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ABSTRACT
The variance of customer sojourn time (or waiting time)
is used, either explicitly or implicitly, as an indication of
fairness for as long as queueing theory exists. In this work
we demonstrate that this quantity has a disadvantage as a
fairness measure, since it is not local to the busy period in
which it is measured. It therefore may account for customer
discrepancies which are not relevant to fairness of schedul-
ing. We show that RAQFM, a recently proposed job fairness
measure, does possess such a locality property. We further
show that within a large class of fairness measures RAQFM
is unique in possessing this property.

1. INTRODUCTION
How should the fairness of a queueing system be quan-

tified? Perhaps a very natural and appealing choice for a
fairness measure is the variance of the sojourn time (or of
the waiting time) as it measures the inequity in the delay
suffered by the jobs in the system.

The waiting time variance was used as a measure of sys-
tem unfairness as early as [2], where it is shown that among
all non-idling policies where the customers are indistinguish-
able, First-Come-First-Served (FCFS) has the lowest vari-
ance and therefore is “in a sense the ‘fairest’ queue disci-
pline”. In [1] the waiting time variance was shown to be a
surrogate measure for evaluating the order-displacement in
the queue as well as as a metrics that measures the deviation
of waiting times between customers. This also supports its
use as a measure for queue unfairness. The question of why
waiting time variance should not serve as a simple queue
fairness measure was also posed to the authors in some per-
sonal communications and some referee reports. Lately, [4]
use the scaled conditional variance of response time as a
metric and criterion of “predictability”,

We start this work by presenting a simple example expos-
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ing some weakness in using the sojourn time variance as a
queue fairness metrics. To this end consider a single-server
system where the service time is deterministic of 1 unit and
arrivals occur in bulks consisting of either 2 in a bulk (type
A) or 4 in a bulk (type B), with equal probability of either
bulk. Assume that arrivals occur such that the inter-arrival
times are always larger than 4 units, and thus each busy
period consists of exactly one arrival. Now suppose that the
server processes the jobs in a Processor Sharing (PS) mode.
The sojourn time of all jobs are therefore 2 units and 4 units
for type A and type B, respectively. The mean sojourn time
is 3 1

3
and the sojourn time variance is 8

9
. This reflects sig-

nificant variability of sojourn time which is an indication of
unfairness. Nonetheless, an examination of the system re-
veals that all the jobs that are present concurrently in the
system receive exactly the same treatment and thus there
is no discrimination in the system. That is, the system is
fully fair, which contradicts the measure of the sojourn time
variance as an unfairness measure.

A careful examination of the system reveals the source for
the difficulty in this example: The system variance accounts
for inequity between the treatment of the type A and type
B jobs (namely jobs in different busy periods). Nonetheless,
from fairness point of view, each job cares only about other
jobs that can affect its service. Thus, since a type A job
cannot be affected by the service given to type B jobs (they
are in different busy periods) it should not be compared to
them. The use of the variance of sojourn time, therefore,
yields a difficulty, since it involves a comparison of jobs that
are not related to each other.

A second weakness in this approach is exposed by the fol-
lowing example. Consider the same system as above with
the same arrival pattern. Now suppose that the server pro-
cesses the jobs in a FCFS manner. The mean sojourn time
is 2.167. Now focus on the job served second in a type A
busy period. Its sojourn time is 2 compared to the mean so-
journ time of 2.167, so this job receives better service than
the mean, and can be considered “positively discriminated”.



However, closer examination reveals that this is not the case
- this job is negatively discriminated as it is served behind
the only other job in the busy period. This reveals a sec-
ond source of difficulty: A performance metric such as the
sojourn time does not provide enough information to de-
termine whether a specific job is positively or negatively
discriminated.

2. LOCALITY OF REFERENCE AND COM-
PARISON SET

We next address the problems posed above. It does seem
natural to use the variance of a performance metric (e.g. the
sojourn time) as an indication of service inequity, that is of
queue unfairness. Nonetheless, as demonstrate above, it is
highly critical over which population such variance will be
taken. The set of jobs over which the variance is taken is
denoted the comparison set. The first question we address,
therefore, is what comparison set should be used for evalu-
ating fairness among jobs. Intuitively speaking, the example
demonstrates that the performance of a job should be com-
pared only to that of jobs that are time-wise “close to it”,
which we call “locality of reference”.

More precisely, for a single-server work-conserving system
(with no idling) we claim that the performance measures
of two jobs should be compared to each other (that is, the
jobs should be in the same comparison set) if and only if the
two jobs are served in the same busy period. The reason is
that the server can shift processing resources from one job
to another if and only if the two jobs are processed in the
same busy period.

The latter is established in the following theorem:

Theorem 2.1. Consider two arbitrary jobs Ja and Jb. The
server can transfer resources between them if and only if they
reside in the same busy period.

The notion of resource transferring is defined in detail in
the full text of this paper. In broad terms, we define resource
transferring as the existence of an alternative assignment of
service processing times in which a period exists for which
service once given to Ja is now given to Jb and vice versa,
and the rest of the customers are not affected. We prove the
theorem by showing how such an alternative service assign-
ment can be built.

3. LOCALITY OF MEASUREMENT, LOCAL-
ITY OF VARIANCE AND THE RELA-
TION BETWEEN THEM

Having proposed to use the variance of a performance met-
ric as an indication of unfairness, and having realized that
for the sake of fairness evaluation it is desired to have the
comparison set consisting of the busy period, we now define
two desire properties in such a measure designed to address
the two difficulties raised in Section 1.

Assume that X is a random variable denoting a measure
of an individual job (say waiting time, or sojourn time). Let
Y be a random variable denoting the mean of the measure
X in an arbitrary busy period under steady state.

Property 3.1 (Locality of Measurement). A measure
is said to be Locally Measured if for every service policy, Y
is constant (not necessarily the same constant for all service
policies).

Intuitively speaking, if a metric is locally measured it pro-
vides a simple manner of determining whether a specific job
is positively or negatively discriminated, by comparing its
performance to the above mentioned constant (for the ser-
vice policy used in the system).

For the second property we first define the concepts of
inter-variance and intra-variance. The intra-variance of X
is its second moment around the mean of X at the same busy
period. This is in contrast to the regular variance, which
we denote global variance in which the second moment is
computed around the mean of X over the whole job popu-
lation. In somewhat more formal terms, if J is a job and
X is a random variable of a measure of the job (say, wait-
ing time), and bp is a specific busy period (characterized by
the number of jobs, their relative arrival times and service
times) then the local variance is computed by first comput-
ing E[X2|J ∈ bp]− (E[X|J ∈ bp])2 and then unconditioning
on bp. The inter-variance is defined as the second moment
of Y around the mean of X.

Intuitively speaking, the intra-variance measures the di-
versification of specific measures from their mean in each
busy period, while the inter-variance measures the diversifi-
cation of busy period means.

The connection between the global variance, the inter-
variance and the intra-variance is established in the following
theorem:

Theorem 3.1. The global variance equals the sum of inter-
variance and intra-variance.

proof sketch. If the number of jobs is given, this can be
shown to be true for any grouping of jobs, and specifically to
jobs in busy periods. From ergodicity arguments it follows
that it is true in general.

We can now define the second property:

Property 3.2 (Locality of Variance). A metric is said
to have local variance if its global variance equals its intra-
variance for every service policy.

The two properties are strongly related:

Theorem 3.2. A metric is locally measured if and only if
it has local variance.

Proof. If a metric is locally measured its mean is constant
for every busy period and therefore its inter-variance is zero.
From Theorem 3.1 follows that it has local variance.

On the other hand, if a metric has local variance it follows
that it has zero intra-variance, and therefore it is locally
measured as well.

4. LOCALLY MEASURED METRICS
We now investigate for which individual job measures the

properties defined above hold.
We define a class of measures ξ which is relatively large.

For a job Ji let ai and di be its arrival and departure epochs
respectively and let si be the amount of service the job was
given. Let N(t) be number of jobs in the system at time t.
Each measure is identified by two functions, the warranted
service function f(N) and the utility function g(S), the in-
dividual job measure being

Xi = g(si)−
∫ di

ai

f(N(t))dt. (1)



Specifically, we examine the discrimination function pro-
posed in [3]. This individual job function aims at evaluating
the deviation of the service a job receives from what it “de-
serves” to receive (and thus evaluates individual discrimina-
tion) and for job Ji is given by:

Di = si −
∫ di

ai

dt

N(t)
. (2)

In [3] it was proposed to use the variance of the random
variable D (under steady state) as a measure of system un-
fairness. It is easy to see that D ∈ ξ, and so do the sojourn
time and the waiting time.

Theorem 4.1. Both Property 3.1 and Property 3.2 hold for
the discrimination function D. This holds also for a class
of functions which are very closely related to D, which we
denote D.

Proof. It is easy to see that momentarily, the sum of the
discriminations of all customers in the system at epoch t is
zero. Thus, the average of discrimination over every period
is zero, including the average over a busy period. Thus
Property 3.1 holds and from Theorem 3.2 so does Property
3.2.

We further show uniqueness of the above property, that
is:

Theorem 4.2. If either Property 3.1 or Property 3.2 holds
for X ∈ ξ, then X ∈ D.

Proof Sketch. We focus on Property 3.1 since it was shown
in Theorem 3.2 to be equivalent to Property 3.2. Note that
Property 3.1 must hold for every service policy. We show
that if it holds for X when the service policy is Processor
Sharing, then X ∈ D. Furthermore, as the definition of the
properties can be weakened to hold just for non-preemptive
policies, we show that if it holds for X for any non preemp-
tive service policy, then X ∈ D. Both proofs are done by
building arrival patterns in which the mean of the measure
in each busy period can be controlled.

5. CONCLUSION
We show in this work that there are two main difficulties

with using the variance of sojourn time as a measure for
fairness, the first being that it involves comparisons between
customers which are not related, and second being that the
individual job measures lack a global reference.

We then show that RAQFM (the global variance of the
discrimination D) does not have these difficulties, and is
unique in this property within a large class of measures.
Thus, one may conclude that using the (global) variance of
D is appropriate for quantifying queue unfairness, while us-
ing the (global) variance of other queue measures (such as
the variance of sojourn time) may sometimes lead to diffi-
culties.

We should also note that the (analytic) derivation of the
global variance of a job measure is typically much simpler
than that of the local variance. For RAQFM they are the
same, in which case the problem is avoided.

It is interesting to study whether the class of measures
considered, ξ, can be made more general, making the state-
ments in this work stronger. We suspect it can be done
easily.

We would also like to point out that it might be possible to
build specific measures that apply to smaller classes of ser-
vice policies than the ones we considered, as long as they do
not include processor sharing, or any non-preemptive policy.
However, we believe that such limitations will make those
measures impractical.
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