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Large capacity unsplittable flow problem
Algorithmic mechanism design

The Unsplittable Flow Problem

Input:

A directed or undirected graph G = (V , E) s.t. every edge
has a positive capacity ce.

A set of requests R, each characterized by (sr , tr , dr , vr ).
sr and tr are the request’s source and target vertices.
dr is the request’s positive demand.
vr is the positive value gained by allocating the request.
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The Unsplittable Flow Problem

Input:

A directed or undirected graph G = (V , E) s.t. every edge
has a positive capacity ce.
A set of requests R, each characterized by (sr , tr , dr , vr ).

sr and tr are the request’s source and target vertices.
dr is the request’s positive demand.
vr is the positive value gained by allocating the request.

Objective:
Select a subset of requests (along with a path for each
request), which

can route their entire demand along the corresponding
path, while respecting the capacities.
have a maximum value.

Yossi Azar, Iftah Gamzu and Shai Gutner Truthful Unsplittable Flow for Large Capacity Networks



Introduction
Our results

Concluding remarks

Large capacity unsplittable flow problem
Algorithmic mechanism design

Example
An undirected graph s.t. the capacity of every edge is 1.
R = {(v1, v2, 1, 1), (v2, v3, 1, 1), (v3, v4, 1, 1), (v4, v1, 1, 1)}
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Large Capacity Unsplittable Flow Problem

The requests demands are small w.r.t. the edges capacities...

Ω(ln m)-bounded Unsplittable Flow Problem

The unsplittable flow problem with the additional properties:
The demand of every request is (0, 1].
The capacity of every edge is Ω(ln m).

Intuitively, one can route Ω(ln m)
requests through every edge.
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Large capacity unsplittable flow problem
Algorithmic mechanism design

Related Work

Unsplittable Flow Problem
Hard... no constant approximation for small capacities.

Graph Hardness Assuming Ref.

Directed nΩ(1/B)
NP * BPTIME(nO(log log n))

B = O( log n
log log n )

Chuzhoy et al.
[STOC ’07]

Undirected (log n)Ω(1/B)
NP * ZPTIME(npolylog(n))

B = O( log log n
log log log n )

Andrews et al.
[FOCS ’05]

B is the number of requests that can be routed through every edge.

Ω(ln m)-bounded Unsplittable Flow Problem

Easier... integrality gap of the integer linear program becomes
1 + ε, which can be matched by an algorithm that utilizes the
randomized rounding technique.
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Algorithmic mechanism design

Game Theoretic Setting

Algorithmic Mechanism Design

Studies algorithmic problems in scenarios where the input
is presented by strategic agents.
The main goal is to design truthful mechanisms.

Strategic Agent
May declare any fallacious input in order to manipulate the
algorithm in a way that will maximize its own utility.

Truthful Mechanism
A way to motivate the agents to reveal their true input, e.g.
compensating them by payments.
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Algorithmic mechanism design

Strategic Agent in Unsplittable Flow Problem
Agents correspond to requests. Agent r . . .

Can be dishonest about dr and vr .
Cannot be untruthful about sr and tr .

Truthful Mechanism for Unsplittable Flow Problem�� ��Truthful mechanism ⇐⇒ Monotone algorithm

An algorithm A is monotone if it satisfies the property that
If A selects request r having (demand, value) of (dr , vr )

Then A would have selected r having (demand, value) of
(d̃r , ṽr ) s.t. d̃r ≤ dr and ṽr ≥ vr

Assuming all the other demands and values were fixed.

Informally, a selected request would have been
selected if it was less demanding or more profitable.
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(d̃r , ṽr ) s.t. d̃r ≤ dr and ṽr ≥ vr
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Large capacity unsplittable flow problem
Algorithmic mechanism design

Related Work

Truthful Ω(ln m)-bounded Unsplittable Flow Problem

Randomized rounding violate certain monotonicity
properties, hence cannot be directly used.

Briest, Krysta & Vöcking [STOC ’05] – deterministic truthful
mechanism with approximation ratio that approaches
e ≈ 2.71.

Can the gap between 1 + ε and e be closed ?
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Capacity UFP

Upper Bound
We devise a monotone deterministic algorithm, which obtains
an approximation ratio that approaches e

e−1 ≈ 1.58.
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Capacity UFP

Simplifying assumption: all edges share the same capacity B

Algorithm Bounded-UFP

weights function ye(f ) = 1
B eεf f is flow on edge1

while edges are not highly saturated2

Find the shortest “normalized” path min dr
vr

∑
e∈s ye3

Route the request using this path4

R = {(v1, v2, 1, 1), (v2, v3, 1, 1), (v3, v4, 1, 1), (v4, v1, 1, 1)}
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Unsplittable flow with repetitions problem

Large Capacity UFP

Analysis techniques:
Based on a primal-dual approach, similarly to Briest,
Krysta & Vöcking [STOC ’05].

Can this technique be pushed further ?
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Capacity UFP

Lower Bound
We prove that any reasonable iterative path minimizing
algorithm, cannot yield an approximation guarantee that is
better than e

e−1 .

Corollaries:
The analysis of our algorithm is tight.
To achieve monotone PTAS, if exists, one would have to
use different techniques.
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Multiplicity MUCA

Input:
A set U of m non-identical items, each having positive
multiplicity cu.
A set of bidders, each characterized by (Ur , vr ).

Ur ⊆ U is the bidder’s demand.
vr is the positive value gained by allocating the bundle.

Objective:
Select a maximum value subset S of bidders, so that every item
u appears in at most cu bundles of S.
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Multiplicity MUCA

Upper Bound

We devise a monotone e
e−1 -approximation algorithm for the

large multiplicity variant in which every cu = Ω(ln m).

Techniques:
Based on understanding the “connection” between the
linear program formulation of this problem, and that of UFP.

Lower Bound
We prove that the approximation ratio of any reasonable
iterative bundle minimizing algorithm is at least 4

3 .

Corollaries:
To achieve monotone PTAS, if exists, one would have to
use different techniques.
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Unsplittable flow problem
Multi-unit combinatorial auction problem
Unsplittable flow with repetitions problem

Large Capacity UFP with Repetitions

Input:
Same as unsplittable flow problem.

Objective:
Select a maximum value multiset of requests (along with a
path), which can simultaneously route their demand along the
corresponding path.

Upper Bound
We achieve an approximation ratio of 1 + ε for the large
capacity variant.

Techniques:
Based on improving the analysis w.r.t. the relaxed goal.
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Open Questions

Design monotone PTAS for the Ω(ln m)-bounded
unsplittable flow problem, or prove that no such algorithm
exists.

Consider “simpler” cases of the Ω(ln m)-bounded
unsplittable flow problem, and yield an improvement.
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Thank You

Slides can be found at my home page
http://www.cs.tau.ac.il/∼iftgam
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