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Abstract

One of the most interesting research directions within the field of algorithmic mechanism
design revolves the study of hard combinatorial optimization problems. In this setting, many
common techniques, which are broadly used by approximation algorithms, cannot be utilized
as they violate certain monotonicity properties that are imperative for truthfulness. Conse-
quently, it seems of the essence to develop alternative algorithmic methods, which can underlie
truthful mechanisms. In particular, since many hard optimization problems can be formulated
as instances of integer linear programs, it seems that devising techniques that apply to integer
linear programs is significantly important. This perception reinforces by the observation that
one of the most general and efficient ways to approximately solve such programs, which is
linear programming-based randomized rounding, generally fails to be monotone.

In this paper, we focus our attention on packing integer programs, and packing integer
programs with choices. Our main findings can be briefly summarized as follows:

1. We develop a framework, which can be used as a building block to approximately solve
packing integer programs and packing integer programs with choices. The framework is
built upon a unification technique that approximately solves an instance of a packing
integer program with choices, given algorithms that approximately solve sub-instances
of it. The framework is deterministic and monotone, and hence can underlie truthful
deterministic mechanisms.

2. We demonstrate the applicability of the framework by employing it to several NP-hard
problems. In particular, we focus on the bandwidth allocation problem in tree networks,
and the multiple knapsack problem on bipartite graphs. Notably, using the mentioned
framework, we attain the first non-trivial approximation guarantees for these problems
in a game theoretic setting.
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1 Introduction

The field of algorithmic mechanism design, which was introduced by Nisan and Ronen [33],
studies the design of protocols or mechanisms for algorithmic problems in scenarios where the
input is presented by strategic agents. A strategic agent might be dishonest about its part of the
input in order to manipulate the protocol in a way that will maximize its own gain. A primary
interest of algorithmic mechanism design is in the development of efficiently computable truthful
or incentive compatible protocols, which are robust against manipulation by agents, i.e., every
agent is rationally motivated to truthfully report its input.

One of the most intriguing research directions within the field of algorithmic mechanism design
revolves the study of hard combinatorial optimization problems. These problems are hard in a
sense that any computationally-efficient algorithm designed to solve them can only attain sub-
optimal guarantees, that is, they only admit approximation algorithms. The motivation for this
research realm originates in two inherent difficulties that arise in the alluded setting. The first
is that the most fundamental technique of mechanism design, the Vickrey-Clarke-Groves (VCG)
mechanism [42, 17, 23], cannot be utilized since it must built upon an algorithm that obtains an
exact optimal solution [28, 32]. The other is that many common algorithmic methods cannot be
employed as they violate certain monotonicity properties that are imperative for truthfulness.

In light of this state of affairs, it seems of the essence to develop modifications and alternatives
to generic algorithmic techniques, which are broadly employed by approximation algorithms, so
they could underlie truthful mechanisms. In particular, since many hard optimization problems
can be formulated as instances of integer linear programs, it seems that devising methods to ap-
proximately solve integer linear programs is significantly important. This perception reinforces
by the fact that one of the most general and efficient ways to approximately solve such pro-
grams, namely, linear programming-based randomized rounding [37, 36, 40], generally fails to be
monotone (see, e.g., the discussion in [4]).

1.1 Our results

The main contribution of this paper is in presenting a framework that can be used as a building
block to approximately solve packing integer programs and packing integer programs with choices.
The framework is built upon a unification technique, which approximately solves an instance of a
packing integer program with choices, given algorithms that approximately solve sub-instances of
it. The framework is deterministic and monotone, and hence can underlie truthful deterministic
mechanisms. In order to demonstrate the applicability and strength of this framework, we apply
it to several hard optimization problems. Primarily, we investigate the bandwidth allocation
problem in tree networks, and the multiple knapsack problem on bipartite graphs.
Truthful deterministic unification framework. We focus on truthfully approximating maxi-
mization problems, which can be posed as packing integer programs and packing integer programs
with choices of the forms exhibited in Figure 1. Essentially, we concentrate on the class of packing
integer programs with choices as it incorporates the class of packing integer programs as a special
case. In a packing integer program with choices, there are n variables that are partitioned into
` pairwise-disjoint sets C1, C2, . . . , C`. The objective is to maximize a linear value function over
these variables, subject to a set of packing constraints, and a set of choices constraints, which
prohibit the selection of more than one variable from each set. From an algorithmic mechanism
design point of view, there are ` strategic single parameter agents, each of which coincides with
a valuation, and may be untruthful about it. The goal is to maximize the social welfare. One
natural approach for approximating a packing integer program with choices is to partition it to
sub-instances, solve each of them, and output the sub-solution that has a maximum value. Unfor-
tunately, this approach fails to be monotone, unless the underlying sub-algorithms are monotone
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and bitonic [31]. In order to avoid this shortcoming, we devise a deterministic unification tech-
nique, easing the requirements from the sub-algorithms, and still attaining monotonicity and
provable approximation guarantee. This result appears in Section 3.

max v · x
s.t. A · x ≤ b

x ∈ {0, 1}n

max v · (C · x)

s.t. A · x ≤ b

C · x ≤ 1`

x ∈ {0, 1}n

Figure 1: A packing integer program (left) and a packing integer program with choices (right).
Remark that A ∈ Rm×n

+ , b ∈ Rm
+ , and v ∈ Rn

+ (v ∈ R`
+) in the packing (packing with choices)

case. Also note that C ∈ {0, 1}`×n is a choices matrix in which the i-th row corresponds to the
variables set Ci. That is, the i-th row has ones in the entries that coincide with the variables
in Ci, and zeros elsewhere. Notice that the class of packing integer programs is obtained as a
special case of packing integer programs with choices when C is the n× n identity matrix.

Bandwidth allocation in tree networks. An instance of the bandwidth allocation problem in
tree networks consists of an undirected tree T with m edges, and a set R of ` connection requests
such that every request r ∈ R is characterized by a quadruple (sr, tr, dr, vr), where sr and tr are
the respective source and target vertices of the request, dr ∈ (0, 1] is the demand associated with
the request, and vr is the positive value gained by allocating the request. The goal is to select
a maximum value subset of requests S ⊆ R so that the aggregate demands of the requests in S,
which cross any edge, does not exceed the bandwidth capacity, which is unit. Let Pr denote the
unique simple path between sr and tr in T , this problem can be posed by the following packing
integer program:

maximize
∑

r∈R
vrxr

subject to
∑

r∈R|e∈Pr

drxr ≤ 1 ∀ e ∈ E

xr ∈ {0, 1} ∀ r ∈ R
In the game theoretic version of this problem there are ` strategic agents, each of which controls
a request and may be dishonest about its value. We study this variant using the aforesaid
framework, and devise a monotone deterministic algorithm, which achieves an approximation
ratio of O(ln ln m). This result implies a corresponding truthful mechanism, and is the first
non-trivial deterministic result for this problem. Further details are provided in Section 4.
Multiple knapsack on bipartite graphs. An instance of the multiple knapsack problem on
bipartite graphs consists of a set M of m unit-capacity knapsacks, and a set I of ` items such
that every item i ∈ I is characterized by a pair (si, vi), where si ∈ (0, 1] is the size of the item,
and vi is the positive value gained by placing the item in one of the knapsacks. An additional
ingredient of the input is an items-knapsacks bipartite graph, which represents the assignment
restrictions of the items to the knapsacks. In particular, the bipartite graph exhibits a set of
admissible knapsacks Mi ⊆ M , for every i ∈ I. The goal is to select a maximum value subset
of items S ⊆ I, along with an admissible knapsack for each selected item, so that all the items
in S can be simultaneously placed in their designated knapsacks, while preserving the capacities
of the knapsacks. This problem can be modelled by the following packing integer program with
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choices:
maximize

∑

i∈I
vi ·

( ∑

j∈Mi

xij

)

subject to
∑

i∈I|j∈Mi

sixij ≤ 1 ∀ j ∈ [m]

∑

j∈Mi

xij ≤ 1 ∀ i ∈ I

xij ∈ {0, 1} ∀ i ∈ I, j ∈ Mi

In the game theoretic version of this problem there are ` strategic agents, each of which owns
an item, and may be untruthful about its value. We consider this variant using the mentioned
framework, and develop a monotone deterministic 11-approximation algorithm, which implies a
corresponding truthful mechanism. This result is the first deterministic result for this problem,
which does not assume constant number of knapsacks. The specifics of this finding are presented
in Section 5.

1.2 Related work

It seems fundamentally important to develop modifications and alternatives to common tech-
niques, which cannot be utilized in the context of algorithmic mechanism design. However, there
are only a handful of results addressing this goal. Mu’alem and Nisan [31] seem to have been
the first to pay attention to the development of such general tools. Primarily, they exhibited
necessary conditions for the truthful utilization of two basic building blocks, which are the max
and if-then-else operators. Briest, Krysta and Vöcking [11] continued this line of research. They
devised a general approach to transform a pseudo-polynomial algorithm into a monotone FPTAS,
and demonstrated that primal-dual greedy algorithms may be the key to truthfully solve some
integer linear programs. Later on, Lavi and Swamy [27] developed a general technique to convert
an approximation algorithm in packing domains to a randomized approximation mechanism that
is truthful in expectation. Finally, Babaioff, Lavi and Pavlov [7] presented a method that turns any
given algorithm to a dominant-strategy mechanism in single parameter domains. However, their
method degrades the performance guarantee of the resulting mechanism by a factor of O(log ρ),
where ρ denotes the ratio between the largest and smallest valuations.

Focusing on the bandwidth allocation problem in tree networks and the multiple knapsack
problem on bipartite graphs, the first observation one can make is that they are NP-hard since
they generalize the knapsack problem. Accordingly, most of past research focused on the devel-
opment of approximation algorithms for these problems. The best known result for bandwidth
allocation problem in tree networks is by Lewin-Eytan, Naor and Orda [29], who presented a
5-approximation algorithm, based on the local ratio technique [9]. Recent years have also seen
ever-growing line of work addressing variants of this problem using various algorithmic tools such
as primal-dual approach [22], linear programming-based methods [35, 15, 8], and mixtures of sev-
eral techniques [12, 13, 10]. Unfortunately, it is easy to demonstrate that most of these positive
results are not monotone. Consequently, attaining a non-trivial deterministic approximation for
the bandwidth allocation problem in an algorithmic mechanism design setting is still an open
question, even when the underlying network is a line. On a different note, it is relevant to point
out that Briest, Krysta and Vöcking [11] studied the mechanism design variant of the unsplittable
flow problem, which is a generalization of the bandwidth allocation problem. Hence, their upper
bound result follows to our case. Yet, when the demands of the requests are arbitrary, their
algorithm achieves a performance guarantee that can be as high as a polynomial in m.

Turning to the multiple knapsack problem on bipartite graphs, it is known to be approximable
within a factor that is slightly better than e/(e−1) ≈ 1.58 by the work of Feige and Vondrák [20].
Similarly to the bandwidth allocation problem, past years have also seen respectable amount
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of research addressing variants of the multiple knapsack problem [18, 14, 34, 21]. From an
algorithmic mechanism design point of view, the only provable result is a monotone PTAS for a
generalization of the problem, referred to as the generalized assignment problem [11]. However,
this result holds only when the number of knapsacks is fixed.

2 Preliminaries

In this section, we introduce the notation and terminology to be used throughout the paper, and
describe a characterization that interlinks monotone algorithms with truthful mechanisms. We
begin with the notation:

• Let Π denote a problem that can be posed as a packing integer program with choices.
Essentially, Π can be considered to be a collection of (infinite) input instances, each of
which represented by a quadruple (v,A, C, b), consisting of a concrete valuations vector v,
constraints matrix A, choices matrix C, and constraints vector b.

• Let Π|a be a collection of input instances achieved by the restriction of the instances in
Π according to an attribute a of the columns of the constraints matrix A. Namely, every
instance (v, A,C, b) ∈ Π gives rise to a sub-instance (v|a, A|a, C|a, b) ∈ Π|a such that A|a
consists of the subset of the columns of A that satisfy the attribute a, C|a consists of the
matching subset of columns of C, the set of variables x|a comprises of the suitable subset
of variables of x, and v|a is the implied subset of entries of v, i.e., the set of entries that
have at least one allied variable in x|a. For instance, in the bandwidth allocation problem
in tree networks, every column of A represents a request. Thus, a non-trivial attribute may
state “having a distance of 1”. This attribute gives rise to sub-instances that only consists
of requests that have a distance of 1 between their terminals.

• Given an input instance I = (v, A, C, b), let PIP(I) denote the corresponding integer pro-
gram instance, and let LP(I) be the relaxation of PIP(I) obtained by replacing the inte-
grality constraint x ∈ {0, 1}n with x ∈ [0, 1]n. Moreover, let OPTint

I and OPTfrac
I be the

values of the optimal solutions of PIP(I) and LP(I), respectively. Finally, let dΠ denote
the integrality gap of problem Π, formally defined as dΠ = supI∈Π OPTfrac

I /OPTint
I . Note

that for notational simplicity we will mark the integrality gap of Π|a by da.

We now present the notion of monotonicity, and then turn to describe a characterization that
reduces the goal of designing truthful mechanisms to that of designing monotone algorithms.
Note that the illustrated terms are refined to the specific setting considered. Thus, the keen
reader is encouraged to refer to [11] and the references therein for a brief introduction to the field
of algorithmic mechanism design, and more comprehensive overview of the underlying concepts.

Definition 2.1. An algorithm M is said to be monotone w.r.t. Π if it satisfies the following
property, for every (v,A, C, b) ∈ Π: if the solution x generated by M w.r.t. PIP(v, A, C, b)
satisfies that agent i is chosen, i.e., xj = 1 for some j ∈ Ci, then the solution x̃ generated by M
w.r.t. PIP(ṽ, A, C, b), where ṽ is a valuations vector in which ṽi ≥ vi and the other values are
fixed, also satisfies that agent i is chosen, i.e., x̃j′ = 1 for some j′ ∈ Ci that may satisfy j′ 6= j.

Theorem 2.2. ([31]) If algorithm M is monotone w.r.t. Π then there is a matching truthful
mechanism for Π, which can be efficiently computed using M.

3 A Truthful Unification Framework

In this section, we present a deterministic unification framework that can be used to truthfully
approximate maximization problems, which can be represented by the packing integer program
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with choices described in Figure 1. As previously indicated, one widely accepted approach for
approximating a packing integer program with choices is to solve sub-instances of it, and then to
pick the best sub-solution. Unfortunately, this algorithmic tool fails to be monotone, unless the
underlying algorithms are monotone and bitonic1. The main problem in picking the best sub-
solution resides in the “selection-outcome linkage”. Namely, the selection of which sub-solution
to output coincides with the outcomes of the underlying algorithms. Consequently, if one of
the underlying algorithms is not bitonic, e.g., if its outcome value decreases when the value of
a chosen agent increases, there may be settings in which an increase in the value of this agent
will result in the selection of a different sub-solution in which this agent is not chosen. In the
following, we design a method that breaks this link. Prior to describing the finer details of our
approach, we introduce a definition that formalizes what is a monotone algorithm that generates
sub-solutions for sub-instances.

Definition 3.1. M is monotone a-restrictive c-approximation algorithm w.r.t. Π if it is monotone
w.r.t. Π, and its solution x to PIP(I) satisfies the following properties, for any I = (v,A, C, b) ∈ Π:

• x is restricted w.r.t. the attribute a, i.e., xj = 1 only if j ∈ Ci and vi ∈ v|a.

• the value of the solution is at least OPTint
Ia

/c, where Ia = (v|a, A|a, C|a, b).

We are now ready to establish the main result of this section. Let a1, a2, . . . , ak be a collection
of pairwise-disjoint choices-consistent attributes w.r.t. Π. Specifically, these attributes partition
every instance (v, A, C, b) ∈ Π to k sub-instances (v|a1

, A|a1
, C|a1

, b), . . . , (v|ak
, A|ak

, C|ak
, b) in a

way that maintains the following two properties. The first property is pairwise-disjointness, which
means that every column of A satisfies exactly one attribute. This property guarantees that every
column of A, every column of C, and every variable of x appears in exactly one restricted sub-
instance. The second property is choices-consistent, which means that all the variables allied
to some entry of v are picked by the same attribute. This property assures that every entry
of v appears in exactly one restricted sub-instance. Notice that the last attribute is trivially
maintained for (pure) packing integer programs by any pairwise-disjoint collection of attributes.

A|a1
A|a2

A|a3

C|a1
C|a2

C|a3

→ ... ......

.........

1

1 1
1

1 1

1 1 1 1

11
11

1

1

→C =A =

Figure 2: A schematic description of a constraints matrix, and a choices matrix partition induced
by a collection of pairwise-disjoint choices-consistent attributes. Note that the color of every
column corresponds to the attribute it satisfies.

Theorem 3.2. Given a family of deterministic algorithms {Mi}k
i=1 , where each Mi is mono-

tone ai-restrictive cai-approximation algorithm w.r.t. Π, MAX-Select is monotone deterministic∑k
i=1 caidai-approximation algorithm w.r.t. Π.

Proof. One can easily verify that algorithm MAX-Select is deterministic, and produces a feasible
solution. Hence, we are left to prove that it is monotone, and that it generates a solution which

1Informally, an algorithm is bitonic if its outcome value as a function of the value of any single agent i has the
pattern that it does not increase as long as agent i is not chosen, and does not decrease as long as agent i is chosen.
A formal definition can be found in [31, 11].
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Algorithm 1 MAX-Select(I)

Input: An instance I = (v, A,C, b) ∈ Π
Output: A solution x

1: for i = 1 to k do
2: Calculate OPTfrac

Ii
exactly by solving LP(Ii), where Ii = (v|ai

, A|ai
, C|ai

, b)
3: end for
4: Let j be the minimal index for which OPTfrac

Ij
/cajdaj ≥ OPTfrac

Ii
/caidai , for every 1 ≤ i ≤ k

5: Simulate algorithm Mj(I) to obtain x
6: return x

is a
∑k

i=1 caidai-approximation for the optimal one. We begin by analyzing the approximation
ratio of the algorithm. Let ALG be the value of the solution that the algorithm, as well as the
subroutine Mj(I), outputs. We obtain that

OPTint
I ≤

k∑

i=1

OPTint
Ii
≤

k∑

i=1

OPTfrac
Ii

≤
k∑

i=1

caidai

cajdaj

OPTfrac
Ij

≤
k∑

i=1

caidai

caj

OPTint
Ij
≤

k∑

i=1

caidaiALG .

The first inequality follows by observing that given a solution to PIP(I), one can restrict it to the
variables corresponding to some attribute ai, and yield a feasible solution to PIP(Ii). The third
inequality is due to the selection rule of the algorithm, i.e., OPTfrac

Ij
/cajdaj ≥ OPTfrac

Ii
/caidai , for

every 1 ≤ i ≤ k. The fourth inequality results by recalling that the integrality gap of Π|aj
is daj .

Finally, the last inequality holds since ALG ≥ OPTint
Ij

/caj , which is a property of Mj .
We now argue that the algorithm is monotone. Consider an agent t that is chosen by the

algorithm w.r.t. the instance I = (v, A, C, b). Let ṽ be a valuations vector in which the value of t
is ṽt ≥ vt, and the values of all the other agents are fixed. For the sake of monotonicity, we need to
prove that t is chosen by the algorithm w.r.t. the input J = (ṽ, A, C, b). Since both I and J share
the same constraints matrix, it follows that the attributes a1, . . . , ak partition them into the same
sub-instances. Namely, if we let Ii and Ji be the respective restriction of I and J to attribute
ai then the last observation implies that Jj and Ij are identical up to a difference in the value
of agent t, and Ji = Ii, for every i 6= j. Recall that the induced partition is choices-consistent.
Consequently, one can infer that OPTfrac

Jj
≥ OPTfrac

Ij
, and OPTfrac

Ji
= OPTfrac

Ii
, for every i 6= j.

This implies that when J is the input, the algorithm must also execute Mj . Accordingly, agent
t must be chosen since Mj is known to be monotone w.r.t. Π.

Corollary 3.3. Given a family of deterministic algorithms {Mi}k
i=1, where each Mi is mono-

tone ai-restrictive cai-approximation algorithm w.r.t. Π, algorithm MAX-Select supports a truthful
deterministic mechanism that approximates Π to within a ratio of

∑k
i=1 caidai.

Before we turn to demonstrate the applicability of the framework, let us briefly outline the
key goals one needs to address in order to utilize it. The first issue that needs to be dealt
is the attributes. Namely, one should define a collection of pairwise-disjoint choices-consistent
attributes, which partition every input instance of the problem under consideration. The second
issue that ought to be resolved is the algorithms. In particular, one needs to develop a family of
monotone deterministic algorithms, which are restrictive w.r.t. the different attributes. The last
matter to be handled is the integrality gaps. That is, one should analyze the integrality gaps of
the sub-problems defined w.r.t. each attribute.

4 Bandwidth Allocation Problems

In this section, we study several bandwidth allocation problems. The main result of this section
is a monotone deterministic algorithm for the bandwidth allocation problem in tree networks,
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which utilizes the framework displayed in Section 3, and achieves an approximation guarantee of
O(ln ln m). The specifics of this finding appears in Subsection 4.1. Furthermore, we show how to
employ the mentioned framework for other closely related problems, while attaining comparable
approximation ratios. These results are exhibited in Subsection 4.2.

4.1 The bandwidth allocation problem in tree networks

In the following, we investigate the bandwidth allocation problem in tree networks using a
framework-guided approach. Namely, we begin by studying restricted versions of the problem
under consideration in which some characteristics of the requests are guaranteed to have a cer-
tain pattern. Essentially, these characteristics are the attributes that partition every unrestrictive
input instance to sub-instances. For each restricted case, we design a monotone deterministic
algorithm that approximately solves it, and analyze the integrality gap of the corresponding pack-
ing integer program. Later on, we show how to consolidate these results within the framework,
and yield the aforementioned outcome.
Restricted demands. We consider a restricted version of the bandwidth allocation problem
in tree networks in which the demand of every request is guaranteed to have a certain pattern.
Particularly, we investigate instances in which dr ∈ (2−(i+1), 2−i], for every r ∈ R, where i ∈ N.
The integrality gap of this restricted version is known to be bounded by a constant, for any
i ∈ N, following the work of Chekuri, Mydlarz and Shepherd [15]. We now introduce a family of
monotone deterministic algorithms {BAPi}i∈N, which approximately solve the restricted versions
of the problem. Namely, algorithm BAPi handles restricted instances in which dr ∈ (2−(i+1), 2−i],
for every r ∈ R. Prior to describing the algorithm, let us consider an inherently simpler scenario,
in which the demand of each request is unit. This special case is equivalent to the edge disjoint
paths problem in a tree. In general, the edge disjoint paths problem is known to be hard both in
directed graphs [24, 16], and in undirected graphs [3, 2]. Nonetheless, when the underlying graph
is a tree, there is a deterministic polynomial-time optimal algorithm [41], which will henceforth
be referred to as algorithm wEDP. Now, we are ready to describe algorithm BAPi. Algorithm
BAPi has two steps. First, it rounds-up all the demands of the requests to 2−i. Then, it executes
algorithm wEDP for 2i times, where the input to the j-th execution of wEDP is the set of requests
that have not been selected in the first j−1 executions of wEDP. Informally, one may picture the
second step as an iterative packing of edge disjoint paths in different layers, each of bandwidth
2−i. It is worth noting that the algorithm, and its analysis are partially inspired by the technique
suggested by Awerbuch et al. [5] for reducing a call admission problem in multi-wavelength
scenario to that of a single-wavelength case.

Algorithm 2 BAPi(R)

Input: A requests instance R in which dr ∈ (2−(i+1), 2−i], for every r ∈ R
Output: A subset S ⊆ R of selected connection requests

1: Let k = 2i

2: Let R′ be the set of requests {(sr, tr, 1/k, vr) : r ∈ R}
3: for j = 1 to k do
4: Simulate algorithm wEDP on R′ to obtain Sj

5: Let R′ = R′ \ Sj

6: end for

7: return
⋃k

j=1 Sj

Prior to analyzing the performance of algorithm BAPi, we address the wavelength partition
problem on tree networks. This problem investigates the correspondence between a feasible set of
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requests in a tree, and its partition into wavelength. Specifically, given a feasible set Q of requests,
each having a demand of 1/k, where k ∈ N+, the goal is to determine the minimum number of
subsets needed for a pairwise-disjoint partition of the requests, which maintains the property that
in any subset no two requests share an edge. In what follows, we establish a simple upper bound
of 2k − 1 on the number of subsets. This upper bound will be used later, when we analyze the
approximation guarantee of algorithm BAPi. Note that this problem has received considerable
attention in the past, and upper bounds that are better than 2k−1 are known [38, 30, 25, 26, 19].
Notwithstanding, we decided to present the indicated upper bound for completeness.

Claim 4.1. Let Q be a feasible set of requests in a tree, each having a demand of 1/k, where
k ∈ N+. There exists a partition of Q into a collection of 2k − 1 pairwise-disjoint subsets such
that in any subset no two requests share an edge.

Proof. Let us consider a procedure that initially sorts the requests in an non-decreasing lowest
common ancestor2 distance from the root, and then iteratively assigns every request to a feasible
subset with a minimal index. In what follows, we argue that this procedure generates at most
2k − 1 subsets. Assume by contradiction that this is not the case, i.e., when the procedure is
executed on Q it generates at least 2k subsets. Let r be the request the leads to the creation
of the 2k-th subset, and let u be its lowest common ancestor. Notice that the 2k-th subset is
created because r shares an edge with at least one request in each of the first 2k− 1 subsets. Let
us denote the set of requests that prevented the augmentation of r to the first 2k − 1 subsets by
B. Recall that the requests are inspected in an non-decreasing lowest common ancestor order.
This implies that each of the requests in B must contain the vertex u, and must intersect r on
at least one of its (possibly two) edges adjacent to u. Consequently, one can infer that there is a
set of at least k requests of B that intersect a particular edge of r. This clearly contradicts the
feasibility of the set Q.

We now turn to analyze the performance of algorithm BAPi. For ease of presentation, we
let R denote an input instance in which dr ∈ (2−(i+1), 2−i], for every r ∈ R, and introduce the
following notation:

• Let S =
⋃k

j=1 Sj be the set of requests selected by algorithm BAPi w.r.t. R. In addition,
let Q, Qd, and Qu denote the set of requests appearing in an optimal solution w.r.t. R,
{(sr, tr, 2−(i+1), vr) : r ∈ R}, and {(sr, tr, 2−i, vr) : r ∈ R}.

• Let ALG =
∑

r∈S vr be the value of the solution output by algorithm BAPi w.r.t. R. In a
similar manner, let OPT =

∑
r∈Q vr, OPTu =

∑
r∈Qu vr, and OPTd =

∑
r∈Qd vr. Notice

that OPTd ≥ OPT ≥ OPTu.

Theorem 4.2. Let R be an instance in which dr ∈ (2−(i+1), 2−i], for every r ∈ R. Algorithm
BAPi(R) is monotone, deterministic, and outputs a feasible solution whose value is at least 1/12
of an optimal solution’s value.

Proof. It is easy to verify that algorithm BAPi is deterministic, and outputs a feasible solution.
Therefore, we are left to establish that it is monotone, and that it attains the suggested approxi-
mation guarantee. We begin by proving that the value of the solution generated by the algorithm
is at least 1/12 of an optimal solution’s value. Essentially, we yield this result by proving the
following two claims.
Claim I: OPTu ≥ OPT/4. By Claim 4.1, we know that there is a partition of Qd into a collection
of 2i+2 pairwise-disjoint subsets Qd

1 , . . . , Q
d
2i+2 such that in any subset no two requests share an

2The lowest common ancestor of a request r is a vertex u in the path Pr, which is closest to the root of the tree.
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edge. Consider the following grouping of the pairwise-disjoint subsets

Q(p) =
(p+1)·2i⋃

j=p·2i+1

Qd
j , for every integer 0 ≤ p ≤ 3 .

Since Q(0), Q(1), Q(2), and Q(3) are disjoint, it follows that the sum of the requests values in one
of these sets is at least OPTd/4. Let us assume without loss of generality that Q(0) satisfies this
property, and observe that the set of requests in Q(0) constitute a feasible solution even when all
the demands of the requests are rounded-up to 2−i. Consequently, OPTu ≥ OPTd/4, which in
turn implies that OPTu ≥ OPT/4.
Claim II: ALG ≥ OPTu/3. By Claim 4.1, we know that there is a partition of Qu \ S into a
collection of 2i+1 pairwise-disjoint subsets Qu

1 , . . . , Q
u
2i+1 such that in any subset no two requests

share an edge. Consider some subset Qu
p . Recall that all the requests of Qu

p were candidates in
every execution of algorithm wEDP, but none of them was selected. Since algorithm wEDP is
optimal, it follows that

∑
r∈Qu

p
vr ≤

∑
r∈Sj

vr, for every 1 ≤ j ≤ 2i. Consequently,

OPTu =
∑

r∈Qu

vr ≤
∑

r∈S

vr +
∑

r∈Qu\S
vr

=
∑

r∈S

vr +
2i+1∑

j=1

∑

r∈Qu
j

vr

≤
∑

r∈S

vr + 2
2i∑

j=1

∑

r∈Sj

vr = 3
∑

r∈S

vr = 3ALG .

We now turn to establish that the algorithm is monotone. Consider a request r that has
a value of vr, and suppose that it is selected in the j-th execution of algorithm wEDP. Now,
suppose that r had a value of ṽr ≥ vr, and the values of all the other requests were fixed. For
the sake of monotonicity, we need to prove that the algorithm would have selected r in the latter
case. If r is selected during one of the first j − 1 executions of algorithm wEDP then we are
done. Otherwise, let us consider the j-th execution. One can easily observe that in the first j− 1
executions of the algorithm, the same set of requests must be selected whether the value of r is
vr or ṽr. This results from the optimality of algorithm wEDP. Correspondingly, the same set of
unselected requests are candidates in the j-th execution. This implies that r must be selected in
the j-th execution.

Narrow demands. We turn to examine the restricted version of the problem in which the
demand of every request is guaranteed to be narrow, that is dr ∈ (0, O(1/ ln m)], for every r ∈ R.
The integrality gap of this restricted version is known to be 1 + ε by the outcome of algorithms
that employ the randomized rounding technique [37, 36, 40]. In addition, this restricted setting
is a special case of the Ω(lnm)-bounded unsplittable flow problem, which is known to admit a
polynomial-time monotone deterministic algorithm that attains constant approximation [11, 6].
Consequently, referring to the algorithm of [11] as BAP, we obtain the following theorem.

Theorem 4.3. ([11]) Let R be an instance in which dr ∈ (0, 1/(100 ln m)], for every r ∈ R.
Algorithm BAP(R) is monotone, deterministic, and outputs a feasible solution whose value is at
least 1/3 of an optimal solution’s value.

Integration of the results within the framework. We now demonstrate how to consoli-
date the results obtained for the restricted versions of the problem under the umbrella of the
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framework. Fundamentally, we have already attained the key ingredients needed to employ the
main theorem of the framework. Let k = c ln lnm + 1, where c is a sufficiently large constant for
which 2−(c ln ln m) ≤ 1/(100 lnm). Let a1, a2, . . . , ak be attributes that restrict input instances of
the problem according to the demands of the requests. Explicitly, attribute a1 picks out all the
requests that have a demand in the range of (2−1, 1], attribute a2 picks out the requests with a de-
mand in the range of (2−2, 2−1], and so on until attribute ak−1. The last attribute, ak, picks out all
the remaining requests. Namely, requests that have a demand in the range of (0, 1/(100 lnm)].
It is clear that this collection of attributes partition every input instance of the problem in
a pairwise-disjoint (and trivially choices-consistent) way. In addition, let {BAPi}k−1

i=1 ∪ {BAP}
be the corresponding family of deterministic algorithms. Specifically, BAPi is a monotone ai-
restrictive 12-approximation algorithm, and BAP is a monotone ak-restrictive 3-approximation
algorithm. Finally, recall that the integrality gap of each ai-restrictive variant of the problem
is constant, and the integrality gap of the ak-restrictive variant is 1 + ε. Accordingly, and in
correspondence with Theorem 3.2, we achieve the following theorem.

Theorem 4.4. There is a monotone deterministic O(ln ln m)-approximation algorithm for the
bandwidth allocation problem in tree networks.

4.2 Additional applications

We briefly describe how the framework can be deployed for other closely related problems.
Bandwidth allocation in uni-directional cycle networks. The bandwidth allocation prob-
lem in uni-directional cycle networks is a an admission control problem in which the underlying
network is a clockwise directed cycle. Chakrabarti et al. [13] described a simple procedure that
reduces this problem to line networks. The idea is to partition the cycle into a line network and
a single edge, then to solve a bandwidth allocation problem on a line network and a knapsack
problem on the single edge, and finally to output the solution that have maximum value. This
procedure guarantees an (α + 1 + ε)-approximation, where α is the approximation ratio of the
algorithm for the line network. Unfortunately, embedding both the monotone FPTAS for the
knapsack problem [11] and our monotone algorithm for line networks in this procedure does
not yield a monotone algorithm. Yet again, the essence of this disability lies in the fact that
applying a max operator on two monotone algorithms does not guarantee monotonicity, unless
both of them are also bitonic. Nevertheless, using the framework devised in Section 3, we can
develop a monotone O(ln ln m)-approximation algorithm to this problem. The main idea is to
refine the attributes in a way that will “simulate” the procedure of [13]. Specifically, we choose
an edge e ∈ E, and define the attributes in a similar manner to before, but with the additional
requirement that they only pick out requests that do not use the edge e. Furthermore, we define
an additional attribute, which picks out every request that uses the edge e. Now, the analysis
follows almost identically as before.
Bandwidth allocation in bi-directional cycle networks. A bi-directional cycle is the sim-
plest network where in addition to admission control concerns, one needs to take into consid-
eration routing decisions. A natural attempt may be to follow the scheme suggested for the
uni-directional cycle. However, this approach fails as the attributes are not choices-consistent.
The crucial observation needed to overcome this difficulty is that we can remove any single edge
of the cycle, and the value of the optimal solution for the resulting line network will be at least
1/2 of the value of the optimal solution for the initial cycle network. Consequently, our monotone
algorithm for line networks can be used to yield an approximation guarantee of O(ln lnm).

10



5 Knapsack Problems

In this section, we consider several knapsack problems. The main contribution of this section is a
monotone deterministic algorithm for the multiple knapsack problem on bipartite graphs, which
employs the framework exhibited in Section 3, and attains constant approximation guarantee.
The particulars of this result appear in Subsection 5.1. Furthermore, we show how to refine
the analysis, and obtain improved approximation ratio for the multiple knapsack problem in
Subsection 5.3.

5.1 The multiple knapsack problem on bipartite graphs

In the following, we design a relatively simple monotone deterministic algorithm that approxi-
mately solves the multiple knapsack problem on bipartite graphs to within a constant factor of
11. The relative simplicity of the algorithm enables us to utilize this problem as a stepping-stone
to demonstrate the usefulness of the framework for integer packing programs with choices, and
the difficulties it overcomes. For instance, in Subsection 5.2, we examine the natural approach
of picking the best sub-solution as a proxy to approximately solve the instance, and demonstrate
its insufficiency.
Narrow sizes. We study the restricted version of the multiple knapsack problem on bipartite
graphs in which the size of every item is narrow, that is, si ∈ (0, 1/2], for every i ∈ I. We begin
by presenting a monotone deterministic algorithm, formally described below, that achieves an
approximation ratio of 3. Basically, this algorithm is a greedy algorithm w.r.t. a non-increasing
profit density ratio, that is, a value to size ratio. Note that we use the phrase knapsack j is
feasible w.r.t. item i to designate a knapsack j ∈ Mi with a residual capacity of at least si.

Algorithm 3 MKPN(I)

Input: An items instance I in which si ∈ (0, 1/2], for every i ∈ I
Output: An (item, knapsack) pairs set S of selected items, and their assigned knapsacks

1: while I 6= ∅ do
2: Remove the item i that has a maximum profit density from I
3: Let j be a feasible knapsack w.r.t. i having a minimal index (∞ if no knapsack exists)
4: if j 6= ∞ then
5: Add (i, j) to S
6: end if
7: end while
8: return S

Theorem 5.1. Let I be an input instance in which si ∈ (0, 1/2], for every i ∈ I. Algorithm
MKPN(I) is monotone, deterministic, and outputs a feasible solution whose value is at least 1/3
of an optimal solution’s value.

Proof. It is easy to see that algorithm MKPN is deterministic, and outputs a feasible solution.
Hence, we are left to prove that it is monotone, and that it obtains the declared approximation
guarantee. Let Q be the set of items in an optimal solution. We begin by proving that the value
of the solution S is at least 1/3 of the value of Q. Consider some knapsack j. Let Qj be the set
of items in Q \ S that the optimal solution assigns to knapsack j, and let Sj be the set of items
in S that the algorithm assigns to knapsack j. Notice that the sole reason that the items in Qj

were not selected by the algorithm resides in the fact that when they were considered, knapsack
j was not feasible w.r.t. them. This implies that knapsack j was packed with items whose sum
total sizes was greater than 1/2, which have a profit density ratio that is at least as large as the
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profit density ratio of every item in Qj . Consequently, one can derive that
∑

i∈Qj
vi ≤ 2

∑
i∈Sj

vi.
Hence,

∑

i∈Q

vi ≤
∑

i∈S

vi +
∑

i∈Q\S
vi =

∑

i∈S

vi +
m∑

j=1

∑

i∈Qj

vi ≤
∑

i∈S

vi + 2
m∑

j=1

∑

i∈Sj

vi = 3
∑

i∈S

vi .

We now turn to establish that the algorithm is monotone. Consider an item i, having a value
of vi, that is put by the algorithm in some knapsack. Now, suppose that i had a value of ṽi ≥ vi,
and the values of all the other items were fixed. For the sake of monotonicity, we need to prove
that the algorithm would have packed i in some knapsack in the latter case. It is clear that the
profit density ratio of i when its value is ṽi is at least as large as the profit density ratio when its
value is vi. Hence, the greedy algorithm attends to i priorly when its value is ṽi. In particular,
this implies that when the algorithm attends to i the ”part of the knapsack”, which is allotted
to i by the algorithm when its value is vi, is still free. Consequently, the algorithm can pack i in
some knapsack since especially it can put it in the aforementioned “part of the knapsack”.

We now argue that the integrality gap of this variant is at most 3. Essentially, this follows from
the insight that the integral solution returned by algorithm MKPN is a 3-approximation for the
optimal fractional solution, and not only for the optimal integral one. We omit the proof of this
claim as it goes along the same lines as the approximation analysis in the proof of Theorem 5.1.

Theorem 5.2. The integrality gap of the restricted version of the problem in which the size of
every item is guaranteed to be narrow is at most 3.

Wide sizes. We turn to inspect the restricted version of the multiple knapsack problem on
bipartite graphs in which the size of every item is guaranteed to be wide, i.e., si ∈ (1/2, 1], for
every i ∈ I. We begin by demonstrating that there is a monotone deterministic algorithm that
attains an optimal outcome for this variant. The key observation one needs to make is that
no pair of items can be put in the same knapsack simultaneously. This implies that one may
disregard the sizes of the items, and assume that all of them are exactly unit. In consequence,
this variant is equivalent to the maximum weighted matching problem on bipartite graph, which
is known to admit a polynomial-time optimal deterministic algorithm (see, e.g., [1]). If we refer
to this algorithm as MKPW, we obtain the following theorem. Note that the monotonicity of the
algorithm directly results from the optimality of the solution.

Theorem 5.3. Let I be an input instance in which si ∈ (1/2, 1], for every i ∈ I. Algorithm
MKPW(I) is monotone, deterministic, and outputs a feasible solution whose value is optimal.

Next, we determine the integrality gap of this restricted variant.

Theorem 5.4. The integrality gap of the restricted version of the problem in which the size of
every item is guaranteed to be wide is at most 2.

Proof. Let I be a wide-sizes input instance, and let I ′ be an almost identical input instance in
which the size and value of every item i is (1, vi/si) instead of (si, vi). Additionally, let OPT(I)
and OPT∗(I) be the value of the optimal integral solution and the optimal fractional solution of
input instance I, respectively. In the sequel, we prove that OPT∗(I) ≤ 2OPT(I). Essentially,
this result is established by the following three simple claims.
Claim I: OPT∗(I) ≤ OPT∗(I ′). Observe that the size of every item in I ′ is at least as large as its
size in I. This implies that any fractional solution to I is a valid fractional solution to I ′. The
claim follows by noticing that the profit density of every item in both instances is identical.
Claim II: OPT∗(I ′) = OPT(I ′). Since every item in I ′ has a size of 1, we can think of I ′ as
an instance of maximum weighted matching problem on bipartite graph. The linear program
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formulation of this problem is known to consist of a constraint matrix that is totally unimodular.
Hence, every basic solution, e.g., the optimal fractional solution, is in fact integral [39].
Claim III: OPT(I ′) ≤ 2OPT(I). Recall that all the items in I have a wide size. Thus, the value
of every item in I ′ is at most two times the value of that item in I. The claim results by observing
that the optimal integral solution of I ′ is a feasible integral solution to I.

Integration of the results within the framework. We now illustrate how to integrate the
results within the confines of the framework. Let a1 and a2 be attributes that select all the
narrow-sized items and the wide-sized items, respectively. This collection of attributes partition
every input instance of the problem in a pairwise-disjoint choices-consistent way. Furthermore,
let {MKPN, MKPW} be the corresponding family of deterministic algorithms. Specifically, MKPN

is a monotone a1-restrictive 3-approximation algorithm, and MKPW is a monotone a2-restrictive
1-approximation algorithm. Lastly, recollect that the integrality gap of the a1-restrictive variant
of the problem is 3, and the integrality gap of the a2-restrictive variant is 2. Consequently, and
in accordance with Theorem 3.2, we obtain the following theorem.

Theorem 5.5. There is a monotone deterministic 11-approximation algorithm for the multiple
knapsack problem on bipartite graphs.

5.2 Why the natural approach fails?

In Subsection 5.1, we have developed two monotone deterministic algorithms, which attend to
two complementary restricted versions of the multiple knapsack problem on bipartite graphs.
A natural approach is to execute these algorithms, and then to pick the best solution. As one
may anticipate, this approach achieves provable approximation guarantee. In fact, one can easily
demonstrate that the approximation guarantee is equal to the sum of the approximation ratios of
the underlying algorithms, i.e., 4-approximation in our case. Unfortunately, this simple approach
fails to be monotone. The following theorem provides a concrete example for this insufficiency.

Theorem 5.6. A procedure that executes MKPN and MKPW, and then outputs the solution with
the greatest value is not monotone.

Proof. Suppose we are given an input instance that consists of the following set of items
I = {(1/2, 5), (1/2, 5), (1/3, 3), (1/3, 3), (1/3, 3), (1, 18)}, and two unit-capacity knapsacks. Fur-
thermore, the restriction graph is a complete bipartite graph, that is, every item can be put
in every knapsack. Clearly, the solution returned by MKPW w.r.t. the corresponding wide-sizes
instance has a value of 18. On the other hand, one can validate that the solution generated
by MKPN w.r.t. the corresponding narrow-sizes instance has a value of 19. This solution in
schematically described in Figure 3(a). Consequently, the outcome of the procedure that picks
the best solution coincides with the outcome of MKPN. Now, suppose that the value of one of
the items having size 1/3 was 4 instead of 3, and the values of all the other items were fixed. If
the procedure that picks the best solution was monotone, this item would still be in the outcome.
Unluckily, this is not the case. One can verify that the value of the solution generated by MKPN

w.r.t. the corresponding narrow-sizes instance has a value of 17, as schematically illustrated in
Figure 3(b). On the other hand, the value of the solution returned by MKPW w.r.t. the corre-
sponding wide-sizes instance is still 18. Thus, the solution of the procedure coincides with the
outcome of MKPW. In particular, no item having size 1/3 is picked.
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Figure 3: The outcome of MKPN w.r.t. the two input instance described in the proof. Note that
the (s, v) pair inscribed in each block corresponds to the size and value of the item, respectively.

5.3 The multiple knapsack problem

In what follows, we shortly discuss the multiple knapsack problem. Remark that the multiple
knapsack problem is a special case of the multiple knapsack problem on bipartite graphs in
which the restriction graph is a complete bipartite graph. This specialization enables us to
refine the analysis presented in Subsection 5.1 for the narrow-sizes variant. Specifically, we can
demonstrate that the approximation guarantee of algorithm MKPN, as well as the integrality gap
of the narrow-sizes variant, is 2. This implies an approximation guarantee of 6 for the problem
under consideration. The key observation needed for this refinement is that when algorithm
MKPN ends, there is a subset of the items, which are the most profitable, that together occupy
at least half of the capacity of every knapsack.
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