) and suppose that the absolute value of each of its eigenvalues but the first is at most λ. Let B be an arbitrary subset of bn vertices of G and let e(B) denote the number of edges in the induced subgraph of G on B. Then |e(B) − 1 2 b^2dn| ≤ 1 2 λbn . To deduce the lemma from the above proposition we apply induction on r. Note that if S is a subset of vertices of size k, then, by the proposition above, e(S) ≥^1_2^{k2d}_n −^1_2 λk.

If r = 2 and k > (λ + 1)n/d then e(S) ≥^1_2 k (_{kd} n − λ ) >^1_2 k, and therefore S contains at least one non-loop edge, as needed.

Assuming the assertion of the lemma holds for all integers between 2 and r we prove it for r + 1 ( ≥ 3). Since e(S) ≥^1_2^{k2d}_n −^1_2 λk, there exists a vertex v ∈ S which is incident with at least^{kd}_n − λ edges in S, implying that v has at least^{kd}_n − λ − 1 neighbours in S other than itself. Let N denote the set of all these neighbours. By the induction hypothesis if kd n − λ − 1 > s_r, then N contains a copy of K^r, that together with v forms a copy of K^{r+1}. Hence, any set of more than

(s_r + λ + 1)n d = (λ + 1)n d ( 1 + n d + · · · + ( n d )_{r−1}) = s_{r+1} vertices of G contains a copy of K^{r+1}, completing the proof. □

For any integer t ≥ 2 and for any power q = 2^g of 2 let P G(t, q) denote the finite geometry of dimension t over the field GF (q). The interesting case for our purposes here is that of fixed t and large q. It is well known (see, e.g., [15]) that the points and hyperplanes of P G(t, q) can be described as follows. Let B_t denote the set of all nonzero vectors x̄ = (x_0, . . ., x_t) of length t + 1 over GF (q) and define an equivalence relation on B_t by calling two vectors equivalent if one is a multiple of the other by an element of the field. The points of P G(t, q) as well as the hyperplanes can be represented by the equivalence classes of B_t with respect to this relation, where a point x̄ = (x_0, . . ., x_t) lies in the hyperplane ȳ = (y_0, . . ., y_t) if and only if their inner product ⟨x̄, ȳ⟩ = x_0y_0 +. . .+x_ty_t over GF (q) is zero. Let G(t, q) denote the graph whose vertices are the points of P G(t, q), where two (not necessarily distinct) vertices x̄ and ȳ as above are connected by an edge if and only if ⟨x̄, ȳ⟩ = x_0y_0 + . . . + x_ty_t = 0, that is, the point represented by x̄ lies on the hyperplane represented by ȳ. The graphs G(t, q) have been considered by several authors - see, e.g., [1], [7]. It is easy to see that the number of vertices of G(t, q) is n_{t,q} = (q^{t+1} − 1)/(q − 1) = q^t(1 + o(1)) and that it is d_{t,q} = (q^t − 1)/(q − 1) = q^{t−1}(1 + o(1))– regular, where here and in what follows the o(1) term tends to zero as q tends to infinity. It is also easy to see that the number of vertices of G(t, q) with loops is precisely d_{t,q} = (q^t −1)/(q −1), since the equation x^2_0 +. . .+x^2_t = 0 over GF (q) is equivalent to the linear equation x_0 +. . .+x_t = 0, which has exactly q^t −1 nonzero solutions. This is the only place we use the fact that the field GF (q) is of characteristic 2. A similar construction exists for any prime power q, but the computation in this case is (slightly) more complicated.

We claim that each copy of K^{t+2} in G(q, t) contains at least one vertex represented by a vector x̄ with ⟨x̄, x̄⟩ = 0. Indeed, let x̄^1, . . ., x̄^{t+2} be vectors of P G(t, q) such that ⟨x̄^i, x̄^j⟩ = 0 for every pair 1 ≤ i ≠ j ≤ t + 2. Since these are t + 2 vectors in a vector space of dimension t + 1 there are ν_1, . . ., ν_{t+2} ∈ GF (q) which are not all zero, such that ν_1x̄^1 + . . . ν_{t+2}x̄^{t+2} = ¯0. Multiplying this equality by x̄^i for every 1 ≤ i ≤ t + 2, we conclude that ν_i⟨x̄^i, x̄^i⟩ = 0, and hence there exists at least one index i such that ⟨x̄^i, x̄^i⟩ = 0.

The eigenvalues of G(t, q) are known and easy to compute. To see this, let A be the adjacency matrix of G(t, q). By the properties of P G(t, q), A^2 = AA^T = μJ + (d_{t,q} − μ)I, where μ = (q^{t−1} − 1)/(q − 1), J is the n_{t,q} × n_{t,q} all 1-s matrix and I is the n_{t,q} × n_{t,q} identity matrix. Therefore the largest eigenvalue of of A^2 is d^2_{t,q} and all other eigenvalues are d_{t,q} − μ. It follows that the largest eigenvalue of A is d_{t,q} and the absolute value of all other eigenvalues is (d_{t,q} − μ)^{1/2}. Put λ = (d_{t,q} − μ)^{1/2} = q^{(t−1)/2}. By Lemma 2.1 every set of λ(n_{t,q}/d_{t,q})^{r−1}(1 + o(1)) = n^{12 + 2r−32t}_{t,q} (1 + o(1)) vertices spans a copy of K^r.

Let H(t, q) denote the graph obtained from G(t, q) by deleting all vertices represented by vectors x̄ with ⟨x̄, x̄⟩ = 0. This is a K^{t+2}-free graph on n = q^t vertices, for which the following holds:

Theorem 2.3 For every fixed t and large enough q the graph H(t, q) on n = q^t vertices has the following properties:

1. K^{t+2} ⊄ G.

2. For every r ≥ 2 every set of n_0(r, t) vertices spans a copy of K^r, where n_0(r, t) = n^12^{+ 2r−3}2t (1 + o(1)).

To get a result for a general n, we can, for example, start with H(t, q), where q is the minimal integer of the form q = 2^g for which q^t ≥ n. Then 2^tn ≥ q^t. Now delete from H(t, q) an arbitrary subset of q^t − n vertices, thus obtaining a graph on n vertices with the desired properties. This gives

Corollary 2.4 By an explicit construction for every fixed r, t satisfying 2 ≤ r < (t + 1)/2, and for every n, f_{r,t}(n) = O ( n^{12 + 2r−32t−4} ) . 3 The second construction

The second construction we present borrows the core idea from the construction of Erdős and Rogers [12]. Their argument is non-constructive and relies on the concentration of measure phenomenon in the high-dimensional sphere. Our construction is explicit and somewhat simpler to handle.

We begin with some notation.

Let s ≥ 2 and k be positive integers (where s is assumed to be fixed while k tends to infinity). Denote V = [s]^k. Thus, the elements of V are vectors x̄ of length k. We endow V with the normalized counting measure P , that is, P (A) = |A|/|V | for every subset A ⊆ V . For every two vectors x̄, ȳ ∈ V denote by d(x̄, ȳ) the Hamming distance between x̄ and ȳ, that is, d(x̄, ȳ) = |{1 ≤ i ≤ k : x_i ≠ y_i}| . Also, for a set ∅ ≠ U ⊆ V and a vector x̄ ∈ V let d(x̄, U) = min{d(x̄, ȳ) : ȳ ∈ U} denote the distance between x̄ and U.

For every integer δ > 0 define the δ-neighbourhood U_{(δ)} of a nonempty subset U ⊆ V as U_{(δ)} = {x̄ ∈ V : d(x̄, U) ≤ δ} ;

thus U_{(0)} = U.

Define a graph G = G(s, k) as follows. The vertex set of G is V , and two vectors x̄, ȳ ∈ V are connected by an edge in G if and only if d(x̄, ȳ) > k ( 1 − (_{s+1} 2 )_{−1}) . Let us investigate the properties of this graph.

Proposition 3.1 The graph G does not contain a copy of K^{s+1}.

Proof. Suppose indirectly that x̄^1, . . ., x̄^{s+1} are the vertices of K^{s+1} ⊆ G, then according to the definition of G we have d(x̄^{i1} , x̄^{i2} ) > k(1 − (_{s+1} 2 )_{−1} ) for every pair 1 ≤ i_1 ≠ i_2 ≤ s + 1.

For every 1 ≤ j ≤ k, there exists at least one pair of vertices of K^{s+1} having the same value in the j-th coordinate. Therefore, summing over all k coordinates and averaging, we obtain that there exists at least one pair of vectors x̄^{i1} , x̄^{i2} , that agree on at least k (_{s+1} 2 )_{−1} coordinates. Thus d(x̄^{i1} , x̄^{i2} ) ≤ k − k (_{s+1} 2 )_{−1} , supplying the desired contradiction. □ We next prove that every sufficiently large subset of V spans a copy of K^s. Define an s-simplex S to be a set of s vectors x̄^1, . . ., x̄^s ∈ V with d(x̄^{i1} , x̄^{i2} ) = k for every pair 1 ≤ i_1 ≠ i_2 ≤ s.

Proposition 3.2 If V_0 ⊆ V and P [V_0] > (s−1)/s, then V_0 contains a copy of an s-simplex.

Proof. Clearly, each vector of V lies in the same number of s-simplices.

Choose randomly and uniformly a simplex S among all s-simplices in V . Then

P [S ⊄ V_0] = P [ at least one vertex of S does not belong to V_0 ] ≤ s |V | − |V_0| |V | < s ( 1 − s − 1 s ) = 1.

Hence there exists at least one s-simplex S with all vertices in V_0. □

The next step is to obtain a good isoperimetric inequality for the finite metric space (V, d). We use martingales as in, e.g., [20], [19], [21].

Lemma 3.3 For c > 0 denote δ(c) = ⌈( √ ln s/2 + c) √ k⌉. If A is a subset of V with P [A] ≥ 1/s, then P [A_{(δ)}] > 1 − e^{−2c2} .

Proof. Define a function f : V → R by f(x̄) = d(x̄, A). This function is clearly Lipschitz with constant 1, that is, |f(x̄) − f(ȳ)| ≤ d(x̄, ȳ) for all x̄, ȳ ∈ V . Also, f(x̄) = 0 for every x̄ ∈ A. Let Ef = X_0, X_1, . . ., X_k = f be the coordinate exposure martingale with respect to f, that is, X_i(x̄) = E[f(ȳ) : ȳ ∈ V : ȳ_j = x̄_j ∀j ≤ i]. Hence Hoeffding’s inequality (see, e.g. Lemma 1.2 of [19]) implies: P [X_k − X_0 < −c √ k] < e^{−2c2} , (1) P [X_k − X_0 > c √ k] < e^{−2c2} (2)

for all c > 0. In particular, substituting c = √ ln s/2 in (1) and recalling that P [A] ≥ 1/s, we see that there exists at least one point x̄ ∈ A, for which

X_k(x̄) − X_0(x̄) = f(x̄) − X_0 ≥ − √ ln s/2 √ k . However, since x̄ ∈ A, one has X_k(x̄) = 0, and therefore X_0 ≤ √ ln s/2 √ k. Thus (2) implies that P [f > ( √ ln s/2 + c) √ k] < e^{−2c2} . The left-hand side of the above inequality is at least P [V \ A_{(δ)}] with δ = δ(c) as in the formulation of the lemma, and hence

P [A_{(δ)}] > 1 − e^{−2c2} . □

Remark. McDiarmid gives in [19] an isoperimetric inequality for graph product spaces (see [19], Prop. 7.12), implying directly our Lemma 3.3. We chose however to present its proof here for the sake of completeness. Moreover, it is possible to improve the inequality and obtain an asymptotically tight isoperimetric inequality. This and related results will appear in [4]. For our purpose here the present estimate suffices.

The result of the lemma can be reformulated in the following more convenient way: for every c > 0, if U ⊆ V and P [U] ≥ e^{−2c2} , then P [U_{(δ)}] > (s − 1)/s. Indeed, assuming P [U_{(δ)}] ≤ (s−1)/s, denote W = V \U_{(δ)}, then P [W ] ≥ 1/s and therefore P [W_{(δ)}] > 1−e^{−2c2} , contradicting the fact that W_{(δ)} ∩ U = ∅. Define c = √ k 2 (_{s+1} 2 ) − √ ln s/2 − 1 = √ k s(s + 1)

(1 + o(1)) , (3)

where the o(1) term tends to 0 as k tends to infinity. Then if P [U] ≥ e^{−2c2} , then P [U_{(δ)}] > (s − 1)/s, where δ = δ(c). Therefore, by Proposition 3.2, the set U_{(δ)} contains an s-simplex S. Let x̄^1, . . ., x̄^s denote its vertices. Let ȳ^i ∈ U satisfy d(x̄^i, ȳ^i) ≤ δ(c), where 1 ≤ i ≤ s. By the triangle inequality

d(ȳ^{i1} , ȳ^{i2} ) ≥ d(x̄^{i1} , x̄^{i2} ) − 2δ(c)

> k − k (_{s+1} 2 ) + 2 √ k − 2 ≥ k ( 1 − 1 (_{s+1} 2 ) ) . This means that the vertices ȳ^1, . . ., ȳ^s ∈ U form a copy of K^s. Recalling (3), we see that every subset U ⊆ V of size |U| = |V | e^{−2c2} = |V | e^{−(1+o(1))2k/(s2(s+1)2)} spans a copy of K^s.

Summing up the above, we obtain the following Theorem 3.4 For every fixed s and large k the graph G = G(s, k) described above is a graph on n = s^k vertices, having the following properties:

1. K^{s+1} ⊄ G;

2. Every set of at least n^{1−ϵ(s)} vertices spans a copy of K^s, where ϵ(s) = (1+o(1))2/(s^2(s+ 1)^2 ln s) and the o(1) term tends to 0 as k tends to infinity.

Corollary 3.5 By an explicit construction, for every fixed s ≥ 2, f_{s,s+1}(n) ≤ n^{1−ϵ(s)} , where ϵ(s) = (1 + o(1))2/(s^2(s + 1)^2 ln s).

Remarks. 1. For the case s = 2 the above construction coincides with the construction of Erdős [10], proving a lower bound for the Ramsey number R(3, t). In this case instead of applying our approach based on isoperimetric inequalities one can calculate exactly the maximum size of a subset of vertices of G not containing an edge K^2, using the well-known result of Kleitman [16].

2. For general s, our estimate on ϵ(s) is better by a factor of 4 than the one of Erdős and Rogers.

3. A similar construction, requiring somewhat more complicated analysis, yields an improvement of the expression for ϵ(s) by a logarithmic factor. Below we give an outline of the argument, leaving all technical details to the reader.

For a given s, define t = t(s) = min{2 ≤ i ≤ s : s(mod i) < i/2} . It can be shown that t(s) is at most polylogarithmic in s. Put s = tq + r. It follows from the definition of t that r < t/2. Let V = [t]^k. Define

α_1(s) = 1 −

(r + 1) (_{q+1} 2 ) + (t − r − 1) (_q 2 ) (_{s+1} 2 ) , α_2(s) = 1 − r (_{q+1} 2 ) + (t − r) (_q 2 ) (_s 2 ) .

It is easy to see that α_1(s)k is an upper bound for the minimum Hamming distance between a pair in any family of s + 1 vectors in V . Similarly, α_2(s)k is an upper bound for the minimum Hamming distance between a pair in any family of s vectors in V .

Note that since r < t/2 we have

α_2(s) − α_1(s) = 2q(t − r − 1) (s − 1)s(s + 1) ≥ 1 2s(s + 1) . Now define a graph G with vertex set V by joining two vectors x̄, ȳ ∈ V by an edge if their Hamming distance exceeds α_1(s)k. Then G is clearly K^{s+1}-free. Define an s-simplex to be a family of s vectors in G, whose mutual Hamming distances are all equal to α_2(s)k. Assuming ”nice” divisibility properties of k, we can claim that such an s-simplex indeed exists and that every^{s−1}_s |V | vertices of G span an s-simplex. Now the same argument as in the proof of Theorem 3.4 shows that every |V |e^{−ck/s4} = n^{1−c/s4 ln t} = n^{1−c′ /s4 ln ln s} vertices of G span a copy of K^s, where n = |V | and c, c^′ are some absolute constants. This gives the bound f_{s,s+1}(n) ≤ n^{1− c0}s^4 ln ln s ,

where c_0 is an absolute constant.

4. The idea applied in the construction of Theorem 3.4 can be used also for obtaining constructive upper bounds for the function f_{r,s}(n) for values of r other than s − 1. The bounds obtained (as well as the above bound for f_{s−1,s}(n)) are considerably weaker that the ones proved in [18] by probabilistic arguments. It would be interesting to find explicit examples providing bounds closer to the last ones.

Acknowledgement. We would like to thank Benny Sudakov and an anonymous referee for many helpful comments.

References

[1] N. Alon, Eigenvalues, geometric expanders, sorting in rounds, and Ramsey theory, Combinatorica 6 (1986), 207–219.

[2] N. Alon, Tough Ramsey graphs without short cycles, J. Algebraic Combinatorics 4 (1995), 189–195.

[3] N. Alon, Explicit Ramsey graphs and orthonormal labelings, The Electronic J. Combinatorics 1 (1994), R12, 8pp.

[4] N. Alon, R. B. Boppana and J. H. Spencer, An asymptotic isoperimetric inequality, in preparation.

[5] N. Alon and F. R. K. Chung, Explicit construction of linear sized tolerant networks, Discrete Math. 72 (1988), 15-19.

[6] N. Alon and J. H. Spencer, The Probabilistic Method, Wiley, New York, 1992. [7] B. Bollobás, Random Graphs, Academic Press, London, 1985. [8] B. Bollobás and H. R. Hind, Graphs without large triangle-free subgraphs, Discrete Math. 87 (1991), 119–131.

[9] F. R. K. Chung, R. Cleve and P. Dagum, A note on constructive lower bounds for the Ramsey numbers R(3, t), J. Comb. Th. Ser. B 57 (1993), 150–155.

[10] P. Erdős, On the construction of certain graphs, J. Comb. Th. 1 (1966), 149–153. [11] P. Erdős and T. Gallai, On the minimal number of vertices representing the edges of a graph, Publ. Math. Inst. Hungar. Acad. Sci 6 (1961), 181–203.

[12] P. Erdős and C. A. Rogers, The construction of certain graphs, Canad. J. Math. 14 (1962), 702–707.

[13] P. Frankl and R.M. Wilson, Intersection theorems with geometric consequences, Combinatorica 1 (1981), 357–368.

[14] R.L. Graham, B.L. Rothschild and J. H. Spencer, Ramsey Theory (Second Edition), Wiley, New York, 1990.

[15] M. Hall, Combinatorial Theory (Second Edition), Wiley, New York, 1986. [16] D. J. Kleitman, On a combinatorial problem of Erdős, J. Comb. Th. 1 (1966), 209–214. [17] M. Krivelevich, K^s-free graphs without large K^r-free subgraphs, Comb., Prob. and Computing 3 (1994), 349–354.

[18] M. Krivelevich, Bounding Ramsey numbers through large deviation inequalities, Random Str. Alg. 7 (1995), 145–155.

[19] C. J. H. McDiarmid, On the method of bounded differences, in Surveys in Combinatorics 1989, London Math. Society Lecture Notes Series 141 (Siemons J., ed.), Cambridge Univ. Press (1989), 148–188.

[20] V. D. Milman and G. Schechtman, Asymptotic Theory of Finite Dimensional Normed Spaces, Lecture Notes in Mathematics 1200, Springer Verlag, Berlin and New York, 1986.

[21] M. Talagrand, Concentration of measure and isoperimetric inequalities in product spaces, Inst. Hautes Études Sci. Publ. Math. 81 (1995), 73–205.