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PROBLEM

An 1nstance of the sorting buffer problem consists of:
e A metric space (V,d).
A server, 1nitially positioned at pg € V.

@)
e A buffer, capable of holding k requests.
@)

An online sequence o0 = (01,09,...) of requests,
each of which corresponds to a pointin V.

The objective 1s to serve all the requests in a way that
minimizes the total distance traveled by the server.

MOTIVATION

Consider an evenly-spaced line metric, namely, a metric
(V,d) such that V = {1,...,n} and d(p,q) = |p — ¢|.
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This setting captures a fundamental problem in the de-
sign of storage systems known as the disk arm schedul-
ing problem [4, 5]. This problem revolves around the de-
velopment and implementation of efficient butfer-based
scheduling policies for disks. The disk’s cylinders are
modeled by the set of points on the real line, the disk arm
corresponds to the server, and the buffer used to reorder
read/write requests corresponds to the sorting buffer.

OUR RESULTS

WHY NATURAL STRATEGIES FAIL?

Consider an 1instance that consists of the 3-point met-
ric schematically described below, a server initially po-
sitioned at e, and a buftfer of size 10.
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The first-in-first-out (FIFO) strategy, which serves the re-
quests 1n the exact same order by which they arrive, fails
as there are cases 1n which the server travels too far too
often (for example, the online sequence o = ((eo, 0)1)

admits an optimal schedule of distance 1, whereas the
FIFO schedule has a distance of 19).

The nearest-first (NF) heuristic, which serves the nearest
pending request with respect to the server, fails as there
are cases 1n which many requests are kept pending, thus
reducing the eftective size of the buffer (for instance, the
online sequence 0 = (o7, (e, )%} admits an optimal
schedule of distance 6, whereas the NF schedule has a
distance of 23).

DOUBLING PARTITIONS

A doubling partition with respect to a point p € V,
henceforth denoted by DP(p), is a pairwise-disjoint
partition of V \ {p} into m = 2logn points sets

Lo(p), .-, Liogn(p), Ro(P), - -, Riogn(p), where

Li(p) ={qg<p:2" <d(q,p) <2} and
Ri(p) = {g>p:2" <d(qg,p) <2} .
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The figure shows a concrete doubling partition 1in an evenly-
spaced 16-point line metric with respect to the point p = 4.
Note that empty doubling partition sets are marked with ().

e We present a deterministic ©(log n)-competitive online algorithm for the sorting buffer problem on an n-point
evenly-spaced line metric. This result improves on a randomized algorithm proposed by Khandekar and Pandit [2],
which obtains an expected competitive ratio of O(log” n). It also refutes their conjecture, stating that a deterministic
strategy 1s unlikely to obtain a non-trivial competitive ratio.

e We study the sorting buffer problem on a continuous line metric, and utilize the above-mentioned algorithm as
a subroutine to devise a deterministic online algorithm that achieves a competitive ratio of O(log N loglog N),

where N denotes the length of the input sequence.

e We establish the first non-trivial lower bound for the evenly-spaced line case, by proving that the competitive ratio
of any deterministic algorithm is at least (2 + v/3)/v/3 ~ 2.154.

ALGORITHM FOR EVENLY-SPACED LINE METRICS

Our algorithm addresses the shortcomings of the natural strategies by striking a balance between clearing the buffer
vigorously, which results in travelling too far too often, and keeping many requests pending, which reduces the
effective size of the buffer. It is deterministic, and achieves a competitive ratio of O (logn).

The algorithm works 1n phases, each of which 1s logically built from three steps:

(1) Initialization step: kfm kjm kjm kjm

e [et p be the current position of the server.

e Associate a unique k/m-sized sub-buffer with each of the m oo
points sets in DP(p). N
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(2) Accumulation step:

e Store arriving requests in their associated sub-buffer.

e This step ends when one of the sub-buffers becomes full or NN
when the sequence of requests ends.
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(3) Clearance step:

Case [: If one of the sub-buffers is full. .. S| >k
e Let ¢t be the maximal index for which R;(p) or L;(p) is half- -G . pum -
full, that is, the associated buffer contains at least k£ /2m pend- ’ } -
ing requests (wlog, let R;(p) be that set). p
® Move the server and clear all pending requests along the way: <
p ~- leftmost point of L;(p) ~» rightmost point of R;(p) ~ - . : 0
leftmost point of R;(p). )

Case ll: If the sequence of requests ends. ..

e (Clear all pending requests by moving the server: p ~~ leftmost
point in the buffer ~~» rightmost point in the buffer.
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e One natural question 1s to close the gap between 2.15
and O(log n) for the evenly-spaced line case. Alterna-
tively, it would be interesting to obtain a performance
guarantee of o(k).

® Another intriguing open question 1s to understand the
offline scenario, 1n which the input sequence o 1s
known 1n advance.
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e Finally, it would be interesting to attain any non-trivial
result for general metrics.






